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EDITORIAL 


With this issue the MONTHLY editorship changes hands. Hopefully, the high 
standards of our predecessors can and will be maintained. If the quality of the 
MONTHLY continues to please the readership this will be due to the high calibre 
of the authors’ contributions and the hard and unselfish work of the Associate 
and Collaborating Editors and the referees. 

At all times the Editor invites letters expressing opinions about the contents 
of the MONTHLY. Criticisms from the readership will certainly be taken into account, 
but with such a large readership many shades of opinion on all questions are rep- 
resented amongst our readership. 

In this issue a new department, Queries, is beginning on an experimental basis. 
After a period of 6 to 12 months a final decision on whether to make this depart- 


ment permanent will be made. 
ALEX ROSENBERG, Editor 


STATEMENT OF POLICY 


Since its beginning, the MONTHLY has tried to be neither a research journal nor 
a journal devoted primarily to education. The founders of the MONTHLY pledged 
themselves to advance and promote collegiate mathematics. Following our pre- 
decessors, we again endorse this pledge. 

More than half of those that receive the MONTHLY teach college mathematics; 
another large segment of the readership consists of people who apply mathematics 
in their daily work. It is our view that the readership can best be served by keeping 
in mind the following points in arriving at editorial decisions: 


MAIN ARTICLES. These articles should be of wide interest and preferably of an 
expository nature. All kinds of mathematical subject matter are welcome but a spe- 
cial effort will be made to obtain articles dealing with various applications of mathe- 
matics. Articles that describe how mathematics solved, or can solve, a real-world 
important problem, or was essential in the construction of an actual physical ob- 
ject will be especially sought after. Of course, articles describing recent progress in 
pure mathematics and illustrating the great advances of our science will also be 
featured. An effort will be made to make all articles accessible to readers who 
have had a good first-year graduate mathematical education, have sufficient Sitz- 
fleisch, and are willing to work. 


2 STATEMENT OF POLICY 


The MonrTHLY will definitely not publish research papers of interest only to the 
specialists, nor will it deal with what is best described as “‘minor research.’’ How- 
ever, an occasional research paper which can be followed by non-specialists and 
which can be expected to be of wide appeal will be printed. 


MATHEMATICAL NOTES. These should in general be short papers of one to four 
printed pages which give new insights, new proofs of old theorems, or brief bits of 
mathematical folklore which have not found a home in the literature. Again, in 
order to merit publication the topics dealt with should be of wide current interest. 


RESEARCH PROBLEMS. These should be unsolved problems whose statement uses 
only those concepts used in undergraduate mathematics and where there is some 
expectation that progress can be made without using terribly advanced methods. 


CLASSROOM Notes. For this department we hope to obtain brief papers deal- 
ing with the subject matter currently taught in undergraduate mathematics. Papers 
dealing with material usually taught in the first year of graduate study will also 
be accepted occasionally. 


MATHEMATICAL EDUCATION. At the present time there is a growing and very 
healthy concern with mathematicians’ role as teachers. This department will 
feature reports of experiments in novel methods of teaching and also discussions 
of all educational aspects of our profession. 


PROBLEMS. From some points of view this department is the backbone of the 
MONTHLY. It will continue to publish meritorious elementary and advanced prob- 
lems in both the classical and modern mathematical sciences. 


REVIEWS. Through the telegraphic reviews the MONTHLY will continue to attempt 
to provide as complete a coverage as possible of the current textbook literature. 
At present the MONTHLY is the only journal that performs this service for the mathe- 
matical community. Extended reviews will, of course continue to appear and hope- 
fully the number of classroom reviews will increase. 

The discerning reader will note our indebtedness for the text of this Statement 
to our immediate predecessor. It is hoped that the future issues of the MONTHLY 
will continue to reflect the high standards set by him and those that came before him. 

ALEX ROSENBERG, Editor 


COEFFICIENT IDENTITIES FOR POWERS 
OF TAYLOR AND DIRICHLET SERIES 


H. W. GOULD 
1. Introduction. Let p be an arbitrary real or complex number and put 
(1.4) fox) = E Ay’, LAG) = E Bx" 
so that with a function f we associate a Taylor (or power) series with A, = f™(0) /n!. 


The study of properties of B, has occupied the attention of many scholars, and one 
of the oldest and most elegant formulas is the recurrence relation 


(1.2) » [ k(p + 1) — n| A,B,-.= 0, nh = Q. 
k=0 
If we suppose that A, #9, then this yields 
(1.3) B,=——- © [kp+l—n]4,B, 221, 
NAg x=1 


giving a way to calculate as many of the B’s as desired. Formula (1.2), stated in tha 
way or in the form (1.3) or in various other forms, has been known a long time. 
Thus, in 1748 Euler gave (1.3) (obscurely expressed) in section 76 of his Introductio 
[4], [5]. Adams and Hippisley [1] gave the formula in the form (1.2) (their formula 
6.361). Formula (1.3) is given as formula (0.314) in any of the several editions 
(Russian original, German, or English) of Ryshik and Gradstein [16], where, how- 
ever, p is restricted to be a natural number. Thinking to remove this restriction of 
Ryshik and Gradstein, von Holdt [17] published still another derivation using 
properties of double sums to establish that (1.2) holds true for rational real p. His 
derivation avoids use of differentiation of the series in (1.1). We mention this because 
differentiation of formal power series affords a quick proof of (1.2) and has been 
used before. 

The basic recurrence relation is not as widely known as it should be, and has 
been rediscovered repeatedly. Thus Barrucand [2] found (1.2) again and made 
applications of it. Cappellucci [18] found it in the form (1.3) but attributed it to 
Hansted [19]. Hindenburg [12], in his treatise on the multinomial theorem (p. 291) 
gave (1.3) in a perfectly obscure notation. Many other references could be cited. 

Actually, the recurrence is implicit in still another class of formulas widespread 
in the literature, stemming from the early work of Hindenburg’s student Rothe [15]. 
I myself have written a number of papers, e.g., [6]-[11] having to do with a formula 
of Rothe and its consequences for combinatorics, special functions and number 
theory. What we shall do here is to derive the formulas again and put them in a 
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logical order, and then pass on to a related matter, namely, that very similar recur- 
rences hold for powers of Dirichlet series. These seem not at all to be known in any 
readily accessible literature. Yet they are just as easily derived from the same identity 
we shall use for finding (1.2) and the more general formula of Rothe. In passing we 
make some remarks about formal power series. The last section raises conjectures 
only. 


2. Formal power series. Since the sum of an infinite series is really not used, 
our viewpoint can be either rigorous or formal. The reader may wish to consult 
Niven’s elegant expository paper [14] for the theory of formal power series. This is 
one of the few readily available papers giving a derivation of the properties and 
showing that one may manipulate formal power series to determine identities between 
the coefficients of them. Most books and papers on combinatorics, special functions, 
etc., merely avoid the matter by waving of hands and perhaps give a remark that it 
was all justified by E. T. Bell in various papers and a book (1923, 1927, 1940). 
Actually, the first question about how to justify the techniques of formal power 
series seems to have occurred in a problem [20] posed by Bell and not solved until 
eight years later by Otto Dunkel. Dunkel’s solution made a nice application of the 
formula of Leibniz for higher derivatives of a product of two functions. Here was 
Bell’s problem: Given an identity A(x)B(x) = C(x) and formal power series 

A(x) = L a,x", B(x) = dX b,x", C(x) = Xe ec, x". 
n=0 n=0 n=0 
How do we justify comparison of coefficients in the products of the series to obtain 
the identity 


(2.1) Ch = 2 Ady —ks 

k=0 
even when the series fails to converge? The solution arises as follows. By supposing 
that we have formal power series we suppose that A, B, C, have derivatives of all 
orders at 0, and what is more a, = A™(0) /n!, b, = B(0)/n!, c, = C™(0)/n!. Now 
we examine D"(AB)|,,9 = D"C|,,-o. We apply the Leibniz formula on the left, i.e., 


. ( ‘| A“)(0) B"-)(0) _ C0), 
k=0 


and simplify, getting formula (2.1). So the only way infinite series might enter in is 
that they afford a quicker way to manipulate the identity and write down the result 
without going through the work with the Leibniz formula. The objection to this 
method is that one must start from a known identity AB = C. In other words, we 
can start with given functions having derivatives of all orders and proceed as above, 
but suppose we start with the numbers a,, b,, c, and imagine we have functions 
A, B, C. How do we justify the work then? One way to do it is to invoke a little-known 
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theorem of Borel [24] who proved in his dissertation that for any given sequence of 
real numbers {a,} there exists a function f for which the {a,} are the Taylor coef- 
ficients, i.e., such that Di f(x)|, =o =n! a,. This amounts to saying that the derivatives 
of a real function can be assigned arbitrarily at the origin. Incidentally, the corre- 
sponding statement for an arbitrary given sequence of complex numbers is false and 
counterexamples have been given! One of the few analysis texts citing Borel’s 
theorem is Boas [25]. The theorem is surely not widely known. Using Borel’s theorem 
it is possible to set up a correspondence between sets of arbitrary real sequences and 
functions that must exist, whether their corresponding Taylor series converge or not, 
and show that the usual operations on the series (formal) correspond to the expected 
operations on the functions, using such operations as addition, multiplication, 
differentiation, and integration. 
Here is an example. Let a, =n! and 


f(x) = dX nt x" 
n=O 
The series converges nowhere except at x = 0. However, Borel’s theorem shows that 
a function exists with n! being the Taylor coefficient. Then one can consider 
D,[ f(x)]? = 2 f(x)Df(x) and obtain 


D,. >» x” » k!(n—k)!=2 > nix” > kktx*-! 
k=0 n=0 


n=0 = k=0 
or 


x nxt? Y kt (n—k)t=2 YD x"-2D kk (n—ky)!, 
n=1 k 


n=1 k=0 =0 


which yields the correct identity 


noe A . A 
i = i/( )- y | ). 
2 =o k k =0 k 
It is intended to develop this approach to formal power series in a later paper. 
Rosenthal! [26] has shown how to construct such Borel functions. 
We also mention Carlitz’s paper [21] for its exhibit of interesting uses of the 
theory of formal power series and the elegant paper of Fine [22] which makes 


generating functions and formal power series accessible to advanced high school 
students. 


3. Derivation of (1.2). We start with the identity 
(3.1) DLS)? = (vp + DEFC)]?D. SC) = Df (x) * LF) |. 


On the one hand we have 
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(p + 1 f?Df = (p + 1) E Bx" k A,x*-* = : xr : k(p + 1)A,B,~1 
while on the other hand we have 
f-f?= ¥ A, x": 5 B,x* = 5 xn > A,B, 13 
n=0 k=0 n=0 =0 


whence 
Diff?) =X nxt! 
n=1 


Equating coefficients, we have proved (1.2). 

We saw that (1.3) followed upon supposing A, # 0. But suppose A, = 0, and 
A, #0. If we also suppose p to be a positive integer, we can obtain the following. 
First of all, it becomes evident that B) = By, =---=B,-,=0, and B, = Af. 
Therefore (1.2) becomes 


n—p 
dX [k(p + 1)—n] A,B,-.= 9, 
k=1 


and on putting n — k for k this says 


n-1 


x [(n—k)(p + 1) —nJA,_-,B,= 9. 


k=p 


Next, replace n by n + 1 and solve for B,. We get 


1 n—-1 
(3.2) B= ~——~— & [(nt+1—k)(p+)-(nt+ IAB, rept. 
(n — p)A, k=p 
This formula also is not new. 

We may extend this by next supposing that Ag = A, = -:- = A,_,=9, A, #9, 
whence By = B, = -:: = B,,-,=90, B.,= Af, for p a positive integer. The result 
this time is that we have 

1 n—1t 
3.3 B,= ———~— _ 2X [(n+r—k)(pt+1l)—-(n4+r)] A,4,-,By. 
( ) (n __. rp)A, k=rp L( )¢ ) ( )| +r—-k*“k 


Observe that when r = 0 this agrees with (1.3) again. This formula also is not new. 
If we now adopt a slightly more suggestive notation we may find a tie-in with 
other interesting relations in the mathematical literature. 


4, A more general formula. We now write 
(4.1) [fy = 2% Ap) x", 
n=0 


so that A,(p) = B,, except that A,(1) = A,, in the previous notation. 
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From the identity [f(x)]’-[f(x~)]* =[f()]°"’, we have by multiplying and 
using the Cauchy product, 


(4.2) SE A,(a)A,_,(c) = A,(a + 0), 
k=0 


so that here is a fundamental addition theorem which the coefficients must satisfy. 
This of course is also an old formula. 
Now consider the identity 


(4.3) aD.[f(x)]*"°= (4 + ) LICL DLO). 
This yields 


aD, & A(a+ox"=(a+e) Z AloxD, E A,(a)x*, 
n=Q k=O 


Or 


ae nA,(a+c)x"-*=(a+c) ¥ xn~t Zz k A,(a)A,-,(c), 


n=t1 


or consequently the identity 
(4.4) (atc) kA,(a)A,_,(c)=anA,at+ec, n20O. 
k=0 


Recalling (4.2), we combine them and the result is the elegant addition formula 
(quoted by me in [7]) 
(45) L(+ qhA(a)d,(c) = A tOF IM ato, n=O. 
k=0 atc 

The formula in this form was found by Rothe [15] and its application to series 
of binomial coefficients was an inspiration of much of my own work. Two special 
cases of (4.5) occur most commonly. 

The first case is the Rothe-type series 


(or "| z—1 
x". x= . 


n zo 


(4.6) zi= 2 — 


This gives the generalized Vandermonde formula 


s a a+ bk c oe) 
~zo @+ bk k c+ b(n—k) n—k 


_ ate ateren 
— a+te+bn n , 


(4.7) 


with a corresponding form for general p and q in (4.5). 
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The other most common case is the Abel-type series 


a+ bn)"=! _ 
(a; on) x", X = ze bz 


(4.8) ev = z a 


n=0 
which gives Abel’s extension of the binomial theorem (occurring when b = 0) 


49) Eg EDI (e+ bin = WY? _ Oy (ate + bn? 
k=0 


k! (n—kl (4 + ¢) n! 


with a Corresponding more general form by (4.5). 

Relations of type (4.7) and (4.9) occur frequently in combinatorics, graph theory, 
statistics, special functions, etc. See references [6]-[11] and [27]-[29]. Ettingshausen 
[3] finds (4.2) and (4.5) and generalizes. 

To see that (4.5) is more general than (1.2), we have but to set p= —n, aq=a 
+c, so that p(a +c) + gan = 0, and then when a + c #0, we have by (4.5), when 
a #0, 


(4.10) > —n+ K(— + 1) A,(a)A,-;(c) = 0, n= 0. 
k=0 
This says then that when a = 1 
(4.11) X% [k(c+1)—n]A,(1)A,-,(c)=0, n20, cH —-1. 
k=0 


In this sense then, (4.5) includes (1.2). 
Here are special instances of (1.2) or (4.11): 


(4.12) & [k(a+1)—n]A,(r, b)A,_,(ra,b)=0, n2Z0O, 
k=0 
where 
r r+kb\. 
A,(7, b) + kb ( k ); 
. r ra ; 
(4.13) 2 [k(a+1)—n7] = 0; (case b = 0 in above). 
k=0 k n— k 
This is related to formula (3.152) in [29]. 
(4.14) X [k(a+1)—n] B,(r, b)B,-,(ra, b) = 0, n=0, 
k=0 
where B,(r, b) = r(r + bk)*-1/k!; 
(4.15) & [k(a +1) —n] gi(x, h)gi-.(ax,ah)=0, n2O, 
k=0 


where the g’s are generalized Hermite polynomials defined by 
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n 


ex tht - t r 
a n at. ——g (x, h). 


These were introduced by Bell and studied in [27] and several dozen papers have 
appeared treating these or related functions. 


(4.16) LX [k(p+1)—n]P,(m,x,y,1,C)P,-.(m,x,y,p,C)=0, n20O, 
k=0 


where the P's are generalized Humbert polynomials defined in [28]. 


5. Dirichlet Series. Let us now define (with s a real number) 


“Toe = © MP, 4, = 40. 


n= 


= 
i 
a 


(5.1) f(s) = 


The necessary theory of convergence for Dirichlet series may be found in Landau 
[13]. A Dirichlet series may converge everywhere (A,= 1 /n!) or nowhere (A, = n!). 
Between these extremes, there exists for other Dirichlet series a constant m such that 
the series diverges for s < m and converges for s > m. See Landau [13, Vol. I, p. 104] 
for proof. If the series for f(s) in(5.1) converges, then the series with A, replaced by 
A, log n also converges. This means that the series can be differentiated term by 
term in its interval of convergence. More important now, for purposes of coefficient 
comparisons, we need the theorem in Vol. I, p. 133 of Landau. This states that if for 
S> So, 

a 
= nai n 


1 a 


n 


then A, = B, identically. This uniqueness of expansion allows us to carry through 
the same kind of calculations we used in finding (1.2) and (4.5). 

First of all, using the identity (3.1) in the form we need with x replaced by s (to 
conform to the notational traditions), we find 


DOP = rth & AMosy=-~+y E AP y Alek 
n=1 n=1 k=1 


oe) 


1 
~(p +1) x - 2 A (log d)Ayjd(D). 


On the other hand we have 


1 ~ logn 
ns > Ay Anjd(P) = — % nS > Ay Ansa(P)- 


DASOLIV} = Dy E 


Equating coefficients, we have 


log n > Ay Anja(P) = (Pp + 1) > A, A,ja(p) log d, 
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which we can write in the desired form 


(5.2) > [(p + 1) logd ~~ log n | A, Anj(D) = 0, n = 1, 
d|n 


which is the exact analogue of (1.2). 

We shall not take the space to exhibit the formulas, but the reader can easily 
verify that formulas analogous to (1.3), (3.2) and (3.3) may be written down at once. 

Now, in exactly the same way that the Cauchy product of power series gave us 
(4.2), we see that the Dirichlet product gives us at once 
(5.3) x A,(a)A,jg(c) = A,(a +c) 

d|n 

as an elegant addition theorem. This too is a well-known formula. 

The identity (4.3) (again with x replaced by s) may be used now. We find 


5 Ap § Al) 4 pp F Ala to 
k=1 =] n a + Cc n=1 nh 
whence 
2 ns 2 (log d) A,(a) A, )(¢) = athe ea a3 A,(a + c)(logn), 


and consequently, we have the identity 


(5.4) x (logd) Afa) A,,4(c) = —— 


A(a+c)logn, 
- 7 a Anka + 0) log 


which parallels (4.4). Next, we complete the argument by combining (5.3) and (5.4) 
to obtain the most general formula 


pla + c)+ qalogn 


21 
EEN A(a +0), 21, 


(5.5) 2 (p + qlogd)A,(a) A,)(c) = 
which is the exact analogue of (4.5). The writer has not seen this formula explicitly 
stated in the literature, but can make no absolute claim of novelty. However, such 
formulas certainly seem unknown. 

To give an interesting example of (5.5) parallel to examples (4.7), (4.9), etc., we 
consider the following number-theoretic function: Let t(n,a) = the number of 
ways of expressing n as the product of a positive factors (of which any number may 
be unity), expressions in which the order of the factors is different being regarded as 
distinct. In particular, t(n,2) = t(n), the number of divisors of n. The function is 
defined in this manner by Hardy and Wright [30, p. 254]. For this function Hardy 
and Wright prove that 


(5.6) ¢(s) = 5 1). s>, 


n=1 
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where ¢ is the ordinary Zeta function defined by 


ae s> 1. 


cs) = 2 


Formula (5.5) applies then with A,(a) = t (n, a). Here is an example of its application. 
Let a=c=2. We have then 


(5.7) ZS (p+ qlogd)e(d)r(n/d) = oP + AIBN Uy, 4), 
dln 4 


Or again, with a = 1, c = 3, n = 12, it is easy to verify that each side of (5.5) yields 
40p + 10g log 12. 

It is a bit hard to cite a variety of examples where we know the explicit coefficients 
in a power of a Dirichlet series. The reason seems to be in the nature of the Dirichlet 
series. In contrast to the ease with which we may write down formal Taylor series by 
just dashing off the higher derivatives of functions, there is no correspondingly 
simple way to calculate the coefficients in a Dirichlet series. For the ‘more general 
type of Dirichlet series, which reduces to (5.1) when 4, = logn, 


(5.8) f) = E Avexp(~ 4), 


Landau [ 13, Vol. 2, Satz 35, p. 788] proves that if this series is convergent for R(s) > a, 
and if b >a are fixed real numbers, then for integral m = 1 we have, if we assume 
L/GQn41— 4,) = O(expexp 4,6) for d > 0, 


] (99) 
lim ao | exp(d,, ti) f(b + ti) dt = A,,exp(— 4,,5), 


(> 00 ~ 


and that this limit exists uniformly for all integers m = 1. Thus, in principle, we have 
a way to relate the Dirichlet coefficients to the function, but the way involves contour 
integration. 

Speaking of the difficulties attendant to working with Dirichlet series, Helson [23] 
has written ‘‘In Fourier series people stopped long ago trying to sum series to 
functions, and began instead to use functions to generate series. This change in point 
of view set a new direction that the subject has followed ever since. The classical] 
subject of Dirichlet series, on the contrary, has never escaped from its dependence 
on contour integration, and could not make that shift. My optimistic hope is that I 
have found a way round the difficulty so that Dirichlet series can follow power 
series to the center of algebraic analysis.’ 


6. Interplay of Taylor and Dirichlet? The similarities between the formulas we 
have examined might lead us to think that there exists some general result which 
includes each. Again we come to a question raised by E. T. Bell [31]. Bell wanted to 
find out if there is some kind of abstract multiplication of series that is neither 
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additive nor multiplicative only. We know that for power series we have 
(6.1) x A,x":> LD Bx* = XL x" LY A,B 
n=0 k=0 n=0 k+j=n 


where the sum is over all non-negative integers k,j such that k+j =n. For the 
Dirichlet series, however, we have 


(6.2) 5 


where the sum is now over all positive integers k,j such that kj =n. Bell asked 
whether one could find f(x, n) so that the series 


SE Ay f(x, n) 
n=0 


contains both the power series and the Dirichlet series type behavior. He was led to 
the functional equation 


I(x, a) f(x, b) = f(x, P(a, b)), 

@ being an associative operation, where @(a, b) is an integer = 0 whenever a, b are 
integers = 0, and o(a, b) = (b, a). He considered the case that ¢ is a polynomial, but 
so far as I know no one has resolved the general questions he asked. As Bell remarked 
‘‘throughout the theory of numbers there is a sharp and generally impassable break 
between additive and multiplicative properties.’ Goldbach’s conjecture is one of 
those intractable problems combining additive and multiplicative properties. It would 
be interesting if any new light could be shed on Bell’s problem. 

We mention this for still another reason. A. H. Clifford, who is eminently well- 
known for his work with G. B. Preston [34] in the algebraic theory of semigroups, 
took his doctorate under Bell and Morgan Ward, both of whom were inveterate 
combinatorialists, number theorists, persons well versed in operations with series. 
Bell characterized his problem of Taylor-Dirichlet interplay by use of functional 
equations. Functional equations, as everyone knows, are quite important in the 
study of abstract algebraic systems, from the abstract equation of associativity 
p(a, o(b, c)) = o(¢(a, b), c) onward. A statement of the results in Clifford’s dissertation 
is found in [33]. What is more, Bell, in his book [32] used what he called a semigroup 
(what we today call a right-cancellative semigroup) to study the algebra of formal 
power series and the umbral calculus of Blissard and Lucas. It would be interesting 
indeed if the results of the modern theory of algebraic semigroups could be applied 
to weld together the Taylor and Dirichlet multiplications into a useful tool such as 
may (or may not) exist, such is the state of knowledge on the subject. At any rate, we 
suggest it as a territory still to be explored. New examples of operations satisfying 
properties like (4.5) and (5.5) would surely be of interest. Mettauer [35], when a 
student at West Virginia, studied the Bell problem of functional equations for a 
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Taylor-Dirichlet interplay, and though he did not obtain the general solution, did 
relax Bell’s restriction to polynomial ¢ and obtain other kinds of multiplication. 

The formulas we have collected together here have been of use to the author for 
actual numerical calculations with series and also in the study of combinatorial 
identities. 
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COMPLEX ITERATED RADICALS 
HANNS-WALTER ROHDE 


1. Introduction. Let D be a simply-connected domain of the z-plane, {a,(z)}? 
a sequence of functions which are holomorphic in D, and {r,} a sequence of complex 
numbers. 

Our interest is in the limiting behavior, as n > oo, of an associated sequence of 
functions {f,(z)}?, zeéD, where 


(1) fol2z) = 9, fi(2) = (a(2Z) + fr-s(2y”— (n 2D), 


which we call a sequence of iterated powers. 
We will assume that 


(2) a(Z)+fn-1(z2) #0 (n21, zeD). 


For some zg €D we prescribe one of the values of the power {a,(Zo) + f,—1(Zo)}", 
(n = 1), to be the value of f,(z) at the point z,. Then f(z) is uniquely determined 
as a single-valued holomorphic function in D according to the Monodromy theorem 
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(cf. [1, p. 335]). We note that (2) need not be assumed for those n for which r, is 
a nonnegative integer. 

If we set r, = 1 we obtain f,(z) = 24,-,4,(z); hence f(z) is the nth partial 
sum of an infinite series. If r, = —1 we have a limit process similar to continued 
fractions. Hence iterated powers are a generalization of well-known limit processes. 

Our main interest, however, is in the case r, = 4, where we want to solve some 
problems raised by C. S. Ogilvy [3] concerning the convergence of such complex 
iterated radicals. 

If we replace the holomorphic functions a,(z) in (1) by positive real numbers 
a, and choose r, = 4, always taking the positive square root, the corresponding 
problem was handled by A. Herschfeld [2], who proved that for the convergence 
of {f,}?° it is necessary and sufficient that {a,}) converges, in which case 


p20 + /1 + 4a) if a #0 
lim f, = 1 if a =0 and at least one a, #40 
0 if alla, =0, 


where a = lim,.,,4,. (Here ,/ w always means the nonnegative square root of the 
real number w = 0.) 

The general case does not seem to have been attacked. A. Herschfeld [2, p. 428] 
wrote: “‘It is also of interest to generalize infinite radicals to include negative or 
complex elements. Convergence questions appear to become very difficult in such 
cases.” We shall see, however, that such problems may be treated in a simple way 
by means of a classical theorem due to Vitali (see Section 2) and the Monodromy 
theorem. 

We begin our considerations by studying the convergence of general iterated 
powers, especially iterated radicals. These tools enable us to attack several of Ogilvy’s 
problems in Section 3. This part might also provide a good exercise in the technique 
of choosing suitable branches of the root. Finally we show by an example that we 
can use our method even to study divergent sequences of iterated radicals. 

I should like to thank Professor D. Drasin and the late Professor G. R. MacLane 
for their valuable suggestions. 


2. Vitali’s theorem and convergence of iterated powers. The following result is 
known as Vitali’s theorem (cf. [4, p. 169]). 


‘THEOREM. Let {f,(z)}° be holomorphic in a domain D and {\ f(z) [}2 be uni- 
formly bounded on compact subsets of D. Suppose 


(3) lim FulZx) (k = 1,2, 3, 2) 


no 


exists on a Sequence of points z,¢éD having an accumulation point in D. 
Then {f,(z)}? converges uniformly on compact subsets of D to a limit function 
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f(z), holomorphic in D, which, of course, is determined by its values at z = z: 


F (2) = lim fn(Zx)- 


nao 
This theorem immediately gives the following result concerning our problem: 


Convergence principle. To prove the convergence of the sequence of functions 
{f.(z)}? defined in (1) we only have to show that these functions are uniformly 
bounded on every compact subset of D and satisfy (2) and (3). 

To find the limit-function f(z), we only have to seek the holomorphic function 
which has the values lim,.,.f,(Z,) at the points z,. 


For definiteness we now suppose that r, = 4, (n 2 1), although the reader should 
be able to weaken this restriction in many cases. 

In this special case we may replace the assumption that {| frlZ)]}9 is bounded 
by one in terms of the original sequence {a,(z)}{° . Indeed, with r, = 4 in (1) we get 


a,(z) = fy (2) —fr-1(2). 
Hence the condition 
(4) a,(z) > a(z) uniformly on every compact subset K of D 


is necessary for the uniform convergence of f(z) on K. 
From (4) follows 


| a,(z) | < Ax = const for zEK, n= 1,2,3,-+° 
By induction we see 
| f(z) | SF, (2K), where F, = /Ag + Fr-; 


Since {F,})° converges on account of A. Herschfeld’s result cited above, 
{f,(z)}P is uniformly bounded on compact subsets of D. Thus we can replace this 
assumption by (4). 

Furthermore (2) may be rewritten as 


(5) SAZ) # 0 (zeD, n= 1,2,3, ++). 
Hence we have the following result: 


CorOLiarY 1, Let r, = 4. Then {f,(z)}?° converges —uniformly on compact sub- 
sets —to a holomorphic limit function if the assumptions (3), (4), (5) are fulfilled. 


Concluding this section we wish to underline an important difference between 
A. Herschfeld’s results in the real situation and the complex case: 
The proposition 
lim f, = 0 implies a, = 0 for every n, 


n-> 0 
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which is a consequence of Herschfeld’s theorem, is no longer valid for complex a,,. 
Example: Let R be the plane cut along the negative axis, let D be the right 
half-plane and consider 


2 
a,(z) = 27, a,(z) = (=) — —— (n = 2,3,4,---,zED). 


In (1) we always choose the branch of {w}* in R which coincides with J w for positive 
w. Then an easy computation yields f,(z) = z/n. Hence lim,.,,, f,(z) = 0 but a,(z) 4 0 
for z # n?/(n—1). 


3. Some problems of C. S. Ogilvy. In order to treat these problems we discuss 
the case a,(z) = Z, 1.e., 
(6) fo(z) = 0, f(z) = {z + f,—1(z)}? (n = 1,2, 3, °°"). 


LEMMA |. Given any values of the roots in (6), we have for all complex z and 
n= 1,2,3--: 


(7) If |z| S$ 2, then |f,(z)| <2, 

(8) |z| = 2 implies | f,(z)|<|z| and therefore f,(z) # 0, 
(9) 0< | z | <i implies | f(z) | >2 | z | and therefore f,(z) # 0, 
(10) |fi(z)|<2/|z| if |z|>s, 

(11) f(z) #0 if Re{z} < -1. 


The first four inequalities follow immediately by induction, by using only the 
triangle inequalities and the trivial identity |{w}*| = ,/|w|, valid for every complex 
w and every branch of the square root. As an example we prove (8) in detail: Since 
| /z | < |z | for \z| = 2, we have | f(z) | <|z|. Assuming | faz) | < | z | forn 21, 
we obtain 


fisi@| = Viz +f£@1s Viz +lA@/<Vizi+ lz] = y2lz1s |2{, 


since | z| = 2. This proves the first assertion of (8). The second one follows from 


fz) |? = |z + fr—1(z)| = | z | 7 | fa-1 | 


and the first statement of (8). 

To prove (11) we assume that there exist numbers n and zy with f,(z.) = 0 and 
Re{z,' < —1. From (8) and the equation f7(z) = z, it follows necessarily that 
| Zol <2 and n = 2. Hence f,_ (zo) = Zo— Zo OF 

| fr—2(Zo) |? = | 20 |? | Zo — 1 |? = (Re{Zo})*(Re{Zo — 1})? 2 4 
in contradiction to (7). This proves Lemma 1. 


Let R be the complex plane cut along the negative real axis again. We regard 
a,(zZ) = z in the domain D = R: 
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Lemma 2. It is possible to define f,(z) using for each n the branch of {w}? 
on R which is positive for positive w. (Therefore it is clear that f,(z)éR and con- 
sequently f,(z) # 9.) 


Proof. We need only to show that 
Z + fn—1(Z) ER 


holds. By induction, however, we readily even see z + f,_ ,(z) > 0 for real z =x > 0, 
and Im{z + f,-,(z)} > 0 (Im{z + f,-1(z)} <0, resp.), if Im {z} > 0 (Im{z} <0). 

Using Lemma 2 and A. Herschfeld’s theorem for real z = x >0 our method 
gives the following result. 


Corotiary 2. {f,(z)}? converges to f(z) = 4(1 +{1+4z}*) uniformly on every 
compact subset of R. Here {1 + 4z}* denotes the branch which is positive for posi- 
tive Z =X. 


Now we consider the functions f,(z) in the upper half-plane D = {z | Im{z} > 0} 
only and continue them analytically into the half-plane D, = {z|Re{z} < —1} 
and the half-circle D, = {z|Re{z} <0, z|<4}, respectively. This is possible 
because (11) and (9) ensure the validity of (5). On account of Corollary 2 hypothesis 
(3) even holds for all points z, of D, and D, lying in the upper half-plane. Therefore 
the analytic continuations of f(z) into D, and D, converge to the corresponding 
analytic continuations of f(z). 

Quite analogously we obtain the analytic continuation into D, and D, beginning 
from the lower half-plane. 

Now we restrict ourselves to the case of negative real z = x. 


COROLLARY 3. (a) lim,...f,(x) = 401 +. /1 4+ 4x) for -—}<x <0, no matter 
whether the square root in (6) is consistently taken as the one with the least positive 
amplitude or consistently taken as the other one. 


(b) lim, f(x) = 1+ i/—4x —1) for -0 <x < —1, if the square root 
in (6) is consistently taken as the one with the least positive amplitude, and 


lim f,(x) = 401 — if —4x — 1) for -wo <x < —-1, 


n->c 


if we always take the other one. 
The convergence is always uniform on every compact subset of the intervals. 


Corollary 3(a) yields a solution of one of C. S. Ogilvy’s problems. To study 
another we define for real x > 1 


(12) Jo(x) = 0, g (x) = —./x + Gn—1(X) (n = 1,2, 3, +++). 


This definition is reasonable, for an induction argument readily yields that 
x + 9,~-1(x) > 0. 
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In order to examine the convergence of {g,(x)}? we consider our functions 
f,(z) in a neighborhood of the positive real axis and continue them analytically 
along circles with centre in the origin and radius > 2; this 1s possible on account 
of (8). Moreover we have 


fi(Z) — fx(Z) = fi(z)h(Z) 5) 


where 


~ 


+ 00 1 v 
h,(z) = [1 + 2) -1= (*) (222). 
Z vai \ Vv Z 
Since the elementary estimate 


& (1) 
v=1 Vv 


= | w | for lw] <1 


<|w| 


2 ()or 


Jn-1(2) 
Zz 


gives 


b 


h,(z) | < 


we obtain | f,(z) —f,(z)| <2 for |z|>2 using (10). 

Hence, returning to the positive real axis after one circulation, the analytic 
continuation of f,(z) coincides with the function that we get if we have chosen instead 
{fw}? = —,/w in (6). This latter function, however, is g,(x). Thus we have proved 
the following assertion. 


Coroiiary 4. lim,.9,(x) = H1—./1 + 4x) for x9 <x <0 uniformly on 
every compact subset of the interval where xo = 2. 


This result may be improved to x9 = (1 +./ 5) = 1.618---, since our analytic 
continuations f,(z) may also be continued analytically into the rectangles 


D; ={zjz=x+iy, 41+ /5 + 26) <x <3, 


y|<e} 
(0 <«é< 1 arbitrary). This is a consequence of the following statement. 
Lema 3. Re{f,(z)} <0, Re{f,(z) + z} > 0 ifzeD3,|z| <2, and n=1,2,3,-. 
The proof is readily carried out by induction, where we only need the formula 
Re{ f+} = — 4 JRe{z + f,@} + lz +f) 


and the inequality (7). 
Replacing (7) by the better estimate 


fdz)| S$ J2+ [z| if |z| $2, 


we get a minor improvement of this result, but the computation becomes somewhat 
lengthy. 
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To conclude this section, we consider the analytic continuation of f(z) in 
0< | z| <+ along circles with centre in the origin and define g,(x) by the analytic 
continuation of f(z) after one circulation. We get 


lim g,(x) =4#0+ /1+4x) if O0<x<. 


n-?> oO 


The convergence is uniform on every compact subset of the interval. 


4. An example for divergence. If we take arbitrary branches of the root in (6), 


we cannot expect that {f,(z)};° converges. To see this we consider 
(13) ho(x) = 9,  Ita,-1(%) = — x + Ita, -2(X), 
hy,(Xx) = Jx + hon-1(x) (x > 2, n= 1, 2, 3, +++), 


where, again, we use the symbol ./w to denote that branch of the square root which 
is positive when w is positive. 

Because of (8) the sequence is well defined. 

For even indices we have 0 <h,,(x) < x and h,,(x) — h,,-2(x) = H,(h2,-2(x)), 
where 


H,(u) = dx —~J/x+tu-u (O<u<x). 
Since H}(u) <0, H,(u) has at most one zero. A simple computation leads to 
H,(uo) = 0, where uy = —4$+ /x — 3. 
Therefore 
(14) H,(u)>0 if u<uy, H,(u) <0 if u>uy. 


Assume h,,->(x) >Uo; then H,(h,,-~.(x))<90 or h,,(x) < h,,-,(x). Hence 


Aon+2(X) = dx — /x + h2,(x) > dx — \/x + hon, = h(x) 


and therefore H,(h,,(x))>90, h.,(x)<u,. In the same way we get h,,(x) > uo 
assuming h,,,_.(x) < ug. Observing h,(x) = 0 we obtain 


(15) ha (x) < Ug < hg, +2(X) (n = 0,1,2+:-). 

Let {j,(x)}; be any one of the sequences {h,,(x)}?°, {h4,-2(x)}? . Then 
(16) Jn+1(%) —Julx) = Ho(i,(%)); 

where 


Hu) = H,(A,(u) + u) + A,(u) (O<u<x). 
An easy computation shows H}(u) <0 if x > 8, and H,(u,) = 0. Thus for x >8 


Hu) >0 if u<uyo, H,(u) <0 if u>up. 
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Therefore it follows from (15) and (16) that {h,,(x)}? and {h,,-,(x)}? are mono- 
tonic and consequently convergent. According to (16) their limits must be equal 


to the solution of H,(u) = 0 so that 


(17) lim hy,(x) =uy= —44+ /x-3 if x>8. 

On account of (8) we can apply our method in any simply-connected domain 
excluding the circle | z| <2 and including the points z = x > 2, and obtain (17) 
even for x >2. 

For odd indices we get from (17) and definition (13) 


lim hy,-(x) = -G4+ /x-% (x >2). 


no 


Hence, lim,,.,,, 22,(x) ¥ lim, 42,—-1(x), ie. {h,Q)$P diverges in x > 2. 
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ARE THERE n+ 2 POINTS IN EE” WITH ODD INTEGRAL DISTANCES? 


R. L. GRAHAM, B. L. ROTHSCHILD anp E. G. STRAUS* 


In this note we answer the question posed in the title. 


THEOREM 1. For the existence of n + 2 points in E" so that the distance between 
any two of them is an odd integer, it is necessary and sufficient that n+2=0 
(mod 16). 


There are analogous results concerning integral distances relatively prime to 3 
or 6 which we mention at the end of this work. 
The main tool in the proof of the necessity part of Theorem 1 is a theorem of 


Cayley (see, e.g. [1], p. 122). 


* Presented to the Southern California Section on March 11, 1972, by E. G. Straus, whose work 
was supported by NSF Grant No. GP-28696. The work of B. Rothschild was supported by NSF 


Grant No. GP-23482. 
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THEOREM 2. Let the set of ("57) nonnegative numbers d;;; 1 Si<jgn+2 bea 
set of distances d,; = d(p;, p;) of points py, P2,°**, Pn+2 in E". Then 
2 2 
0 diz di3 + dings2 | 


d3y 0 d33 —_ ds 42 1 


dna dn+22 sore 0 i 
l 1 rr | 0 
where d,; = dj. 


Proof. We consider the points p,; as vectors in R” and assume without loss of 
generality that p,. = 0, the origin. Then 


di, = | Pi — P;|* = |p: |? + lp, |? — 2(pis P;) 


and 

(| pi|? + |p; |? — 2(P,, P;)) 1 
A= il. 
i i i 0| 

}? 


Subtracting | P; |? times the last row from the ith row and | p; | times the last column 


from the jth column we get 


1 per 7+ —2(piPra1) O 1 
-2p.P) UDP 20ers) OA 
7 if 0 ae 0 0 1 
bees O81 1 a 1 1 0 
(Pi Pi) st (Pay Pasi) | 
— (—1yo"tt , | 
(Pot tsPi) °° (Pats Puta) 


(—- 1)"2"* 1 det(P: P”), 


where the n x (n + 1) matrix 


Pn+1 
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has rank P <n, and hence rank (P- P”) <n, so that det(P: P’”) = 0. 


REMARK. For an alternate proof, consider the linear mapping (a,,--*, 4,42) 
— (Lia; p;, 2a;) on R"*? into the (n + 1)-dimensional space E" @ R. It has non-zero 
kernel, so there is a vector (@1,°++,4,+2) #0 such that La;p;=0 and La, =0. 
Set c = — La, | p;|?. By a short direct calculation, 


n+2 


x a;|p;—p;/?+e=0, La,=0. 
jet 


This is a system of n + 3 equations and it has the non-trivial solution (a,,---,a,, Cc), 
so its determinant is zero. That is Theorem 2. 
The necessity of Theorem 1 now follows from a lemma. 


LEMMA 1. Let d;,;; 1S i<j<sn+2 bea set of odd integers. Then 


A = (— 1)"(n + 2)(mod 16). 


Proof. Since d;; is an odd integer we get c,;= dj; -1=0 (mod 8). Subtracting 
the last column of A from all other columns we have 


|—1 C12 °° Cint2 1 

coy —1Ls Coyne 1 
A= | 

Che21 —] fl 

| 1 1 0| 


By first adding the first n + 2 columns to the last column and then adding the first 
n + 2 rows to the last row, we get 


—]l C12 8 Ci nt2 ay —I Ci2 °° * Cy nt2 ay 
Co1 —1L ++ Canta = a C24 —1L-s + Conta = 
A= = ) 
Cit+21 ° aio QAn+2 Cn+21 i An+2 
i re | n+2 a, "'* Ayy n+2+a 


where a; = D4; ¢;;and a = Lj2f a; =2 Lj; cj. 

Since all the terms off the main diagonal in the last expression of A are divisible 
by 8; and each product in the expansion of A other than the main diagonal term 
contains at least two off-diagonal factors; we have 


A =(— 1)"**n+2+a)=(—1)"n+2+ a) (mod 64). 
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But a = 2 ;<; ¢;; = 0 (mod 16) so that 
A = (— 1)"(n + 2) (mod 16). 


We can now complete the proof of Theorem 1 by making a suitable construction. 
Let n = 16s — 2 and choose p,,-::, p, as vertices of a regular (n — 1)-simplex of 
edge length 8s — 1 in the hyperplane x, = 0 so that its centroid is at the origin. Choose 
the remaining two points p,41, P,+2 as (0,-°:,0, + (2s —4)) on the x,-axis. In 
this set there are only three distinct distances, d(p,,p,;) = 8s —1 for 1Si<jsn; 


A Pi+1>Pn+2) = 4s — 1 and 
(1) AP: Prod? =|pi2>+Q2s—h?; 1sSisn;k=1,2. 
In order to compute this last distance we need the following: 


Lemma 2. The distance from the centroid of a unit simplex in E* to a vertex is 
dy, = /k (2k + 2). 


Proof. The unit vectors in E**! form the vertices of a regular k-simplex of edge 
length ./2 with centroid (1 /(k + 1)) (1,1,---, 1). Thus the distance from a vertex to 
the centroid is 


2d 1-—_)' + (_)’ ly 
Vd - | ( - Ea) + (Ea) t+ (ea) 
_ f Pk fk 
al (k + 1)? pe = esi 
Thus the value of | p,|? in (1) is 


l6s—3 — 128s? —40s + 3 


2 (Qe. 1\242 _ _4)2. 298 7 9 _ 1608" AUS or? 
| Pi | = (8s— 1) “die,-3 = (8s — 1) (16s — 2) 4 ) 


and 
A(Pi» Prey)” = 412857 — 40s + 3 + 16s? — 85 + 1) 
= (6s — 1). 


We have thus constructed a set with n + 2 = 16s points and only three distinct 
distances, 4s — 1, 6s — 1 and 8s — 1, all of which are odd, attained respectively once, 
2n and (3) times. 

There are many other examples of constructing (n + 2)-tuples of points with only 
three distances, all odd in case n = 16s — 2. For example we could construct regular 
simplices in complementary orthogonal subspaces E‘**~* and E** with edge lengths 
14s — 1 and 2s + 1 respectively. The third distance d satisfies 


d* = (14s — 1) *d2,,_. + (2s + 1)7d2 = (10s — 1)” 
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REMARK. It is impossible to have n + 3 points in E” so that all distances are odd 
integers since by Theorem 1 this would imply both n + 2 = 0 (mod 16) and (n + 1) 
+2 =0 (mod 16). 

The reasoning in Lemma 1 can be applied equally well in the case of integral 
distances relatively prime to 3. 


LemMMA 3. Let d;;; 1S i<jSn+2 bea set of integers relatively prime to 3. 


Then A = (— 1)"(n + 2)(mod 3). 
Proof. Since d?, = 1 (mod 3) we get 
A=|J—-I|.43 =(— )" + 2) (mod 3). 


THEOREM 3. There exist n + 2 points in E” whose distances are integers relatively 


prime to 3 if and only if n = 1 (mod 3). 
There exist n + 2 points in E" whose distances are integers relatively prime to 6 


if and only if n = — 2 (mod 48). 


Proof. The necessity of the two congruences follows from Lemma 3 and Theorem 


For sufficiency in the second case we can use the same construction used in the 
proof of Theorem 1. Set n = 48s — 2 and construct the set of n+2 points with 
distances 12s — 1, 18s —1 and 24s — 1 respectively. 

For sufficiency in the first case, set n = 3s + 1 and construct a regular simplex in a 
hyperplane E** of side length 4(3s + 1) with centroid at the origin; then add two 
more points on the axis perpendicular to E°** at distances 3s — 1 from the origin. 


We then get three distances 4(3s + 1), 6s.— 2, 9s + 1 since 


3s 
2 _ 4)2 . 2 
(9s + 1) (3s — 1)? + 3s +) 16(3s + 1)*. 


These distances are attained respectively (°*j'') times, once and 6s + 2 times. 

Our examples involve sets of points determining three distinct distances. One 
might ask whether there are examples involving (n + 2)-tuples of points with only 
two distinct distances. The answer appears to be in the negative for odd distances, 
while there are certain dimensions in which there are examples of (n + 2)-tuples 
with only two distinct distances both prime to 3. 

One could generalize the above results to conditions on integral distances of the 
form d?,=1 (mod m) for general moduli m. However this does not appear as 


attractive as the above treated problems. 
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BUFFON’S NEEDLE EXPERIMENT 
E. F. SCHUSTER 


1. Introduction. Of central importance in probability and statistics is the notion 
of independence. Although a precise mathematical definition of independence can 
be given, we often interpret independence in keeping with our intuitive ideas. There 
is a natural inclination to consider events which seem unrelated as being independent 
of one another. In this regard we present a variation of Buffon’s needle problem 
which we hope will be useful in the classroom. 


2. Buffon’s needle experiment: A needle of length L is thrown in a random fashion 
onto a smooth table ruled with parallel lines separated by a distance of 2L. An ob- 
server records whether or not the needle intersects a ruled line. 

Let E be the event ‘‘the needle intersects one of the ruled lines.’’ Suppose you 
ask a class of students to empirically estimate P(E) (it is well known that P(E) = 1/7) 
by performing 200 independent trials of this experiment. Their estimate of P(E) 
is, of course, the proportion of times E occurs in the 200 trials. One ingenious student 
(E. P. Del Norte) covers his table with congruent squares 2L inches on a side 
(similar to a large checkerboard or a tile floor). Using a needle L inches long 
he performs his experiment 100 times, recording the result of each trial with respect 
to each set of ruled lines, and thereby coming up with his 200 trials of the experi- 
ment. Has he in fact come up with 200 independent trials of the experiment? Do 
you expect his estimate of P(E) to be better than, as good as, or worse than that of 
another student randomly selected from the remaining members of the class (here- 
after referred to as the typical student)? What does your intuition say? Ask your 
class. 


3. Solution. Let A be the event “‘the needle intersects a ruled line parallel to the X 
axis’’ and let B be the event ‘‘the needle intersects a ruled line parallel to the Y axis.”’ 
Then a single trial of Del Norte’s experiment is equivalent to two independent 
trials of Buffon’s experiment if and only if the events A and B are independent. 
Now A and B are independent if and only if the probability of the intersection of A 
and B is the product of their respective probabilities, ic., if and only if 
P(AB) = P(A)P(B). Since P(A) = P(B) =1/z, one could empirically test the hypothe- 
sis of independence in the usual manner. However, we note that the compu- 
tation of P(AB) can be obtained as a special case of Laplace’s problem as given 
on pages 255 and 256 of the classic by Uspensky [2]. Using this solution (we give 
a generalization in section 4) we find that P(AB) = 1/4n 4 P(A)P(B) = 1/n’. 
Hence A and B are not independent and the 100 trials by Del Norte are not equiv- 
alent to 200 trials of Buffon’s experiment. 

We now proceed to the answer to our second question: Since our student E. P, 
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Del Norte uses the statistic P = (number of times A occurred in the 100 trials + 
number of times B occurred in the 100 trials)/200 as his estimate of P(E) = 1/7, 
do we expect his estimate to be better than or worse than that of the typical student 
in the class? It is clear that the expected value of P is P(E) = 1/m. Since 


1/n = P(A) = P(AB) + P(AB’) = 1/42 + P(AB’), P(AB’) = 3/4. 


Similarly P(A’B) = 3/4n and hence P(A’B’) = 1 — 7/4n. Using these probabilities 
one finds that the variation in the estimator P equals (5x—8)/800z? ~ 0.000976. 
The variance of the proportion of times the needle will intersect a line in M indepen- 
dent trials of Buffon’s experiment is (t—1)/™7M x 0.217/M. If we equate these 
two variances we find that M ~ 222, i.e., 100 independent observations with respect 
to both grids contains approximately the same amount of information about P(E) 
as 222 observations, with respect to one set of grid lines. Hence, we expect E. P. Del 
Norte’s estimate to be better than that of the typical student in the class. As a word 
of explanation we note that Del Norte’s method is a case of estimation by ‘‘anti- 
thetic variables’’ (see for example chapter five of Hammersley and Handscomb’s 
monograph [1]). The idea is that if several random variables are negatively corre- 
lated, then their average has variance much less than that of the individual variables. 

Another question now arises. Suppose one varies the angle of intersection of 
the X and Y grid lines. Is it possible to find an angle a such that independence is 
achieved, i.e., an angle of intersection for which P(AB; a) = P(A;a)P(B;a) = 1/n?? 
We answer this question in the next section. 


4. The angle of independence. The following heuristic argument indicates that 
there is in fact an angle for which A and B are independent. If the angle of inter- 
section « is 2/2 then we have found that P(AB; a = 2/2) = 1/4z. If we start with 
the X and Y grids perpendicular and rotate the X grids about a fixed center that is 
a point of intersection of the two grids, then in the limiting case « = 0, the X and Y 
grids coincide. Hence the needle intersects neither or both grids, i.e., P(AB; « = 0) 
= P(A) = 1/n. Now 1/4n <1/nx” <1/z, so that as « decreases from 7/2 to 0, one 
would expect f(«) = P(AB;«) to go from 1/47 to 1/z in a continuous fashion so that 
by the intermediate value theorem there must exist some « = a* for which 
f(«*) = 1/n*. This seems like a plausible argument. However, it is a fallacious one, 
for, as noted below, continuity breaks down at « = 0. When one stops to think 
about it, this is really. not surprising. If we rotate the X and Y grids about a fixed 
point which is not a point of intersection of the two grids, then in the limiting case 
the‘grids will be parallel but not coincident. Hence the probability in the limiting 
case « = 0 will depend on the manner of rotation to the limit. So is there an angle 
of independence or isn’t there? To answer this question, we shall now set up a prob- 
ability model, compute f(«), and see if there exists an a* for which f(a*) = 1/n?. 

Refer to figure 1: Let a be the smaller angle of intersection of the X and Y grid 
lines and let ACDE be the parallelogram which contains the center of the needle. 


28 E. F. SCHUSTER (January 


Taking AB and AE as coordinate axes, the position of the needle is determined by 
the coordinates (x, y) of its center and the angle 0 formed by the needle with the 
AB axis. We postulate that 6 is uniformly distributed over (0, z), (x, y) is uniformly 
distributed over the parallelogram ACDE, and that 6 is independent of (x, y). 


Y grid line 


v-component of 
needle-length 


A 
X grid li 
grid line oL 


| 

yf u-component 
of needle-length 
yo \A OO 'B 7 
X grid line l4—— 7], ——w 

Fic. 1 
The transformation 

u=xcsca, v= y—xcota 


then transforms from rectangular coordinates (x, y) for the center to oblique ones 
(u,v) measured parallel to the sides of the fundamental parallelogram ACDE. 
Since the Jacobian of the inverse of the above transformation equals sin«, one can 
easily show that u and v are independent and identically distributed as the uniform 
distribution over the interval (0,2Lcsca). We can then compute f(«) = P(AB;a) 
as follows: For a given orientation 0 = s of the needle, the occurrence of A is gov- 
erned solely by the value of v; similarly for B and u; thus A and B are conditionally 
independent given 0. Now P(A | 9 = s) = (v-component of needle length)/(2Lcsc «) = 
| cos (a + s) | /2 (there are three cases to be considered, 


mi2—-a<@035 2/2,05 085 n/2—a4, and 2/2<08S7n); 


similarly P(B|@ = s) = |coss|/2. Thus P(AB|6 =s) = P(A|6 =s)P(B|0 =s) = 
| cos(w + s)coss|/4. If we integrate this against ds/n on 0<s <x we obtain 


f(a) = P(AB;«a) = {(2/2 — «)cosa + sina}/4z. 
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It is clear that f(a) is continuous on (0, 72/2) with f(0*) = 1/8 and f((z/2)~) = 1/4z. 
Note that 1/42 < 1/n* < 1/8, so that there is an angle for which A and B are inde- 
pendent. Now f’(a) = {(@ — 2/2)sina}/4n <0, so that f(«) is strictly decreasing 
for 0<a< 2/2 and the angle of independence is unique. This angle « must satisfy 
the equation 


f(a) = I/n?. 
Simplifying, this becomes 


sin(a) + (2/2 — «)cos(a) = 4/z 
or 


cos(B) + Bsin(B) = 4/z, 


where f = 2/2 — a. Using Newton’s method with an initial guess of 0.75 we find 
that 6 ~ 0.80475 radians (~ 46.11°) or « ~ 0.76605 radians (~ 43.89°). 

We close this article by asking the reader to examine the question of independence 
when the length of the needle is a, where a < 2L. Does there always exist an angle 
a = a(a) for which A and B are independent? Are there any needle lengths a for 
which we can solve explicitly for the independence angle « = «(a)? How should we 
rotate the X grid lines so that f(«) is continuous at the limit position « = 0? What 
happens when the distance between X grid lines is different from the distance be- 
tween Y grid lines? Can we find three sets of grid lines: X, Y,Z, separated by distances 
a, b, and c, respectively, and a needle length d such that the corresponding events 
A, B, and C are pairwise independent yet mutually dependent? 


Acknowledgement. The author is indebted to the referee for his perspicacious comments and 
suggestions. 
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INNER PRODUCT SPACES 
STANLEY GUDDER 


1. Introduction. One frequently encounters incomplete inner product spaces in 
mathematics. For example, the continuous functions on [0,1], the infinitely dif- 
ferentiable functions on R” with compact support, and the analytic functions on the 
unit disk all with inner product <¢f,g> = |fgdu are important cases of such spaces. 
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The space of complex sequences (a;) such that a; = 0, except for finitely many i’s 
with inner product <(a,), (b;))> = Za,b; is another common example. What Hilbert 
space techniques can be employed in such incomplete spaces? Of course, one can 
always complete these spaces to form a Hilbert space but this is sometimes un- 
desirable since the result will then frequently contain elements outside the original 
space. For example, a maximal orthonormal set for an inner product space V need 
not be maximal in its completion, so to form a basis for V we might have to go 
outside of V. 

In this article we shall consider three types of questions. (1) What ‘‘goes wrong’”’ 
in incomplete inner product spaces? In other words, for what kinds of properties is 
completeness indispensable? (2) What properties characterize completeness for inner 
product spaces? That is, can we tell if an inner product space is complete without 
testing every Cauchy sequence? (3) What can we do in incomplete inner product 
spaces? In other words, are there important results that can be obtained without 
completeness? We shall try to illustrate these questions using little-known results 
some of which are part of the folk-lore of the theory, some only available in the 
research literature, and some new. Two relevant papers which give results different 
from those considered here are [3] and [4]. 


2. Bases. In the sequel we shall consider real or complex inner product spaces 
with inner product <¢:,-> and norm | x | = (x,x>?. A set of vectors {x,} in a normed 
linear space X such that any x e X can be uniquely expanded in the form x = xc, x, 
(the sum converging in norm to x) is called a basis for X. It has been shown by Per 
Enflo that there are separable Banach spaces possessing no countable basis. It is, 
however, a very useful and important fact that in a (separable) Hilbert space there 
always exists a (countable) orthonormal basis. A natural question to ask is whether 
every inner product space possesses an orthonormal basis. Suprisingly enough, we 
shall see that the answer to this question is no. 

Now there are three good properties that an orthonormal set in an inner-product 
space X may have: it may be maximal, total, or basic. Maximal is self-explanatory. 
Total means that it spans the space (i.e., the smallest closed subspace that includes 
it is X). Basic means it forms a basis for X. In a Hilbert space these three concepts 
coalesce. 


THEOREM 2.1. If {x,} is an orthonormal set in a Hilbert space H the following 
statements are equivalent: 

(1) {x,} is basic, 

(2) {x,} is total, 

(3) {x,} is maximal, 

(4) | x |? = | <x, Xa) |? for every x 6H (Parseval’s equality). 


Since the proof is simple and since we are interested in knowing exactly where 
completeness is used we shall outline it. First of all, x == c, x, means that c, = 0, 
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except for countably many «’s and that the resulting countable sum converges in 
norm to x. Now it is clear that (1) = (2) > (3) and we don’t even need completeness 
for these results. If {y,} is any finite orthonormal set then expanding the inequality 
{x — EXx, > Vis ¥ — UX, Vy > ZO gives Bessel’s inequality Z| <x, y;> |? < || x |]. 
It follows that <x, x,> = 0, except for countably many x,’s, which we denote by x,, 
X5,°°:, and =| <x, x, |? < oo. Now forn>m 


M= 


m 2 n 
ixnxpa- L daxda| = E [onde P 0, 
i=1 i=mt+1 


1 


as m,n— 00 sO Li, <x,x,;> x; is Cauchy and hence converges (this is the only place 
that completeness is used). Now x — 2 <x, x;> x; is orthogonal to every element x, of 
a maximal orthonormal set so x = X <x, x;> x; (this is sometimes called the Fourier 
series expansion). Thus (3) > (4) (also, we have shown (3) > (1)). That (4) > (1) is 
proved by showing that lim,..,, |x — L=1<x,x;> x; || = 0 using (4). 

We have also proved the following result. 


COROLLARY 2.2 If {x,}is an orthonormal set in an inner product space then (A), 
(2) and (4) of Theorem 2.1 are equivalent. 


Theorem 2.1 also provides the existence of an orthonormal basis for any Hilbert 
space since a simple Zorn’s lemma argument gives a maximal orthonormal set. We 
shall show later that (3) need not imply (1), (2) or (4) in an arbitrary inner product 
space. 

‘We now consider the dimension of an inner product space. 


LEMMA 2.3. Any two maximal orthonormal sets in an inner product space 
have the same cardinality. 


Proof. Let A and B be maximal orthonormal sets with cardinality « and B 
respectively. If either « or is finite the space is finite dimensional and the conclusion 
is familiar from algebra. We thus suppose that both « and £ are infinite. For ee A, 
let B(e) = {fe B: <e,f> 4 0}. By Bessel’s inequality, B(e) is countable. Since A is 
maximal, B < U,., B(e) and hence B S$ a:Ny =a. The desired conclusion follows 
from symmetry. 

Although Lemma 2.3 is commonly proved for Hilbert spaces it is not always 
recognized that it holds for arbitrary inner product spaces. We define the dimension 
of arf inner product space X as the cardinality of any maximal orthonormal set in X. 
(Such a set always exists by Zorn’s lemma.) There are Hilbert spaces (and hence 
inner product spaces) of any desired dimension. Indeed, let « be a cardinal number 
and let A be a set with cardinality «. Denote by |, (A) the set of complex-valued 
functions f on A which vanish except on a countable subset of A and X | f(a) |? < 0. 
If we define addition and multiplication be scalars pointwise, then /,(A) is an inner 
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product space under the inner product <f,g> = Xf (a)g(a). It is straightforward to 
check that 1, (A) is complete and has dimension a. Indeed, the set x(x) = 6,4, 0, BEA 
is a maximal orthonormal set. If A is the set of natural numbers we usually write 
1,(A) simply as I). 

It is instructive and also useful for our purposes to compare this notion of dimen- 
sion with another commonly used notion. If V is any vector space, a Hamel basis 
for V is a linearly independent set B such that the linear manifold generated by B is 
V (.e., any vector in V is a finite linear combination of vectors in B). By Zorn’s 
lemma any vector space has a Hamel basis and using similar techniques to those 
employed in Lemma 2.3 one can show that any two Hamel bases have the same 
cardinality. We then define the Hamel dimension of V as the cardinality of any Hamel 
basis for V. It is clear that the Hamel dimension is the same as the dimension for any 
finite dimensional inner product space. For infinite dimensional spaces this need not 
be so. For example, let B, be a Hamel basis for the %o-dimensional Hilbert space [,. 
Then card B, Sc since card I, = c. Assume the continunum hypothesis, for simplicity, 
and suppose card B, =N >. Orthonormalize B, to get a countable orthonormal 
Hamel basis B = {x;}. Nowx = 2,171 x,¢ 1, but x is nota finite linear combination 
of x,’s. Indeed, if x = Lij'-1 ¢; x; then <x,x,+,> =0 but we know that <x,x,41> 
= i~"~*, Thus card B, = c, so the Hamel dimension of 1, is c. 

Hamel bases are frequently useful for theoretical purposes, however, in practical 
situations involving infinite dimensional spaces they are almost impossible to con- 
struct. Orthonormal bases, on the other hand, are readily constructed in concrete 
Hilbert spaces and hence much more important in practice. As an example of a 
theoretical use for Hamel bases, we give an example of a linear transformation 
defined on all of an infinite dimensional Hilbert space H which is not bounded. Let 
{x,} be a normalized Hamel basis for H and let {y,, y2,---} S {x,} be a countably 
infinite subset. Define T y, = ny,, T x, = 0, x, € {¥1, ¥2,°-:} and extend by linearity. 
Other uses for Hamel bases will appear in this section. 

We now ask whether the dimension of an inner product space is the same as the 
dimension of its completion. This interesting question is a problem in [2]. The fol- 
lowing elegant solution is due to P. R. Halmos (private communication). If E and F 
are Hilbert spaces (over the same field) the direct sum of E and F is the Hilbert space 
E@F = {(e,f): eek, feF} of ordered pairs with componentwise operations and 
inner product 


((€1,41), (€2,f2)> = (e1,€2> + Sif o>: 


It is easy to show that dim E@® F = dim E + dimF. If T: E- F is a linear trans- 
formation (not necessarily bounded), the graph of T is the linear manifold 


G= {(e,Te):eeE} CE@F. 


We denote the closure of Gin E@ F by G. 
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LEMMA 2.4. Let E and F be Hilbert spaces, and let T: E->F be a linear 
transformation that vanishes on some orthonormal basis B in E and has dense 
range in F. If G is the graph of T and H =E@ F then G = H and dim G = dim E. 


Proof. Since (b,0)¢€G for each be B, it follows that (e,0)¢G for each ecE. 
This implies that (e, Te) — (e, 9) = (0, Te) ¢ G for each ee E. Since the range of T is 
dense in F we conclude that G = H. If (e, Te) . (b, 0) for all be B, then e  b for all 
be B, whence e=0, and therefore Te=0. Thus {(b,0):beB} in a maximal 
orthonormal set in G and hence dim G = dim E. 

Now take E = |, and let B be an orthonormal basis for E. Let B, S E be such 
that B U B, isa Hamel basis for E. As we have already seen, the cardinality of B, is c. 
Let F be a Hilbert space of dimension c and T: E > F, so that T maps B, one-to-one 
onto an orthonormal basis for F and is 0 on B. Then T satisfies the conditions of 
Lemma 2.4 so dim G = Ny, and dim G = dim E + dim F =c. 

Thus G is an inner product space with completion H with the following properties: 

(a) dim G < dim H. 

(b) G has no orthonormal basis Bo. 


Proof. Since G = H, By is an orthonormal basis for H so dim G=dim H, a 
contradiction. 

(c) A maximal orthonormal set in G is not basic. 

(d) dim G = No, yet G is not separable. 


Proof. If G were separable, then H would be. 

(ec) If B, is a maximal orthonormal set in G the Fourier series of an element 
xé€G need not converge to x. 

(f) A maximal orthonormal set in G is not maximal for the completion of G. 

The previous example relied upon the graph of a linear transformation in the 
direct sum of two Hilbert spaces. Since this may not be particularly easy to visualize 
we now give another example which does not rely on these concepts or on Lemma 2.4. 
Let H, = 1, ((0,1]), Z = {z1, 22, -:-} the rationals in [0,1] and Q the irrationals in 
[0,1]. Extend the linearly independent vectors y,,(n) = dn, yz,(n) = 52, °°: to a 
Hamel basis y,,, yz,,°*', Ya AE Q, for 1,. Define vectors f,¢ H,, «€ [0,1], as follows: 
if «EZ, f(x) = 6,,3 if ae QO, f(x) = 1 if x =a, f(x) = y(n) if x = z, and f,(x) = 0 
otherwise. Let G, be the linear manifold generated by the f,’s, «¢ [0,1]. We leave it 
as an exercise to show that G, = H, and that {f,: «e Z} is a maximal orthonormal 
set in G,. Thus we have constructed an inner product space G, with completion H, 
such that dim G, <dim H, so this example exhibits the behaviors (a)-(f) of the 
previous one. 

One can illustrate the property that a maximal orthonormal set in an inner 
product space need not be basic by a simpler example than the previous ones. This 
example does not exhibit some of the other properties however. Let H be a separable 
Hilbert space with orthonormal basis {e,,e,,---}, and let X be the linear manifold 
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generated by the vectors 


fo 8) 
f=  i-'e,,e,e3,°° } 
i=4 
Then it is easy to see that B = {e5,e3,---} is a maximal orthonormal set in X. But B 
is not basic since f is not of the form f= %,2, c,e;. 


3. Completeness. We now ask for criteria which ensure the completeness of an 
inner product space. Now two of the most important elementary properties of a 
Hilbert space H are the projection theorem and the Riesz theorem. The projection 
theorem states that if M is a closed subspace of H then M@®M~ =H (M~ = {x: 
<x, y> = 0 for all ye M}). This may be weakened to the following: if M is a proper 
closed subspace of H then M~ # {0}. The Riesz theorem states that if fis a continuous 
linear functional on H, there exists yéH such that f(x) = <x, y> for all x eH. We 
now show that these results need not hold in an inner product space and, in fact, 
characterize completeness for such spaces. 


THEOREM 3.1. For an inner product space V the following statements are 
equivalent: 

(1) V is complete. 

(2) If M is a closed subspace of V then M@®M-~= V. 

(3) If M is a closed subspace of V then M=M~~. 

(4) If M is a proper closed subspace of V then M~# {0}. 

(5) If f is a continuous linear functional on V there exists yeéV such that 
f(x) = <x, y> for all x eV. 


Proof. That (1) = (2) is the projection theorem. To show (2) = (3) it is first clear 
that M< M*~. If xe M~~ then by (2) x =x, +x, where x,eM, x,¢€M~. Now 
X»=xX—xX,E€M~~ so x, =0 and hence x = x, EM. To show (3) = (4) let M be a 
proper closed subspace and suppose M~ = {0}. By (3), M=M~~={0}- =V 
which is a contradiction. For (4) = (5) let f be a continuous linear functional on V 
If f=0 let y=0. Otherwise M = {x: f(x) = 0} is a proper closed subspace of V, 
hence by (4) there exists y, e M~ with | Vi | = 1. For xeV, x —f(y,) 7 'f(*) y, EM. 
Therefore, <x, y;> — f(y1)7' f(x) = 0 and if we let y = f(y,) y,, then f(x) = <x, y> 
for all x € V. For (5) > (1) let V be the completion of V and let y e V. Since x 1 <x, y> 
is a continuous linear functional on V by (5) there is a z € V such that <x, z> = <x, y> 
for all xeV. Since V= V, <,z — y>) =0 for every eV and hence y=zeV. 
Therefore, V= V and V is complete. 

It follows from Theorem 3.1 that if V is an incomplete inner product space, then 
there exists a proper closed subspace M of V which does not satisfy (2), (3) and (4) 
of the theorem. Such a subspace is constructed in the following example. Let V¢ I, 
be the inner product space consisting of those sequences (a;) such that a; = 0 except 
for finitely many i’s. Let M = {(a,;)eV: Zi-*a; =0}. Then M is a proper closed 
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subspace of V and M~ = {0}. Indeed, M is closed in V since M is the intersection of 
the null space of the continuous linear functional f((b,)) = Li7*b, = <(b,), (i71)) 
with V. To show M*+= {0} let y= (44,4>,°°,4y,0,-)EM~ For 1<Sj<N let 
x = (b,,b,:--) satisfy bj = —j, bys, =N+1,6,;=OloriAj, N+1. Then xeM 
and hence <y,x> = 0. It follows that y = 0. Since (2) = (3) = (4) in Theorem 3.1, M 
does not satisfy (2) or (3) either. Also if V is not complete it is easy to construct a 
continuous linear functional f on V which is not of the form f(x) = <x, y>, ye V. 
Indeed, let f(x) = <x, #> for some ye V, pe V. 

Amameyi and Araki [1] have given a characterization of completeness which is 
stronger than (2) of Theorem 3.1. This characterization is interesting in that it is an 
algebraic property which is equivalent to the topological property of completeness. 
Their result states that an inner product space V is complete if and only if for any 
subset S < V we have S** @ S**~ = V. The proof of their result is more complicated 
than the proof of Theorem 3.1 and we refer the reader to their original paper. Using 
this result, S. Holland has characterized completeness in terms of lattice properties 
of the closed subspaces of V [5]. 

In Section 2 we showed that in an inner product space maximal orthonormal sets 
need not be basic (or total). We now show that this condition characterizes incomplete 
inner product spaces. 


Theorem 3.2. Aninner product space V is complete if and only if every maximal 
orthonormal set in V is basic. 


Proof. Necessity has already been proved. For sufficiency assume every maximal 
orthonormal set in V is basic and suppose M is a proper closed subspace of V with 
M~ = {0}. Let B a maximal orthonormal set for M and extend B to a maximal 
orthonormal set BU B, for V. If x, 6B, there exists ye M such that <y,x,> #0. 
Since B U B, is basic y = Xc,y; + Ld;x;, y,E B, x;€ By. Now z =X djx; = y — Le,); 
eM but since x; | B, i= 1,2,---, we have z 1 B. Since B is maximal in M, z= 0. 
It follows that (y,x,> = d, =0a contradiction. Hence B, = @ and B is a maximal 
orthonormal set for V, so B is basic in V. Therefore, M = V contradicting the fact 
that M is proper. It follows that M~ # {0} so by Theorem 3.1 (4), V is complete. 
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CONVEX REGIONS WHICH COVER 
ARCS OF CONSTANT LENGTH 


JOHN GERRIETS AND GEORGE POOLE 


1. Introduction. In this paper we shall report the details of the results announced 
in [4] concerning the famous and elusive ‘‘Worm Problem’’ of Leo Moser [3]: 
What is the (convex) region of smallest area which will accommodate every arc of 
length L? It will be shown that every arc of length Lcan be placed by appropriate 
rigid motions within the closed region whose boundary is a rhombus with major 
diagonal LZ and minor diagonal L/,/ 3. Furthermore, this region can be truncated 
to obtain a region which also covers all arcs of constant length L. We shall indicate 
briefly some developments toward the solution of this problem which have 
brought it to its current status. 


2. The worm problem. There is an interesting way to describe the problem 
posed by Moser which will set the stage for our discussion. Given a worm of length L 
(having no other dimension) which is placed on a table, what is the size and shape 
of the flat surface of minimum area that can be used as a hammer head which upon 
striking the worm will ‘‘smash’’ the worm simultaneously from ‘“‘stem to stern’’ 
no matter what shape (planar) he wiggles into? For example, if the surface of the 
hammer head is the closed region bounded by a circle of diameter L, then by hitting 
the worm with the center of the hammer head at his midpoint one can be assured 
of obliterating all of the worm simultaneously. The area of this region is approxi- 
mately .785391?7. 

Amram Meir showed some years ago that a semidisc of diameter L will accom- 
modate all curves of length L. His elegant proof appears for the first time in Wetzel’s 
paper [6]. The area of this region is approximately .39269I7 . 

One approach to improving the result above is to consider a class of regions 
whose boundary is a fixed geometrical figure. For example, Schaer and Wetzel [5] 
showed that among all closed regions whose boundary is a square, the one with 
diagonal of length L is the smallest which covers all arcs of length L. However, 
in this particular case, the area is .50000I7 and does not improve the result of Meir. 
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Similarly one may consider the class of all closed regions whose boundary is an 
equilateral triangle. But here again one side must have length at least L so that the 
minimum area is at least .43301L7 (in fact, the side must exceed L[1]). 

Wetzel [6] used this approach on the class of all sectors to obtain a result which 
generalizes, in some sense, the result of Meir. He showed that for the sector S(r, 20) 
with radius r and angle 20, if r = (L/2)csc(@), then S(r, 20) covers all arcs of length L. 
When r = (L/2)csc(@) and the area is minimized with respect to 0, the resulting 
region has area less than .34510L’, a significant improvement to Meir’s solution. 
Wetzel went on to show that this sector may be truncated at the vertex to obtain 
a region with area less than .34423L? which also covers each arc of length L. It is 
not known whether a sector S(r,20) with r < (L/2)csc(@) can accommodate all 
arcs of length L when @ < 2/6. Concerning this remark, we now make the following 
observation to which we shall refer later. To cover all arcs of length L the sector 
S(r, 20) must always contain a straight line segment of length L. When r < (L/2) csc(6) 
the chord of the sector is smaller than Lso that 20 must be less than z/3. This allows 
for r to equal or exceed L. 

Gerriets [2] followed up Wetzel’s work with a region whose area is less than 
3214017 and covers any arc of length L. This region is somewhat similar to the 
sectors considered by Meir and Wetzel for it is the union of two regions whose 
boundaries are an isosceles triangle with altitude L/4 and base L and a semiellipse 
with major axis length L and minor axis length L/2. 

We close this section by mentioning that Wetzel [6] has shown that any region 
which accommodates all arcs of length L must have area at least .21946L’. 


3. The main theorem. By slightly modifying the region considered by Gerriets 
we obtain a region with area less than .28870L7 which covers any arc of length L. 
We must admit that even though the result is rather striking the proof is quite simple. 


THEOREM 1. The closed region whose boundary is a rhombus with major 
diagonal L and minor diagonal L|,/3 covers any arc of length L. 


38 JOHN GERRIETS AND GEORGE POOLE [January 


Proof. Let « be any arc of length L with midpoint O which divides « into two 
subarcs B and y. ABCD will denote the rhombus described in the theorem with BD 
having length L/ J 3. Suppose first that there is an orientation of « with O on BD, 
all points of « on or above angle ABC, and both f and y contiguous with angle 
ABC. Suppose also that 6 meets BC at point P and meets DC at point Q with P 
lying between O and Q. Construct BS and PR perpendicular to DC and construct 
PT and PV perpendicular to BS and BD, respectively. Then the length of 
Bp 2OP+ PQ 2 VP + PR = BT +TS = L/2 which shows that B cannot cross 
DC. If Q lies between 0 and P, the argument is similar by symmetry. Similarly, 
y is covered by the rhombus in this case. 

Secondly, suppose in all possible orientations of « with O on BD as described 
above that only one arc, say f, is contiguous with angle ABC. Therefore, in any 
of these positions, as argued above, the rhombus covers B and by symmetry of the 
rhombus and the assumption that y cannot touch angle ABC, y cannot pass through 
angle ADC. For suppose y even so much as touches angle ADC, then there is an 
orientation where it also touches angle ABC (since the figure is symmetric about 
line AC), contrary to the conditions of this case. Thus the rhombus covers all arcs 
of length L. 


THEOREM 2. The region described in Theorem 1 may be truncated to obtain 
a region with area less than .28610I7 which covers all arcs of length L. 


Proof. Let ABCD denote the rhombus described in Theorem 1 where EH and 
FG are perpendicular to BD at R and S, respectively, such that DR = SB = 
(L/ J3 — L/2)/2. Assume @ is an arc of length L with midpoint O and subarcs 
6B, y. By Theorem 1, « can be positioned so that « lies within the rhombus ABCD. 
Assume also that « intersects both ADEH and ABGF (for otherwise either ADEH 
or ABGF may be truncated to yield the desired result). 


First, suppose « is positioned as in the first part of the proof of Theorem 1. 
That is, both f and y are contiguous with angle ABC . Suppose f has a point in ABGF 
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and let P be a point of B (in ABGF) for which the vertical distance ¢ from P to S 
is maximal and Wis a point of y on angle ABC (y has no points in ABGF for if there 
were, neither f nor y could have points in ADEH). Also, O is on or below M where M 
denotes the point on DB such that RM = «. If IM and JM are parallel to AD and 
CD, respectively, then £ has no points above angle IMJ. To see this, first, suppose 
B has a point X on IM (or (JM) between O and P. Then PX is greater than or equal 
to the vertical distance from P to X, and XO is greater than or equal to the vertical 
distance from X to M and, hence, PX + XO 2 SR = L/2. Now suppose B has a 
point X on IM (or JM) such that P lies between O and X . Observe that OD < OB 
since y has a point in ADEH and a point Won angle ABC. Therefore, OP > L/4 
and PX > L/4 so that B > L/2. This shows that no point of B lies above angle IMJ. 


Fic. 3 


Let |, denote the support line to « (from upper right) which is parallel to CD; 
1, lies above M (for otherwise the translation of « through the vector MY raises 
a by the distance DM/2 = (¢ + DR)/2 = « so that a is covered by AFGCD) and, 
hence, P cannot intersect !|,. Therefore |, intersects y, say at U. Let K and K’ 
be on DB with DK = ¢ and DK’ = 2. N denotes the point on |, such that NK 
is perpendicular to DK. Construct |, through N and parallel to AD. 

Now suppose y has a point V on I, in addition to the point U on /,. Assume 
the order of these points along y from O is OUVW. Z denotes the point on UV 
such that NZ is parallel to DB and |, is the line through M and parallel to AD. 
Clearly U and V are below N so that Z lies between U and V. If do is the distance 
from O to |, and d, is the distance between J, and 1,, then ZU + UO 2 d, 2 d, 
(using a similar argument to the one in the proof of Theorem 1 on the appropriate 
rhombus). Similarly, WV+VZ = d,, the distance between AB and /,. We may 
assume /, lies above K’ for otherwise the translation NX of « places « within AFGCD. 
If T=1,-DB and T’ = 1,- DB, then DT =e+ KT =e+KT' = K'T’ so that 
the distance between CD and I, is the perpendicular distance d, from K’ to 1, which 
satisfies d, < d,. Therefore the length of 
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and y lies on or below |, . B also lies below /, since it has no points above the parallel 
lines through M. It now follows that AFGCD covers « when «@ is translated through 
NX +NQ. For any other order of the points O, U, V, Won jy, it is clear that the 
length of y will exceed L/2. 


Second, suppose « is positioned according to the second part of the proof of 
Theorem 1. That is, only one arc, say f, is contiguous with angle ABC. Since by 
the proof of Theorem 1 « is covered in any orientation (subject to the given con- 
ditions), select one for which the endpoint of B is on BD. Let RJ and RI denote 
line segments parallel to DC and DA, respectively. Let X be a point of f on angle 
ABC. Suppose f has a point Y on angle JRJ. Observe that (1) XY is greater than 
or equal to the vertical distance from X to Y, (2) the distance from X to BD is greater 
than the vertical distance from X to B, and (3) the distance from Yto BD is greater 
than the vertical distance from Y to R. It follows that the length of f is greater 
than BR, which is greater than L/2. Therefore B has no points on angle JRJ. Then 
y has no points on angle JRJ, for (as in the second part of the proof of Theorem 1) 
if it did there would be an orientation of « such that points of y lie on angle ABC. 
Therefore « is covered by ABCHE and the proof is complete. 


4. Conjectures on the worm problem. The truncation for the region described 
in Theorem | is not a minimal truncation. For example, we believe the other “‘tip’’ 
of the rhombus may be truncated. The figure in Conjecture 1 below is a member 
of a class of sectors that Wetzel has mentioned [6] but has no information on 
(see Section IT). 


CONJECTURE 1. The sector S(L, 2/6) covers all arcs of length L. 


The area of the region above is .261799L? . The following is a conjecture supported 
by the authors and John Wetzel. 
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CONJECTURE 2. If a convex region contains all ‘‘two angle worms’’ of length 
L, then the region contains all worms of length L. 


By ‘‘two angle worms’’ we mean all arcs formed by joining consecutively, at 
any angles, three segments whose total length is L. 
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QUERIES 
EDITED By A. C. ZITRONENBAUM 


This Department welcomes queries from readers about mathematics at the collegiate level, 
such as sources for exposition of a particular topic from a special point of view, references to vaguely 
remembered articles, descriptions of special kinds of courses or teaching methods, and methods for 
constructing illustrative examples for exercises of particular kinds (questions on research topics should, 
in general, be addressed to be the “‘Queries Department” of the Notices of the American Mathematical 
Society). Replies will be forwarded to the questioner and may also be edited into a composite answer 
for publication in this Department. Consequently all items submitted for consideration for possible publi- 
cation should include the name and complete mailing address of the person who is to receive the reply. 
Queries and answers should be sent to A. C. Zitronenbaum, Department of Mathematics, Cornell 
University, Ithaca, NY 14850. 


1. R. P. Boas, Jr. It is well known that it is possible to stack identical bricks into a 
cantilevered arch of arbitrarily large span (since the harmonic series diverges). A few 
years ago I saw a couple of articles that showed that with a given number of bricks 
one can get further by using some of the bricks as counterweights instead of using 
them to extend the arch directly. Does anybody know the references? 


2. R. P. Boas, Jr. It is possible to give a proof that a connected graph is 
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unicursal if it contains at most two odd nodes, by using induction on the number of 
edges. Is this in print anywhere? 


MATHEMATICAL NOTES 
EDITED BY DAVID ROSELLE 


Material for this Department should be sent to David Roselle, Department of Mathematics, 
Louisiana State University, Baton Rouge, LA 70803. 


DISJOINT COVERING SYSTEMS 
BréTIsLAV NovAK and SteraAn ZNAM 


For an integer a and positive integer n the symbol a(n) means the arithmetical 
sequence 


-“,a—2n,a—n,a,atny,. 
A disjoint covering system (DCS) is such a system of arithmetic sequences 
(1) a,(n4), a(n), ae a,(n,) 


that every integer belongs to exactly one of them (see [1]). Without loss of generality 
we can suppose 


(2) I<nSn,85°° Sm; 
(3) 0O<a,<n, for t = 1,2,---,k; 
(4) if n, = n,., then a, < a,4,. 


We shall prove here a theorem giving a necessary and sufficient condition for a system 
to be disjoint covering. 

From this theorem we can get very simply a lot of known assertions on disjoint 
covering systems. 


LEMMA 1. A system (1) is a DCS if and only if for any complex z 
ae 1 


(5) 5 2 


tay 1-2" 1-—z 


holds. 
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The proof follows immediately from the expansion of both sides in power series 
with the centre 0 or oo, and from the uniqueness theorem. 


THEOREM 1. (1) is a DCS if and only if the relations 
k 0 for s = 1,2,--,n,-—1 
(6) > i exp| 2ni | = Y 
nN; nN; 


t=1 j 1 fors=n, 


holds for all j = 1,2,-,k. 


Proof. If (1) is a DCS then by Lemma 1 the left and the right-hand sides of (5) 
have the same residues at the points 


exp|2mi=], s=1,2,---,n.3 j= 1,2,--,k. 


J 


Hence (6) holds. If (6) holds then the difference 


k at 
F2= 5 2—-— 


ta, L- ze Ll-z 


is a meromorphic function with (at most simple) poles at the points exp[2z7i(s/n,)] 
s = 1,2,---,n;, j = 1,2,---,k; at these points the residues are zero (by (6)). Hence 
F(z) is an entire function and lim,.,,,F(z) = 0. By the Liouville theorem F(z) = 0. 
Now, we can use Lemma 1. 

In the sequel we shall suppose that (1) is a DCS. 

THEOREM 2 (Erdés [1]). Df.,1/n, = 1. 

Proof. Put s = n; in (6). 

THEOREM 3 (Davenport, Mirsky, Newman, Radéd—see [1]). n,., = ny. 

Proof. Puts =1, j =k in (6). 

If we put s = 1 in (6) we get the following generalization: 


THEOREM 4. For any j = 1,2,---,k there exists t # j (t = 1,2,---,k) so that 
n; | nN, 


THEOREM 5 (Znam [6]). Letn, S ny S + S My < Meme = Meme. == Me 


Let p be the smallest prime factor of n,. Then m = p. 
Proof. Putting j =k, s = 1,2,---,p—1 in (6) we get the following system 
of equalities 
m-1 
p> exp| mi S#H= = 0. 
r=0 Ny, 


Suppose m < p; then the system of equations 
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a~ 


; sa 

x, exp| 2ni i= = 0, s = 1,2,---,m 
r=0 Ny 
has a solution x) = x, = ++: = X,,-,; = 1. This is a contradiction because the de- 
terminant of this system is not equal to 0 (Vandermonde). 

REMARK 1. Theorem 5 is a generalization of Theorem 3. 


REMARK 2. Wecan similarly show that n,/sn, cannot hold for all s=1, 2, ---, m, 
t<k—m. 


Our method is useful for the solving of other problems, too. Namely, if we 
suppose 


Ny Sc SMe m Se msi FT = 
then putting s=1 and j = k in (6) we get 
(7) exp| ni | + exp| 2m k=] 5 exp|2niti=mt_| = Q. 
Ny Ny Ng 
For the case m = 2 by elementary considerations (see [5]), we get from (7) that the 
system 
(8) A4(Ny), A2(Mz), +++, Ay —2(Mp—2)> An —1 (0, 1/2) 


is a DCS. Similarly, for m = 3 the system 


(9) A4(Ny), A2(Mg), +++, Ay —3(My—3)5 Ay 2(My— 2/3) 


is a DCS. 
Now, according to Theorem 3 and using (8) step by step, we have n,_, = n,, 


n,/2 = n,;~, for j = k—1,-+,2. Finally, the pair a,(n,), a,(n2/2) is a DCS, hence 
n, = 2. So we have the proof of 


THEOREM 6 (Stein [4]). If ny <n. <+ <m_2<m_1 =m, then n, = 2' for 
1 = 1,2,--,k—2 and ny, = Nyp—4 = get. 


Using (9) and similar considerations as above we have 


THEOREM 7 (Znam [5]). If ny <ng<- <mMW3<mM-2. = m_-1 = nm, then 
n, = 2' for i = 1,2,-+,k —3, mo. = mM-1 = m = 3°2"-3. 


The general case can be considered similarly. The main difficulty lies in the above 
mentioned ‘‘elementary considerations’? The result is not always simple as is 
shown by the following theorem. 


THEOREM 8 (Porubsky [3]). If ny < 1g <+ < Mog <M%-3 = Mo. =M%-1 = Ny, 
then there are two possibilities: 
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(a) n, = 2' for i= 1,2,--,k —4, m3 = mo. = M-1 = mh = gk? 
(b) n, = 2) for i=1,2,-°,k —5, meg = 3°2"°°, m3 =m» =m_-1 =m 
= 3+2'°*, 
REMARK. From (6) some necessary conditions for (1) to be a DCS can be devel- 
oped. For example: if for fixed j we add the equalities (6) for s = 1,2,---,n,, then 
we obtain 


‘4 x sa 
(10) a — ( » exp | 2ni-* |} =1, j=1,2,-°,k. 
t=1 MN, so nj; 


In the inner sum s runs over all multiples of n,/(n;,n,), hence 


nj (neon j) 0 for (n,,n;) Ya 
x exp [2m = 2 exp amie fr | = ed 


r=1 (n,, 1 for (n,,n,) | a, . 


Afterwards, by (10) the expressions 


k 
y (mm) j=1,2,-k 


t=1 ny 
(neon;)|ae 


hold. 


Theorem 5 has been proved also by M. Newman in the article ‘““Roots of unity and covering sets,” 
Math. Ann., 191 (1971) 279-282. 
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THE INDEPENDENCE OF SOME EXPONENTIAL VALUES 
EUGENE SCHENKMAN 


The object of this note is to show how ideas from a paper by Veblen [5] may be 
used to obtain an interesting and relatively simple proof of Lindemann’s theorem 
(cf. [1] or [4]) from which it follows immediately that e and z are transcendental. 


LINDEMANN’S THEOREM. If for i = 1,---,n, A; and a; are algebraic numbers 
with a, # a, fori # j, and A, # 0 for all i then 
(1) dX A,e' # 0. 


CorOLLaky 1. e is transcendental. 
Proof. For integers A,, i = 1,---n, d/'-, A,e’ # 0. 
Corollary 2. 2 is transcendental. 


Proof. If x were algebraic so would be zi and then e”‘ + e° would not be zero; 
but e™ = — 1. 

We use Veblen’s argument to prove the following lemma, which we use in the 
proof of the theorem. 


LEMMA. Let 
fe8) t 
(2) F(x) = x C, = ZX Bye* for all x 


with the C,, rational numbers and the B, and b, non-zero algebraic numbers. 
Then F(1) is not a non-zero rational integer. 
Proof. Observe first that 
t 
(3) C, = 2 B,b? for m = 0,1,-- 
j=l 


and hence there are natural numbers W and Z, depending only on F such that 
W™C,, is a rational integer for each m and 


(4) |Cn|<Z™ for each m. 


Now let f(x) = d$_,4,x' with the gq; rational integers, g) # 0, such that each 
b, is a zero of f(x). For each prime p, let 


(5) p(s) = YG = E dye 


We note that dy = qé and that all the d, are rational integers. Also if M = Xj. |q;| 
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then 
(6) |d,| <M”. 
Let 
ws Sp 
(7) Np = oD! 2, eb +h! 


and note that N, is an integer satisfying 
(8) N, = W*°'dy = W"’q6(mod p). 


We are going to show that there exists a prime p such that N,F(1) differs from a 
multiple of p by less than 1. Now 


sp oe) m 
(p — 1)IN, F(x) = WX d(p—1+h)!=X C,— 
h=0 m=0 Mm: 


00 Sp xr th—sp 
= qd (p —1 +h)! Cyan—gp 
2 Pom W d,(p + h) Chen sp (r 4 h _. sp)! 
(9) 
00 sp-1 sptp-1 oO 
= 2) U(x)= & + D + DB 
r=0 r=0 r=sp r=sp+p 
with r = sp +m—h, v = max(sp — r,0) and 
x hth sp 


(10) U(x) = ¥ d(p-1+h!W"C 
h 


=0 


rth-sP (ry +h — sp)!’ 


We shall consider separately the three sums in (9). We shall show that when 
x = I, the first is divisible by p!, the second is zero, and the third is small. 

Since [(p — 1 + h)!]/[(h — 1)!p!] is a binomial coefficient, it follows that for 
r = 0,1,---,sp —1 each U,(x) is a polynomial with coefficients that are integral 
multiples of p!. Hence 


= U,(1) = Omod p! 
From (10), (3) and (5) we see that 
(11) Usytp-1(X) = W? z dyCp-14nx" *** = WP = B,g ,(b;x) 
and 


t 
U p+ p—1-i(X) = wer X Bidp (bx) for i= 1+, p _ 1, 
j= 


where gh(x) is the ith derivative of g,(x). 
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Since each b, is a zero of g\(x) for i =0,1,---, p — 1, by (5) it follows that 


p-1 


(12) py U4 p-1-i1) = 0. 
(=0 


Finally U,,+,0) = W? dio d,C,+,(1/p +A) so that from (6) and (4) 


Zeth _ (Ww 
p 


Usd] wed me =A MEN 4 nz s aswemzy. 


Similarly for r = 1,2,--- 


—1+h)! 
Une p4h)| < WM? 5 gorr+n (Pp — 1 +h)! 
a3) rere 7 h=0 (p+r+h)! 
W*? M?ZPt Z\ 
< (59 +: 1)Z? < 2S(W SM ZS*? (7) 

=@EN@ Fro) rp en 5 25( ) p 


Thus if p > 2Z, 


(14) E Uspaper(l) | <28(W'MZ LS = 4s(WIM ZY 
r=0 


r=0 
Now let p be chosen to satisfy (13) and also so that 
(15) 4S(WMZ‘**") <(p—1)! 


Then from (9) with (11), (12), and (14) it follows that N,,F(1) differs from a multiple 
of p by less than 1. 

On the other hand if contrary to the Lemma, F(1) = Bo, a non-zero rational 
integer, then N,F(1) = N,Bo. But if p is chosen to satisfy (13), (15) and also so that 
p > max (W, do, Bo), then p is prime to By and also to N, by (8). Hence N,,Bo differs 
from a multiple of p by at least 1, contrary to what was shown in the previous 
paragraph. This proves the Lemma. 


Proof of the theorem. Let K be the normal closure of Q[A,,a;; i = 1,---, n], 
O the field of rational numbers; and let ® be the galois group of K over Q. We 
recall (cf. [2] or [3]) from Galois theory that © is finite and that Q is the fixed field 
of K under ; that is, if forkeK, kd = k for each dE, then k €Q. It follows that 
if La,x' is a polynomial (or power series) with the a;¢ K, then both] [4-9 2(ai)x' 
and Ly <@2(a;f)x' have coefficients in Q. 

Now let D be a natural number and consider the function 


H(x)=D[I x (Ade. 
ge® i=1 
Then 


s 
1 Ms 
fo) 


(16) Hx) =D TIE (49)  @@y'% = 
ge® i=l k=0 
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with g,,¢Q and with D chosen so that q is an integer. Furthermore H(x) 
= Lins B,e* with h; # h, fori # j and B, # 0 for all j.We partition the above set 
of h, into distinct conjugate classes under @; that is, 


(hy, +++, h,} = {b,¢,¢E¥%;} Us: U {b.¢,¢E%,}, 


where ,,-::, ¥. are subsets of ® each containing the 1 of ® and b,,---,b, are 
pairwise non-conjugate. Then 


(17) H(x)= X X B, ger?” 
r=1 ger 
with each B,., # 0 since B; # 0. 
Since b, is a sum of terms of the form 24.(4;,) and B,,, is a sum of products 
of the form] [4-0 (4; »P), and since ¢ is an additive as well as a multiplicative homo- 
morphism, it follows that B,,,¢ = B,,,; therefore 


(18) H(x)= XZ XZ (B,,@)e0r?™. 

r=1 de, 
From (16) and (18) we get by setting x = 0, do = Lei, Xycy,B,,4 and we also 
have t = |¥,| +--+ |%.|, where | '¥,| is the cardinality of ¥,. 

If qo # 0 we let G(x) denote Lf_, Lyege “”*; while if qo = 0 we let G(x) 
denote Lf_, Yeo(l +B; pe “* noting that the power series expansion of 
G(x) has rational coefficients in either case. Then H(x) - G(x) also has a power series 
expansion with rational coefficients and is a sum of exponentials; 


(19) H(x)G(x) = C,,x" = A+ XL D,e** with d; 40 
m=0 j=1 

for each j and C,,¢ Q for each m. Furthermore A is a nonzero integer; for with the 
first definition of G(x), A = qo (when gy # 0) while with the second definition of 
G(x), A = t. 

If now the theorem were not true and L?_, A,e“' were zero, then H(1) G(1) 
would be zero. Then (19) would give that X¥_, D,e“* equals the non-zero integer 

A contrary to the lemma. This proves the theorem. 
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Finally we note that a group can satisfy both chain conditions on normal subgroups 
and have infinitely many normal subgroups. 


THEOREM 4. A group G satisfying both chain conditions on normal subgroups 
has infinitely many normal subgroups if and only if there is a normal subgroup N 
of G, a group H and a simple H-module A with Aut,(A) infinite such that G/N is 
an extension of A x A by H inducing the given operation of H on A. 


An example of such a group is provided by the semidirect product of 
R° @ R® by SO; where R® is Euclidean 3-space and SO, is its group of rotations. 
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AUTOMORPHISMS OF p-ADIC NUMBER FIELDS 
C. G. WAGNER 


In 1933 F. K. Schmidt [4, p. 3] proved a theorem which characterizes those 
fields which are complete with respect to at least two non-trivial inequivalent ab- 
solute values. A corollary of Schmidt’s theorem states that a field complete with 
respect to a discrete absolute value is not complete with respect to an absolute 
value inequivalent to the original. An application of this corollary is the following 
standard proof of the fact that the identity map is the only automorphism of the 
field Q, of p-adic numbers: Let g be an automorphism of Q, with p-adic absolute 
value ||,, and define an absolute value| |, on Q, by |a|, = |g~1(a)|, for all weQ,. 
Then Q, is complete with respect to | |,, | |, and | |, agree on Q, and |«|, = |g(@)|, 
for allae Q,. Since | F and | lo are equivalent, they agree on Q,, and so | ow F = | g(%) |, 
for allaeQ,. Hence g is continuous and is, thus, the identity map. 


It may be of interest to note that there is an alternative ‘‘elementary’’ proof 
that any automorphism of Q, is continuous, based on the fact that such an auto- 
morphism must preserve the units of Q,. That this is the case is an obvious conse- 
quence of the following algebraic characterization of the units. 


THEOREM. Let «€Q,. Then | o|, = 1 if and only if « has an m-th root in Q, 
for all positive integers m prime to p(p—1). 


Proof. Sufficiency. Immediate from the fact that the range of | |, is the discrete 
set {0, p":neEeZ}. 


Necessity. Since | o|, =1,¢=a)+a,;pta,p* +---, where 0 S$ a; <p and 
ad y # 0. Consider the polynomial f(x) = x”— a. Since (m, p—1) = 1, it follows 
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from a well-known fact about power congruences [3, p. 95] that there exists a natural 
number a such that 0 <a < p and a” = a,(mod p). Hence | f(a) | » <1 and, since 
(m,p) = 1 and 0O<a<p, f'(@|, = |ma™~*|, = 1. Thus by Newton’s method 
[2, p. 52] we may construct a sequence in Q, which converges to a root of f(x). 
We remark that Ax and Kochen have proved a more general version of the 
preceding theorem as part of their study of formally p-adic fields [1, p. 633]. 


I wish to thank the referee for calling Schmidt’s paper to my attention. 
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A POINCARE TYPE COINCIDENCE THEOREM 


SIMEON REICH 


Let B denote the unit ball of a finite-dimensional Euclidean space E. According 
to Brouwer’s fixed point theorem a continuous g: B > B has a fixed point. Let S 
denote the boundary of B. Recall that two functions f and g which map a set X 
into another set Y are said to have a coincidence if there exists a point x eX such 
that f(x) = g(x). Schirmer [3] has established the following interesting coincidence 
theorem: 


THEOREM 1. Let f and g map B continuously into itself, and suppose that 
f(SycS. If f | S:S — S is not nullhomotopic, then f and g have a coincidence. 


This proposition formally includes Brouwer’s theorem because the identity map 
on S is not nullhomotopic. Of course, Brouwer’s theorem is an immediate conse- 
quence of this (highly non-trivial) fact [1, p. 341]. 

Schirmer’s proof is somewhat complicated. In this note we present a very simple 
proof of an extension of Theorem 1. It seems to be difficult to obtain this extension 
by adapting Schirmer’s arguments. In the sequel, if 0 # x e E, then the point x/ | x 
which belongs to S, will be denoted by p(x). 


b) 


THEOREM 2. Let f and g map B continuously into E, and suppose that 
f(S) cS. If f| S:S —>S is not nuilhomotopic and g(y) # mf(y) for all yeS 
and m> 1, then f and g have a coincidence. 
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Proof. If f(x) # g(x) for all x € B, one can define r: B>S by r(x) = p(f(x)—g(x)). 
r | S:S —> S is nullhomotopic [1, p. 316]. On the other hand, H: S x [0,1] > S 
defined by AH(y,t) = p(f(y) — tg(y)) establishes a homotopy of f |S to r|S. This 
contradiction completes the proof. 


CoroLiary. If a continuous g: B > E satisfies g(y)# my for all yeS andm>1, 
then it has a fixed point. 


This result has been rediscovered many times. Actually it is due to Poincaré 
[2, p. 259]. 
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RESEARCH PROBLEMS 
EDITED BY RICHARD GUY 


In this Department the Monthly presents easily stated research problems dealing with notions 
ordinarily encountered in undergraduate mathematics. Each problem should be accompanied by 
relevant references (if any are known to the author) and by a brief description of known partial 
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WHICH GRAPHS HAVE UNIQUE DISTANCE TREES? 
GARY CHARTRAND and SEYMOUR SCHUSTER 


A graph G is connected if there exists a path between every two of its vertices. 
The distance d,(u,v) between vertices u and v of Gis the minimum length (number 
of edges) among all u—v paths in G. The vertex set V(G) of G is a metric space 
with this distance function. 

If G and H are connected, isomorphic graphs, then it is a trivial observation 
that there exists a one-to-one mapping from V(G) onto V(H) which preserves dis- 
tance; indeed, any isomorphism from G to H is such a mapping. It seems reasonable 
to ask the converse question: For a connected graph G, which graphs H have the 
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property that there exists a one-to-one mapping from V(G) onto V(A) which pre- 
serves distance? However, each such graph H is necessarily isomorphic to G. It 
is natural, therefore, to relax this restriction from one which involves a global dis- 
tance property to one with a local distance property. 

A tree is a connected graph with no cycles. If G is a connected graph, then a 
spanning tree of G is a subgraph of G which is a tree having all the vertices of G. 
For a vertex v of a connected graph G, a spanning tree T of G is distance-pre- 
serving from vif d;(v,u) = dg(v,u) for every vertex u in G. Ore proved [4, p. 103] 
that for a given connected graph G and vertex v of G, there exists a spanning tree 
of G (perhaps several) which is distance-preserving from v. We refer to such spanning 
trees as distance trees (from v). For example, there are two (non-isomorphic) dis- 
tance trees, T and JT’, from v in the graph G of Figure 1. 


U I 
G: > T: A» T! 


Fic. 1 


Ore [4, p. 103] proposed and Baron [1] solved the problem of determining 
alj graphs each of whose spanning trees is a distance tree. 

If G is a connected graph such that all distance trees from all vertices are iso- 
morphic to one another, then G is said to have a unique distance tree. We may 
now state our main problem. 


PROBLEM 1. Which graphs have unique distance trees? 


There are several classes of graphs which have unique distance trees, among 
which are the complete graphs, the graphs with 2n vertices, n => 2, in which each 
vertex has degree 2n — 2, the Moore graphs (see [3]), and, of course, the trees. 
One Moore graph is the Petersen graph, shown in Figure 2 together with its (unique) 
distance tree. 


Fic. 2 
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A cut-vertex in a connected graph G is a vertex whose removal (together with 
all incident edges) results in a graph which is not connected. We have considered 
several examples of connected graphs having no cut-vertices and containing unique 
distance trees. Each of these graphs is regular (i.e., all vertices in the graph have 
the same degree). 


CONJECTURE 1. Every connected graph without cut-vertices having a unique 
distance tree is regular. 


Several examples of graphs with unique distance trees which contain cut-vertices 
exist (in addition to trees). Let G be a connected graph without cut-vertices having 
a unique distance tree such that V(G) = {v,,v.,---,v,}. Suppose T is an arbitrary 
tree (with possibly only one vertex) with a specified vertex v, and consider n copies 
of T denoted T,, T,,--:,T,,, where the vertex v is labeled v; in T;, i = 1,2,---,n. 
For each such i, all vertices different from v; in T; are distinct from the vertices of 
G and the vertices of each T;, j#i. The graph H with vertex set 
V(A) = [U;V(T)] UV(G) and edge set E(H) = [U,E(T)]U E(G) possesses a 
unique distance tree. 

Other examples of graphs with unique distance trees containing cut-vertices 
can be given. Suppose G is a cycle of even length n whose vertices are (in cyclic order) 
V1,V2,°'',0,. As before, we let T be a tree (possibly having one vertex) with some 
specified vertex v and consider n/2 copies of T, denoted T; for iodd and 1 Si<n; 
let v be labeled v, in each such T;. Also, for each odd i, 1 S i<n, the vertices 
different from v, in T; are distinct from the vertices of G and the vertices of T,, j odd 
and j i. Again, if we define H by letting V(H)=[U,V(T)]UV(G) and 
E(H) = [U; E(T)] U E(G), then H has a unique distance tree. 

We propose the following. 


CONJECTURE 2. Every graph H (which is not a tree) having a unique distance 
tree is obtainable from a connected graph G without cut-vertices possessing a 
unique distance tree in one of two manners described above. 


In [2] it was shown that every graph (other than a tree) which possesses a unique 
distance tree has at least two vertices of maximum degree. Indeed, if Conjecture 2 
is correct, then the only method for producing graphs H (not themselves trees) with 
unique distance trees and exactly two vertices of maximum degree is that described 
above where G is a cycle of length four. 

In conclusion, we note that analogous problems exist for directed graphs (in 
which two vertices may be joined by two edges, one in each direction). 


PROBLEM 2. Which directed graphs have unique distance trees? 


G. Chartrand’s work was supported in part by a grant from the office of Naval Research. 
S. Schuster’s work was supported by a grant from the National Science Foundation. 
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A CONJECTURE ARISING FROM THEORETICAL GENETICS 
M. A. B. DEAKIN 


The ‘“‘two-locus’’ model was introduced into mathematical genetics by Kimura [1] 
and by Lewontin and Kojima [2]. The model has recently been extensively discussed 
by Arunachalam and Owen [3]. It is the simplest of the genetic models to take into 
account processes such as recombination and epistasis which arise from the physical 
arrangement of genetic material into linear arrays on the chromosomes. 

Mathematically, the model is specified by nine parameters R, w,,; (1 SiS 4, 
1 <j $4) for which w,, = w,;, and Wy4 = W23 = W, W;; 2 0. Without loss of generality 
w may be set equal to unity, as the only case for which this is invalid (w = 0) is trivial. 
The ninth parameter R, which measures the “‘recombination’’ of the system, is 
subject to the constraint O< R<0.5. 

Let x,;(1 <i<4) be variables subject to the restrictions x,20, Lj_,x,;=1. 
The governing equations of the system are then 


(1) WAx; =— x(w;, _ Ww) + 0,RD, 
where 
4 
(2) Wie= p> Wij X js 
j=1 
4 
(3) Ww = » WiXp 
i=1 
(4) D = X14X4— X2X4, 
and 


+1 if i=2 or 3 
(5) 0; = 
—lif i=1 or 4. 
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Considerable attention has focussed on the determination of the equilibria of 
equations (1). Moran [4] was the first to point out explicitly that stable equilibria of 
(1) do not necessarily maximize W, although this “‘result’’ was implicit in earlier 
formulations. Ewens [5| has subsequently provided plausible restraints on the 
quantities w,, so that Moran’s result does not apply. These relate to models in which 
the eight parameters w,;; may be reduced to four, the resulting model being termed 
‘*non-epistatic.”’ 

Scheuer and Mandel | 6] and others have shown that w is maximised at equilibrium 
in the special case R=0. This result is in accord with the general belief among 
geneticists that “‘tighter linkage’”’ (i.e., lower values of R) leads to the preservation of 
‘favourable gametotypes’’—i.e., higher values of W,,, the equilibrium value of w. 

This may be formulated as a precise conjecture: 

For fixed W;;, W.4 is @ monotonic decreasing function of R under the constraints 
stated. It is to be understood that this formulation applies to a given equilibrium as 
long as it can be followed as a function of R. 

This formulation may be checked against the numerical results of Lewontin and 
Kojima [2] and Lewontin [7]. These authors consider certain numerically specialised 
cases which they submit to computer analysis. In all cases, the results are in accord 
with the conjecture. 

A proof of the conjecture would aid considerably in elucidating the role played 
by fitness maximisation in genetics. A disproof would constitute another ‘‘disturbing 
result’’ [5] in that it would add one more paradox to the already disquieting number 
available under the two-locus model. 
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AN ISOPERIMETRIC INEQUALITY FOR POLYHEDRA 
H. H. JOHNSON AND J. OSAKA 


There are many formulas and inequalities from differential geometry which can 
be extended to polygons and polyhedra when the basic notions of curvature, mean 
curvature, etc., are suitably defined. Moreover, these concepts are usually very 
intuitive and geometrically evident when defined on polyhedral surfaces, since these 
are discrete. Proofs which are quite technical for surface theory often have elementary 
analogues on polyhedra. Such material could well be introduced to students at a 
much earlier level than is possible in differential geometry. 

In this note we define total and mean curvature for polyhedra in such a way as 
to extend an isoperimetric inequality of W. T. Reid [3] to these surfaces. Reid’s proof 
used delicate analytic inequalities. Our proof is entirely elementary, using only vector 
algebra and the classical isoperimetric inequality for plane curves. 

Reid’s theorem concerns a surface S of area A bounded by a simple closed curve 
of length L in 3-space R°. If the origin is assumed to be any point on the boundary 
and if X is the position vector to a point on S having mean curvature vector H, let 
B =f X-HdA. Then Reid’s inequality is L? = 42(A + B). When S is in a plane, 
B = 0 and Reid’s inequality reduces to the classical isoperimetric inequality for 
plane areas. 


Definitions. A face is a plane region bounded by a simple closed polygon 
P = A,A,-:-A, where the A; are the vertices, the line segments A;A;,, and A,A, 
are the edges. Simple means that edges meet only if they share a common vertex. 

A polyhedron IT is a finite collection of faces satisfying: (1) two faces meet in at 
most a common edge or vertex, (2) no edge belongs to more than two faces, (3) if Q 
and Q’ are faces which meet at a vertex A, it is possible to connect Q and Q’ bya 
sequence Q = Q,,Q,,:°::,Q, = Q’ of faces having A as a vertex, in which Q, and 
Q,,., share a common edge, and (4) any two faces Q and Q’ of II can be connected 
by a‘ sequence of faces where adjacent faces in the sequence share a common edge. 
The boundary of IT is the collection of all edges which belong to only one face. We 
also assume that II is orientable. That is, it is possible to choose a ‘“‘top side’’ to 
each of its polygons by means of a unit normal vector, so that along each common 
edge these top sides agree. We also assume that the origin is a vertex on the boundary. 
The right-hand rule determines the orientation of the boundary. 
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Let X,X, be an edge common to two faces which have unit normals Y, and Y,. 
Choose Y, and Y, so that Y,;, Y, and X,— X, forms a right-handed coordinate 
system. We define 4(X,— X,) x (Y,— Y,) to be the mean curvature vector 
H(X,,X,) along the edge X,X,. This measures the bending of II along X,X>. 
When Y, and Y, are parallel, so that no bending occurs, H(X,, X,) = 0. It is easy to 
check that H(X,,X,) does not depend on the accident of choosing Y, first. 

In order to interpret Reid’s inequality we must examine H(X,, X,)- X, where X 
is a position vector to some point of the line segment X,X>,. 


LEMMA 1. If X is any vector on the line segment X,X4, then 
H(X1,X2)° X = 43[X.,% — Y%,X1] = {X22 x (hh -— Yh: X14. 
Proof. Let X = tX,+(U-—dX,,0 St < 1. Then 
A(X1,X2)° X = 7(X, — X14) x (% — %) (EX, +d — OX), 


and the result follows by elementary vector algebra. 

In particular, H(X,,X,)- X is independent of X. 

Let now B be the sum of these numbers H(X,, X,)°- X, where X is any vector 
on X,X,, summed over all edges X ,X, of the polyhedron IT. We shall prove that if I 
has a simple boundary of length L, and if the area of II is A, then L? > 4n(A + B). 

First, we can subdivide the polygons of II by adding extra edges so that each new 
polygon is a triangle. See Benson [1, p. 9]. This certainly does not change L or A. 
Also, B is unchanged, since H(X,,X,) = 0 if X,X, is one of the new edges, for the 
unit vectors Y, and Y, to the polygons on each side of the edge are equal. Hence, 
we may assume that all polygons in IT are triangles. 


PROPOSITION. The area of triangle X,X,X, equals 4[(X, — X3),(X, — X3), Y] 
where Y is the unit normal to the triangle. 


This follows from the definition of cross product and its geometric interpretation 
as the area of a parallelogram formed by X, — X,; and X, — X3. 


THEOREM 1. 4 + B = C, where C is the sum, over all edges X'X" along the 
boundary of II, of the triple product 4[X',X",Y], where Y is the orienting unit 
vector on the face having X'X" as boundary, and the boundary is oriented from 
X' to X”. (This theorem is true even if the boundary is not simple. A simple boundary 
is One consisting of a single polygon without self-intersections.) 


Proof. Proof by induction on the number n of triangles in II]. For n = 1, we 
have only one triangle X,X,X,, and 


A+B=A=$X,—X;3,X,—X;,¥] 
4([X 1, Xo, Y] + [X., X3, Y| + [X3,X4, Y]) = C, 
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Now assume the theorem true for all polyhedra which are decomposable into k 
triangles, and suppose IT has k + | triangles. Let II’ be obtained by removing from 
IT one triangle, say X,X,X,. Then if A’, B’, C’ are the corresponding quantities for 
II’, A’ + B’ = C’ by induction. 


Case 1. Suppose triangle X,X,X, has only one edge in common with II’, say 
X,X,. Suppose X,X, is oriented in II’ from X, to X,. Then Y, the unit normal to 
triangle X,X,X;, orients this triangle in the order X, to X, to X,. Hence, 


A=A' + 3LX2 —X1,X3 — Xi, Y] 
= A’+ 3([X2,X3, Y] + [X3,X1, Y] + [X1,X2, Y]}). 


Since II has one more interior edge, X,X,, than II’, let Y’ be the unit normal 
to the triangle of II’ which adjoins X,X,. Then B= B’+ H(X,,X,3):X, 
= B'+43[X,,Y — Y’',X,]. 

Finally, C = C’ +4[X,,X., Y] +4[X,, X3, Y] — 4 X,, X3, Y’]. Hence, 


A+B= A’ + 4([X,X3, Y] + [X3,X4, Y] + [X1, Xo, Y] + B’ + 3LX3, Y,X,] 
— $[X3, Y',X,] 
= C’ +4[X,,X3,Y] + 4[X,, X>, Y] —4[X,, X3, Y’] =. 


The other two cases, where triangle X,X,X, has two and then three edges in 
common with II’, are resolved similarly. 


THEOREM 2. If the boundary of IL is simple, and if 0 is a vertex on the boundary, 
then I? = 4n(A + B). 


Proof. Let the boundary be the polygon in space, O, X,,X>,,--:,X,, oriented 
in this order. Then 


A+B=C= 2([X1, Xo, Y,] + [X,X3, Y,] Fee [X,, 0, Y,]). 


Now, [X;, Xi+1, %] S |X; x Xi41|, and |X; x X,4,| is twice the area of triangle 
OX,X;.,. Hence, A+B < S, where S is the sum of the areas of the triangles 
OX Xj +1: 

On the other hand, L is the sum of the lengths of sides |X,|+ |X ,—X, 
+|X,;—X,| +--+ |X,|. We can compare these quantities by supposing the 
triangles OX,;X,_, all lie in the same plane, as a series of adjacent triangles sharing 
adjacent edges OX, and the common vertex O. When the sum of the angles 
X,OX;—, 18 less than 27, S is the area and L is the length of the boundary of this 
region. But then I’? = 4zS by the classical isoperimetric inequality. All that remains 
is to consider what occurs if the triangles overlap, which happens if the sum of the 
angles at 0 is greater than 27. 

But then one obtains a plane figure consisting of an outer closed polygon with 
its area S, and length L, together with one or more inner polygons and their areas. 
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For each of these the isoperimetric inequality holds: L7 = 4nS,. Hence, 
(Lyte +L, 2 Li +++ + Ly 2 4n(S, ++ +5S,). 


Hence the theorem is proved. 
It may be noted that results of this kind are technically new. They are not included 


in Reid’s theorem where differentiability of the surface is assumed. 

Finally, Reid’s theorem has been generalized to hypersurfaces in R" by 
K. Hanes [2]. It would be illuminating and instructive to extend this result to poly- 
hedra in R". 
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A GENERALIZATION OF MORLEY’S THEOREM 
JOHN STRANGE 


Morley’s Theorem states that appropriately chosen pairs of the internal trisectors 
of the angles of a triangle meet in the vertices of an equilateral triangle. More pre- 
cisely, with reference to the figure, 4,A,A, is an equilateral triangle. 


Eo 


Ey 


The line containing the distinct points X, Y will be denoted by XY. Furthermore 
a point of a projective space will, as usual, be identified with any one of its systems 
of homogeneous coordinates. 

It is an easy exercise (Coxeter and Greitzer [1, pp. 49, 163]) in what is often 
called “elementary geometry’’ to deduce Morley’s Theorem from the following 
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result: in the figure, the lines AgBy, A,B, and A,B, are concurrent. The theorem 
of this article is a generalization of this last result. 
Let K be a commutative field having at least four elements, and let Eo, E,, E, 
and E be four points of a projective plane on K, no three of which are collinear. 
We define a projective involution on the set of lines containing the point E, 
by the following conditions: 


The line EoE is a self-corresponding element; the line E,)E, corresponds to 
the line EgE,. 


Projective involutions are defined in a similar way on the set of lines containing 
E, and on the set of lines containing E,. 

Let 1, be a line containing E,. We suppose that /, is different from E,F, and 
E,£,, and also that it is not a self-corresponding element. (Such a line [9 exists 
since, by hypothesis, K has at least four elements). Let /5 be the line corresponding 
to I). Similarly, let 1,, 1; and /,, 1, be pairs in the involutions on the sets of lines 
containing E, and E, respectively. 

Let A, be the point of intersection of ], and /,, and let By be the point of inter- 
section of J; and I,. Let the points A,, B,, A,, B, be defined similarly. We shall 
prove the following proposition: 


The lines AjBy, A,B,, A,B, are concurrent. 
We choose the coordinate system for which 
E, = (1,0,0), E, = (0,1,0), E, = (0,0,1) and E = (1,1,1). 


Since J) is not E,E,, let its equation be A9x, = x,. Similarly, let the equations 
of 1, and I, be 4,x, = Xo and 1,x) = x, respectively. It follows that the equations 
of los lis l, are X4 = AoX2 > X92 = 41X05 Xo = AoX1> respectively. Let 


b(Xq — A2%1) + M2AiX2 — Xo) = O and pyA2%o — X41) + Wy(X2 — A4X0) = 0 
be equations of A >B,. Comparing coefficients in the usual way we find 
My — ba = MtAg — Madd, MiAr = Ms Medd = My 
whence pf, — My = yA5 — WAZ so that w,(1 — 23) = (1 — 27). We thus choose 
uz, =1—At and pw, = 1-2}. 
Now the equation of A,Bo is 

(ly — H2)Xq — Ag hy X, + Apb2X2 = 0. 
Similarly, the equations of A,B, and A,B, are 

AzHoXo + (U2 — Ho)X1 — AofaX2 = 0 
and 

— AyHoXo + Aol1X1 + (Ho — H1)X2 = 9 
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respectively, where jij = 1 —2¢. To show that these three lines are concurrent, 
it is sufficient to show that the determinant of coefficients is 0. 


Hy — by —AgMy Arts 
Ag Lo Hz — Ho —~AoH2 
—A4 [Mo Alt Ho ~ By 


= (My — M2) (M2 — Mo) (Ho — Ha) + AOH Hall — Ha) + AT 2 to(ll2 — Mo) + AZ Mobs (Mo — H4)- 
Replacing 12 by 1 — wo, AZ by 1 — pw, and 23 by 1 — py, we get 


(Uy — Mz) (U2 — Ho) (Ho — Ha) — Holi Ho(la — He + Ha — Ho + Hom Ha) + Ur bo(ta — U2) 
+ MolMo(M2 — Uo) + Hollie — H1) 


= (My — Mz) (M2 — Ho) (Ho — Ha) — Clay — He) (2 = Mo) (lo — Ha) = 0. 


The Euclidean result is obtained by taking E to be a point equidistant from the 
three lines E,E,, E,E), E,E,. 


I wish to express my thanks to my colleague Dr. R. V. Nillsen for his help in the preparation 
of this paper. 
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CONTINUOUS LINEAR FUNCTIONALS ARISING 
FROM CONVERGENCE IN MEASURE 


T. K. MUKHERJEE AND W. H. SUMMERS 


The Hahn-Banach theorem guarantees that the continuous linear functionals on 
a separated locally convex topological vector space E can distinguish the points of E. 
There are several examples which dramatize the role of local convexity in this fun- 
damental result, and in this note we consider perhaps the most intuitive of these; 
namely, the space of measurable functions with the convergence in measure topology. 
This example is often used to exhibit a trivial dual ([2, p. 55], for instance), but its 
scope does not appear to be widely known. 
Let (X,:/, u) be a finite measure space, and let SCX, w) be the associated vector 
space of all complex valued measurable functions. (For measure theory, we primarily 
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follow the terminology and notation used in[1]. In particular, we adopt the convention 
which regards two functions in S(X, ) as equal if they agree almost everywhere.) 
The topology of convergence in measure is induced on S(X, 1) by the metric 


f-9| 

1+|f—g| 
[1, p. 178]. Hereafter, S(X,) will be assumed to have this topology, and hence 
S(X, u) is a metrizable topological vector space [2, p. 55]. We omit the proofs of 
these well-known facts, but they require no greater sophistication than does the 
following development. 

A measurable subset A of X is called an atom if 0 < (A) and, for every measur- 
able set B contained in A, either n(B) = 0 or u(B) = w(A). 


Af, g) = | du 


LEMMA 1. If A is an atom, then there is a (unique) complex number c(f, A) 
corresponding to each fe S(X, mu) such that 


w({xeA: f(x) # e(f,A)}) = 0. 


Proof. Let {z,};_—, be a countable dense set in C (the complex number field with 
the usual Euclidean topology). For each ordered pair (k,n) of natural numbers, let 
S(k, n) = {zeC: | z—z, | < 1/n}, and let A(k, n) denote the corresponding measur- 
able set A() f-*[.S(k,n)], where fe S(X, 1). Since pw is subadditive and 


A= UU A(k,n), 
k=1 


it follows that, for each n, we can select a pair (k,,n) such that p[ A(k,,n)] = u(A). 
Setting B= ()7=1A(k,,n), we have from the continuity of w that u(B) = “(A). 
Since f(B) S ()°)=1 S(k,, n), then f(B) is a singleton, and this completes the proof. 

Given an atom A and feS(X,,), it now follows that {4fdu = c(f, A)u(A). 
Consequently, corresponding to each atom A, there is a linear functional ¢, defined 
on SCX, yu) by 


bat) = | fa 


The vector space of all continuous linear functionals on SCX, yw) will be denoted by 
S(X, pw)’. 


LEMMA 2. If A is an atom, then 6,6 S(X, pL)’. 


Proof. Take ¢ to be positive, and choose 6 to be the smaller of u(A)/2 and ¢/2 . 
If fe SCX, uw) with p(f,0) < 6, then 


| c(f, A)| (1 + | e(f,.A)|)~*H(A) < 6, 
whence | c(f, A)| u(A) <e ; 1.€., | b4(f)| <é. 
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If both A and B are atoms, then ¢, = @, if and only if the symmetric difference 
of A and B has measure zero.This relationship will be indicated by writing A = B[y]. 


LEMMA 3. If (X,%,) contains an atom, then there exists a countable col- 
lection & of pairwise disjoint atoms such that, if B is any atom, B = A[] for 
some AE &. Furthermore, if @ is any other such collection, then B= S| |. 


Proof. (This lemma is essentially given in [1, p. 169]. However, for completeness, 
we outline a proof.) The relation A = B[ | is an equivalence relation on the set 2 
of all atoms in (X,/,w), and if [A] denotes the corresponding equivalence class 
for each Ae QW, then {[A]: u(A) 2 1/n} is finite. Since this implies {[.A] : A € 2} is 
countable, it is possible to select, one from each [A], a countable collection .~ of 
pairwise disjoint atoms. 

A subset B of X is called locally measurable if BOE is measurable for each 
Ee, and it is easy to see that if fe S(X, u) and B is locally measurable, then fy, 
is measurable, where y, denotes the characteristic function of B. Therefore, for any 
locally measurable set B and any linear functional wy on S(X, y), there is an associated 
linear functional yw, defined by W,(f) = WCfyp). 


LEMMA 4. Assume B is a locally measurable subset of X. If B contains no 
atoms and Ww eé S(X, n)’, then Wz = 0. 


Proof. Suppose there is an fe SCX, 1) such that W,(f) = 1.Setting g = fy, and 
A=({xex: | 9(x) | > 0}, we have that A is a measurable set which contains no 
atoms. A standard argument ([2, p. 56], for example) now yields a sequence {A,},°- 1 
of measurable sets contained in A such that w(A,) = 2~*y(A) and | Wg.) | = 1, where 
g, = 2*gy,, and k = 1,2,---. For each k, however, p(g,,0) < p(A,), and so the 
sequence {g,} converges in measure to zero. Since this contradicts the continuity of 
w, the proof is complete. 


THEOREM 1. The space S(X,y)’ contains a nonzero element if and only if 
(X, S, uu) contains an atom. 


Proof. If Aisanatomin(X, Y, pw), then &, € S(X, uw)’ by Lemma 2 and ¢,(y,4) = 
p(A) # 0. Since X is locally measurable, the converse follows from Lemma 4. 

We can now define our candidate for S(X,)’. Either (X,Y, ) is nonatomic 
(contains no atoms), in which case let L be the set consisting of the zero functional 
on S(X, 1), or it contains a set 7 of atoms with the properties promised by Lemma 3, 
and in this case let L = {p,: Ae}. Combining Lemmas 2 and 3, we see that 
L is a uniquely determined subset of SCX, 1)’. The linear span of L, call it MCX, “), 
is thus a well defined linear subspace of SCX, )’. 


THEOREM 2. The space M(X, Lu) = S(X, p)’. 
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Proof. In view of Theorem 1, it suffices to assume (X, Y, u) contains an atom, 
and hence, by Lemma 3, there is a countable set / of pairwise disjoint atoms such 
that, if C is an atom, C = A[u] for some Ae. Setting B= X\U{A: Ae}, 
we have that B is a locally measurable set which contains no atoms. Now let 
we S(X, »)’. If 7 is finite, say % = {A,}¢-1, then define a, = W(x4,)u(A,)7 *, where 
k = 1,---,n. In this case, for fe SCX, u), Lemmas 1 and 4 show 


Wf) = Ef AM ta) = Zabel 


On the other hand, if . = {A,}?_,, then for fe S(X,), define f, = Lies fia,» 
where n = 1,2,---. Since 1 _,M(A,) converges, the sequence {f,} converges in 
measure to f — fy,, and so, using Lemmas 1 and 4 once again, 


Wf) = E ef AW): 


Define the sequence {g,};_, in S(X, ) as follows: for each k such that W(y4,) # 0, 
set g, = W(X4,)7 Xa, 5 Otherwise, let g, = 0. This sequence converges in measure to 
zero also since Ly, W(A,) converges, whereas W(g,) = 1 if W(~4,) # 0. Conse- 
quently, the set of natural numbers for which W(y,,) 4 0 is (at most) finite, and this 
concludes the proof. 

If the measurable sets containing no atoms all have measure zero, then (X, Y, 1) 
is called purely atomic, while S(X,)’ separates the points of S(X,) if, given 
fe S(X, p), either f = 0 or there is a we SCX, 1)’ such that W(f) # 0. 


COROLLARY 1. The space S(X, )' separates the points of S(X, nu) if and only if 
(X, SY, u) is purely atomic. 


When is SCX, 4) locally convex? A necessary condition has already been noted; 
namely, SCX, )' separates the points of S(X,). In closing, we mention that this 
condition is also sufficient. Indeed, if (X,-Y,) is purely atomic, then SCX, ) is 
topologically isomorphic to a product of countably many copies of C. 


References 


1, P. R. Halmos, Measure Theory, Van Nostrand, Princeton, N. J., 1950. 
2. J. L. Kelly, I. Namioka, and co-authors, Linear Topological Spaces, Van Nostrand, Princeton, 
N.J., 1963. 


DEPARTMENT OF MATHEMATICS, UNIVERSITY OF ARKANSAS, FAYETTEVILLE, ARKANSAS 72701. 


1974] CLASSROOM NOTES 67 
THE TONELLI INTEGRAL 
R. E. DRESSLER AND K. R. STROMBERG 


In 1923, Tonelli [2] gave an alternate exposition of the Lebesgue integral, em- 
ploying the notion of quasi-continuity. We find that this material is not readily 
available in textbooks and we feel that a proof (not given by Tonelli) of the equiva- 
lence of the Tonelli integral and the Lebesgue integral offers a valuable source 
for exercises for ancillary classroom material. 

We fix a closed interval [a,b| and we write R(f), L(f), and T(f) for the Rie- 
mann integral, Lebesgue integral and Tonelli integral (respectively) of a function 
f defined on [a,b]. We need the following definition. 


DEFINITION. A real-valued function f defined on [a,b] is called quasi-continuous 
(q.c.) if there exists a sequence (K,), ~~, of compact subsets of [a,b] and a sequence 
(f.),-1 of continuous real-valued functions on [a, b] such that foreach n, f(x) =f,(x) 
for xéK,, and lim,.,,4(K,) = b — a (where 2 denotes Lebesgue measure). 

We observe that if | f| < M <0 on [a,b] then we can choose the f,’s so that 
\f,| S M<oo on [a,b] for all n. 

The following theorem is needed to define the Tonelli integral. 


THEOREM 1. Let f be bounded and q.c. on [a,b|. Then there exists a real 
number T(f) such that T(f) = lim,.4,,RCU,) for any uniformly bounded sequence 
of f,'s as in the definition. 


Proof. First we note that if (f,)?-, is given and M is a uniform bound on 
[a,b] for f and each of the f,’s, then 
|RUm) — Rn) | S RU Sn — fal) S 2MAUKy) + UKD) +0 as mn oo. 


Hence, (R(f,,))7-1 is a Cauchy sequence and we denote its limit by T(f). A standard 
‘‘interlacing’’ argument suffices to show that the value T(f) is independent of the 
choice of the sequence (f,)?1. 

If f is as in Theorem 1, we call T(/) the Tonelli integral of f. 


THEOREM 2. A function f is q.c. on [a,b] if and only if f is Lebesgue measurable 
on [a,b]. 


Proof. Let f be q.c. on [a, b] and let (f,),-1 and (K,),*., be as in the definition. 
Then for any real number a, we have 


B, = {x e[a, b]| f(x) > a} =A,U v {xéK,| f,(x) > a} 
n=1 


for some subset A, of (),7.,K,. Since 1((),21,K,) = 0, we see that B, is the union 
of a Borel set and a set of Lebesgue measure zero. 
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That every Lebesgue measurable function on [a, b] is q.c. on [a, b] is a restate- 
ment of a well-known theorem of Luzin ({1], (11.36)). 


THEOREM 3. If f is bounded and q.c. on [a,b], then T(f) = L(f). 


Proof. Let (f,),=1 and (K,),;-=1 be as in the definition and let M be a uniform 
bound on [a, b] for f and each of the f,’s. Then, 


|L(S) — Lf) | S LS —f,|) S$ 2400K}) +0 as n> oo. 
So 
L(f) = lim L(f,) = lim R(f,) = T(f). 


Tonelli calls a non-negative q.c. function f (defined on [a, b]) integrable if its 
sequence of upper truncates, (g,);-1, Satisfies lim,..,, T(g,) < co and denotes this 
limit by T(f). An application of the Monotone Convergence Theorem shows that, 
for such an f, T(f) = L(f). By separation into positive and negative parts, one sees 
that the class of Tonelli integrable functions on [a,b] is precisely L,([a,b]) and 
furthermore T = L. 


REMARK 1. We observe that quasi-continuity can be defined on any locally 
compact Hausdorff space with respect to a given regular measure. In this setting 
a proof similar to that of Theorem 2 shows that the converse to Luzin’s Theorem 
obtains. 


REMARK 2. The sequence (K,);=, in the above definition need not be nested. 
Thus, the corresponding sequence (f,),., need not converge a.e. to f. However, 
once Theorem 2 is known, a theorem of F. Riesz ({1], (11.26)) provides a subsequence 
which does so. 


REMARK 3. The definition of Tonelli’s integral is ‘‘elementary.’’ It reqires no 
knowledge of Lebesgue measure. Since the K,,’s that appear above are always com- 
pact, each occurrence of A(K,,) or A(K,,’) can be replaced by a statement about the 
sum of the lengths of the intervals of [a,b] complementary to K,,. Tonelli did so 


in [2]. 


We are grateful to Professor H. H. Snyder for directing our interest to the Tonelli integral. 
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THE WEAK CLOSURE OF A CERTAIN SET IN /! 
J. V. RYFF 


Among the early examples a student encounters in a first course in functional 
analysis is one which illustrates the inadequacy of sequences in the weak topology. 

If H is a separable Hilbert space with orthonormal basis {@,}, then von Neumann 
noted that the set {¢,, + m@,}, m,n = 1,2,3,--- has the origin as a weak limit point, 
yet no subsequence converges to that point. As norm bounded sets in H are metri- 
zable in the weak topology, any such example must necessarily be unbounded. 
This will always be the case where a normed linear space has a separable dual. 
Certainly there must exist bounded, weakly sequentially closed, subsets of normed 
linear spaces which are not weakly closed (they cannot be convex, however). The 
purpose of this note is to set down one such example. Perhaps my real motive is 
to apply the delightful lemma of Erdés [1] (see also [2]): 


From each finite sequence of n? + 1 real numbers one may select an increasing 
(or decreasing) subsequence containing at least n+ 1 of these numbers. 


If (a,,--+,a,) is a sequence, we shall call k the length of the sequence. Then one 
can say that sequences of length n* + 1 contain monotonic subsequences of length 
n+ 1. Evidently, sequences of length n* contain monotonic subsequences of length n. 

Our example involves a subset of |’, the space of infinite sequences of real num- 
bers x = {€,} for which | x||, = & |é,| converges. The conjugate space |” of 
bounded sequences induces the weak topology of |‘ in which neighborhoods of the 
origin 6 are given by finite intersections of the sets 


U(0,a; 6) = {x: | DE ahn 
where x = (€,,°°:,&,,:":) is in 11, «& = (a,-+*,0,,°:-) is a fixed element of J° and 


é > 0 is arbitrary. 
The set in which we shall be interested consists of those vectors on the unit sphere 


of 1‘ which can be expressed typically by 
x= (0. es, Lo. _ oO), 
n n 


where exactly n entries are nonzero and these entries are alternately +1/n. We 
take all possible vectors of this type which can be formed for n = 1,2,-+-. This 
will be our set W. Clearly, each x e W has unit norm. Nevertheless, the origin lies 
in the weak closure of W. Intuitively, this is not unreasonable, and it only remains 
for one to supply a proof. To do so, we extend the Erdés lemma slightly: 


<s}, 


Given any n infinite sequences of real numbers x™ = {€\ k = 1,-,n, and 
any natural number N, it is possible to select indices m,,m,,---,my such that 
each finite subsequence (E, ---,EM) is monotonic. 
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The proof is easy and we will only do it for n = 2. Choose a monotonic sub- 
sequence from x” of length N*, say, €,-.-,E%. Then choose a monotonic sub- 


my,? 


sequence of length N from é)),...,é4. The resulting set of indices also deter- 
mines a monotonic subsequence from x"). 


Now we are ready. Let 


U = U(0,0, +052) = {x: | Daf, | < 2} 


be a basic weak neighborhood of the origin in 1’ (a eI”, k = 1,---,m). Then 
UW # . To see this, first take M = max||a||,,, k = 1,---,-m. Then choose 
n so large that 1/n <e/2M. Employing our lemma, we select simultaneously m 
monotonic finite subsequences from the « of length n. Let their indices be m,, m, -**, 
m,. The sequence x consisting of 0’s except for the entry (—1)/**(1/n) in position 
m,(j =1,-:-,n) is an element of W. Furthermore, 


) 


[dx] = = | D(a ta® | s Hal] + [ag 


IA 


2 
- | of'*) |. <6. 


Although the origin lies in the weak closure of W, no sequence from Wcan converge 
weakly to this point, for a sequence in /' converges weakly if and only if it con- 
verges in the norm. But each element of W has unit norm. 

Two final remarks about the Erdés lemma are in order here. First, the lemma 
does not provide information regarding the length of maximal monotonic sub- 
sequences contained in sequences of arbitrary length. However, a simple canonical 
example illustrates that for (n—1)? +15 k<n*+1, a sequence of length k 
has at least one monotonic subsequence of length n, and this is the best possible. 
An example for k = 15 (n = 4) is (12, 13, 14, 15, 8,9, 10, 11, 4, 5, 6,7, 12,3,). Second, 
modifications of this prototype can be used to show that the extended lemma does 
not extend to infinitely many sequences. That is, there exist infinite collections of 
sequences with common monotonic subsequences of length not greater than 2. 

This example (as well as von Neumann’s) illustrates a norm closed set whose 
weak closure is obtained by adding a single point —the origin. 
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THE OPERATION AND EVALUATION OF A 
PROCTORIAL SYSTEM OF INSTRUCTION IN MATHEMATICS 


ARMSTRONG MALTBIE, R. G. SAVAGE and J. L. WASIK 


Individuals with a responsibility for teaching courses with large enrollments are 
continually looking for new methods of presenting material which will hopefully 
optimize both learning and motivation of students. Nowhere is this need for develop- 
ing new procedures more important than the first year undergraduate mathematics 
course where students come into the course with widely varying levels of mathematical 
ability. Use of a self-pacing instructional format has often been suggested as an alter- 
native for optimizing student learning, and particularly for handling the problem of 
wide ranges of student ability within classes. The Mathematics Department at North 
Carolina State University (NCSU) decided to determine if this general approach 
to instruction would be an effective method of teaching algebra and trigonometry 
in a basic first year mathematics course (MA 111). The Proctorial System of Instruc- 
tion (PSI) was selected as an appropriate model for the envisioned instructional 
system. Utilizing the PSI principles presented by F. S. Keller (1968), a set of 20 
instructional units were developed and utilized first during the Fall, 1971 Semester 
at North Carolina State University for teaching two sections of the algebra and 
trigonometry course. The following is a description of the operation of the resultant 
system and an evaluation of its effectiveness. 


Features of PSI. The Proctorial System of Instruction as described by Keller has 
the following operational features: 

1. The student moves through the course at his own pace. 

2. Complete mastery of each unit is expected before the student moves on to the 
next unit. 

3. Each student is assisted, as needed, by the instructor and student proctors. 


It should be noted that the use of proctors and the instructors to provide explana- 
tions and to grade tests with the student looking on, ensures a high degree of personal 
contact both with an instructor and with the student proctors. This feature, which is 
not found in programmed instruction and computer assisted instruction approaches, 
shows the student that someone is still concerned with his progress. 
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Carroll (1963) and Bloom (1971) have proposed a model for learning which sug- 
gests that intellectual ability is an indication of the amount of time required to learn 
a particular instructional topic. It is their thesis that given enough time any student 
with a minimum amount of aptitude for a subject will be able to demonstrate mastery 
of a subject. The self-pacing and complete subject matter mastery requirement features 
of PSI can be seen to be consistent with the principles of mastery learning as proposed 
by Carroll and Bloom. 


Operation of NCSU Algebra and Trigonometry PSI Course. Twenty instructional 
units presently comprise the NCSU PSI course in Algebra and Trigonometry. The 
topics covered by the units range from simple Arithmetic Operation of Algebraic 
Expressions — Solutions of Equations of First Degree in Unit I to Inverse Trigono- 
metric Functions in Unit XX. Since it is assumed that each unit requires knowledge 
gained through the study of the previous units, the student moves through each of the 
twenty units in the instructional process until he has finished the 20 units. Each unit 
is composed of the following instructional elements: 

1. Specific objectives stated in a behavioral form. 

2. Explanations of the material associated with identified behavioral objectives. 

3. Study references from the course textbook. 

4. Suggested problem assignment. 

5. Collateral references where additional explanations and examples may be 
found. 

Beginning with the first unit the student studies assigned references and works 
problems associated with unit objectives. The student then takes a readiness test which 
is administered by a designated proctor. If the student is able to respond correctly to 
all questions on the readiness test, the student is certified as having demonstrated a 
thorough knowledge and understanding of the unit content. The student then pro- 
ceeds to the second unit and continues in a like manner. If a student is unable to 
demonstrate competency, he is required to restudy the unit and then take an alternate 
form of the readiness test. The student can take as many re-tests as are necessary 
without penalty. Four or more alternate forms of the readiness test are available for 
each unit. Since all students are required to show complete mastery on the readiness 
tests, only the fact that a student has passed a unit readiness test is recorded; partial 
learning of the subject matter is not acceptable in a mastery learning approach to 
instruction. 

Upon successful completion of the 20 instructional units, the student is required 
to take a comprehensive final examination. A passing grade of C is guaranteed all 
students who successfully complete the 20 units irrespective of the grade obtained on 
the final examination. Above average and substantially above average performance on 
the final examination is required for the awarding of a B or A grade, respectively, in 
the course. 
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If, at the end of the semester, a student has not completed the course, an Incomplete 
(I) grade is assigned conditional upon evidence that the student is still attempting to 
complete the course. If a student is observed to be falling substantially behind his 
classmates, in terms of successful completion of units, he is counseled to drop the 
course and to sign up for a section whereby instruction is in a lecture mode. This is 
done under the assumption that the student requires the forced pacing of a lecture 
approach. 

Maintenance of the PSI course at North Carolina State University requires two 
or three proctors and an instructor per section enrollment of 20-30 students. Proctors 
used in the Fall, 1971 semester were upper class undergraduate students enrolled in 
the Science and Mathematics Education Curriculum at North Carolina State Univer- 
sity. The role of proctors may vary depending upon the instructional responsibility 
assigned to them. In the instructionai system used at North Carolina State University, 
proctors and the instructor are present in class to answer questions raised by students; 
proctors also administer and grade unit readiness tests. The instructor has overall 
responsibility for development of new instructional materials where needed and also 
serves in an instructional role by answering questions raised by students. 


Determination of the effectiveness of PSI. In order to demonstrate that the PSI 
method was an effective approach to instruction in algebra and trigonometry at 
North Carolina State University, it was considered imperative that a study be 
carried out which could evaluate the PSI approach in comparison to the traditional 
method of MA 111 instruction. The following sections report the results of this 


evaluation. 


Evaluation Design: A four group Solomon (1949) experimental design was used 
in this study to ascertain if there were differences in mathematics performance at the 
end of the course between the groups of students who received the PSI experience 
and groups of students receiving the typical MA 111 lecture and discussion instruc- 
tion. The Solomon design enables the evaluator to determine if observed results were 
due to the different instructional approaches or to other possible explanations such 
as the novelty of new instructional approach —1i.e., “the hawthorne effect.’’ A 
schematic of the design is given below: 


Testing Experience PSI Lecture and Discussion 


Post Test Only G, G, 
Pre and Post Tests G3 G, 
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It should be noted G, and G, will be hereafter referred to as the PSI groups while 
G, and G, represent control groups. 

As can also be noted by reference to the study design schematic, one PSI group 
and control group were tested at the beginning of the semester while all four groups 
were tested at the conclusion of the course. 


Subjects. Students are computer assigned to sections of MA 111 and it was 
assumed that students enrolled in different sections at the same hour represent random 
assignment of subjects to groups. Four of the sections meeting at the 10:00 amclass 
hour were randomly selected to provide the subjects for this study. Two of the sec- 
tions were then randomly selected to receive the PSI experience. Students enrolled in 
the two PSI sections were informed of the nature of the evaluation study and given 
the option to transfer to other MA 111 sections.’ A total of 50 students were enrolled 
in the PSI sections while 49 students were taught by the traditional format. 


Criterion measures. Forms A and B of the Algebra and Trigonometry Cooperative 
Mathematics Tests, published by Educational Testing Service of Princeton, New 
Jersey, were used to collect pre and post test data and served as the criterion measures 
of student performance. Each test form contains 40 items which are considered to 
provide an appropriate sampling of algebra or trigonometry content. It should be 
noted that the final testing for the control groups occurred in December, 1971, just 
before their final examination. For the two PSI sections, students took the criterion 
test after they had finished their 20 units and this ranged from November, 1971 to 
May, 1972. 


Results. The performance of the students in the PSI and control lecture and dis- 
cussion classes on the pre and post test administration of the algebra and trigono- 
metry criterion tests are summarized in Table 1. 


A comparison of the mean total correct test performance for the PSI and control 
classes (i.e., G, and G,;) on the Pretests administration showed no significant differen- 
ces on either the algebra (/ = 3.41; df = 1, 45; p > .05) or the trigonometry (F = 
0.87, df = 1, 45; p > .05) measures. This comparison suggests that the PSI and 
control groups were comparable in terms of algebra and trigonometry knowledge at 
the beginning of the course. In other words, there seems to have been no factor operat- 
ing which systematically assigned more capable students to PSI or control groups. 


Since two of the groups were observed to have means on both the algebra and 
trigonometry tests which were similar, it was assumed that all four groups were 
roughly comparable in terms of mathematics performance at the beginning of the 
semester. For this reason, it was decided to use only the post test data in making 
decisions about the effectiveness of the PSI approach. 
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TABLE 1. Means, Standard Deviation, and Sample Sizes for Pre and Post Cooperative Algebra 


and Trigonometry Test Performance by Group. 


PSI Control 
Measure __ 
Gi G3 Total G2 Ga Total 

Algebra Pre 

M 13.00 10.68 

SD 5.20 2.92 

N 25 22 

Post 

M 20.91 20.74 20.80 17.21 19.10 17.85 

SD 5.09 2.73 4.12 4.76 4.91 4,82 

N 22 19 41 19 20 39 
Trigon. Pre 

M 8.80 7.86 

SD 3.92 3.01 

N 25 22 

Post 

M 16.45 17.26 16.83 13.32 12.65 12.97 

SD 4,70 3.83 4,28 4.42 3.60 3.98 

N 22 19 41 19 20 39 


Data was analyzed according toa 2 x 2 factorial design with the factors represent- 
ing the PSI versus control and pre-test versus no-pre-test experience contrasts. A 
least squares analysis of the data for the two tests resulted in the same conclusion; 
namely that the two PSI groups performed significantly better, on both the algebra 
and trigonometry tests, than did the two control groups (Algebra: F = 7.92, df = 1, 
76; p < .01. Trigonometry: F = 17.16, df = 1, 76; p <.01). 

Differences between classes, with and without the pre-course testing experience, 
was non-significant thus indicating that being exposed to a pre-experimental condi- 
tion — being tested — did not result in experimental bias. Similarly, the non-signi- 
ficant results obtained from the two tests of interaction suggested no differential bias 
was introduced to either the control or PSI groups which had taken the pre-test. The 
results of the analyses provide strong support for the conclusion that participation 
in the PSI approach in a first year college mathematics course resulted in a higher 
level of performance than did exposure to a traditional classroom presentation of 
the same content. 


Additional Evidence of Effectiveness of PSI. The instructors responsible for the 
instruction of the two PSI MA 111 sections also collected other objective and sub- 
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jective information which was used as evidence of the effectiveness of the PSI 
approach. 

As noted previously, acommon final examination was administered to all sections 
electing MA 111 and was used for determining the grades received by the PSI students. 
The PSI students performed, on the average, at a significantly higher level than did 
the students in the non-PSI sections (PSI: M = 68.12; Non-PSI: M = 59.00; 

= 3.64, df = 41, p < .05). 

Student reaction to the PSI instructional approach was sampled through the ad- 
ministration of a brief course evaluation form at the completion of the 1971 Fall 
semester. An inspection of the distribution of responses given by the PSI students to 
questions relating to perceived course effectiveness indicated that out of 47 students, 
43 did not regret their decision to remain in the PSI classes while 42 reported feeling 
they had learned more under the PSI mode than they would have under a lecture 
approach. Approximately sixty percent of the students (29 of 48) felt they worked 
harder under the PSI mode than they would have under a lecture mode while 44 of 48 
would recommend taking the MA 111 PSI course to classmates with similar mathe- 
matical backgrounds. Student perception concerning helpfulness of the supplementary 
materials and proctors was highly favorable. A total of 37 or 48 students reported a 
willingness to take other courses under the Proctorial System of Instruction. 


TABLE 2. Frequency Distribution of Grades Achieved in Spring, 1972 Mathematics Courses by 
PSI and Control Group Students.# 


Grade 
Group 
A B C D F CRb> we 
Control 7 7 9 7 2 0 0 
PSI 7 10 9 2 0 1 3 


@ Frequencies for grades D and F were combined in X2 analysis, CR and W were not included 
in X2 analysis. 

b CR = credit for course granted on basis of Pass/Fail. 

© W = withdraw from course. 


The instructors of the PSI students felt a third form of evidence of the course 
effectiveness would be a comparison of grade achieved by both PSI and Control 
group students in the mathematics course elected beyond MA 111. Of the original 50 
PSI students, 32 students took a subsequent mathematics course while 32 of 49 control. 
students elected a mathematics course in the Spring, 1972 semester. Frequency of grades 
earned for the experimental and control groups in their second mathematics course 
is presented in Table 2. While the PSI students had slightly better grades, a comparison 
of the grade distributions of A—F for the two methods of instruction showed 
differences to be statistically non-significant (x2 = 4.73, df = 3, p> .05). 
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Discussion. The results of the evaluation of the PSI approach to teaching appears 
to provide support for the effectiveness of this method in presenting a first year 
university mathematics course in algebra and trigonometry. Using both the ETS 
Cooperative Algebra and Trigonometry and the Departmental Common Final 
Examination as evidence, the PSI students as a group performed significantly better 
than did students taught under traditional lecture-discussion methodology. Further, 
the positive responses to the course evaluation form suggested the students were also 
supportive of the PSI method of instruction. While the subsequent mathematics 
course performance after leaving MA 111 was not significantly different from the 
students identified as experimental and control, it was noted that more PSI than 
control students had taken a calculus course as their second course. Thus, the greater 
difficulty of mathematics courses elected by the PSI students may indicate why their 
grade distribution did not follow a significantly different pattern from the grade 
distribution of control students. 

While the results are unequivocal in the interpretation that the experimentally 
treated student did perform better, it is not possible to conclude definitely whether 
the superior performance of these students was a function of student paced instruc- 
tional method or the fact that they were allowed to take the final examination when 
they were ready to do so. Students in the control classes were tested at the end of the 
Fall, 1971 semester, however, the experimental group students were given until the 
end of the Spring, 1972 semester to complete the requirements for the course and to 
take the final. In other words, it may have simply been the fact that the experimental 
students ‘‘matured’’ in terms of mathematics knowledge. 

In comparison of any two methods of instruction, the end product should be the 
ultimate measure of effectiveness. Thus, whether or not PSI students used more time 
to complete the course than did the control group students is not of concern in this 
evaluation since self- pacing is one of the features of PSI which distinguishes it from 
other instructional procedures. 

In the final analysis, the results of these analyses suggest that exposure to the PSI 
approach in mathematics will result in superior overall group performance relative 
to groups instructed in a traditional manner. The Mathematics Department of the 
North Carolina State University intends to implement PSI as an option in the calculus 
courses as a result of this evidence of the success of PSI in algebra and trigonometry. 


Footnote 


1, Data concerning the number of students who elected to transfer out is not available; however, 
the instructors of the PSI sections estimated that less than 10 percent of the two classes utilized this 


option. 
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FIRST HAND EXPERIENCE WITH INDEPENDENT STUDY OF MATHEMATICS 
FOR PROSPECTIVE SECONDARY MATHEMATICS TEACHERS 


BEN V. FLorA, JR. 


Introduction. Individualized instruction in mathematics has received much atten- 
tion in recent years. One indicator of this is the fact that recent issues of both The 
Arithmetic Teacher (January, 1972) and The Mathematics Teacher (May, 1972) have 
been devoted almost entirely to articles about individualized instruction. Although 
the many individualized programs available differ substantially from one another 
in many respects, there are several characteristics common to most of them. These 
include: (1) The presence of different topics prescribed or selected for study by 
individuals, (2) Use of lists of behavioral objectives to be accomplished for each topic 
studied, (3) Flexibility in the amount of time the student may spend and/or the 
number of objectives a given individual must satisfy for a given topic of study, (4) 
Utilization of independent and/or small group study. Since so many schools today 
utilize some individualized programs of study which require independent study by 
students, it is important that students preparing to be teachers have some experi- 
ence as a learner with independent study. With this thought in mind, it was decided 
to reconstruct the content and approach used in a mathematics course required 
by all mathematics students working on a B.S. in Education degree at Northern 
Illinois University, so that it possessed many of the characteristics of individualized 
programs. It was anticipated that such an experience would provide better insight 
into the problems encountered by students who are asked to learn independently 
as well as suggest procedures for structuring such a program. The purpose of this 
paper is to describe this course with the hope that others will consider developing 


courses along these lines. 


Special topics in mathematics. The course selected for individualization was Spe- 
cial Topics in Mathematics (Math 416), a nine week course which is available to any 
student in mathematics during the half semester in which he is not involved in 
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student teaching. Generally, students enrolling in Math 416 have completed 24-30 
hours of mathematics including 14 hours of calculus and linear algebra, 3-6 hours 
of abstract algebra, 3-6 hours of college geometry, and 3 hours of probability and 
statistics. The course and its broad aim are described by the following statements 
which are provided to the students enrolled in Math 416 at the first class meeting: 
“Special Topics in Mathematics (Math 416) is designed to provide the prospective 
teacher of secondary school mathematics with an opportunity to examine closely 
a number of selected topics in mathematics which are significantly related to the 
mathematics he will be teaching in the secondary school and which might have 
received limited attention during the course of his college mathematics studies. 
Since the majority of present day programs in mathematics at the junior and senior 
high levels primarily concern the mathematics of the real number system (with 
emphasis on understanding the structure of the system and its subsystems), Euclid- 
ean geometry (with special attention to mathematical reasoning and the nature 
of axiomatics), and the development of problem solving ability; the major topics 
examined in this course are addressed to these areas.”’ 


TABLE 1 — UNITs oF STUDY FoR MATH 416. 


Unit one: Formal axiomatics. 

Unit Two: Euclid’s contribution to mathematical thought. 
*Unit Three: The nature of mathematics extended. 

*Unit Four: The real number system. 

Units Five and Six: Select two of topics below. 


A. Arithmetic of infinites. F. Inversion and ruler or compass alone con- 
B. The theory of numbers. structions. 
C. Continued fractions. G. Graph theory. 
D. Postulate sets in geometry. H. Transformation geometry. 
FE. Problems of antiquity and Euclidean con- 1. Basic combinatorics. 
structions. J. Game theory 


* If evidence suggests that this unit has already been sufficiently mastered, a student may, with 
the instructor’s consent, elect one or more of the optional units in its stead. 


Procedures for conducting Math 416. The adopted text presently used for Math 
416 (An Introduction to the Foundations and Fundamental Concepts of Mathematics 
by Howard Eves and Carroll V. Newsom (Revised Edition, 1965), was chosen pri- 
marily because it provides a good survey of topics relevant to the prospective second- 
ary school mathematics teacher, is written with an excellent historical perspective, 
and possesses excellent problem sets which not only provide one with a chance to 
apply some of the ideas presented in the chapters but are of such a variety that 
they provide the student with realistic problem solving experience. 
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With the above mentioned book as the basic reference source for the course, 
text reading and solutions of assigned exercises are to be accomplished by the stu- 
dent on his own. At present, students in Math 416 are required to complete six 
units of work. Four of these six are required of all students and the two additional 
units are selected from a list of topics provided in the course syllabus. Titles of 
these units are listed in Table 1. Selected excerpts from the defining information 
for Unit One are given in Table 2. 


TABLE 2 — DEFINITION OF UNIT ONE: Formal axiomatics 


I. Objectives. You will be able: 


A. To define and give examples or non-examples of: 
1. a propositional function, 

. equivalent postulate sets, 

. aconsistent postulate set, 

. an independent postulate set, 

. a categorical postulate set. 

B. To explain the role of primitive terms, postulates, and theorems in axiomatics, and to 
explain the necessity of having primitive terms and postulates. 

D. To state a technique for testing a postulate set for consistency and independence and to 
to be able to carry out the technique for simple examples. 

F. To state Gédel’s First Theorem (p. 335) and its significance to questions of completeness. 


Oo ~I Cn 


II. Prerequisite: 
III. Reading: Basic: Eves & Newsom — Chapter 6, pp. 335~336. 


IV. Exercises: 
V. Estimated Time: Five days, plus quiz. 


As a student completes a unit, he makes arrangements to take a test over the 
material studied. This unit test is taken by the student during out-of-class time and 
whenever he feels he is ready for the test. Since the student has a list of behavioral 
objectives for which tests of the units are constructed, the student should learn to 
judge when he has mastered the unit. 


Use of class time. Very little class time is devoted to work on the six units of 
study. Generally one period is devoted to summarizing the unit ideas and one more 
period to answering questions on the reading material and exercises (for the first 
four units only). However, class meetings are held on a regular basis. Most of this 
class time is devoted to developing problem solving ability. This activity provides 
an aspect of communication and discussion of mathematics which would be lack- 
ing in a completely independent study setting. Challenging and interesting problems, 
generally unrelated to the units being studied and unrelated to one another, are 
attacked by the group. The emphasis is on employing Pélya techniques. The inter- 
esting How to Solve It by G. Polya is a major reference for this activity. The 
pattern of such classes is generally as follows: 
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A. A problem is presented by the instructor. 

B. The nature of the problem is briefly discussed. 

C. Students spend 10-15 minutes individually or in small groups analyzing and 
trying to establish some results with the problem. 

D. The students discuss their progress and by responding to leading questions, 
draw some conclusions and eventually a solution to the problem, 

E. Once a solution is obtained, the problem is re-analyzed to determine charac- 
teristics of the problem which might have suggested the method of solution. 

F. Some generalizations of the problem are stated. 

G. Solutions of the generalizations are discussed. It is determined whether the 
technique of solving the original problem generalizes to these new problems. 


Course evaluation. Although no carefully designed and controlled research was 
planned for evaluating the success of the new Special Topics in Mathematics, as a 
result of pupil and instructor judgments, some conclusions concerning the outcomes 
of the course seem justified. The course has now been taught three times (two differ- 
ent instructors and 8-12 students each time) using the approach described. Written 
evaluations by students indicate general satisfaction with the course and classify 
it as one of the most valuable courses they have had. They suggest they have learn- 
ed at least as much mathematics through the independent study approach as 
they would through more conventional approaches and in addition, they feel they 
have acquired significant information about the process of learning. The text 
is classified by them as an interesting and readable one and the definitions or out- 
lines for each unit are quite valuable. The problem solving experience is classified 
as the best aspect. They do find it difficult to provide sufficient intrinsic motivation 
to pace themselves but feel this is a result of past learning habits and suggest that 
such a learning experience should come much earlier. They indicate that they intend 
to provide such experiences for their students. 

As additional evidence of success for this approach it was found that each stu- 
dent has been able to study more topics under this program than were studied through 
the more conventional approaches by the students before. A final exam given to 
one of the classes also suggests that the level of retention of ideas from the units 
studied by all of the students is good. Finally, improved class attitude and enthusi- 
asm for learning mathematics were witnessed, and it was felt that these prospective 
teachers will now be able to work better with individuals and will have a better 
perception of individual learning problems. 


Recommendations for others wishing to develop courses on an independent study basis. 
At the outset, it should be recognized that the nature of the Special Topics in Math- 
ematics course lends itself nicely to an independent study approach. However, 
it is perceived that many other courses might also successfully employ at least some 
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of the characteristics of our program. The success with independent study in Math 
416 has sufficiently encouraged several members of the Department of Mathema- 
tics at Northern Illinois University to give special consideration to the prospects of 
employing this approach to learning in several courses. At present, one other course 
(a geometry course designed for teachers of junior high mathematics) is being taught 
through similar techniques. Success there also stimulates continued course devel- 
opment along these lines. To others who wish to explore such techniques, the follow- 
ing suggestions are offered. 

1. Team with one or two staff members in planning and developing the course. 


2. Recognize that the course materials must all be developed before the class 
begins (or at least very early in the semester). 

3. Anticipate that the instructor will need to be available regularly for out-of-class 
conferences with students. 

4. Begin development of course materials by writing down broad goals for the 
course. Decide whether all of the mathematics content must be the same for all 
students. 

5. Give careful thought to the background of students typically enrolled in the 
course. (Perhaps an independent study program should be constructed for only 
a selected subset of students who enroll in the course.) 


6. Develop a topical outline for the course, including options where appropriate. 


7. Before the course begins, develop materials (to be given to the students) which 
specifically define each unit of study. (We found the statement of behavioral objec- 
tives to be a great asset to the students and to us. We also found having answers 
available for most assigned exercises to be a valuable aid which significantly reduced 
the demand for use of class and out-of-class time of the instructor on such problems.) 

8. Since students will complete units at various times, decide how evaluation 
will be accomplished and how students may obtain feed-back. (Communicate these 
decisions and all others to the students.) 

9. Expect that some students will need to be continuously encouraged to move 
along more rapidly. Completion of a minimal course requirement can be a major 
problem. If course credit can be given in varied units (1, 2, or 3 semester hours, 
for example) or grades of incomplete can be assigned and work then completed dur- 
ing the following semester, this problem can be handled effectively. (Variability of 
time for completing course requirements is one of the main reasons for developing 
an independent study program and thus procedures for effectively allowing more 
time for slower students must be developed.) 

10. Be prepared to adjust the original content or schedule for the course to 
fit the needs of the students. (As reported, we found that our students were able 
to complete more topics under this approach than under the more conventional 
one. However, the reverse might be the case for other courses.) 
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11. Be prepared to accept set-backs. Do not abandon a new approach after 
just one attempt. Work to correct and improve the original program. Remember, 
first attempts with any new procedure often do not measure up to expectations. 


Acknowledgement. The author is grateful to Larry K. Sowder of the Department of Mathematics 
at Northern Illinois University for his principal role in the development of the Math 416 course 
syllabus and his helpful suggestions concerning this article. 
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E 2450. Proposed by S. R. Conrad, B. N. Cardozo High School, Bayside, 
New York 


Prove that x*"+ x°"+ x?"4 x" +1 is divisible by x* + x3? + x? +x+1 when- 
ever n iS a positive integer which is not a multiple of 5. 


E 2451. Proposed by F. W. Hartmann, Villanova University 


Let dg = 1, a, = sin 1, a, = sin a,,:::,d,.4, = sin a,. Show that the sequence 
{na?\ has a limit and find that limit. What can be said for arbitrary a9? 


E 2452*. Proposed by Joel Anderson, California Institute of Technology 


Starting with an arbitrary convex polygon P,, a sequence of polygons is generated 
by successively ‘‘chopping off corners’’; thus if P; is a k-gon, then P;,, is a (k + 1)- 
gon. At the jth step let d, be the altitude of the cut-off triangle, measured from the 
cut-off vertex. Prove or disprove: The series Lid; converges. 


E 2453. Proposed by H. G. Niederreiter, Southern Illinois University 


Determine all rational numbers r for which 1, cos2zr and sin2zr are linearly 
dependent over the rationals. 
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E 2454. Proposed by Doug Hensley, Graduate Student, University of Minnesota 


Suppose that m < n are positive integers. Show that 


x [[ a t=m! zx TT] a3 
i=1 i=1 

where the summation on the left hand side is taken over all ordered partitions of 

n into m positive integers, and where the summation on the right hand side is over 

all m-element subsets of {1,2,---,n} which contain n. 


E 2455. Proposed by S. Audinarayana Moorthy, University of Bombay, India 


If n is a natural number let g(n) denote the number of 1’s in the representation 
of n in the base 2, and let h(n) denote the highest power of 2 which divides n!. It is 
a known result due to Legendre that g(n) + h(n) = n. 

(1) Let F, = 2?” + 1 denote the nth Fermat number. Show that 


¥ 27-"g(n) = 2 ¥ Fo", 
0) 


n=1 n= 


(2) Let h(O) = 0. Show that 


e.@) 


y xh, 
=0 


I] @+x") = 
n=0 n 


SOLUTIONS OF ELEMENTARY PROBLEMS 
Almost Associative Systems 


E 2385 [1972, 1134]. Proposed by Burnett Meyer, University of Colorado 


Show that there exists no binary system with two-sided identity and two-sided 
inverses such that the associative law fails for exactly one ordered triple of elements. 


Solution by D. P. Sumner, University of South Carolina. Let S be a binary 
system having a two-sided identity e and two-sided inverses. Suppose that S has at 
most one nonassociative triple. We will show that S is associative. 

First observe that inverses are unique. For if a* and a’ are distinct inverses for 
the element a, then since not both (a*,a,a’) and (a’,a,a*) can be nonassociative 
triples, we can assume that (a*,a,a’) is an associative triple so that a* = a*e 
= a*(aa’) = (a*a)a’ = ea’ = a’. We will henceforth denote the inverse of aeR 
by a7}. 

Let a,beS. We will show next that a~‘(ab) = b. For if this does not hold, then 
T = (a~',a,b) must be the unique non-associative triple in S. But in this case, the 
following are associative triples: 
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(1) (ab,b~+,a7") (4) (b7',a7",a) 
(2) (a,b, b~*) (5) (b,(ab)~*, ab) 
(3) (b,b7*,a7") (6) (b-'a71, a,b). 


If any of the triples (1) through (5) were identical to T, then we would have a = b=! 
and so ab =e and b=a~' =a~'e =a~‘(ab), contrary to assumption. If (6) 
were identical to T, then b~'a~* = a~', so using the fact that (4) is an associative 
triple, we would have e = a~'a = (b~'a~'")a = b-‘(a~'a) = b~'e = b™',7 im- 
plying b = e, and thus a~‘(ab) = a~‘(ae) = a~‘a = e = b, again contrary to 
assumption. Thus (6) also must associate. 

Since the above six triples are associative, we have (ab)(b~ ‘a~*) = [(ab)b7*]a7' 
= [a(bb-")Ja~* = aa~' = e and also (b-‘a~')(ab) = [(b7*a7")a]b 
= [b-'(a~'a)]b = b-'b =e so that (ab)~* = b~*a~*. We have then a7! 
= (bb-")a~* = b(b~*a~") = b(ab)~* and therefore a~*(ab) = [b(ab)~*](ab) 
= b[(ab)~*(ab)| = b. This contradiction establishes that a~‘(ab) = b for every 
a,beéS. In a similar way, we can show the dual result that (ab)b-' = a for every 
a,beS. 

Now we show that S must be associative, for suppose a(bc) # (ab)c for some 
a,b,ceS. Then (a,b,c) is the unique non-associative triple in S. If (ab,b~', bc) 
were different from (a,b,c), then a(bc) = [(ab)b~ *](bc) = (ab)[b~ ‘(bc)] = (ab)c, 
a contradiction; thus the two triples must be identical. This implies that ab = a 
and bc = c so that a(bc) = ac = (ab)c, again a contradiction. We conclude that S 
must be associative. 


Also solved by W. E. Bodden, Neal Brand, Gary McDonald & Merry McDonald, Lothar Red- 
lin, Phil Tracy, and Qazi Zameeruddin (India). 

Editor’s comment. Notice that the bulk of the published solution goes to show that a~1(ab) = b. 
Several solvers assumed this without proof, thus simplifying their solutions considerably. Other 
oversights were the assumption without proof of the cancellation laws, or the assumption without 
proof that if xy = x then necessarily y = e (a consequence of the cancellation law). 

The proposer presents the following example which has exactly two nonassociative triples: Let 
S= {0, 1 ,2} and define x * y = | x—y]|. Then 0 is the identity, each element is its own inverse and 
(2, 1, 1) and (1, 1, 2) are the only nonassociative triples. J. Conway asks for what k do there exist 
systems of the required type with precisely k nonassociative triples? 


Conditions for a Regular Ring to be Boolean 


E 2387 [1972, 1134]. Proposed by David Jacobson, Rutgers University 


It is well known that a Boolean ring with identity 1 is (von Neumann) regular 
and | is the only unit in the ring. Conversely, show that if R is a commutative regular 
ring and 1 is the only unit in R, then R is a Boolean ring. 
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Solution by E. T. Wong, Oberlin College. The problem will follow from the 
known result below: 


LEMMA. Let R be a regular ring with identity 1 (not necessarily commutative) 
with the property that x* = 0 only for x = 0. Then, given any aéR, there exists 
a unit ueER such that au = ua and aua = a. 


Proof. Suppose that ee R is an idempotent. An easy calculation shows that for 
every xER, (ex — exe)* = (xe — exe)” = 0, so that ex = exe = xe and thus e lies 
in the center Z(R). Let ae R be arbitrary. Then aba = a for some bDeER so that 
(ab)? =ab and (ba)? = ba; therefore ab,baeZ(R) and thus ab = abab 
= a(ba)b = (ba)ab = ba(ab) = b(ab)a = baba = ba. Let u =1—ab+bab. It 
is now routine to verify that ua = ba = ab = au, that aua = a, and that u’ = 1 
— ab + aba serves as an inverse for u so that u is a unit. This completes the proof of 
the lemma. 

Suppose now that R is a regular ring with identity 1 with the property that 1 is 
the only unit in R. (We do not assume commutativity.) Then R satisfies the hypotheses 
of the lemma for if x? = 0, then 1 =1—x? = (1+x)(1—x) so that 1 +x is a 
unit; this implies that 1 = 1 +x so that necessarily x = 0. (Note that R can have 
no nonzero nilpotent elements at all.) Applying the lemma, we see that for any 
aéR, aua = a for some unit u. But necessarily u = 1 so that a? = a; that is, R is 
a Boolean ring. 


Also solved by Donald Adams & Helen Adams, S. Alamelu (India), J.T. Arnold,W. E. Bodden, 
G. Conn & F. Tessier, S. C. Currier, Jr., Gertrude Ehrlich, B. M. Green, Melvin Henriksen, E. J. 
Howard, A. A. Jagers (Netherlands), S. J. Jain, Susanne Johannsen (Switzerland), K. Koh, Harbans 
Lal & Qazi Zameeruddin (India), Gary McDonald & Merry McDonald, P. V. R. Murty (India), 
W. K. Nicholson, John O’Neill, Henryk Pierog (Denmark), David Promislow, S. K. Sim, Art Steger, 
D. P. Sumner, R. G. Symonds, R. C. Wagner, E. T. H. Wang, G. P. Wene, and the proposer. 


Editorial comment. Jain shows that if R is a regular ring (not necessarily commutative) with 
identity, if the group of units R* is of order 2, and if na =0, aE R, implies a = 0 then for all 
xER, x"tl=x. 


The Symmetric Derivative is Aull Done 


E 2390 [1972, 1135]. Proposed by Anon, Erewhon-upon-Yarkon 
Let f(x) be continuous on (a, b) and suppose 


fixt+h—-fe-h) _, 


D,f(x) = lim 
(x) lim ah 


for all x in (a, b). Prove that f(x) 1s constant. 


Comments by George Crofts, B. F. Dunn, Alex Ferrer (Mexico), E. M. Klein, 
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J. F. Leetch, P. A. Lindstrom, E. J. Moulis, Jr., Phil Tracy, and W. T. Whitley 
(independently). This problem is an immediate consequence of the Quasi-Mean 
Value Theorem of C. E. Aull. See Theorem 1 (p. 709) of C. E. Aull, The first sym- 
metric derivative, this MONTHLY 74 (1967), 708-711. 


Also solved by Fred Barber, D. Borwein & A. Meir, W. O. Egerland, C. Gardner, M. G. Greening 
(Australia), Rev. William Habakkuk (Erewhon), A. Jakimowski (Israel), M.S. Klamkin, Charlotte 
Krauthamer, Felix Magnotta, R. Opp, D. B. Price, Kenneth Schilling, R. M. Warten, and R. A. 
Zalik. 


Editor’s comment. Most solvers solve the problem directly, using standard e — 6 techniques. 
Several solvers show that if F is an antiderivative of f, then the second symmetric (Schwarz) deriva- 
tive of F vanishes, implying that F is linear by a known theorem of H. A, Schwarz (see I. P. Natanson, 
Theory of Functions of a Real Variable, Vol. Tl, Ungar, New York, 1960, pp. 36-37). Price uses the 
techniques of the theory of distributions of Laurent Schwartz. Klamkin comments that the result is 
known and appears with proof in T. Chaundy, The Differential Calculus, Oxford University Press, 
London, 1935, pp. 95-98. Klamkin also notes that the result still holds for the more general ratio 


F(x + ph) — f(x — qh) 
h 3 


where p and q are fixed positive numbers independent of x and h. C. J. Neugebauer refers to A. Khint- 
chine, Fund. Math. 9 (1923), pp. 212-279. 


A Property Shared by Ellipses and Other Curves 


E2397 [1973, 202]. Proposed by K. A. Brons, Cherry Hill, New Jersey 


The ellipse has the property that corresponding to any point on it there exist 
two other points on it such that the tangent to the curve at any of the three points 
is parallel to the chord joining the other two. Do any other simple closed convex 
planar curves enjoy this property? 


I. Solution by Erhard Heil, Technische Hochschule, Darmstadt, Germany. 
The answer is affirmative. This has been shown by R. Inzinger, Uber konvexe ebene 
Bereiche die eine einparametrige Schar von Grésstdreiecken besitzen, Osterreich. 
Akad. Wiss., Math.-Nat. KI., Sitzungsber., Ila 156, 263-285 (1948). The paper is 
reviewed by Busemann (Math. Reviews 10, 205) and by Hadwiger (Zentralblatt 
37, 252). 


II. Solution by G. D. Chakerian, University of California, Davis. Smooth 
convex curves C having the required property and different from ellipses have been 
constructed by J. Sancho San Roman [Sobre un nuevo conceptode anchura de 
ovalos, invariante afin, Rev. Mat. Hispano-Amer. (4) 16(1956), 151-171; Math, 
Reviews 18 (1957), p. 505]. For each point peC, let T(p) be a triangle of maximum 
area inscribed in C with one vertex at p. The required curves are characterized by 
the property that the area of T(p) is the same for all peEC. 
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A Result Known to Johnson 
E2398 [1973, 202]. Proposed by C. W. Dodge, University of Maine at Orono 


Prove that the point of intersection of the diagonals of a parallelogram lies on 
the pedal circle for any vertex with respect to the triangle formed by the other three 
vertices. 


I. Solution by Huseyin Demir, Middle East Technical University, Ankara, 
Turkey. Let ABCD be a given parallelogram with J as center. Let the projections 
of D on sides BC, CA, AB of triangle ABC be A’, B’, C’, respectively. If xD = 7/2, 
the pedal triangle degenerates into the Simson line AC containing the point J. 

We give the proof in the case where xD > 7/2 and A’ is on the segment BC 
and C’ is on the segment AB. Similar proofs may be given in other cases. We need 
only show that xC’A’I = x AB’C’. In obtaining this equality we use the properties 
that AC’B’D and DC’BA’ are cyclic and triangle DIA’ is isosceles. We have 


xC’A'l = XC'A'D— XIA'D = XC'BD— XIDA' = XA'DC 
= n/2—xC = n/2—xA = XADC’ = XAB'C’. 


II. Solution by A. W. Walker, Toronto, Canada. Let D be the reflection of the 
vertex A of triangle ABC in the midpoint M of the side BC. If BAC is a right triangle, 
the pedal ‘‘circle’’ of D for triangle ABC is the line BC; if not, let E be the meet 
of the lines tangent to circle ABC at B and C. Then BD and BE are isogonal con- 
jugate lines in the angle ABC, and likewise for CD and CE in angle BCA, so D and 
E are isogonal conjugate points in triangle ABC and therefore (R. A. Johnson, 
Modern Geometry, p. 155) have a common pedal circle passing through the pro- 
jection M of E on BC. 


REMARK. E2398 is a special case of the theorem: For a plane non-orthocentric 
quadrangle ABCD there are four pedal circles (and four nine-point circles) passing 
through the center of the rectangular hyperbola ABCD (Johnson, p. 242). 


Also solved by Giinter Bach (Germany), Leon Bankoff, Howard Eves, Michael Goldberg, 
M.G. Greening (Australia), Lew Kowarski, L. Kuipers, and the proposer. 
ADVANCED PROBLEMS 


All solutions of Advanced Problems should be sent to J. Barlaz, Rutgers — The State University, 
New Brunswick, N. J. 08903. Solutions of Advanced Problems in this issue should be typed (with 
double spacing) on separate, signed sheets and should be mailed before April 30,1974. 


An asterisk (*) means neither the proposer nor the editors supplied a solution. 


5946. Proposed by Andrzej Ehrenfeucht, University of Colorado 


Find a sequence of groups G,; 2>G,2G,2=2 --- such that each G, is a finitely generated 
group but (),_, G, is not a finitely generated group. 
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5947. Proposed by C. H. Kimberling, University of Evansville 


If a(x) = x" + ayx” +e +a,-4x +a, = []ja1(x—4,) and s, = s,,[a(x)] 
= _, a", then (1) find 


A(x) = x" + Ayx" * +e +A, x +A, 


satisfying s,,{ A(x)| = —s,,|.a(x)] for m = 1,2,---,n; and (2) find the characteristic 
polynomial f(x) of 


‘e —| 0 0 
S5 Sy —2 0 
S3 S> Sy 0 
S4 l—n 
Ls, Sn-1 Sn-2 nee Sp s, J 


5948*. Proposed by A. A. Mullin, U.S.A. Research Office, Arlington, Virginia 


Does there exist an integer-valued sequence g which is both additive and relatively 
prime? I.e., does there exist a g such that g(a: b) = g(a) + g(b), if (a,b) = 1 and 
(g(a), g(b)) = 1, if a # b, where (a, b) is the greatest common divisor of a and b? 
Clearly, there exists a nonconstant integer-valued sequence which is both multipli- 
cative and relatively prime. 


5949*, Proposed by C. W. Anderson, University of California, Berkeley 


Let & (n) = o(n)/n, where o(n) is the sum of the divisors of n. It is known 
that 2 : N > [1, 0) is a dense map. It is also known that there exists p/q, (p,q) = 1, 
p>q, such that » (n) = p/q has no solutions, or J (n) = p/q has exactly one 
solution. 

(1) Show there exists a dense infinity of rationals p/q in [1, oo) for which 
»(n) = p/q has no solution. (2) Also show there exists a dense infinity of such 
rationals for which %(n) = p/qg has only one solution. For example, & (n)=5/4 
has no solution; » (n) = 3/2 has exactly one solution. 


5950. Proposed by M. G. Glasser, Battelle Memorial Institute 


Sum the series 


1 (a + b +2) n 5 (py Goth -G@tb+n—-D@t b +n) 


5 = Tb (atbot)’ %, ni(a +n)(b +n) 


5951*. Proposed by J. Gilles, University of Charleroi, Belgium 


Show that 
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© 134: 
x” sin 42x 17 8 7 35 105 
o) f vs 16 Bn nt On T6nd 
@ x3 cosinx —~8§ 7 35 873 
@) f inde) On tet St Tne 


SOLUTIONS OF ADVANCED PROBLEMS 
The Translates of a Linear Set 


5866 [1972, 779]. Proposed by Hal Forsey, San Francisco State College 


Let A be a nonempty proper subset of R, the real numbers. Show that 
{A+t: t in R} is infinite. 


Solution by Douglas Costa, University of Kansas. The resolution of the prob- 
lem is an immediate consequence of the following more general result: Let A be a 
nonempty proper subset of a divisible group G. Then {A +t:t in G} is infinite. 


Let T = {tin G:A+t= A}. Tis a subgroup of G, and the hypotheses on A 
guarantee that it is proper. Thus G/Tis a nontrivial divisible group and hence infinite. 

Observe that if d+t=A+s, then t—s is in T. Therefore 4d+t—->t+T 
is a well-defined mapping of {A + t: tin G} onto G/T. It follows that {A + t:tin G} 
is infinite. 


Also solved by R. B. Brook, Robert Brooks, J. H. Elton, W. R. Emerson, E. W. Ewing, G. F. 
Feissner, D. Fieldhouse & H. Pesotan, P. Fisher & J. Holbrook, D. P. Giesy, J. D. Gillam, Robert 
Gilmer, S. M. Ginn, Donald Girod, P. D. Humke, A. A. Jagers (Netherlands), K. O. Leland, O. P. 
Lossers (Netherlands), Milan Lustig (Czechosolvakia), J. G. Mauldon, Ka Menehune, L. F. 
Meyers, Warren Page, Tom Parker, J. Pasciak, B. R. Toskey, Phil Tracy, Charles Tucker, M. H. 
Yu, and the proposer. 


Notes. Humke notes that the result is best possible in that there is a set A having enumerably 
many distinct translates. Let H be a Hamel basis for R, and let hE H. Let A be the set of all real 
numbers which do not have # in their expansion over H. The set of translates of A is {A + gh:q is 
rational} and hence is enumerable. Fisher and Holbrook (using a comment by Professor W. Fraser), 
and the proposer note that such a set must be non-measurable. 


Compact Subsets in a To-Space 


5874 [1972, 913]. Proposed by T. E. Elsner, Michigan State University 


Let X be a compact To-space and let A be the set of closed singletons in X. 
Show that every subset containing A is compact. 


Solution by A. A. Jagers, Technische Hogeschool Twente, Enschede, Nether- 
lands. We first show that any nonempty closed subset C of X intersects A. An ap- 
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plication of Zorn’s lemma and the compactness of X imply the existence of a minimal 
nonempty closed subset M of C. Being minimal, M is equal to the closure x of 
{x} for all xeM, whereas, since X is a Ty-space, p # g if (and only if) p,qex 
and p #q. Hence M = {m} =m for some meX. Clearly me ANC. 

Let Y be a subset of X containing A; let ¥ be a collection of relatively closed 
subsets of Y with the finite intersection property. To each Fe-F associate a closed 
subset Fo of X with F = YO Fo. Set D = A {Fy|FeF}. Then D is closed and, 
since X is compact, D is nonvoid. Hence DO YS DQ A is nonvoid. Thus the 
intersection taking all of the elements in F is nonvoid. This proves the compact- 
ness of Y. 


Also solved by G. C. L. Briimer (South Africa), D. Z. Djokovié, J. W. Grossman, R. A. Herr- 
mann, C. T. Kendrick, D. G. Lash, John MacBain, S. E. Minear, B. W. Miller, T. B. Muenzenberger 
& R. E. Smithson, Tom Parker, J. M. Rosenberg (England), Ira Rosenholtz & Bob Christiansen, 
W. J. Sanchez, J. R. Smith, Paul Strong, W. W. Williams, M. H. Yu, and the proposer. 


Limit of Solutions of a Linear Differential Equation 
5875 [1972, 913]. Proposed by Anon, Erewhon-upon-Yarkon 
Suppose f(t) is twice differentiable and 
lim [FO +/'O +f"O] = L. 
Prove lim,.,,,f(t) = L. (Compare an exercise in Hardy, Pure Mathematics; 


f+f" > L) 


Solution by W. C. Waterhouse, Cornell University. A generalization of an exer- 
cise in G. H. Hardy, Pure Mathematics is: if f is ditferentiable, f’ + «f > 0, and 
a = Re(a) >0, then f—> 0. Indeed, given ¢>0 choose c with | St’ +af | < ag 
for t =c. Then 


| De“) | = 


e“(f’ + af)| < aee, 
and hence 


e“f(t) — e*f(c)| < ef[e™ — e*]. 


This implies 
IFO] Se [FO] + eft — e%"7, 


whence | f (1) | < 2¢ for large t. 

Now let P(D) be a polynomial in D with constant coefficients, and factor it as 
a constant times (D—A/,)---(D—A,). If all A, have negative real part, then the above 
argument applied inductively n times shows that P(D)f — 0 implies f— 0. This 
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is in particular the case for P(D) = D* + D + 1; the reduction to L= 0 is obtained 
by subtracting a constant from ff. 

The condition of negative real parts is necessary as well as sufficient, since 
f(t) = e’* certainly satisfies P(D)f—-0O. Hence the analogous statement for 
ftf'+--+f™ is false for n = 3. 


Also solved by J. M. Ash & Stephen Vagi, D. G. Belanger, D. Borwein, T. A. Burton & L. Kuip- 
ers, R. W. Cheney (Sweden), Michael Golomb, M. G. Greening (Australia), A. A. Jagers (Nether- 
lands), Sol Kaufman, C. E. Langenhop, O. P. Lossers (Netherlands), J.S. Muldowney, Frank Witte, 


P. H. Young, and the proposer. 


A (C, 1) Summable Sequence 


5877 [1972, 914]. Proposed by R. Shantaram, University of Michigan at Flin 
Let {a,} be a sequence of positive real numbers such that 


lim (€4; +a, +-+4a,)/n =a, 0O<a<o. 


For a>0, find lim,..,.(a] + a3--- + a*)/n*. What if a = 0? 
Solution by Ellen Hertz, Bronx, New York. We find 


0 if a>l,aZod (1) 


jim a1 o if a<1,a>0 (2) 


indeterminate ifa<1, a=0. (3) 


Leta>1,a20. Seta =1+6e. Let k(n) be the greatest index not exceeding n 


such that a,.,,) = max(da,,--:,a,). Then 


nh lt+e & nh e 
Dha1e * Aen), Beare (“4) - 


n 


nit — on n 
If ay,,) is bounded, then surely a,.,,/n > 0. If not, then k(n) > o0 and since 


a, _ Lyar% _n—-l1 Lilia 0 


n n n n—1l 


it follows that ay¢,/n S Ayny/K(n) + 0. This proves (1). 
For (2), set « = 1—«&, a>0O. Then 


ye qi7? ae a n E a a 
k=1“k > k=1%k = ( . Leni de | -a->o. 


1-é = é 1-é& 
nh Anny N Akn) nh Akin) 


For (3), let a, =k ?, ap #1; then 


94 ADVANCED PROBLEMS AND SOLUTIONS [January 


na Dafaen*D ken Cen tl 4 « ifa<(1+p)%,— 
k=1 k=1 
> 0ifa>(1+p)"', 


+ Cifa=(1+p)7'. 


Also solved by A. A. Jagers (Netherlands), O. P. Lossers (Netherlands), L. E. Mattics, T. Salat 
(Czechoslovakia), Alan Stein, Aleksandras Zujus, and the proposer. 


Editor’s comment. The result is somewhat intuitive if we consider the case of the sequence being 
convergent. An interesting question which may also be raised concerns the limit of n~? dj= 1%; for 
general g, or even for the special case g = 1. 


Characterizing Non-concave Functions on [0, 1] 


5879 [1972, 1043]. Proposed by Alexandru Lupas, Institutul de Calcul, Cluj, 
Romania, and the University of Stuttgart, Germany 


Let L,: C(K) > C(K), n = 1,2,---,K = [0,1], be a sequence of linear positive 
operators with the properties: 

(1) Ly@o = Co, Ln@y = C1, Ly@2 = 2 + ay, (n = 1,2,:+-), where e,(f) = t* and 
{a,}, n = 1,2,-+-, is a sequence of nonnegative continuous functions, uniformly 
convergent to zero on K, and such that there is x9,x,¢K, for which a,(x,) > 0. 

(2) For every géC(K) and n = 1,2,-:--, 


(L,9)(0) = 90). (Ln9)G) = 9). 


Prove or disprove the following assertion: A function f, fe C(K), is non-concave 
on K if and only if f(x) S (L,f)(x) for every xe K. Eventually study the same 
problem without the second property of the operators. 


Solution by S. P. Lloyd, Bell Laboratories, Murray Hill, New Jersey. The 
assertion does not hold; consider 
(L,f)(x) = A —nx)fO)+nxf(n-") if OSxSn,—7 


f(x) if n-*' Sxl, 


noting that a,(x) = (x/n)(1 —nx)+ S 1/(Q2n)*, xe K. The function f(x) = x[-1 
+ cos(2z/x)] ifO0<x <1 f(0) = 0, satisfies f < L,f for n = 1,2,---, but is strictly 
concave on infinitely many disjoint subintervals of K. 

Any L:C(K) > C(K) satisfying L2 0, Leyp =e), has the form (Lf)(x) = 
\xf(©p,(dé), xeK, where each p, is a probability measure. If further Le, = e,, 
then 


a(x) = (Le, — e,)(x) = { (é — x)?p,(dé) 
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is the variance of p,. From x = fx €p,(d6) it is clear that pp = 59, py = 64, where 
6, is the point measure at x, so that condition (2) is redundant. 


REMARKS. With [L,] the given sequence, define L= Ly, 27>” L,, so that Ley=@p, 
Le, =e,, @= Le,—e, = L_,2°-"a,. By the conditions stated, a(x)>0 if 
0 <x <1. Regard L as the Markov operator for a Feller process [x,(@), t = 0, 1, +--+] 
in state space K. Since [x,(@)]| is a bounded martingale, x,,(@) = m,x,(w) eK 
exists with probability 1. Thus the bounded submartingale [x/(w)] satisfies 
E{x2(@)} + Lio Ef{a(x@))} = E{x2,(@)} < 00, and from a(x) >0,0<x <1, it 
is clear that x,,(@) = 0 or 1 with probability 1. 

Let W = {feC(K):f = Lf) be the continuous regular functions for the process. 
If fe @, then 


fo =f-LfWMJe: -— Lf] eo — ee 4 


has the property /o(x,,(@)) = 0 with probability 1, whence fo = 0. In other words, 
M consists of the linear functions on K. 

Let € = {feC(K):f = Lf} be a the continuous excessive functions for the pro- 
cess, and let @°e@& be the -@-concave functions, i.e., the closure in C(K) of 


U fia Atm fie for 1 Si < m}. 
m=1 


By the above .#~ consists of the bounded functions on K which are concave in 
the usual sense. If f < L,f, n = 1,2,---, then —feé but —fe.W”~ may fail, as the 
example shows: the inclusion “*~ < & may be proper. 

The result does not change if it is required that every a,(x,.)>0 for 
O<x, <1. Let [0<«a,<1] be any sequence converging to 0, and consider 


(L,f)(x) = A — a) fx) + HLA-x)fO) + xf(D)], xeK, 


for which a,(x) = a,x(1 — x), || a, ! = g,/4. The following conditions on fe C(K) 


are seen to be equivalent: 

(i) L,f 2 f for n = 1,2,---: Gi) Lf 2 f: Gi) f(x) S$ A—x)f0) + xf(1), xeEK. 
The failure of € < #° is substantial, e.g., for any fe C(K) and any ¢ > 0 there exists 
f,¢€& such that f(x) =f(x),eSgxgl-e. 

The problem of identifying -Z@ is related to questions in R. A. Hunt and R. L. 
Wheeden, Positive harmonic functions on Lipschitz domains, Trans. A.M.S. 147 
(1970), 507-527, and in W. A. Veech, A converse to Gauss’ theorem, Bull. A.M.S. 78 
(1972), 444-446. Identifying & would seem to be more difficult. 


Also solved by Charles Micchelli 
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Calculus: A Linear Approach, Volume 1. By John B. Fraleigh. Addison-Wesley, 
Reading, Mass., 1971. vii + 663 pp. $11.95. (Telegraphic Review, January 
1972.) 


This book was used for two years at Bucknell University in several freshman sec- 
tions consisting almost entirely of mathematics majors. It was well received by both 
students and instructors. The book is especially appropriate for use in a four semester 
‘“‘analysis’? sequence which contains a formal study of linear algebra, since the author 
prepares the student for such a study from the outset. Throughout the book a high level 
of rigor and sophistication is maintained, yet our students seemed to find most of 
the material quite readable. The more difficult topics and proofs are put into-starred 

ections which we felt desirable for mathematics majors, but which may be omitted 
without loss of continuity. Regarding the current enthusiasm for applications —the 
author includes many in physics, but applications in other disciplines are lacking. 

The author avoids spending an inordinate amount of time on plane analytic 
geometry in Chapter 1 by proceeding directly to the geometry of R". An excellent 
section is included about the “‘amount of room in R*’’, which will strengthen anyone’s 
intuition regarding n-dimensional Euclidean space. The fundamental completeness 
property of the real numbers is also introduced in this chapter in the form of the 
Supremum Property. The notion of a linear mapping is introduced in Chapter 2 and 
the relationship between linear mappings from R" to R and hyperplanes in R**! 
is discussed. As the title suggests, the language of linearity is used throughout the 
remainder of the book. After giving the standard definition of the derivative of 
a function in Chapter 3, the author proves the characterization which prepares 
the student for the generalization of differentiability to functions of several variables. 
The, message which is repeatedly emphasized in this material is that a function’s 
being differentiable at a point means it has a good linear approximation at the point. 

Many of the deeper theorems on continuous and differentiable functions are 
presented in Chapter 4; accessible proofs are always provided along with comments 
and examples showing the role of “‘completeness’’ in the results. The notions of 
compactness and uniform continuity are also introduced in this chapter (in starred 
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sections). It is highly unlikely that even the honor student will develop a working 
knowledge of these concepts in a first course; however, as a result of this contact, 
he will find them much less imposing the next time he meets them. To quote the 
author, “‘having been ‘exposed’ to a concept ahead of time is often half the battle.” 
Besides, the fundamental importance of these ideas is alone enough to justify their 
inclusion in an honors section. 

The treatment of integration in Chapter 5 is excellent. The theory is clear and 
well-motivated, and numerous applications are provided. The author resists present- 
ing a host of integration tricks for dealing with various kinds of problems. He does 
include a section on integration by parts and provides the student with plenty of 
opportunity in the exercises for developing integration techniques while encouraging 
the use of integral tables. 

The introduction of inverse functions is delayed until Chapter 6. At that time the 
inverse trigonometric functions, the logarithm and exponential functions, and the 
hyperbolic functions are presented in standard fashion. Chapters 7 and 8 are devoted 
to sequences and series of real numbers and functions. Most of the familiar conver- 
gence tests are included and the student is encouraged to gain skill at determining 
convergence by inspection. Here again the author goes fairly deeply into the theory — 
for example, uniform convergence is introduced and theorems about term-by-term 
integration and differentiation of series of functions are given. 

The differential calculus of several variables is taken up in the last two chapters. 
Matrices are introduced and applied to the solution of systems of linear equations 
and finally to the differential calculus from R’ into R”. A formal study of linear 
algebra and a treatment of multiple integration is given in Volume II. A word of 
caution regarding Volume II] —the treatment of linear algebra is considerably 
abbreviated, with many standard theorems left to the exercises. Also, the treatment 
of determinants is non-standard, and many of their basic properties are not proved. 
Dissatisfaction with the quantity and treatment of linear algebra has led to our 
replacing Volume II after one year. 

Several topics that are standard freshman fare are left to Volume II. The most 
notable example is the theory of plane curves (conic sections, parametric equations, 
arc length, polar coordinates); also omitted are numerical approximation of integrals 
and trigonometric substitution. These omissions may cause difficulty in choosing 
a second year text other than Volume II. 

The author distributes sections on differential equations throughout the two 
volumes, treating the various types of equations as the needed tools for their solu- 
tion are developed. For example, the equation y’ = ay is solved as an application 
of the exponential function, and linear differential equations are treated as an appli- 
cation of power series. The reviewer feels this is far preferable to including a separate 
chapter on differential equations which no one gets to. 
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A large number of exercises is included throughout the book to give the student 
plenty of practice in “‘drill’’ problems. There are also many problems of a more 
challenging nature, which require a deeper understanding of the underlying theory. 
The format of the book is pleasing and the text is remarkably error free. (One error 
of substance does occur in Theorem 6.4, p. 315, when the author claims to prove 
(e%)” = e” for a, b, € R. At this point, the reader has no definition of the left hand 
side unless a = 1 or Dis rational.) 

This is an excellent book, and I enthusiastically recommend it for honors sec- 
tions. With the omission of many of the starred sections, it might also be well-suited 


for general use. 
PAUL STRONG, Bucknell University 


Numerical Methods that Work. By Forman S. Acton. Harper and Row, New York, 
1970. xviii + 532 pp. $13.95. (Telegraphic Review, January 1971.) 


This is an unusual first text in numerical methods, written for bright engineering 
students. I used it jointly with Ralston’s First Course in Numerical Analysis in two 
terms of advanced undergraduate numerical analysis for mathematics and physics 
students. I needed the additional text because Acton seldom derives or provides 
mathematical background for the methods he presents. His method is to teach by 
example. Acton is aware of this and frequently refers his reader to other texts for 
mathematical background. He especially avoids error analysis: his reader rarely sees 
a Taylor series error term. To me the course was an opportunity to solidify and 
enlarge upon my students’ knowledge of linear mathematics, multivariable calculus, 
differential equations, and so on. If you share these goals, Acton will be a poor 
choice of sole text, in my opinion. But it contains so much mathematical and computa- 
tional insight found nowhere else that I heartily recommend it as serious side reading 
for student and teacher. 

This text explains what not to compute and in what order to compute. It is out- 
standing in applying mathematical effort to the part of the problem that needs it most. 
For example, Acton is not interested in super-high-order-of-accuracy quadrature 
formulas. From his many examples one draws the moral: your troubles in { f are with 
f, not with the integration. Then, work at replacing or approximating f with suitable 
mathematics: power series, series around o0, change of variables, subtraction of 
singularities, etc. All these are used successfully. Methods are presented for conversion 
among various forms of a function, including rational approximations and continued 
fractions. 

For such topics as eigenvalue calculation, solution of partial differential equations 
(Laplace and parabolic equations are treated starting with physical examples) and 
network analysis, Acton starts from scratch. But the reader must have preparation 
to read other sections. In the chapter on interpolation, Everett’s and Bessel’s formulas 
arrive out of the blue: the reader should have seen Lagrange interpolation and the 
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classical theory elsewhere. The reader also needs experience with singular integrals 
to read Acton. 

The chapter on interpolation is one instance where a few more paragraphs 
placing the material in context are really needed. Also, the idea of orthogonality of 
functions with respect to a finite net of points is presented well, but the few para- 
graphs needed to explain its use in least square applications are missing. 

These are small complaints. By leaving out the background material Acton has 
made space for an exhibition of the professional numerical analyst at work. The 
book is well written in a style that is casual, friendly, and genuinely entertaining. It 
deserves attention from numerical methods instructors. 

PHILIP TUCHINSKY, Ohio Wesleyan University 


Mathematics in the Time of the Pharaohs. By Richard J. Gillings. MIT Press, Cam- 
bridge, Massachusetts, 1972. xi + 286 pp. $25.00 (Telegraphic Review, October 
1972.) 


English publications in the history of mathematics have been rather consistently 
marked by a disconcerting degree of ignorance in their treatment of the mathematics of 
ancient Egypt. Standard criticisms have pointed tothe methods used in solving prob- 
lems as primitive and devoid of formal proof, and have perpetuated the view that 
the mathematics of that era remained on the level of practical arithmetic needed in 
daily life. Gillings’ work, the first comprehensive study on the subject to be published 
in English, recommends itself by a high level of scholarship as well as the rigor with 
which it contests such misconceptions. 

The presentation is based on facts given by mathematical papyri, specifically the 
Rhind Papyrus, the Moscow Papyrus, and the Egyptian Mathematical Leather Roll. 
The author demonstrates that from the development of the arithmetical calculations 
of finding two thirds of any number and the twice times table, the Egyptians were 
able to reach a high level of mathematical sophistication. Despite the fact that they 
had no mathematical tools to speak of, no notations or signs for the four operations 
of arithmetic, the accomplishments were significant. Gillings focuses in particular on 
the determination of the value of z with an accuracy of less than 0.6 of one percent 
error, the solution of first and second degree equations, the summing of geometric 
and arithmetic progressions, the formulation of the volume of the frustrum and of the 
surface area of a hemisphere. 

One of the chief contributions of the text is the success with which the author 
demonstrates explicitly obvious mathematical relationships implicit in the ancient 
manuscripts. The chapter on the “‘“G Rule’’ serves as a good example. The rule is 
stated as follows: 

“If one unit fraction is double another then their sum is a different unit fraction if 
and only if the larger denominator is divisible by 3. The quotient of the division is 
the unit fraction of the sum.” 
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Knowledge of the ““G Rule’’ by the ancient Egyptians is inferred in a manner 
similar to that used by Neugebauer and Sachs. The method rests on the assumption 
that simple mathematical relationships must have suggested themselves visually from 
tabulated figures governed by rules expressing those relationships. Gillings’ inference 
concerning the ““G Rule’’ is substantiated by him in numerous examples taken from 
the papyri which indicate its application. These cases are then used to illustrate that 
specific mathematical methods, for example, the simplest decomposition of fractions, 
were not improved upon for centuries and in some instances remained unchallenged 
until the fifteenth century. 

The text was most successfully used in a history of mathematics course for under- 
graduates. Favorable reception was due to its readability, ample illustrations, and 
imaginative line of argument. An appendix of problems would have been desirable 
for this purpose. Unfortunately, the prohibitive price relegates this excellent study to 
the reserve shelf. 

JOHN NIMAN, Hunter College of the City University of New York 


Introduction to Mathematical Theory of Control Processes. By Richard Bellman. Vol. 
I, Academic Press, New York, 1967. xvi + 245 pp. $11.50. (Telegraphic Review, 
April 1972.) Vol. II, 1971. xix + 306 pp. $16.00. (Telegraphic Review, August- 
September 1971.) 


Control and Dynamic Systems. By Yasundo Takahashi, Michael J. Rabins, David M. 
Auslander. Addison-Wesley, Reading, Massachusetts, 1970. xiv + 800 pp. 
$17.50. (Telegraphic Review, April 1972.) 


Mathematical Methods of Optimal Control. By V. G. Boltyanski. Transl: K. N. 
Trirogoff. Holt, Rinehart and Winston, New York, 1971. xiv + 272 pp. $9.95. 
(Telegraphic Review, April 1972.) 


Because of a large and growing human population it is becoming ever more 
necessary to utilize efficiently the limited resources of our planet. Control theory 
provides a scientific approach to the decision making involved in the allocation of 
resources. In the two books authored by Bellman, control theory is defined as the care 
and feeding of systems — control theory being the technique whereby the best feeding 
plan is established. The four books under review are each devoted to the topic of control 
theory. 

The control theory approach is to assume that the controlled system (be it an 
airplane, a human, or an economy) is fixed, usually unalterable, and equivalent from 
an input-output point of view to its mathematical model. The inputs can be thought 
of as the influence variables (the quantities which are subject to control) and the out- 
put can be thought of as the sensed variables. Control theory provides the connection 


1974] REVIEWS 101 


between the outputs and the inputs so that the controlled system behaves in a satis- 
factory (or perhaps even in a most efficient) manner. This connection between output 
and input is the concept of feedback. Models commonly used for systems are differ- 
ence equations, differential equations (or the equivalent transfer functions), functional 
differential equations, partial differential equations or combinations of these. 

The mathematical model for a system is obtained in a number of ways. In engineer- 
ing it is common to build the model based on the known structure of the system; for 
example, it may be composed of electrical devices such as resistors and capacitors, 
which have a well established relationship between their inputs and outputs, and rules 
(Kirchhoff’s current and voltage laws) for interconnecting which determine the model 
of the composed system. Mechanical and chemical systems can be modelled in a similar 
fashion. Another approach to modelling is to postulate a relationship between the 
input and output variables with unknown parameters which are determined by a com- 
parison with experimental data from the controlled system. 


To evaluate the performance of the controlled system a comparison is usually 
made between the performance of the actual controlled system and some ideal system 
in certain critical situations. In control engineering this comparison may be in terms 
of such quantities as the rise time of the output for a step type input, the peak over- 
shoot, phase margin, gain margin, etc. The modern control approach makes this 
comparison by considering as the performance index the mean square error between 
the actual system response and the ideal system response (or some other mathematical 
expression of efficiency). Frequently the goals of the system are not clear and one 
chooses an index of performance for mathematical simplicity to carry out the con- 
troller synthesis and afterwards compares the controlled system with other norms. 


Another part of the problem to consider is the constraints and restraints that the 
system may be subject to. For example, the controlled inputs may be restricted as to 
size or Shape or to the total number available. Such constraints are frequently stated in 
mathematical terms by putting a limit on the absolute value of a control variable or 
by a limitation on the integral of the control variable squared. 


The mathematical control problem is then to select the best relationship (in the 
sense of the performance criteria) between the outputs and the inputs subject to the 
mathematical model and constraints. This mathematical control problem is the 
central topic of the four books under review. 


In the two books authored by Bellman, the mathematical control problem for 
systems modeled by ordinary differential equations is considered from two points of 
view :’a classical variational one and the dynamic programming (feedback) approach. 
The control of processes with difference equations and partial differential equation 
models are briefly discussed. 


Volume I begins with motivational material in the form of nine very short sections 
concerning mathematical modeling, uncertainty, questions of observing systems, the 
concept of feedback, and the like. Chapter 2 is devoted to second order linear differen- 
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tial and difference equations, while in Chapter 3 the concepts of stability and control 
are discussed and the mathematical control problem (linear model and quadratic 
performance index) is formulated. The remaining 6 chapters elucidate techniques 
for solving mathematical control problems when various constraints and generaliza- 
tions are admitted. Such questions as the existence of an optimalizing control func- 
ton, its uniqueness, and necessary and sufficient conditions that the optimalizing 
control function must satisfy are considered. Chapter 9 outlines briefly how the 
theory of functional analysis can be applied to the quadratic optimal control 
problem. 

Volume II discusses the discrete version of the mathematical control problem, 
namely when the controlled system model is a nonlinear difference equation and the 
performance index is a finite sum of terms involving the output and input variables. 
In early chapters, the technique of dynamic programming is the tool used for deter- 
mining the optimuin control policy. The general mathematical control problem 
for the nonlinear differential control model and an integral type performance 
index is considered using results and computations from the calculus of variations. 
Middle chapters contain information about approximating a continuous process 
by a discrete process useful for controller synthesis, and give details of the theory 
when the time interval for control becomes unbounded (asymptotic control theory). 
The remaining chapters contain results for applying the theory to more general 
situations, such as allocation of resources and to problems with distributed para- 
meters. 

Bellman’s stated goal was to provide a rigorous, yet elementary, account of control 
theory geared to the abilities of an undergraduate student with training in calculus, 
differential equations, and matrix theory (each of these topics is again discussed in the 
two volumes under review). In general, he has admirably achieved this goal. On the 
other hand, there are many topics of interest in control theory beyond the mathe- 
matical control problem. Such topics as modelling, the information set (observability— 
controllability) are treated only briefly, as are realistic applications of the theory. 
The books should be of interest to students in all fields which are concerned with 
allocation of resources and dynamic processes (including medicine, economics, 
engineering and computer science). 

The senior-first year graduate level text, Control and Dynamic Systems by Taka- 
hashi, Rabins and Auslander, is excellent for its motivation, clarity, and coverage of 
topics. It has a remarkably good coverage of classical control topics such as Bode 
diagrams, Nyquist criterion and root locus. In addition to a lucid description of these 
techniques in the analysis and design of linear feedback control systems, the text is 
replete with well-chosen examples from a variety of fields. These are presented in 
sufficient detail to make the book suitable for self study. 

Modern control topics such as state space description of systems, controllability 
and observability are discussed with an abundance of well-chosen examples. Optimiza- 
tion methods such as dynamic programming and maximum principle are also dis- 
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cussed in a manner appropriate to the level of the text. A chapter is devoted to linear 
stochastic systems where the principles of Kalman-Bucy filtering are discussed. This 
is one of the clearest discussions that exists at this level. The discussion of nonlinear 
systems includes the phase-plane, Lyapunov stability theory and the describing 
function method. A unique feature of the book is the inclusion of a chapter on switch- 
ing systems where logic elements, switching algebra, combinatorial systems, sequential 
systems and finite state machines are discussed. 

The chapters have at the end enough challenging problems to make it a good 
book for classroom use. One of the reviewers has used parts of this text at the senior 
level and has found the student response very favorable. The book can be recommen- 
ded for classroom use and for self study by practicing engineers. 

Mathematical Methods of Optimal Control by V. G. Boltyanski is a translation 
from the Russian original. As we have been accustomed to expect, the translation by 
K. N. Trirogoff is very smooth indeed. 

The book deals mainly with the methods of Pontryagin’s maximum principle and 
Bellman’s dynamic programming. The maximum principle is discussed at a level so that 
first year graduate students can follow most of the technical discussion. The author 
has chosen two dimensional systems for illustrative purposes so that the phase plane 
can be exploited to great advantage. In this, he has succeeded well. Linear time- 
optimal processes are given considerable emphasis. Numerical algorithms of Neustadt 
and Eaton are discussed. Dynamic programming and its application to Optimal 
Controller synthesis is well done. Numerical aspects of this technique are not dis- 
cussed. The reader should refer to the books of Bellman for this point. The last 
chapter introduces the reader to various generalizations of the optimal control 
problem. 

The basic weakness of the book as a classroom text is the lack of problems. Even 
if the instructor should supply the problems, the scope is rather narrow for a quarter 
or a semester course. There are other textbooks that could well be used for classroom 
teaching. The book is well suited for self-study by practicing engineers and students. 

In summary, the two books by Bellman can be read profitably by students o1 
engineering, economics and mathematics. They are good for getting an overall 
picture of control problems. The book by Takahashi, et al, is an excellent text which 
can be used in a variety of ways by selective omission of topics. The book by Bolt- 
yanski is suitable for self-study by students and practicing engineers. One gets an 
easier picture of the maximum principle. This is not suitable as a textbook. 

E. B. LEE and K. S. P. Kumar, University of Minnesota 
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TELEGRAPHIC REVIEWS 


Telegraphic reviews are designed to give prompt notice of new 
books with sufficient information to assist our readers in deciding 
whether to order an examination copy or to suggest library purchase. 
Possible uses are indicated as follows; 


T textbook P professional reading 
S supplementary reading Li undergraduate library purchase 
13 to 18 = freshman to second year graduate level usage 
1 to 4 = appropriate time in semesters to cover text 
Asterisks (*) or question marks (?) denote special positive or nega- 
tive emphasis, respectively. Publishers are denoted by standard 
abbreviations; complete addresses may be found in Books tn Print. 


Wi 


q Jl 


GENERAL, S**, P**, L**, Africa Counts: Number and Pattern in African 
Culture. Claudia Zaslavsky. Prindle, 1973, x + 328 pp, $12.50. A 
rich and beautiful book! Full of pictures and figures illustrating 
the development of mathematics among the tribes of sub-Sahara Africa: 
numeration systems, cultural significance of numbers, mathematical 
games, geometric form and pattern in art and architecture. A rare 
interdisciplinary perspective reigns throughout, pervaded by a 
passion and love for the peoples whose accomplishments the author 
relates. PgJC 


GENERAL, S**, Man and the Computer. John G. Kemeny. Scribner, 
1972, viii + 151 pp, $6.95. Personalized view, critical evaluation 

of present state of the art and various applications of computers, 
together with a description of the "predictable evolution of the 
computer species" (automated libraries, personalized newspaper ser- 
vice, shopping by computer). Emphasizes time-sharing and man-machine 
interaction: "My major concern is whether man can keep up with his 
symbiotic partner." PJC 


GENERAL, S, L, Secret Writing: The Craft of the Cryptographer. James 
Raymond Wolfe. McGraw, 1970, 192 pp, $5.50. A popularized treatment, 
replete with cloak and dagger anecdotes, including examples of both 
modern and ancient historical interest. No mathematical, statistical 
or computer methods. Bibliography. LAS 


Basic, 1(13), Blementary Algebra for the College Student. John C. 
Knutson, James V. Rogers. Rinehart Pr, 1972, xi + 641 pp, $10.95. 
Precollege algebra with 1100 classroom exercises, 3100 regular exer- 
cises, and 1300 review exercises. Verbal problems are an outstand- 
ing feature. LLK 


PRECALCULUS, I***(15: 1), L, The Elementary Funetions: An Algorithmic 
Approach, G. Albert Higgins, Jr. P<H, 1974, xiv + 335 pp, $10.50. An 
algorithmic approach to the elementary functions is indeed a step in 
the right direction especially where access tg computing services is 
ayailahble. This presentatign includes a wealth of programming sug~- 
gestions and techniques. LLK 


\ * Origins of Modern Algebra. Lubos Novy. Wolters-Noord- 
History sb. vida + 252 pp, $24. A detailed, scholarly study of the 
evolution of algebra between 1770 and 1870--a period in which the 
fundamental structures of modern algebra emerged, and algebra itself 
developed a separate identity. Extensive bibliography, well refer- 
enced throughout the text and its hundreds of footnotes. LAS 
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HISTORY, S*, p*, [*** Albert Einstein: Creator and Rebel. Banesh 
Hoffmann. Viking Pr, 1972, xv + 272 pp, $8.95, This rich, illumina- 
ting “indication of the man" by his distinguished and unusually arti- 
culate former assistant balances personal anecdotes with extensive 
scientific exposition. A remarkable portrait of the person who more 
than any other made the general public aware of the scientific power 
of abstract mathematics. LAS 


FOUNDATIONS, TU18: 1), P, L, VYormattve Systems. Carlos E. Alchourré6n, 
Eugenio Bulygin, Lib. of Exact Phil., V. 5. Springer-Verlag, 1971, 
xviii + 208 pp, $21.50. An approach to traditional legal philosophy 
which assumes that legal science can be a pre-analytic ground for 
deontic logic and that deontic logic can he of value to legal science. 
Legal science is construed as a normative (rather than formal or em- 
pirical) science and approached in terms of the notion of a "“norma- 
tive system", defined as "a set of sentences that has (some) norma- 
tive consequences." Part I develops a scheme for studying such meta- 
logical properties as consistency, completeness, and independence. 
Part II applies the scheme to some specific problems of legal science. 
The text is relatively informal; an appendix gives definitions and 
theorems for a rigorously formalized treatment of the main lines of 
thought. A competent book (over-priced), with a brief but good 
bibliography. FS 


FOUNDATIONS, [(17-18), S, P*, L, Zhe Autom of Choice, Thomas J. 
Jech. Stud. in Logic and Found. of Math., V. 75. North-Holland, 


1973, xi + 202 pp, $14.95. An excellent survey of independence, con- 
sistency and equivalence results (largely from the past decade) ina 
straightforward notation easily accessible to the mathematician who 

is not a specialist in mathematical logic. Includes consequences and 
indispensibility of AC, consistency models, independence models, weak- 
er versions of AC, consequences of ~AC, and axioms (e.g., determinate- 
ness) which contradict AC. LAS 


COMBINATORICS, P, L, Graphs and Hypergraphs. Claude Berge. Transl: 
Edward Minieka. North-Holland, 1973, xiv + 528 pp, $24.95. Transla- 
tion and revised edition of Graphes et Hypergraphes (Dunod, Paris 
1970). Compendium of a still-young subject. Author remains convinc- 
ed that network flow theory and theory of alternating chains should 
form the foundation of graph theory. PJC 


COMBINATORICS, P, Introduetton A la Théorte des Hypergraphes. Claude 
c 5 


Berge. Pr U Montreal, 1973, 114 pp, $3.50 (P). If X = (Xpr eee XY 
— Ly) 


1s a finite set, then a family "ES of non-empty subsets of xX is 


a hypergraph iff E, = X. More succinctly: a hypergraph is a family 


of hyperedges, which in turn are sets of vertices of cardinality not 
necessarily 2 (as for graphs). First part, coloration problems, ap- 
pears also in Graphs and Hypergraphe (out not in the earlier French 
edition). Second part, isomorphism problems, contains some newer re- 
sults. PJC 

LINEAR ALGEBRA, [CL4: 2), Linear Algehrva utth Differential Equations. 
Donald L. Bentley, Kenneth L, Cooke. HR&W, 1973, xiv + 624 PP, $14.50. 
Material can be separated and taught as a traditional course in lin- 
ear algebra (chapters 4-7, 10<11, 14), and a course in differential 
equations with linear algebra prerequisite. The authors feel there is 


efficiency in integrating the two. LLK 
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LINEAR ALGEBRA - TCU5: 1), S$. <Intreduetion to Matrices with App{tea- 
tions tn Statisties, Franklin A. Grayhill. Wadsworth, 1969, 372 pp, 
$10.95. Prerequisite; elementary linear algebra. There are 3 chap- 
ters summarizing matrix theory; the remainder of the book is the de-~ 
velopment of topics in matrix algebra useful for the study of linear 
statistical models. Includes problems (no answers) and many refer- 
ences at the end of each chapter. LLK 


CALCULUS T(13-14: 1-3), Caleulus for College Students, Second Edt- 

tton. Murray H. Protter, Charles M. Morrey, Jr. A-W, 1973, xv + 932 
pp, $13.95. This second edition closely resembles the first. There 
is some rearranging of topics and addition of problems but the lack 
of variety or challenge still exists. LLK 


ReaL ANALYSIS, [(15-17: 1), L, Lebesgue Integration and Measure. 
Alan J. Weir. Cambridge U Pr, 1973, xii + 281 pp, $16.50, $6.95 (P). 


Suitable for advanced undergraduates. Integral is defined on R_ and 
on R® using null sets. Other measure theory is developed after 
proofs of the convergence theorems. Chapter on LP spaces. An- 
Swers to exercises. RBK 


REAL ANALYSIS, S*(14-16), P, L**, 4 Primer of Real Functions. Ralph 
P. Boas, Jr. Carus Math. Mono., No. 13. MAA, 1972, xi + 196 pp, $8. 


Second edition of a work first published in 1960; not a text, but an 
orderly composition of 24 partially independent elegant snapshots 
from the theory of sets and real functions. A gold mine of interest- 
ing, uncommon insight and examples. LAS 


TopoLocy, I(16-18: 1, 2), P, Introduction to Piecewise-Linear Topo- 
logy. C.P. Rourke, B.J. Sanderson. Ergebnisse der Math., B. 69. 


Springer-Verlag, 1972, viii + 123 pp, $13.40. Even though this book 
includes all necessary algebra and algebraic topology in appendices 
and formally requires only a good semester of point set topology as 
a prerequisite, it is a very substantial work including recent re- 
sults concerning the Poincaré conjecture via the h=cohordism theorem. 
JAS 


TopoLocy, 1(18), P, L, Tfopoltogical Embeddings. TT. Benny Rushing. 
Pure and Appl. Math., V. 52. Acad Pr, 1973, xiii + 316 pp, $18.50. 


A comprehensive introduction, with no intention of being complete, 
to the currently lively subject of the title. The exercises scatter- 
ed throughout would make this suitable for an advanced text (alge- 
braic topology not required as a prerequisite) while the biblio- 
graphy and presentation are focused on getting to the core problems 
of the field. The emphasis is on geometry with pictures. The index 
appears adequate. In summary: a nicely done volume with something 
new to say. JAS 


TopoLoGYy, P, Geometrical Combinatorial Topology, V. II. leslie C. 
Glaser. Van-N-Rein, 1972, v + 175 pp, $9.50 (P). Two chapters--one 

on applications of Stallings’ Engulfing Lemma, the other on embeddings 
in Euclidean space--ghow the breadth and depth of geometrical results 
obtainable using the concepts of piecewise linear topology as intro- 
duced in VY. I (TR May 1970). JAS 


Statistics, [(15-17; 1, 2), L, Stable Chaos; An Introduction to 
Stattstteal Control. David Durand. GLP, 1971, xv + 582 pp, $14.50. 
Not a book on quality control, but a beginning statistics text, 
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eriented toward students in management, operations research or in- 
dustrial engineering. Arrangement of topics is unique, following the 
central theme of statistical control in random processes. Calculus 

is assumed, but emphasis is on applications rather than mathematical 
proofs (e.g., no mention is made of moment generating functions). Does 
not include regression analysis. RSK 


STaTISTiIcs, |(13-14: 1), Concepts of Statistical Inference, Second 
Editton, William C. Guenther. McGraw, 1973, 11 + 561 pp, $11.50. 
Presupposes only high school algebra. This new edition has additional 
"realistic" exercises and a chapter on non-parametric statistics. Many 
tables and graphs. No Bayesian methods. FLW 


Statistics, 1(13-]4: 1), Elementary Probability and Stattsttes With 
Optional Computer Applications, A. William Gray, Otis M. Ulm. Glencoe 
Pr, 1973, 272 pp, $10.95. Presupposes only high school algebra. In- 
cludes an optional chapter on BASIC and problems designed for its use. 
Standard topics. No Bayesian methods. FLW 


APPLICATIONS (PHYsics), S(16-18), P*, L*, The Large Seale Structure 
of Space-Time. S.W. Hawking, G.F.R. Ellis. Cambridge U Pr, 1973, 


x1 + 391 pp, $28.50. A superb monograph which both develops and in- 
terprets general relativity in order to demonstrate that this theory 
entails the existence of black holes and a "creation point" for the 
universe: such objects are singularities (non-existent limit points) 
of certain space-time geodesics. Assuming only calculus and topology, 
it includes all necessary differential geometry in Chapter 2. An ap- 
pendix contains atranslationof a paper by Laplace in which he shows 
that gravity of a star may in some cases prevent light from leaving 
it. LAS 


APPLICATIONS (PHysics), T(16-17: 1, 2), S, P, L, Statistical Mecha- 


nites, Kinette Theory, and Stochastte Processes. C.V. Heer. Acad Pr, 
1972, xvi + 602 pp, $18.50. Introduces statistical topics through 
kinetic theory. Many exercises interspersed in the text. Applica- 
tions are plentiful. Theory is continually supported by experimental 
results from the recent literature. Considerable space is devoted to 
Stochastic processes, noise and fluctuations. The book should have a 
strong appeal to experimentalists. DG 


APPLICATIONS (PHysics), I*(17-18: 1, 2), S,.P, L, Statistical Mecha- 
nites, R.K. Pathria. Pergamon Pr, 1972, xiii + 527 pp, $24.Strongly 


recommended as a text for graduate level course; also reads easily 
enough to be used for self study. Extensive bibliography. Primary 
criticism is its traditional manner. Ensemble theory is developed 
carefully followed by non-interacting gaseous systems, weakly inter- 
acting systems and finally phase transitions. A brief treatment of 
fluctuations concludes this superb book. DG 


APPLICATIONS (PHysics), P, L, Mathematics of Contemporary Physics. 
Ed: R.F. Streater. Acad Pr, 1972, xi + 274 pp, $17.50. Expository 


papers from a 1971 "teaching conference" at Bedford College on quan- 
tum field theory, functional analysis, statistical mechanics, quan- 
tum scattering, linear fields, free Boson gas and current groups. LAS 


Revtewers Whose Inttials Appear Above 


Paul J. Campbell, St. Olaf; David Grimsrud, St. Olaf; Lorraine L. 
Keller, St. Olaf; Richard B. Kirchner, Carleton; Richard S. Kleber, 
St. Olaf; J. Arthur Seebach, Jr., St. Olaf; Lynn A. Steen, St. Olaf; 
Frederick Stoutland, St. Olaf; Frank L. Wolf, Carleton. 


NEWS AND NOTICES 


EDITED BY RAOUL HAILPERN, SUNY at Buffalo 


Readers are invited to contribute to the general interest of this department by sending news 
items to Mathematical Association of America, 1225 Connecticut Avenue, NW, Washington, 
D.C. 20036. Items must be submitted at least two months before publication can take place. 


PERSONAL ITEMS 


University of Maryland, College Park: Assistant Professors J. C. Alexander and G. A. 
Helzer have been promoted to Associate Professors; Associate Professor S. Gulick has been 
promoted to Professor; Professors L. W. Cohen and J. L. Walsh retired on June 15, 1973, 
with the title of Professor Emeritus; Professor L. J. Goldstein received the Maryland 
Distinguished Young Scientist Award for 1972. 

A. M. Gleason, Hollis Professor of Mathematicks (sic) and Natural Philosophy at Har- 
vard University, has been named chairman of the Division of Mathematical Sciences of the 
National Research Council. He assumed the two-year position July 1, 1973. 

Dr. D. R. Morrison, University of New Mexico, has been appointed Director of the 
newly formed Division of Computing and Information Science. 

Professor Andrew Sterrett, Denison University, has been appointed Dean of the.college. 


Professor Alson H. Bailey, Georgia Institute of Technology, died on April 10, 1973, at the 
age of 64. He was a member of the Association for forty-two years. 

Mr. Clarence A. Balof, Lincoln College, died on April 20, 1973. He was a member of 
the Association for forty-seven years. 


INTERNATIONAL SYMPOSIA ON MATHEMATICAL EDUCATION 


The Second International Congress on Mathematical Education (ICME) was held at 
Exeter University in England during late summer, 1972. That Congress exhibited a strong 
interest in discussion of aspects of mathematical education on a wide international scale. 
The International Commission on Mathematical Instruction (ICMI) responded by giving 
sponsorship to the following international symposia, which are listed here for the benefit of 
American mathematics educators. For information concerning particular symposia, please 
write directly to the person and addresses listed. 

(1) Poland. Symposium at Warsaw; 1974. Main Subject: Mathematics in Primary 
Schools (children from 6 to 11 years of age). Professor Z. Semadeni, Institute of Mathematics, 
Polish Academy of Sciences, Ul. Sniadeckich 8, Warszawa 1, Poland. 

(2) Africa. Regional Conference. Probably Nairobi, 1974. Main Subject: Interactions 
between mathematical education and linguistics. Dr. D. Saint-Rossy, Unesco House, Malik 
Street, PO Box 30592, Nairobi, Kenya. 

(3) Japan. ICMI-JSME Tokyo Conference; 1974. Preliminary proposal: 5-9 November, 
1974. Main Subject: Curriculum and teachers’ training. Professor S. Iyanaga, 12-4, Otsuka 
6-Chome, Bunkyo-Ku, Tokyo, Japan. 

(4) India. Regional Conference; late 1974. Main Subject: The Development of an inte- 
grated curriculum in mathematics for the underdeveloped countries. Professor P. L. Bhat- 
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nagar, Dean of Studies, Department of Mathematics, Himachal Pradesh University, Simla 
5, India. 

(5) Copenhagen. Symposium; 1974 or 1975. Planning is at a preliminary stage. Main 
Subject: Aspects of geometry at school level. Professor H. G. Steiner, 8580 Bayreuth, 
Geschwister-Scholl-Platz 3, Germany GFR. 

(6) IFIP Conference. Marseilles; August 1975. Plans are in hand for ICMI to be closely 
associated with this conference of the International Federation for Information Processing — 
the Second World Conference on Computer Education. Professor J. Hebenstreit, Ecole 
Supérieure D’Electricité, 10 Avenue Pierre Larousse, 92 Malakoff, Paris, France. 

Two other symposia, already held, are listed here for general information. It may be 
possible to get post conference information (e.g., proceedings) by writing to the persons 
referred to. 

(1) Luxembourg. 3rd Mathematical Seminar at Echternach; 4-9 June, 1973. Main 
Subject: New Aspects of mathematical applications at school level. Séminaire CIEM, c/o 
Mr. Jos. Hallé, Lycée Classique, Echternach, CCP 34 540 Luxembourg. 

(2) Hungary. International Colloquium at Eger; 18-22 June, 1973. Main Subject : Theore- 
tical problems of teaching mathematics in primary schools. Languages: English, French, 
Russian, German. A. Recski, Bolyai Janos Mathematical Society, Szabadsag Ter 17.I1.203, 
Budapest V, Hungary. 


JOURNALS IN MATHEMATICS EDUCATION 


The External Affairs Committee of the National Council of Teachers of Mathematics 
has compiled a ‘‘Listing of Foreign and Domestic Journals in Mathematics Education.” The 
‘‘Listing’’ gives titles and addresses for various foreign and domestic journals as well as, 
where possible, an indication of education level (s) dealt with in journal articles. The journals 
are concerned with topics in mathematical education, as opposed to pure mathematics and 
as opposed to general education. Persons interested in having a copy of the ““Listing’’ should 
request one (postcard or letter) by writing to: Listing Request, National Council of Teachers 
of Mathematics, 1906 Association Drive, Reston, Virginia 22091. 


FELLOWSHIP AND RESEARCH OPPORTUNITIES 
IN THE MATHEMATICAL SCIENCES 


In its annual brochure on Fellowship and Research Opportunities in the Mathematical 
Sciences, the Division of Mathematical Sciences of the National Research Council calls 
attention to a number of fellowships and other kinds of support for research in the mathe- 
matical sciences at both the predoctoral and postdoctoral levels to be awarded during the 
year 1973-74. Copies of this brochure are available from: 


Division of Mathematical Sciences, 
National Research Council, 

2101 Constitution Avenue, N. W., 
Washington, D. C. 20418. 


MATHEMATICAL ASSOCIATION OF AMERICA 
Official Reports and Communications 


CALENDAR OF FUTURE MEETINGS 


Summer Meeting 1974: There will be no joint summer meeting in 1974, in order that 
mathematicians may attend the International Congress of Mathematicians to be held in 
Vancouver, British Columbia, August 21-29, 1974. 

Fifty-eighth Annual Meeting, Washington, D. C., January 25-27, 1975. 

The following is a list of the Sections of the Association with dates of future meetings so 
far as they have been reported to the Editorial Director. 


ALLEGHENY MOuNTAIN, Allegheny College, 
Meadville, Pennsylvania, May 3-4, 1974. 

FLorIDA, University of Florida, Gainesville, 
March 8-9, 1974. 

ILLinots, Knox College, Galesburg, May 10-11, 
1974. 

INDIANA, Rose-Hulman Institute of Technology, 
Terre Haute, April 27, 1974. 

Iowa, Upper Iowa College, Fayette, April 19, 
1974. 

Kansas, Ottawa University, Ottawa, Spring 
1974. 

KENTUCKY 

LOUISIANA- MISSISSIPPI 

MARYLAND-DISTRICT OF COLUMBIA-VIRGINIA 

METROPOLITAN NEW YORK 

MICHIGAN, Central Michigan University, Mount 
Pleasant, May 3-4, 1974. 

Missouri, University of Missouri at Rolla, 
Rolla, March 29-30, 1974. 

NEBRASKA, University of South Dakota, Vermil- 
lion, April 19-20, 1974. 

NEw JERSEY 

NorTH CENTRAL, South Dakota State Univer- 
sity, Brookings, April 27, 1974. 


NORTHEASTERN 

NORTHERN CALIFORNIA, Chabot College, Hay- 
ward, February 1975. 

Oul0o, Muskingum College, New Concord, May 
3-4, 1974. 

OKLAHOMA-ARKANSAS, University of Arkansas, 
Little Rock, April 5-6, 1974. 

PaciFic NORTHWEST, University of British 
Columbia, Vancouver, August 21~24, 1974 
(business meeting only — no general meet- 
ing). 

PHILADELPHIA 

Rocky MOuwuNTAIN, Colorado School of Mines, 
Golden, April 26-27, 1974. 

SEAWAY, Union College, Schenectady, April 27, 
1974. 

SOUTHEASTERN, University of Tennessee at 
Knoxville, March 29-30, 1974. 

SOUTHERN CALIFORNIA, Harvey Mudd College, 
Claremont, March 2, 1974. 

SOUTHWESTERN, New Mexico State University, 
Las Cruces, April 5-6, 1974. 

TEXAS 

WISCONSIN, Marquette University, Milwaukee, 
May 3-4, 1974. 


FUTURE MEETINGS OF OTHER ORGANIZATIONS 


AMERICAN ASSOCIATION FOR THE ADVANCEMENT 
OF SCIENCE, San Francisco, February 24— 
March 1, 1974. 

AMERICAN MATHEMATICAL SOCIETY, Washington, 
D. C., January 23-26, 1975. 

AMERICAN SOCIETY FOR ENGINEERING EDUCATION 

ASSOCIATION FOR COMPUTING MACHINERY, San 
Diego, California, November 12-16, 1974. 

ASSOCIATION FOR SYMBOLIC LOGIC 

FIBONACCI ASSOCIATION 

INSTITUTE OF MATHEMATICAL STATISTICS 


Mu ALPHA THETA, University of Arkansas, 
Fayetteville, August 4-7, 1974. 

NATIONAL COUNCIL OF TEACHERS OF MATHE- 
MATIcs, Atlantic City, New Jersey, April 
17-20, 1974. 

OPERATIONS RESEARCH SOCIETY OF AMERICA, 
Boston, April 19-20, 1974. 

Pr Mu Epsiton, Western Michigan University, 
Kalamazoo, August 18-23, 1975. 

SCHOOL SCIENCE AND MATHEMATICS ASSOCIATION 

SOCIETY FOR INDUSTRIAL AND APPLIED MATHE- 
MATICS 
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Einstein didnt 
have a nickel, 
but he played 
a fine fiddle. 


Rumor has it that Einstein once dipped into 
his pocket to reward a group of Christmas 
carolers, only to come up empty-handed. 
Not to be remiss, he disappeared for a 
moment and returned with his violin to 

join the carolers on their remaining rounds. 


What's the point? 


At Addison-Wesley we know math inside 
and out. Its ideas and the personalities 
behind those ideas. And we 

know how to get the message 
across. We publish college 
texts that blend theory and Ae 
application, so students Gz 
come to understand mathe- 
matics. Thoroughly. And 

that makes math a whole new numbers game. 


Professors Mervin L. Keedy and Marvin L. 
Bittinger exemplify the point. Their ‘‘Modern 


Approach” series revitalized remedial mathemat- 


ics instruction at the college level. Arithmetic: 
A Modern Approach, tntroductory Algebra: A 
Modern Approach, tntermediate Algebra: A 
Modern Approach, and Essential Mathematics: 
A Modern Approach — the series has been an 
enormous success. 


In Algebra and Trigonometry: A Functions 
Approach, Keedy and Bittinger extend their 
widely acclaimed, innovative techniques to 
higher level courses. To many of you, the page 
format will be familiar. It carries lesson objec- 
tives and developmental exercises in a widened 
margin parallel to appropriate textual material. 
Prose is kept to a minimum, making the book 
easy to read. And for manipulative practice, 
more than 4500 problems are presented through 
pretests, margin exercises, chapter tests and a 
final exam, 


The idea of a function is emphasized, and the 
concept of transformations is used to evolve 
many ideas, making their treatment easier to 
understand. 


Topic exposition is more gradual and thorough 
than usual and the authors refrain from strict 


formality. But the development of skills and un- 


derstanding has not been sacrificed. 


Flexibility is another strong Keedy-Bittinger 
asset. The book can be used as a standard text 
or for any of the several self-study methods. 
And because it requires minimal instructor guid- 
ance, it’s especially suited for use in large classes. 


Separate courses in algebra and trig haven't been 
forgotten. College Algebra: A Functions 
Approach and Trigonometry: A Functions 
Approach offer features identical to the parent 
volume’s, but treat respective disciplines sepa- 
rately. 


You don’t often find texts that can thaw frozen 
ideas. But Keedy and Bittinger consistently 
produce them. So do we. 


A 
vv 


College Division 
ADDISON-WESLEY PUBLISHING COMPANY 
Reading, Massachusetts 01867 


WHERE MATH WARMS UP. 
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Your students will do more 
than dream up answers with 
Prentice-Hall’s new mathematics texts! 


Topics in Pre-Calculus Mathematics 

by D. Burleson, Middlesex Community 
College. 

February 1974, 544 pp., Cloth $10.50. 
Topics in College Algebra 

by D. Burleson, Middlesex Community 
College. 

March 1974, 400 pp., Cloth $8.95. 

Flaws and Fallacies in Statistical Thinking 
by S. Campbell, University of Denver. 
January 1974, 224 pp., Paper $4.95. 

The Elementary Functions: An Algorithmic 
Approach 

by G. Higgins, Jr., Northfield Mount Herman 
School. 

January 1974, 336 pp., Cloth $10.50. 
Introduction to Finite Mathematics, Third 
Edition 

by J. Kemeny and J. Snell, both at Dartmouth 
College and G. Thompson, Carnegie-Mellon 
University. 

March 1974, 512 pp., Cloth $11.50. 
Graphs, Models, and Finite Mathematics 
by J. Malkevitch, York College of the City 
College of New York; and W. Meyer, Adelphi 
University. 

January 1974, 480 pp., Cloth $10.95. 


Constructive Linear Algebra 

by A. Gewirtz, Brooklyn College of the City 
University of New York; H. Sitomer, C. W. 
Post College; and A. Tucker, Princeton Uni- 
versity. 

February 1974, 432 pp., Cloth $12.50. 
Abstract Algebra: A First Course 

by L. Goldstein, University of Maryland. 
June 1973, 349 pp., Cloth $11.95. 


Differential Topology 

by V. Guillemin, Massachusetts Institute of 
Technology; and A. Pollack, Harvard Univer- 
sity. 

August 1974, 224 pp., Cloth $14.95. 
Calculus with the Computer: A Laboratory 
Manual 

by L. Leinbach, Gettysburg College. 
January 1974, 208 pp., Paper $4.95. 

Lie Groups and Representations 

V.S. Varadarajan, University of California at 
Los Angeles. 

June 1974, 496 pp., Cloth, price forthcoming. 
Multivariable Mathematics: Linear Algebra, 
Differential Equations, Calculus 

by R. Williamson, Dartmouth College; and H. 
Trotter, Princeton University. 

May 1974, 640 pp., Cloth $15.95. 

Complex Analysis with Applications 

by Dr. R. Silverman. 

January 1974, 304 pp., Cloth $12.95. 


Please write: Robert Jordan, Dept. J-748, 
College Division, 


PRENTICE-HALL 


Englewood Cliffs, N.J. 07632 


A New Finite Math Book That’s Infinitely Better 


aaa 


FINITE MATHEMATICS, Hugh G. Campbell and Robert E. Spencer, 
both, Virginia Polytechnic Institute and State University 


A highly readable, elementary text designed for the standard finite math course, 
this volume introduces the student to logic, set theory, probability, matrices, linear 
programming, and game theory. 

Consideration of student needs has prompted the authors to place special em- 
phasis on motivation in an effort to facilitate the learning process. One outstanding 
motivational feature is a subsection called “Applications” in almost every section. 
These heighten student interest by pointing out the material’s potential for future 
applications in real-life situations and its relevance to a broad spectrum of disciplines, 
especially business, the life sciences, and the social sciences. Many of the applications 
are documented to permit further investigation by the reader. 

The utility of the text is increased by lists of new vocabulary at the end of each 
chapter, numerous thought-provoking exercises, and many interesting examples 
illustrating the concepts. The authors have drawn on their extensive experience in 
both teaching and writing to include all the features necessary to make this text an 
effective learning tool. Comprehensive without being formidable, this highly motivated 


presentation of finite mathematics merits your consideration. 


1974 approx. 365 pages 


CONTENTS 


An Orientation. Systems and The Algebra 
of Components. Components, Switches, and 
Connectives. Evaluation of Components. 
Equivalent Components. Properties of the Al- 
gebra of Components. Logic and the Algebra 
of Statement Forms. Statement Forms and 
Connectives. Evaluation of Statement Forms. 
Equivalent Statement Forms. Properties of 
the Algebra of Statement forms. Arguments 
(Optional). Sets and the Algebra of Subsets. 
Basic Definitions. Set Operations. Properties 
of Set Operations. Boolean Algebra (Op- 
tional). The Number of Elements in a Set. 
Cartesian Product and Power Set. Probability. 
Basic Terminology. Probabilities of Comple- 
ments, Unions and Intersections of Events. 
Conditional Probability. Independent Events. 
Counting Techniques: Permutations. Count- 
ing Techniques: Combinations. Counting 
Techniques: Partitions (Optional). Binomial 


prob. $8.95 


Experiments. Etochastic Experiments (Op- 
tional). Expected Value. The Algebra of 
Matrices. Matrices. Vectors, Matrix Multipli- 
cation. Special Matrices. Systems of Linear 
Equations Having a Unique Solution. The 
Inverse Matrix. Systems of Linear Equations 
Not Having a Unique Solution. The Gauss- 
Jordan Method. The Determinant of Matrix 
(Optional). The Characteristic Value Problem 
(Optional). Linear Programming. The Feasi- 
ble Set of Linear Programming Problem. A 
Geometric Method of Solution. An Algebraic 
Method of Solution. Matrix Notation. An In- 
troduction to the Simplex Method. The Sim- 
plex Method. Game Theory. Games and 
Strategies. Pure Strategies. An Optimal Strat- 
egy for the Row Player. An Optimal Strategy 
for the Column Player. References. Answers 
to Odd Numbered Exercises. Index. 


MACMILLAN PUBLISHING CO., INC. 
100A Brown Street, Riverside, New Jersey 08075 


In Canada, Write to Collier-Macmillan Canada, Ltd., 1125B Leslie Street, Don Mills, Ontario 


A DEFINITIVE NEW TEXT 


INTERMEDIATE ALGEBRA FOR COLLEGE STUDENTS 
Louis Leithold, University of Southern California 


Here is a text that combines sound mathematical content with a student-oriented 
approach to provide a truly effective learning tool for all students of intermediate 
algebra. This is a clear, straightforward, modern presentation designed for the student 
to gain skill in mathematical reasoning as well as in applying algebraic principles to 
computation. 

The full range of topics covered in standard intermediate algebra courses receives 
comprehensive and detailed treatment. What sets this text apart from conventional 
texts is that it is one that the student can read with profit on his own. 

There is an abundance of completely worked-out examples and illustrations for 
every topic that clarify both the theoretical and computational aspect of the subject. 
At the end of each section here is a set of exercises, and review exercises appear at 
the end of each chapter. An extensive selection of word problems provides realistic 
opportunities for practical applications. 

Students and teachers alike will appreciate the book’s open format and flexible 
organization. The topics are arranged in such a way that each instructor may choose 
which subjects to deal with, and in what order, so as to best meet the students’ needs 
and the course objectives. 


1974 approx. 525 pages prob. $8.95 


CONTENTS 


Sets and real numbers. First degree equations in one variable. Polynomials. Rational 
expressions. Exponents, roots, and radicals. Second degree equations in One Variable. 
Equations in two variables and graphs. Systems of equations. Functions and their 
graphs. Exponential and logarithmic functions. Sequences and series. Tables. Answers 
to Selected Exercises. 


MACMILLAN PUBLISHING CO., INC. 
100A Brown Street, Riverside, New Jersey 08075 


In Canada, Write to Collier-Macmillan Canada, Ltd., 1125B Leslie Street, Don Mills, Ontario 


How did we improve ANALYTIC GEOMETRY AND THE CALCULUS? 


ANALYTIC GEOMETRY AND THE CALCULUS, Third Edition 
A. W. Goodman, University of South Florida 


This third edition of a highly successful 
text retains the intuitive approach and 
readable explanations that made the two 
earlier editions so popular with students. 
It avoids excessive formalism and overem- 
phasis on trivial items. Instead, the author 
concentrates on the important ideas of the 
calculus, and the truly exciting problems 
that this tool can solve. 

A number of outstanding new features 
are included in the third edition: 
® Color is attractively and skillfully used 
to indicate the important formulas and to 
emphasize essential items in the text and in 
the figures. 

e Sets of Review Questions and Review 
Problems have been added at the end of 
each chapter to help the student organize 
his thinking and develop his understanding 
of the material. 

e The chapter on multiple integrals now 
begins with the double integral over a rec- 
tangle. The double integral over an arbi- 
trary region appears later as a special case. 
e For the benefit of applied mathemati- 
clans, a section devoted to the CGS system 
of units, and the British-Engineering sys- 
tem of units has been added, together with 
some problems of transforming quantities 
from one system to the other. 

e The chapter on linear algebra has been 
replaced by some useful material on de- 
terminants. 

e A section on gravitational attraction has 
been added. 

This new edition retains the outstanding 
features and the clear exposition of previ- 
ous editions: 


CONTENTS 


Preface for the Teacher. Preface for the Stu- 
dent. The Initial Conditions. Inequalities. In- 
troduction to Analytic Geometry. Differentia- 
tion of Algebraic Functions. Applications of 
the Derivative. Integration. Applications of 
Integration. More Analytic Geometry. The 
Trigonometric Functions. The Logarithmic 
and Exponential Functions. Methods of Inte- 
gration. Vectors in the Plane. Indeterminate 
Forms and Improper Integrals. Polar Coordi- 


® Definitions and theorems are clearly 
stated, but are kept brief and to the point, 
so the student can grasp the central idea. 
® Answers to all of the problems in the 
text are included in the back of the book. 
e Difficult proofs of theorems about limits 
and continuous functions are placed in the 
appendices, so the beginning student will 
not spend valuable time and energy on 
these items. 

e Mathematical induction and determi- 
nants are covered in detail in two appendi- 
ces. 

e Vectors are introduced intuitively as di- 
rected line segments, so the student can 
understand the theory of vectors and use it 
with confidence. 

® Centroids and moments of inertia are 
postponed until the student has gained 
some maturity. Because of this delay the 
student can be rewarded with a system of 
particles that does not have a center of 
mass. 

This clearly written text contains all of 
the standard material that should be in a 
text on Analytic Geometry and the Cal- 
culus. It also covers such topics as rota- 
tion of axes; reduction formulas; integra- 
tion by the method of undetermined co- 
efficients; the two theorems of Pappus; the 
parallel axis theorem; the gradient; gravi- 
tational attraction; and differential equa- 
tions. 


A Solutions Manual to Accompany Ana- 
lytic Geometry and the Calculus is availa- 
ble gratis on adoption of the text. 


1974 approx. 864 pages prob. $13.95 


nates. Infinite Series. The Theory of Infinite 
Series. Vectors and Solid Analytic Geometry. 
Moments, and Moments of Inertia. Partial 
Differentiation. Multiple Integrals. Differen- 
tial Equations. Appendix 1—Mathematical 
Induction. Appendix 2—Limits and Continu- 
ous Functions. Appendix 3—Theorems on Se- 
quences. Appendix 4—Determinants. Tables. 
Answers to Exercises. Index of Special Sym- 
bols. Index. 


MACMILLAN PUBLISHING CO., INC. 
100A Brown Street, Riverside, New Jersey 08075 
In Canada, Write to Collier-Macmillan Canada, Ltd., 1125B Leslie Street, Don Mills, Ontario 
ee 
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Just Revised... 


a ve nen nS eEE——————E 


ELEMENTARY DIFFERENTIAL EQUATIONS, Fifth Edition 
the late Earl D. Rainville and Phillip E. Bedient, Franklin and Marshall College 


Now in its fifth edition, this outstanding 
text continues to be one of the clearest, 
most complete explanations of elementary 
differential equations available. The new 
fifth edition has retained the simple, direct 
style that made previous editions so popu- 
lar. It also maintains the balance between 
developing techniques for solving equa- 
tions and presenting the theory necessary 
to support those techniques. 

The text provides your students with 
both the tools and the supporting theory 
needed to solve a wide variety of mathe- 
matical problems that arise in the physical 
sciences and engineering. Throughout, ex- 
position is remarkably lucid and very ac- 
cessible to the student. 

In this new edition: A greatly expanded 
chapter on systems of equations that intro- 
duces the student to matrix techniques for 
solving systems of linear equations with 
constant coefficients. 
® Considerable emphasis on power series 
techniques for solving linear ordinary dif- 


CONTENTS 


Definitions, Elimination of Arbitrary Con- 
stants. Equations of Order One. Elementary 
Applications. Additional Topics on Equations 
of Order One. Linear Differential Equations. 
Linear Equations with Constant Coefficients. 
Nonhomogeneous Equations: Undetermined 
Coefficients. Variation of Parameters. Inverse 
Differential Operators. The Laplace Trans- 
form. Inverse Transforms. Applications. Sys- 
tems of Equations. Electric Circuits and Net- 


Also available in 1974—The new fifth edi- 
tion. SHORT COURSE IN DIFFERENTIAL 
EQUATIONS, Rainville and Bedient. 


1974 approx. 288 pp. prob. $8.95 


CONTENTS 


Definitions, Elimination of Arbitrary Con- 
stants. Equations of Order One. Elementary 
Applications. Additional Topics on Equations 


ferential equations. 

® Emphasis on the Laplace transforma- 
tion as a useful tool for solving initial 
value problems. 

e An organization that allows for cover- 
age of the linear ordinary equations with 
a variety of methods and applications in 
a basic one-semester course. There is suf- 
ficient material for a more extensive course 
that would introduce some of the basic 
methods for the solution of boundary 
value problems. 

@ An abundance of examples and exer- 
cises designed to anticipate the problems 
that students themselves face. 

Elementary Differential Equations has 
been used successfully in courses for 
twenty-five years. The new fifth edition re- 
tains the excellent features of previous 
editions and includes several new ones to 
insure its tenure as a leading text in the 
field. 


1974 approx. 512 pp. prob. $9.95 


works. The Existence and Uniqueness of So- 
lutions. Nonlinear Equations. Power Series 
Solutions. Solutions near Regular Singular 
Points. Equations of Hypergeometric Type. 
Numerical Methods. Partial Differential 
Equations. Orthogonal Sets. Fourier Series. 
Boundary Value Problems. Additional Prop- 
erties of the Laplace Transform. Partial Dif- 
ferential Equations; Transform Methods. 
Index. 


of Order One. Linear Differential Equations. 
Linear Equations with Constant Coefficients. 
Nonhomogeneous Equations: Undetermined 
Coefficients. Variation of Parameters. Inverse 
Differential Operators. The Laplace Trans- 
form. Inverse Transforms. Applications. Sys- 
tems of Equations. Electric Circuits and Net- 
works. The Existence and Uniqueness of Solu- 
tions. Nonlinear Equations. Index. 


MACMILLAN PUBLISHING CO., INC. 
100A Brown Street, Riverside, New Jersey 08075 


In Canada, Write to Collier-Macmillan Canada, Ltd., 1125B Leslie Street, Don Mills, Ontario 


Politically, 
Newton stood 
on behalf of 


windows. 


In 1688, Cambridge University sent 

Isaac Newton as their representative to 
Parliament. Not avery good choice it 
seems. During his entire term, Newton’s 
only known speech was a request to 
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how to get the message across. We 
publish college texts that blend theory 
and application, so students come to 
understand mathematics. Thoroughly. 
And that makes math a whole new num- 
bers game. 


Calculus, by Lynn Loomis, shows exactly 
what we mean. Using an intuitive approach, 
Loomis dramatically reveals the basic simplicity 
of calculus. One reviewer noted, “‘One of the most 
striking features of the book is the way in which the #2, ¢ 
author introduces concepts very early in an intu- I 


itive way, and successfully makes use of them _ 
without any increase in the rigor of their y a / 
formulation until the very end of the book.”’ MY 
Loomis develops his subject carefully and ; 
clearly. And all of the traditional topics, tnclud- 
ing analytic geometry, are covered in full. Ina 
way that doesn’t intimidate students. 


The book’s emphasis is on computational aspects 
in which theoretical roots are implied. More 
than 3200 exercises put the concepts to work. 

In place of rigor, unusual care is given to estima- 
tion. And Leibniz notation is used equally with 
functional notation. 


It’s designed for the standard 2- or 3-semester 

introductory sequence in calculus, but flexibility 

has been accommodated through a flow chart in 

the preface. With it, chapters can be conve- A 

niently rearranged for individual course con- vv 

struction. College Division 

“It's one of the few intelligent calculus books ADDISON-WESLEY PUBLISHING COMPANY 


on the market,’’ according to another reviewer Reading, Massachusetts 01867 
of Loomis’ work. We agree, of course. And we 


think your students will too. WHERE MATH WARMS UP. 


After all, they're not mathematics and science majors. 

Here is a calculus text specifically developed for students in 
business and the biological and social sciences. The approach, 
the examples, the number and kind of applications, and the 
problems are all designed to teach these students how to use 
calculus to solve problems in their disciplines. 

An unusual format, in two colors, permits a wealth of 
marginalia — biographical and historical notes and illustrations 
figures and diagrams, recall of previous material, references, 
and space for note taking— that engages and benefits this 
audience. 


’ 


The Bettmann Archive, Inc. 


INTRODUCTORY CALCULUS 
WITH APPLICATIONS 


J. S. Ratti and M. N. Manougian 
University of South Florida 
1973 / with Solutions Manual 


Write your regional Houghton Mifflin 
office for an examination copy. 


HOUGHTON MIFFLIN 
Publisher of The American Heritage 


Dictionary of the English Language 
BOSTON 02107 / ATLANTA 30324 / DALLAS 75235 
GENEVA, ILL. 60134 / HOPEWELL, N.J. 08525 
PALO ALTO 94304 


THE MATHEMATICAL ASSOCIATION OF 
AMERICA: ITS FIRST FIFTY YEARS 


Edited by K. O. May, with contributions by: C. B. Boyer, R. W. Feldmann, 
H. M. Gehman, P. S. Jones, K. O. May, H. F. Montague, G. H. Moore, 
R. A. Rosenbaum, E. P. Starke, D. J. Struik. Chapter titles are: Historical 
Background and Founding of the Association, The First Twenty-Five Years, 
World War II, From 1946 to 1965, The Sections, Financial History, 
Appendices. 


Individual members of the Association may purchase one copy of the book 
for $4.00; additional copies and copies for nonmembers are priced at $8.00 
each. 


Orders with remittance should be sent to: 
MATHEMATICAL ASSOCIATION OF AMERICA 


1225 Connecticut Avenue, N.W. 
Washington, D.C. 20036 


APPLICATIONS OF UNDERGRADUATE 
MATHEMATICS IN ENGINEERING 


written and edited by Ben Noble 
Mathematics Research Center, U. S. Army, University of Wisconsin 


Based on 45 contributions submitted by engineers in universities and indus- 
tries to the Committee on Engineering Education and the Panel on Physical 
Sciences and Engineering of CUPM. About 400 pages. 

Each member of the Association may purchase one copy of this book for 
$4.50. Orders with remittance should be addressed to: 


MATHEMATICAL ASSOCIATION OF AMERICA 
1225 Connecticut Avenue, NW 
Washington, D.C. 20036 


Additional copies and copies for nonmembers may be purchased at $9.00 
per volume from: 
Macmillan Publishing Co., Inc. 
Faculty Service Desk 
100A Brown Street 
Riverside, New Jersey 08075 


Saunders 
texts 


bridge 
ga ps 


in math 
curricula. 


For information, write 
Textbook Marketing Div., 


West Washington Square 


W. B. Saunders Company 
es Philadelphia, Pa. 19105 


NERING: 
Elementary Linear Algebra 


A tightly-knit presentation adaptable to a one-semester 
Or one-quarter sophomore course... without calculus 
aS a prerequisite! Students learn concrete 
computational methods along with conceptual 
material. Numerous exercises and examples included. 
By Evar D. Nering, Arizona State Univ. 375 pp. $11.00. 
Just Published. 


COOPER & STEINBERG: 
Methods and Applications 
of Linear Programming 


A truly versatile text— comfortable in a one- or two- 
semester course at the junior, senior or graduate level. 
Coverage of computational efficiency of algorithms 
and efficient computational methods is balanced with 
a rigorous overview of theory. Range of topics includes 
computer coding, upper bounding techniques, 
composite simplex method, and integer programming 
methods with applications. By Leon Cooper, Southern 
Methodist Univ., and David |. Steinberg, Southern 
Illinois Univ. About 385 pp. Ready Soon. 


PADULO & ARBIB: 
System Theory 


A Unified State-Space Approach to Continuous and 
Discrete Systems. An advanced-level introduction, 
classroom-tested at Stanford in engineering, 
operations research, and computer science as well as 
mathematics. The authors place central topics of linear 
system theory in the perspective of their unified 
approach to systems in general, and build upon this to 
evaluate algebraic system theory and optimization 
theory. Necessary mathematics is developed in the 
text, though a knowledge of calculus and differential 
equations is assumed. By Louis Padulo, Stanford 
Univ.; and Michael A. Arbib, Univ. of Mass. About 800 
pp. About $17.50. Just Ready. 


BOBROW & ARBIB: 
Discrete Mathematics 


Applied Algebra for Computer and Information 
Science. The ideal companion to Padulo & Arbib’s 
System Theory fora two-year sequence in Applied 
Mathematics. Here the authors provide the abstract 
math necessary for computer design, then apply these 
discrete structures to such specific problems as 
coding, information theory and languages. By Leonard 
S. Bobrow and Michael A. Arbib, both of the Univ. of 
Mass. About 740 pp. About $16.50. Just Ready. 


SHAMPINE & ALLEN: 
Numerical Computing—An Introduction 


“This is by far the best among all of the recent 
elementary numerical analysis textbooks... By 
examining throughout only the most effective 
algorithms for each basic problem and developing the 
requisite theory ina brief and elementary way, the 
authors succeed in avoiding the traditional mistake of 
presenting a lengthy superficial survey of various 
numerical computing techniques....” J.B. Sabat, 
Waterloo, Ont. (Copyright 1973, Assoc. for Computing 
Machinery, Inc., reprinted by permission.) A card deck 
of all computer programs in the text is available free for 
use with your students. By Lawrence F. Shampine, 
Sandia Labs; and Richard C. Allen, Jr., Univ. of New 
Mexico. 258 pp. $11.95. April 1973. 


Life is complicated enough 
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If you’re not attending the Mathematical Association of America 

Meeting, but would still like to examine a copy of one of these texts, 

address your inquiries to: wr” 
e! 


Natalie M. Talbott (AMM-1) 

College Division, 27 McGRAW-HILL BOOK COMPANY me i 

1221 Avenue of the Americas, New York, New York 10020 i all 

Prices subject to change without notice. Offer good in continental USA only. AMM010762 


lif 


our 


Let us simplify y 


textbodk selection 


This year, visit the McGraw-Hill 
booth first. Whether you’re just 
browsing or looking for a particular 
text, we'll be there with our com- 
plete selection of outstanding math 
texts, ready to serve you. Why 
don’t you check out the new books 
listed on this page and then stop by 
and see us? We could save you a lot 
of time and trouble. 


PRECALCULUS MATH 


COLLEGE ALGEBRA WITH 
TRIGONOMETRY 

Raymond A. Barnett, Merritt College 
1974, 448 pages, (003787-6), $9.95 
Instructor’s Manual, 150 pages, (003767-1) 


PLANE TRIGONOMETRY WITH 
TABLES, Fourth Edition 

E. Richard Heineman, Texas Tech Univer- 
sity 

1974, 324 pages, (027931-4), $10.50 
Instructor’s Manual, 25 pages, (028054-1) 


AN ELEMENTARY APPROACH TO 
FUNCTIONS 

Henry R. Korn and Albert W. Liberi, 

both of Westchester Community College 
1974, 416 pages, (035339-5), $9.95 
Instructor’s Manual, 100 pages, (035341-7) 


FUNDAMENTAL MATHEMATICS, 
Fourth Edition 

Thomas L. Wade, Florida State University, 
and Howard E. Taylor, West Georgia College 
1974, 608 pages, (067652-6), $9.95 
Instructor’s Manual, 100 pages, (067657-7) 


CALCULUS 


CALCULUS AND ANALYTIC 
GEOMETRY 

Sherman K. Stein, University of California, 
Davis 

1973, 1023 pages, (061006-1), $14.95 
Instructor’s Manual, 80 pages, (061007-x) 


CALCULUS: An Introduction to Applied 
Mathematics 

Harvey P. Greenspan and David J. Benney, 
both of Massachusetts Institute of 
Technology 

1973, 775 pages, (024342-5), $14.50 
Instructor’s Manual, 227 pages, (024343-3) 


INTERMEDIATE MATH 


INTRODUCTION TO LINEAR 
ALGEBRA AND DIFFERENTIAL 
EQUATIONS 

John W. Dettman, Oakland University 
1974, 416 pages, (016588-2), $11.95 
Instructor’s Manual, 50 pages, (016603-x) 


INTRODUCTION TO NUMERICAL 
ANALYSIS, Second Edition 

F. B. Hildebrand, Massachusetts Institute 
of Technology 

International Series in Pure and Applied 
Mathematics 

1974, 672 pages, (028761-9), $14.95 
Instructor’s Manual, 24 pages, (028763-5) 


COMPUTATIONAL MATRIX ALGEBRA 
David I. Steinberg, Southern Illinois 
University, Edwardsville 

1974, 320 pages, (061110-6), $11.95 
Instructor’s Manual, 50 pages, (061111-4) 


ADVANCED MATH 


COMPLEX VARIABLES AND APPLICA- 
TIONS, Third Edition 
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Speak, Gauss! 
C’mon boy, Speak! 


As achild, Carl Gauss was made to demonstrate 
his mathematical precocity for dinner guests. 
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each concept !s motivated by a concrete 
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guides appear at the end of every chapter. 


Another outstanding feature of the book is its 

highly attractive, open format. Contemporary 

pictograms at the opening of chapters further en- 

hance the book’s overall appearance and illus- A 
trate difficult concepts within the text. A 


One more thing. The notes for this text were College Division 


successfully class-tested over a two-year period. ADDISON-WESLEY PUBLISHING COMPANY 


So if you’ve been waiting for the math course Reading, Massachusetts 01867 
that dissolves mental blocks, wait no more. 
Newmark and Lake are here. WHERE MATH WARMS UP. 
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AWARD FOR DISTINGUISHED SERVICE TO 
PROFESSOR R. H. BING 


In any assessment of contemporary mathematicians who have served and are 
serving the causes of mathematics, R. H. Bing is both an essential singularity and a 
pole. He is an essential singularity because “‘in the whole human race, there’s nobody 
else quite like R. H. Bing’’ and because in any neighborhood of R. H. Bing there is 
activity of all the many facets of mathematics including inspirational teaching, in- 
genious research, dedicated leadership, and delightfully effective salesmanship for 
our subject. He is a pole because like a magnet he has attracted so many gifted young 
people to the field of mathematics and because in any neighborhood of R. H. Bing, 
the enthusiasm for mathematics is unbounded. 

R. H. Bing, or R. H. as his family and friends call him, was born and bred a Texan 
and his speech still attests to that fact. He was one of those Texans with no given 
names, just initials. It is said that he was once called Ronly Honly Bing for R. (only) 
H. (only) Bing. 

Along with L. B. J., R. H. was a graduate of San Marcos State Teachers College 
in Texas. It took him two and a half years to finish and then he did what graduates 
were trained to do —-he taught. R. H. was a high school mathematics teacher and 
coach for six years before beginning his serious graduate work in mathematics 
under R. L. Moore. He not only coached football but basketball and track as well. 
He is one of the few high school coaches who made it to the National Academy of 
Sciences. It is reported that in 1938 he took a summer course in geometry under 
Moore while working on his Master of Education degree and he decided that if 
those other guys in the class could be mathematicians, then so could he. He was 
right, he could. 

When he later took Moore’s topology courses he was quickly identified as a 
most promising student and his later research achievements fully justified Moore’s 
judgement of him. Since his graduate school days, he was the principal yardstick 
by which Moore measured his later students. 

Two years after getting his degree in 1945, R. H. Bing moved to the University 
of Wisconsin and just this past summer returned from there to the University of 
Texas. 

At Wisconsin, he had 30 Ph.D. students and his seminar produced more than a 
dozen others. Among his own students have been Morton Brown, James Kister, 
Russ McMillan, Les Glaser, David Henderson, John Hempel and Dallas Webster 
to name only a few. However, the seminar he organized and led at Wisconsin was 
not just for students but for Wisconsin’s faculty and for many visiting faculty as well. 
It is fair to say that Wisconsin under R. H. Bing became perhaps the world’s major 
center of point set topology. His students and his students’ students and those in- 
fluenced by him and his mathematical descendents have had great impact on much 
of modern topology. 
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But his successes in teaching and in research have been just a part of his many 
contributions to mathematics. Perhaps it is his complete and delightfully contagious 
enthusiasm for mathematics and his desire and ability to communicate that enthu- 
siasm that make him most distinctive. He has long been one of mathematics’ best 
salesmen —a man always willing to give of his time and energy to talk in his folksy 
way to student groups at all levels, to teachers, to research seminars, to bankers, 
to chambers of commerce, to service clubs, to any group interested in how a mathe- 
matician views or does mathematics. And he was and is in demand as a speaker 
because he developed a richly deserved reputation as a person anxious to commu- 
nicate at the level of his audience in showing that mathematics is an interesting, 
dynamic, and vital part of human experience. 

It has been said that, to R. H. Bing mathematics is like a game — there is mathe- 
matics and there is R. H. Bing and the battle is to be joined. They were and are 
serious but friendly adversaries, and RH has won more than his share of the con- 
tests. Perhaps this analogy is too frivolous, but it has its element of truth in the joy 
and verve with which RH attacked his problems. 

Throughout his mathematical career, his wife, Mary, has been a constant source 
of both inspiration and patient understanding. She has shared his burdens and fully 
deserves to share his recognitions. 

Back in the mid-1950’s he helped organize and run the NSF sponsored summer 
conference on topology at Madison. Even though he was deeply involved with much 
of the mathematics being discussed and done at the conference he was still able to 
handle the local arrangements with skill and aplomb. Many of us there could only 
stand in awe at his virtuoso performance. Later we discovered one of the secrets of 
his success. He got up at five o’clock to do mathematics. It gave him quite a head 
Start. 

In the early days of SMSG, RH was one of the active participants in the geometry 
writing group bringing to the effort his own previous high school experience, his 
knowledge of the power of geometric thought, and his training in that first graduate 
course he took from R. L. Moore. 

R. H. has given long and distinguished service to the mathematical community 
in his many terms of duty in the MAA, in the AMS, on various national and inter- 
national committees, and for the past six years as a member of the National Science 
Board. Recently he has been the only mathematician on the Board. 

He has served as President of the MAA and as a long time member of the Board 
of Governors. In the AMS, he was twice an elected member-at-large of the Council, 
served on the Executive Committee, and more recently, served as Vice-President. 
His judgement of things mathematical is so widely respected that he has been on the 
editorial boards of the Bulletin and the Proceedings and has been on numerous nom- 
inating and selection committees for many organizations including a three-year term 
as a member of the nominating committee to the National Medal of Science. 

One of RH’s many services to this country’s mathematics has been his frequent 
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involvement with international mathematical activities. He has been an invited speaker 
at various international symposia and conferences in topology; he gave an invited talk 
at the International Congress in Stockholm, and in 1966 he served on the committee 
of the International Mathematical Union concerned with the Moscow Congress. In 
the summer of 1973, he was an active participant in the Binational Conference in 
Mathematics Education and Research in Bangalore, India. 

As a man of mathematics, R. H. Bing is one of the effective, dedicated and useful 
men of our time. As a human being he glows with a warmth, a love of fun, and a 
joyous spirit which translates itself into genuine concern for his fellow man. The 
happy mixture of the two is what we honor today. 

R. D. ANDERSON 


AWARD OF THE 1974 CHAUVENET PRIZE TO 
PROFESSOR PETER D. LAX 


The Board of Governors of the Mathematical Association of America at its 
meeting on August 19, 1973, at Missoula, Montana, voted to award the 1974 Chau- 
venet Prize to Professor Peter D. Lax for his paper ““The Formation and Decay of 
Shock Waves’’, which appeared in this MONTHLY, 79 (1972) 227-241. 

A certificate and monetary award in the amount of five hundred dollars was 
presented to Professor Lax at the time of the Annual Business Meeting of the As- 
sociation on January 18, 1974, in San Francisco. 

The Chauvenet Prize is awarded for a noteworthy paper of an expository or 
survey nature published in English, which comes within the range of profitable 
reading for members of the Association. The purpose of the Prize is to stimulate the 
writing of expository and survey articles. The 1974 Prize, awarded for a paper pub- 
lished in the three-year period 1970-72, is the twenty-second award of the Chauvenet 
Prize since its institution by the MAA in 1925. For the list of names of previous 
winners, see this MONTHLY, 7! (1964) p. 589, 73 (1965) pp. 2-3, 74 (1967) p. 3, 75 
(1968) pp. 3-4, 77 (1970) pp. 117-118, 78 (1971) pp. 112-113, 79 (1972) pp. 112-113, 
and 80,(1973) p. 120. 

Professor Lax was born on May 1, 1926, in Hungary. He received his A.B. degree 
in 1947 and his Ph.D. degree in 1949 under Professor K. O. Friedrichs, both degrees 
at New York University. He joined the staff at New York University in 1949 as 
assistant professor, advancing rapidly through the ranks and becoming Director 
of the Courant Institute of Mathematical Sciences at New York University in 1972, 
after having served as a director of the A.E.C. Computing and Applied Mathematics 
Center at the Courant Institute of Mathematical Sciences. 
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He has been a frequent summer visitor at Stanford, a member of the staff of 
the Los Alamos Scientific Laboratories in 1950, a consultant to the Radiation 
Laboratory in California, and a Fulbright Lecturer in the summer of 1958. 

In the summer of 1968, Professor Lax gave the SIAM von Neumann lecture; in 
the spring of 1972, he gave the Weyl Lectures at the Institute for Advanced Study 
at Princeton, and in the summer of 1973 he was the Hedrick Lecturer of the Associa- 
tion at the meeting at Dartmouth. 

Professor Lax is a member of the National Academy of Sciences. He was Vice- 
President of the American Mathematical Society in 1969-71. He has served the As- 
sociation in many capacities: as a member of the Joint Committee (with the AMS) 
on the Graduate Program in Mathematics; a member of the Panel of CUPM on Pre- 
graduate Training in 1962-64, also its Subcommittee on Applied Mathematics, and 
a member of the CUPM Panel on Computing in 1968-69. He was an Associate 
Editor of this MONTHLY for the period 1969-73, a member of the Advisory Com- 
mittee on Individual Lecture Films since 1964, and was appointed to the Committee 
on Earle Raymond Hedrick Lectures in 1973. The same year, he was elected a mem- 
ber of the Board of Governors. 

He has twice received the Association’s Lester R. Ford Award: in 1966 for his 
paper Numerical Solution of Partial Differential Equations, in this MONTHLY, 72 
(1965) Part II (Slaught Paper No. 10) 74-84, and in 1973 for the paper for which he 
has now been awarded the Chauvenet Prize. 

Professor Lax’s interest in mathematics has centered on partial differential 
equations, linear and nonlinear functions of mathematical physics, computing, 
and functional analysis whenever needed. His many significant contributions to 
these areas of mathematics are contained in his nearly sixty publications, including 
the book published with R. Phillips Scattering Theory, Academic Press, 1967, and 
the monograph Hyperbolic Systems of Conservation Laws and the Mathematical 
Theory of Shock Waves, Conference Board of the Mathematical Sciences, Monograph 
No. 11, SIAM, 1973. 

In his acceptance, Professor Lax expressed his gratitude for the honor of having 
been awarded the 1974 Chauvenet Prize. 

He expressed his indebtedness to James Glimm for his fertile ideas on the decay 
of shock waves. He declared himself extremely fortunate in having teachers who were 
outstanding expositors: Miss R. Peter, author of the charming popular book, Play- 
ing with Infinity; Professors Pélya and Szegé of Aufgaben und Lehrsdtze fame (now 
happily available in an English enlarged edition) and, most of all, to Richard Cour- 
ant —a master expositor in both pure and applied mathematics. 


REAL PROOFS OF COMPLEX THEOREMS (AND VICE VERSA) 
LAWRENCE ZALCMAN 


Introduction. It has become fashionable recently to argue that real and complex 
variables should be taught together as a unified curriculum in analysis. Now this is 
hardly a novel idea, as a quick perusal of Whittaker and Watson’s Course of Modern 
Analysis or either Littlewood’s or Titchmarsh’s Theory of Functions (not to mention 
any number of cours d’analyse of the nineteenth or twentieth century) will indicate. 
And, while some persuasive arguments can be advanced in favor of this approach, 
it is by no means obvious that the advantages outweigh the disadvantages or, for 
that matter, that a unified treatment offers any substantial benefit to the student. 
What is obvious is that the two subjects do interact, and interact substantially, 
often in a surprising fashion. These points of tangency present an instructor the 
opportunity to pose (and answer) natural and important questions on basic material 
by applying real analysis to complex function theory, and vice versa. This article is 
devoted to several such applications. 

My own experience in teaching suggests that the subject matter discussed below 
is particularly well-suited for presentation in a year-long first graduate course in 
complex analysis. While most of this material is (perhaps by definition) well known 
to the experts, it is not, unfortunately, a part of the common culture of professional 
mathematicians. In fact, several of the examples arose in response to questions 
from friends and colleagues. The mathematics involved is too pretty to be the private 
preserve of specialists. Publicizing it is the purpose of the present paper. 


1. The Greening of Morera. One of the most useful theorems of basic complex 
analysis is the following result, first noted by Giacinto Morera. 


Morera’s THEOREM [37]. Let f(z) be a continuous function on the domain D. 
Suppose that 


(1) | s@dz =0 


for every rectifiable closed curve y lying in D. Then f is holomorphic in D. 


Morera’s Theorem enables one to establish the analyticity of functions in 
situations where resort to the definition and the attendant calculation of difference 
quotients would lead to hopeless complications. Applications of this sort occur, for 
instance, in the proofs of the Schwarz Reflection Principle and other theorems on the 
extension of analytic functions. Nor is its usefulness limited to this circle of ideas; 
the important fact that the uniform limit of analytic functions is again analytic is an 
immediate consequence (observed already by Morera himself, as well as by Osgood 
[39], who had rediscovered Morera’s theorem). 
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Perhaps surprisingly, the proofs of Morera’s theorem found in complex analysis 
texts all follow a single pattern. The hypothesis on f insures the existence of a 
single-valued primitive F of f, defined by 


(2) F(z) = |  f(Odt. 


Here z,is some fixed point in Dand the integral is taken over any rectifiable curve 
joining z, to z. The function F is easily seen to be holomorphic in D, with F’(z) = f(z); 
since the derivative of a holomorphic function is again holomorphic, we are done. 

Several remarks are in order concerning the proof sketched above. First of all, 
the assumption that (1) holds for all rectifiable closed curves in D is much too strong. 
It is enough, for instance, to assume that (1) holds for all closed curves consisting 
of a finite number of straight line segments parallel to the coordinate axes; the 
integration in (2) is then effected over a (nonclosed) curve composed of such segments, 
and the proof proceeds much as before. Second, since analyticity is a local property, 
condition (1) need hold only for an arbitrary neighborhood of each point of D; 
that is, (1) need hold only for small curves. Finally, the proof requires the fact that 
the derivative of an analytic function is again analytic. While this is a trivial con- 
sequence of the Cauchy integral formula, it can be argued that that is an inappropriate 
tool for the problem at hand; on the other hand, a proof of this fact without complex 
integration is genuinely difficult and was, in fact, only discovered (after many years 
of effort) in 1961 [44], [10], [46]. 

There is an additional defect to the proof, and that is that it does not generalize. 
Thus, it was more than thirty years after Morera discovered his theorem that Torsten 
Carleman realized the result remains valid if (1) is assumed to hold only for all 
(small) circles in D. It is an extremely instructive exercise to try to prove Carleman’s 
version of Morera’s theorem by mimicking the proof given above. The argument 
fails because it cannot even be started: the very existence of a single-valued primitive 
is in doubt. This leads one to try a different (and more fruitful) approach, which 
avoids the use of primitives altogether. 

Suppose for the moment that f is a smooth function, say continuously dif- 
ferentiable. Fix z, e D and suppose (1) holds for the circle I,(z,) of radius r, centered 
at Z). Then, by the complex form of Green’s theorem 


0 -| f(z)dz = 2i {| F aay, 
T-(zo) Azo) 92 


where A,(z,) is the disc bounded by I(z)) and df/dz = 4 (0f/dx +i Of /dy). 
(There’s no cause for panic if the 0/0Z operator makes you uneasy or you are not 
familiar with the complex form of Green’s theorem; just write f(z) = u(z) + iv(z), 
dz = dx + idy, and apply the usual version of Green’s theorem to the real and 
imaginary parts of the integral on the left.) Dividing by an appropriate factor, we 
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1 Of 
— i az dxdy = 0; 


i.e., the average of the continuous function 0f/0Z over the disc A,(zy)) equals 0. 
Make r-—-0O to obtain (0f/0Z)(z,)) = 0. Since this holds at each point z,)e&D, 
Of /0z = 0 identically in D. Writing this in real coordinates, we see that u, = v,, 
u, = —v, in D; thus the Cauchy-Riemann equations are satisfied and f is analytic. 

Notice that we did not need to assume that (1) holds for all circles in D or even 
all small circles; to pass to the limit it was enough to have, for each point of D, a 
sequence of circles shrinking to that point. Moreover, since f has been assumed 
to be continuously differentiable, it is sufficient to prove that df/0Z vanishes on a 
dense set. Finally, and most important, the fact that our curves were circles was 
not used at all! Squares, rectangles, pentagons, ovals could have been used just 
as well. To conclude that (0f/0Z)(z,) = 9, all we require is that (1) should hold 
for a sequence of simple closed curves y that accumulate to Zp) (Z need not even lie 
inside or on the y’s) and that the curves involved allow application of Green’s 
theorem. It is enough, for instance, to assume that the curves are piecewise con- 
tinuously differentiable. 

To summarize, we have shown that Green’s theorem yields in a simple fashion 
a very general and particularly appealing version of Morera’s theorem for C* func- 
tions. It may reasonably be asked at this point if the proof of Morera’s theorem 
given above can be modified to work for functions which are assumed only to be 
continuous. That is the subject of the next section. 


have 


2. Smoothing. Let #(z) be a real valued function defined on the entire complex 
plane which satisfies 

(a) o(z) 2 0, 

(b) Jf o(2)dxdy = 1, 

(c) @ is continuously differentiable, 

(d) o(z) = 0 for |z| = 1. 
It is trivial to construct such functions; we can even require ¢ to be infinitely dif- 
ferentiable and to depend only on | z|, but these properties will not be requiredin the 
sequel. Set, for e>0, @,(z) = e 7(z/e). Then, clearly, d, satisfies (a) through (c) 
above and @, vanishes off | Z | < é. The family of functions {¢,} forms what is known 
in hdrmonic analysis as an approximate identity (a smooth approximation to the 
Dirac delta function); workers in the field of partial differential equations, where 
the smoothness properties of the @, are emphasized, are accustomed to call similar 
functions (Friedrichs) mollifiers. 

Suppose now that f is a continuous function on some domain D and set 


(3) f(2) = | f(z-Ob(Qdedn = C= Et in, 
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where the integral is extended over the whole complex plane. This integral exists 
and defines a continuous function for all points z whose distance from the boundary 
of D is greater than e. Moreover, f,(z) is continuously differentiable for such points. 
Indeed, changing variable in (3), we have 


f(2) = | bz -— Of(Odedn 


and the x and y derivatives can be brought inside the integral since we have chosen 
@, to be continuously differentiable. Finally, we note that for any compact subset K 
of D, f,(z) converges uniformly to f(z) on K as e—>0. This expresses the delta- 
function-like behavior of the family {@,}. Here is the simple proof. By (b), 


(2) - f@ = | | og, VOLE Di.(Odedn, 


whence by (a) and (b) 


IA 


4 —f(2)| | | _, HOS Dl adden 


(4) 
sup f(z) —f(z- 9]. 


IA 


Since K is compact, f is uniformly continuous on K; so (4) shows that 
sup |f(z) —f.(z)| > 0 as e—0. 
zéEK 
The proof of Morera’s theorem is now easily completed. Suppose, for instance, 


that f is continuous on D and that there exists a sequence of positive numbers 
ry = i) = r3 = ooo > ) such that 


(5) | f(w)dw = 0 
ly, (2) 
for each z € D whenever the circle I, (z) = {w: | w-—Z | = r,} lies in D. Fix a compact 


set K < D and take e<4dist(K, 0D). Then for r = r, <4dist(K,dD) and zeK 
we have 


__ fais i . || fv — ObOdkdn dw 


i) | reco 0» ~ Oidw|  (O)dédn 


("ome ont 


= Q, 
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Since f, is continuously differentiable, it is analytic on the interior of K; and since 
f, converges to f uniformly on K, f must be analytic there. Finally, because K is 
arbitrary, f is analytic on all of D. 

Again, there is nothing particularly sacred about circles: if {y,} is a sequence 
of simple closed piecewise continuously differentiable curves which shrink to the 
origin and y,(z) is the image of y, under the map w bh w + z, we may replace (5) by 


(6) f(w)dw = 0 

yn(Z) 
and the rest of the argument remains unchanged. Similarly, it is enough to assume 
that (5) or (6) hold only for a dense set of ze D, since the full condition then follows 
from the continuity of f,. 

The result can be extended even further. The requirement that f be continuous 
may be relaxed to the assumption that f is measurable and integrable with respect 
to Lebesgue area measure on compact subsets of D. Of course, the conclusion now 
reads that f agrees almost everywhere with a function analytic on D. For a complete 
treatment, together with an historical discussion, see [62]. The use of smoothing 
operators is a standard tool among workers in partial differential equations and 
approximation theory; for a systematic exposition of its use in this last subject, 
see [52]. 

The success of the smoothing technique in dealing with Morera’s theorem 
suggests using it to prove Cauchy’s theorem. This is a good idea, but one which, 
unfortunately, simply does not work. Here’s the rub. Suppose f(z) is analytic in the 
disc D. We know (by Green’s theorem) that {;f(z)dz = 0 for every triangle T in 
D if f is continuously differentiable. Of course, in general, f is not known a priori 
to be continuously differentiable; but we may construct f.(z), as in (3), which is. 
However, it is not clear that f,(z) is holomorphic. The problem is that while f’(z) 
is known to exist for each zeD, and is easily proved to be measurable, it is not 
known to be integrable; we cannot, therefore, differentiate f inside the integral 
sign of (3). (A similar difficulty arises in the proof of Hartogs’ theorem: If a function 
of two complex variables g(z,,z,) is analytic in each variable separately, then 
it is analytic as a function of the joint variables z,,z,). The argument does work 
if f’ is assumed to be area integrable, but this assumption is (of course) unnecessary, 
and it seems best to base the proof of Cauchy’s theorem on Pringsheim’s device [45] 
of subdividing triangles. This is the pattern followed in most modern texts. 


3. In circles. All the versions of Morera’s theorem discussed up to now have 
depended in an essential fashion on the fact that (1) holds for a certain class of 
contours containing arbitrarily small curves. The obvious question to ask is what 
happens if (1) holds for circles which do not shrink in radius. In this situation, it is 
natural to assume that the function in question is defined on the entire complex 
plane. A satisfying answer is provided by the following result, proved in 1970 [62]. 
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THEOREM. Let f be a continuous function on the complex plane and suppose 
that there exist numbers r,,r, >0 such that 


(7) [ f(z)dz =0 


for every circle having radius r, or r, (and arbitrary center). Then f is an entire 
function unless r,/r, is a quotient of zeroes of the Bessel function J,(z). 


The hypothesis on f may be relaxed to the assumption of local integrability, 
and (7) need hold only for ‘almost all’ circles. The restriction on the pair r,,r, is, 
however, essential: in case it is not satisfied, f may fail to be holomorphic anywhere. 

The proof is considerably more involved than (and of an altogether different 
character from) the sort of argument we have seen in the preceding sections; 
essential ingredients include the harmonic analysis of an appropriate space of dis- 
tributions and the Delsarte-Schwartz theory of mean-periodic functions. See [62], 
where related results are discussed, for details. One can also show that if f is con- 
tinuous on the plane and (7) holds for every square (of arbitrary center and orienta- 
tion) having side of fixed length, then f is entire. Again, a reference is [62]. Further 
perspectives on results of this sort will be found in [63]. 


4. Reflections on reflection. According to the Schwarz Reflection Principle, if f(z) 
is analytic in A = {z:|z| <1} and continuously extendible to an open arc y of 
[ = {z: z | = 1}, and if the values of f corresponding to points of y lie on a cir- 
cular, or, more generally, an analytic arc y*, then f may be extended by ‘reflection’ 
to a function analytic in a domain containing A Uy. The usefulness of this technique 
can hardly he overestimated: it provides an essential tool in problems involving the 
extension of conformal mappings and plays a traditional role in the ‘slick’ proof 
[49, pp. 322-325] of Picard’s little theorem. Another application yields what is 
surely the simplest proof that a nonzero function analytic in A cannot vanish iden- 
tically on an arc of T. 

The question thus naturally arises whether an analogous result holds if y* is no 
longer analytic but simply smooth, C® say. A negative answer is immediate. Indeed, 
let [* be an infinitely differentiable, nowhere analytic, simple closed Jordan curve 
and let f map A conformally onto the interior D of [’*. The univalent function /f, 
extends to a homeomorphism of AUT onto DUI™* and induces a one-one corre- 
spondence between the points of I and those of [*. However, f cannot be continued 
analytically across any subarc of IT, for then f would establish an analytic corre- 
spondence between a subarc y of I and a subarc y* of *. Thus y* would be analytic, 
contrary to hypothesis. This example is really quite striking, providing, as it does, 
an example of a (univalent!) function analytic on A and of class C® on A UT which 
cannot be extended analytically across any arc of I. 

What is not generally realized is that the example can be worked backward to 
provide an example of an infinitely differentiable, yet nowhere analytic, Jordan 
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curve. This approach avoids altogether reliance on the plausible (and true) but 
nonobvious facts concerning smoothness and univalence of the boundary function 
which we invoked so shamelessly above. The tools we need are two, the first of 
which is the following simple lemma. 


LemMA. Let f(z) =z+a,z+a;z°+-:- be analytic in A. Suppose that 
Legh | a, | <1. Then f is continuous on AUT and univalent there. 


Proof. Continuity is clear from the absolute convergence of the series. Let 
z,CE AUT. Then 


Thus 
f9=I0) 1 ¥ ala,l>o 


so that f is univalent. 
The second ingredient we need is the celebrated Hadamard gap theorem. 


HADAMARD GAP THEOREM. Let f(z) = Dp-o@,2'"" have A as its disc of con- 
vergence. If n,.,/n, 2 q for some q >1 and alllargek, then f has I as its natural 
boundary; that is, f cannot be continued analytically across any subarc of I. 


The beautiful proof of this theorem due to L. J. Mordell ((36], cf. [54, p. 223 ]) 
should be standard fare in graduate courses in complex analysis. 

The construction of the required function is now almost trivial. We choose the 
sequences {a,} and {n,} to satisfy 

(a) dp = My = 1, 

(b) Le | ay | <1, 

(c) (a,)*'"* > 1, 

(d) m41/m 2 2, 

(e) Li=on| a,| < 0 j = 0,1,2,-- 
A simple concrete example is provided by the function 


f(=z+ : 2” In}, 


By the lemma, f establishes a homeomorphism between I and a simple closed Jordan 
curve I*. Since f satisfies the hypothesis of Hadamard’s gap theorem, f cannot be 
extended analytically across any arc of IT. Hence, [* must be nowhere analytic 
since otherwise the Schwarz principle would apply. Finally, by (e), the series for 
f(z) converges absolutely on {z:|z| < 1} for each j; thus f is infinitely differen- 
tiable on A UT, so that [* is a C® curve, 
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Interestingly enough, one can trace the basic ideas of this section back to before 
the turn of the century, (see Osgood [38]). In particular, the lemma, which is usually 
attributed to the American topologist J. W. Alexander [67], was known to Fredholm 
as early as 1897 ([38, p. 17]). 


5. Extensions. The reflection principle enables one (in certain circumstances) 
to extend a holomorphic function across an analytic arc to a somewhat larger domain. 
As we have seen, it is in general impossible to relax the condition of analyticity; 
nevertheless, the much weaker hypothesis of rectifiability suffices in case a con- 
tinuous extension analytic in an abutting domain is already known. The precise 
result may be stated (somewhat informally) as follows. 


THEOREM. Let D be a domain and let J be a simple rectifiable Jordan arc 
dividing D into disjoint domains D, and D,. Suppose f,; (j = 1,2) is analytic in 
D, and continuous on D, UJ and that f, = f, on J. Then the function f obtained 
by setting f(z) =f(z) for zéeD, UJ is analytic in D. 


The proof is a standard application of Morera’s theorem, with due care exercised 
in dealing with the assumption that J is merely rectifiable. 


The precise nature of the hypothesis of rectifiability on J in the above theorem 
is by no means clear, and the proof (which we leave to the reader) does little to 
explicate it. My experience has been that students — especially good ones — gen- 
erally guess that the result remains true if rectifiability is dispensed with. This, 
however, is not the case, as the following example shows. 

Let K be a compact set of positive Lebesgue measure and set 


déd ; 
(8) fay= ff FL mein 
K — Z 
The function f(z) is obviously analytic off K and satisfies f(0oo) = 0; moreover 
since lim, ,,,zf(z) = — J\xdédy # 0, f is nonconstant on the unbounded com- 


ponent of K. We claim f is actually continuous on the complex sphere. Indeed, 
formula (8) exhibits f explicitly as the convolution of the locally (area) integrable 
function 1/€ with the bounded measurable function of compact support y,(C), the 
characteristic function of K. Such a convolution is well known (and easily proved) 
to be continuous (see, for instance, [5, p. 154]). 

Suppose now that K = J, a simple closed Jordan curve. The existence of such 
curves having positive area was first proved by Osgood [41] in 1902. (This is one of 
the relatively few examples in mathematics that retains its original vigor unimpaired: 
students today — even those who know about Peano curves — are as baffled and 
surprised by this fact as mathematicians were 70 years ago. The construction is not 
too complicated for presentation in class, and the example itself instills a healthy 
respect for the Jordan curve theorem.) One can actually construct J to have the 
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additional property that it has positive area everywhere, that is, if D is an open set 
and DOAJ #% then DOJ has positive area. The function f defined by (8) with 
J = Kis continuous on € = CU {oo} and analytic off J; thus, it is analytic in both 
components D,,D, of C\J. However, f is not analytic at any point of J. Indeed, 
suppose f analytic at z)9¢J and let D be a small open disc about zg lying in the 
domain of analyticity of f. Set J, = DOAJ. Then 

dédn dédy 

fey = | | BO = ale) + hee 

for z¢J, and g(z) is clearly analytic in D. Thus h(z) must be analytic in D as well. 
But A is obviously analytic_off D and continuous on C. Thus, according to the theorem 
of the present section, / is analytic on all of C, hence a constant. But JAD = J 1 
has positive area, so that h(z) is nonconstant. We have reached the desired contra- 
diction. 

Thus f cannot be continued analytically across any arc of J. In particular, the 
restrictions f,, f, of f to the components D,, D, of C\J determine analytic functions 
which are not analytic continuations of one another; indeed, J forms a natural 
boundary for each of these functions. 

Actually, the requirement that J have positive measure was used merely to insure 
the existence of nontrivial functions continuous on C€ and analytic off J. The same 
result can be obtained (but with more work) if the set in question has positive 
Hausdorff (1 + ¢)-measure for some ¢ > 0 [61]. Even this condition is not necessary; 
in fact, Denjoy [11] has constructed an arc which is the graph of a function and 
which has the required property. 


6. Blowing up the boundary. Questions involving length and area arise in con- 
formal mapping as well. A conformal map, being analytic, must map sets of zero 
area to sets of zero area; however, distortion at the boundary is ana priori possibility. 
Writing AUT = iz: | z | < 1} as before, let us assume that the univalent function 
f(z) maps A conformally onto the Jordan region D. According to the Osgood- 
Taylor-Carathéodory theorem, f extends to a homeomorphism of AUT onto 
D UOD. (Proofs of this important result, announced by Osgood [65] and proved 
independently by Osgood and Taylor [66, p. 294], and Carathéodory [6], [7] are 
available in [9, pp. 46-49] and [24, p. 129-134]. The reader will find a comparison 
of the treatments in these references particularly instructive in the matters of style 
of expdsition and attention to detail.) In case OD is rectifiable, a theorem of the 
Riesz brothers [47] insures that f and f~* preserve sets of zero length ( = Haus- 
dorff one-dimensional measure). When OD fails to be rectifiable, however, all hell 
breaks loose. In particular, a subset of 0D having positive area may correspond to 
a subset of I having zero Lebesgue (linear) measure! For the construction, we need 
an important result from plane topology. 


Moore-K ine EMBEDDING THEOREM [35]. A necessary and sufficient condition 
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that a compact set K <C should lie on a simple Jordan arc is that each closed 
connected subset of K should be either a point or a simple Jordan arc with the 
property that K —y does not accumulate at any point of y, except (perhaps) the 
end points. 


Now let K be a Cantor set having positive area; K may be realized, for instance 
as the product of two linear Cantor sets, each of which has positive linear measure. 
Construct countably many disjoint simple Jordan arcs J, ¢ C\K such that the 
sequence {J,,} accumulates at each point of K and at no other points of C and with 
the additional property that if zo¢C\(K U{J,}) =R and zeK, then any arc 
from Z, to z which lies, except for its final endpoint, in R must have infinite length. 
By the Moore-Kline embedding theorem, we may pass a simple closed Jordan 
curve J through K U{J,}. Let f be a conformal map from A to D, the domain 
bounded by J. Then f extends to a homeomorphism from IT to J. Let S = f~*(K). 
That S has zero linear measure follows at once from the following theorem, due to 
Lavrentiev. 


THEOREM. Let f be a conformal homeomorphism of AUT onto the Jordan 
domain DUJ. If Sc J is not rectifiably accessible from D then f~*(S) <T has 
zero measure. 


Proof. Since D is a bounded domain, its area, given by the expression 
ffalf’(@ [dxdy, is finite. Thus 


i [ | f'(re’’) | rdrdé 


2n al 1/2; p2n pl . 1/2 
< (| | rdrdo (| | |f (re) |?r ardo ) < 0. 
0 Jo o Jo 


It follows that folf (re) | rdr< oo for almost all 0 or, what is the same, 
(0) = fo|f(re"®)| dr < co almost everywhere. But 1(0) is the length of the image 
of the radius from 0 to e” under f. So almost every point of I corresponds to a 
rectifiably accessible point of J, and we are done. 

Actually, much more is true. It follows from a result of Beurling [3] (cf. [.9, p. 56]) 
that the set of points on J which are not rectifiably accessible from D must correspond 
to a set of logarithmic capacity 0 on the unit periphery. It would take us too far 
afield to enter into a detailed discussion of the capacity of plane sets here; for our 
purposes it is enough to know that sets of capacity zero are exceedingly small. For 
instance, such a set must have zero Hausdorff e-measure for all e>0. The first 
person to show that a set of capacity zero on I could correspond under a conformal 
mapping to a set having positive area was Kikuji Matsumoto [33]. He actually 
proved (what is implicit in the above discussion) that for each totally disconnected 
compact subset K of the plane there exists a Jordan domain D with boundary 
J > K such that K corresponds under conformal mapping to a set of capacity zero 
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on I. The discussion here (in particular, the ingenious proof of the central result) 
is based on an idea of Walter Schneider [51]. 

The compression of the boundary of the unit disc presents greater difficulties. 
Lavrentiev, however, has shown that a set of positive measure on [ may be mapped 
onto a set of zero length under a conformal mapping of Jordan domains [30]. 
A more recent construction is due to McMillan and Piranian [32]. 


7. Absolute convergence and uniform convergence. Conformal mapping techniques 
are also useful in constructing examples concerning the convergence of power 
series and Fourier series. Below we offer some simple but instructive examples. 

The first example of a power series which converges uniformly but not absolutely 
on the closed unit disc was given by Fejér [15], cf. [25, vol. 1, p. 122]. The following 
geometric example, due to Gaier [68] and rediscovered by Piranian (see [1, pp. 289, 
314]), is particularly appealing. Let D be the region of figure 1, a triangle from 


Fic. 1 


which wedges have been removed in such a way that the vertex at z = 1 is not 
rectifiably accessible from the interior of D. Since D isa Jordan region, any conformal 
map of A = {z: | Z | < 1} onto D extends to a homeomorphism of the closed regions. 
Suppose that f(z) = Lia,z" is such a homeomorphism satisfying f(1) = 1. Clearly, 


[ | ar 


1 00 
| | X na,r"~* | dr 


1 oo) oe) 
| (= n| a, rt)ar = > 
O \n=1 n=1 


Since the length of the image of [0,1] under f is infinite and is given by the extreme 
left member of (9), the series for f is not absolutely convergent. That the series is 
uniformly convergent on the closed disc follows from a result due to Fejér. 


(9) 


IA 


ay, 


FEJER’S TAUBERIAN THEOREM [16], [55, p. 357]. Let f(z) = Lio a,z" and 
suppose Lp-,nla,|*< oo. If lim,.,—f(re'’) = f(e”) exists, then the sum 
we a,c exists and is equal to f(e!®). Moreover, if lim,.,,—-f(re!) = f(e'®) 
uniformly for 0, S 0S 02, then X°_,a,e'” = f(e") uniformly for 0, < 0S 02. 
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This is a typical theorem of Tauberian type, the Tauberian condition being, of 
course, Le_,n|a,|? < oo. 


Proof. Set sy(e”) = X79 a,e!"’. Then 


r" = S, +8). 


N oe) 
If(re”) —sy(e)| SX ja,[a-r’)+ ZX fa, 
n=1 n=N+1 


Now 1 — r” S n(1 — r) (divide both sides by 1 — r). Thus, 
\ 1/2 


N N 1/2, N 
S,sa-n2 n|a,| san n) (= nla, ‘ < KN(1i — Pr), 
n=1 n=1 n=1 


where K = (X,°.,n|a,|*)"’. Here we have used the Cauchy-Schwarz inequality 
and the fact that ©”, = N(N + 1)/2 < N?. Applying Cauchy-Schwarz to S 


yields 
oe) _ yn fo) pe" 1/2 oe) 1/2 
S,= 2 Vilay| 5 ( » ~) ( nla, 7 
n=N+1 Jn n=N+1 7 n=N+1 
1 co 1/2 
< (—-~ 2 ala, ‘ 
7 (wasn n=N+1 | | 
since 


x rns i/N Xr" = 1/NA—1r). 
n=N+1 n=0 
Having fixed N, we may, by the intermediate value theorem for continuous functions, 
choose r = ry such that N(1 —ry) = (Lye n| a, 2\1/2" Clearly, as N— oo, 
ry 21. Thus 


oe) 1/2 oe) 1/4 
serve") —sele| $ K(X njap) +( 2 nlal) 
n=N+1 n=N+1 


and the right hand side tends to 0 as N > 00 since ©” ,n.|a,,|? < oo. Since f(re”’) > 
f(e"), sy(e") > f(e); hence 2°, a,e = f(e"). Finally, all our calculations are 
uniform in 0, so if f(re’’) > f(e"®) uniformly on some arc, then ©, a,e'" = f(e’”) 
uniformly on that arc. 

To apply Fejér’s theorem to the situation at hand, simply note that if f maps 
A conformally onto the Jordan region D then (by the Osgood-Taylor-Carathéodory 
theorem) f extends continuously to AUT so that f(re’’)—> f(e’’) uniformly for 
0 < @ S 2z. Since 


oe) 1 20 
x & nla)? = | | |f (rel?) |? dr dr = area of D < 0, 
n=1 0) 0 


the Taylor series for f converges uniformly on I. 
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We should observe that it is easy to modify the domain of figure 1 so that its 
boundary becomes analytic at every point except z = 1. The corresponding mapping 
function then extends (by Schwarz reflection) across [\{1} and yields a function 
univalent and analytic on a domain containing (A UIT)\{1} whose Taylor series 
converges uniformly but not absolutely on AUT. 


8. Fourier series. One of the loveliest applications of complex analysis to real 
variables occurs in the theory of Fourier series. The result in question is the so- 
called Pal-Bohr theorem, which may be stated as follows. 


PAL-BOHR THEOREM. Let f(e®) be a continuous real-valued function on the 
unit circle I. There is a self-homeomorphism @ of T such that the Fourier series 
of fo @ converges uniformly. 

It is well known, of course, that the Fourier series of a continuous function may 
diverge on a dense subset of T [28, p. 58]; this gives the Pal-Bohr theorem added 
poignancy. On the other hand, a deep and famous result of Lennart Carleson [64] 
insures that the Fourier series of a continuous function converges almost every- 
where in the sense of Lebesgue measure. 

The Pal-Bohr theorem has an interesting history. It was first proved by Jules 
Pal in 1914 with the weaker conclusion that uniform convergence could be obtained 
on any proper closed subarc of IT, however large. Bohr [4], in 1935, removed 
the restriction in Pal’s theorem. Finally, in 1944, Salem [50] introduced a trick which 
yields the full strength of the result very quickly. 


Proof of the Pdl-Bohr Theorem. Regard f as a function on the interval 
[ — 2,2] satisfying the periodicity condition f(— 2) = f(z). We rule out at the 
outset the trivial case in which f is identically constant. By adding, if necessary, 
a continuous periodic function of bounded variation, we may assume that f( — z) 
= f(x) = f(x) for exactly one point xe(— 2,2). (This is Salem’s trick; see [50] 
for a complete verification.) Since the Fourier series of a continuous function of 
bounded variation converges uniformly, it is enough to prove the theorem under 
this additional assumption. Let g be a continuous periodic function on [ — z,7z]| 
which increases on ( — 2,x) and decreases on (x,z). Then the image of [| — 2,7] 
under the map H(t) = g(t) + if(t) is a simple closed Jordan curve J in the plane. 

Let F(z) = Li_oa,z" be a Riemann map of A onto the interior of J such that 
F( — 1) = H(— 2). Then F extends to a homeomorphism of I onto J, and by the 
discussion following the proof of Fejér’s theorem, the series F(e!®) = X°_, a,e'” 
converges uniformly on I’. The required homeomorphism of [ — z,z) is obtained 
by setting o(t) = H~'(F(e")). Indeed, this is clearly a homeomorphism, and 
f(d(t)) = fo H7(F(é )) = Im F(e"), which has a uniformly convergent Fourier 
series since F(e"') does. 

Perhaps surprisingly, the argument given above is (essentially) the only known 
proof of this theorem. Whether an analogous result holds for complex-valued 
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functions remains an open question; of course, this is equivatent to the question of 
whether, given two real-valued continuous functions f,g on I, one can find a single 
homeomorphism @ for which fod and go @ both have uniformly convergent 
Fourier series. 

We learned of the Pal-Bohr theorem from the interesting survey article of Goffman 
and Waterman [20], and our treatment parallels the discussion given there. The 
decision to reproduce the proof in some detail was based on our feeling that this 
beautiful result deserves a wider public. 


9. Harmonic conjugates. A somewhat different application of conformal 
mapping to problems involving Fourier series involves the construction of functions 
having certain prescribed bad boundary behavior. Thus, one may ask (and Prof. A. 
Devinatz did) for an explicit example of a function harmonic on A and continuous 
on AUT whose harmonic conjugate is discontinuous but bounded. Although the 
problem has been framed (for simplicity) in terms of harmonic functions, it is 
actually a pure real variable question concerning the lack of smoothness of a certain 
singular integral operator. 

For the solution, consider the simply connected domain D, indicated in Figure 2, 
bounded by an (open) analytic curve J together with its asymptote the segment 


Fic. 2 


{y:—1s y S$ 1} of the y-axis in the complex plane. Map A conformally onto D 
by the univalent function f (z) = u(z) + iv(z). A standard result in conformal 
mapping [55, p. 353] insures that a single point of I, say 1, corresponds to the 
“bad” part of the boundary and that f establishes a homeomorphism between 
[\{1} and J. By the reflection principle, f actually extends analytically across 
I\{1}. One proves that as z>1, u(z)>0; and it is now obvious that u is not 
only harmonic on A and harmonically extendible across [\{1} but also con- 
tinuous on AUT. On the other hand, the harmonic function v, which is clearly 
bounded, is not continuous at z = 1. The details of the proof will be easily supplied 
by anyone familiar with Carathéodory’s important theory of prime ends [7], ['55, 


1974] REAL PROOFS OF COMPLEX THEOREMS 129 


pp. 352-355], [9]. An obvious modification yields a bounded continuous function 
whose conjugate is unbounded. 


10. Tauberian theorems. Tauberian theorems, such as Fejér’s, have an intrinsic 
interest quite independent of applications. Of these, the most celebrated is certainly 
that due to Littlewood, which states that if lim,.,. L¢°.,a,r” = L exists and 
a, = O(1/n), then U°_ a, = L. This result resisted considerable efforts at proof 
for several years before it was finally settled by Littlewood [31], whose argument 
required six pages of ingenious and delicate analysis. Much later, Karamata [27] 
introduced a new technique, based on approximation theory, resulting in an en- 
ormous simplification of the proof. Much less well-known is Wielandt’s modification 
[59] of Karamata’s proof, which yields a simple and transparent proof of the 
theorem in question. Below, we present Wielandt’s proof of a strengthened version 
(due to Hardy and Littlewood [22]) of the Littlewood Tauberian theorem. 


THEOREM. Let f(z) = Lip-04,2" be analytic in z | <1 and suppose that the a, 
are real and that na, < K for some K > 0. If lim,.,,— f(r) = L exists asr->1—-, 
then ur_9a, = L. 


The advantage of this result over the original Littlewood theorem lies, of course, 
in the fact that the order estimate on the coefficients is replaced by a one-sided 
bound. 


Proof. Trivial normalizations allow us to assume that L = 0, ag = 0, K = 1. 
Consider the family F of real functions (x) on (0,1) which satisfy 

(a) Le.,a,b(x") is convergent for x €(0, 1), 

(b) O(x) = L_, a,d(x") 9 Oasxo1-. 
Clearly, if d(x)eF, b(x eF (k =1,2,--:) and F is closed under linear combina- 
tions. Since (by hypothesis) x ¢.F, each polynomial vanishing at the origin belongs 
to #. The proof depends on a simple lemma concerning the approximation of 
functions. 


LemMMA. Let (x) satisfy (a). Suppose that for each e>O0 there exist poly- 
nomials p,(x), p(x) such that p(0O) = 0, p({1) = 1 (i = 1,2) and 


D(x) S$ $x) S prlx) eR) = g(x) > 0, 


where fo q(x)dx < é. Then (x) satisfies (b) and hence belongs to F. 


Proof of Lemma. Let ®(x) = X°_, a,(x"), g(x) = Lfao b,x". 
Then 


Ox) — E apis") = E a6") = p’)) SE WC") = pila" 


n= 
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1 ce 
= E 20 =x xa) s 1-9) E xtale" 
r oe) r b (1 _ x)xk*t r b 
_(— mkt1) 5 — x)xot k 
= = %) ran mt far * x poxer ~, l+k 


1 
| q(x)dx<easxrol-. 
0) 


Here we have used the fact that 1 — x" < n(1 — x) and that (1 — x" —x) > n as 
x21. Since pi(x)EeF, UP_, a,p{(x") > 0 as x > 1 — so that ®(x) < « for x near 1. 
Consideration of p,(x) — o(x) shows similarly that O(x) > — ¢ if x is near enough 
to 1. Thus ®(x) > 0 as x > 1, so that de F. 

Continuing with the proof of the theorem, let 


0 OSx 


<4 
1 ¢sx81 


o*(x) = | 
so that D(x) = Lnnt a,p*(x") = Deaxn>t a, = Lhet a, = Sn, where 


It suffices to show that $*(x)eF, for then sy >0 as Noo, whence 9a, = 0 
as required. Now @* clearly satisfies (a), so it is enough to show that the conditions 
of the lemma are fulfilled. Since continuous functions are dense in the integrable 
functions, we can find continuous functions g,(x) and g,(x) such that 

oS 1 
1) as) < SPF cay) | [asd - gilldx < 

x(1 — x) 0 
The functions g, and g, may then be approximated uniformly by polynomials q, 
and q, in such a way that (10) still holds with the g,’s replaced by the q,’s. Putting 
pdx) = x + x1 — x)gx), g(x) = g,(x) — g,(x), we obtain polynomials satisfying 
the hypothesis of the lemma. This completes the proof. 

The subject of Tauberian theorems extends far beyond questions concerning the 
convergence or divergence of a power series on its circle of convergence. One of the 
central results in the harmonic analysis of the real line is Wiener’s Tauberian theorem, 
which states that if fe L/(IR) and the Fourier transform of f never vanishes, then 
linear combinations of translates of f are dense in L/(R). The relation between the 
theorems of Wiener and Littlewood is far from obvious, and it has become customary 
to deduce the latter from the former by way of explicating the Tauberian character 
of Wiener’s theorem. This deduction is standard and may be found, for instance, 
in [60, pp. 104-106]. The proof involves the function K(x) = e~*exp( — e *) and 
uses the fact that the gamma function [(z) has no zeroes on the line Rez = 1, 
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Unfortunately, the deduction of Littlewood’s theorem from Wiener’s is longer and 
significantly more complicated in both conception and detail than Wielandt’s proof 
of the (more general!) Hardy-Littlewood theorem: it is a little like proving that the 
medians of a triangle are concurrent by invoking the fact that a nested sequence of 
compact sets has nonvoid intersection. Of course, Wiener’s powerful methods 
have applications in many situations where the simple approximation theory argu- 
ment we have given does not apply. 
One such instance concerns the so-called high indices theorem. 


HiGcH Inpices THEOREM. Let f(z) = Lig a,z"" be analytic in |Z | <1 and sup- 
pose that n,4,/n, 2 q>1 for all k. If lim,.,— f(r) = L exists, then Lf9 a, = L. 


This theorem lies considerably deeper than Littlewood’s theorem or its extension 
proved above; it was first proved, by Hardy and Littlewood, in 1925 [23], having 
been conjectured by Littlewood as early as 1910. The novelty of the result lies in the 
fact that the Tauberian condition (the lacunarity of the sequence of coefficients) 
involves no bound on the size of the coefficients. It is most instructive to try to apply 
the ideas used in proving the Tauberian theorems of Fejér and Hardy-Littlewood 
to the high indices theorem: they all fail miserably. In fact, I am aware of no really 
simple proof of this result. A particularly attractive argument, marked by con- 
siderable ingenuity in the use of such tools as the Phragmén-Lindelof principle and 
Blaschke products, has been given by Haldsz [21], following some ideas of the 
German mathematician Dieter Gaier. 

In concluding this section we should like to mention an amusing sidelight. 
Wielandt’s proof of the Hardy-Littlewood theorem shares, with Mordell’s proof 
of the Hadamard gap theorem, the property of being a gem of complex analysis 
mined by a mathematician whose central interests lay altogether outside analysis. 
The late Professor Mordell was, of course, one of the world’s leading number 
theorists; Professor Wielandt is a group theorist of international repute. Is there a 
moral to be drawn here? 


11. Category. The usual theorems on convergence of sequences of analytic 
functions, such as Vitali’s convergence theorem [54, p. 168], require the uniform 
boundedness of the sequence in question on compact subsets of the domain. There 
is, however, a sometimes useful result, due to Osgood, which avoids altogether 
hypotheses other than simple pointwise convergence. 


OsGoop’s THEOREM [40]. Let D be a domain and let {f,' be a sequence of 
functions analytic in D. Suppose f,(z)—> f(z) for each zED. Then f is analytic 
in an open set D, < D which is dense in D, and convergence is uniform on compact 
subsets of Dy. 


This result has been rediscovered countless times and has on innumerable other 
occasions brought the experts to grief. Indeed, the question as to whether f must 
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be analytic anywhere, appears (happily, with a correct solution) in the problem 
section of a recent symposium [29, p. 543]. The present formulation suggests — cor- 
rectly — the use of the Baire category theorem. 


Proof of Osgood’s Theorem. Let F,, = {z: fA) | < m,n = 1,2,3,---}. The 
F,, ate clearly relatively closed in D and UF,, = D. By the Baire category theorem, 
some F,, must have interior. For this m, the sequence {f,} is uniformly bounded on 
Fo hence by Vitali’s theorem converges uniformly on compact subsets of F° to an 
analytic function. Thus f is analytic on F°. Since the argument can be applied to 
any subdomain R of D — in particular, to an arbitrary disc — it follows that f must 
be analytic on a dense open subset D, of D. That convergence is uniform on compacta 
contained in D, is a standard argument, which we suppress. 

A comment is perhaps in order on our use of the Baire category theorem, which 
states that a complete metric space is not the countable union of closed nowhere 
dense sets. Obviously, D is not complete in the Euclidean metric. However, it is 
easy to see that D can be given a new metric which induces the same (Euclidean) 
topology, under which D is complete. Alternatively, one may replace D by a slightly 
smaller compact set K and relativize the argument to K. We should also mention 
that category arguments appear elsewhere in complex analysis as well. A notable 
example is the proof of Hartogs’ theorem, mentioned earlier in Section 2. 

A nice complement to Osgood’s theorem is provided by an example of a sequence 
of entire functions f,(z) with the property that 


0 z#9) 
(11) lim f,(z) = 


n> oO 1 z= 0. 


There are (at least) two essentially distinct ways of constructing such a sequence. 
One method is to construct an entire function F(z) such that F(O) = 1 and 
F(z) > 0 as | z | — oo on each ray through the origin. Such functions were first ex- 


Fic. 3 
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hibited by Mittag-Leffler; see [34] for a detailed discussion and some surprising 
extensions. The construction of F is, with appropriate hints, a nice and doable 
exercise and occurs as such in Rudin’s text [49, pp. 326-327]. Once F has been 
obtained, one observes that the sequence f,(z) = F(nz) satisfies (11). 

Alternatively, one can apply Runge’s theorem to “‘notched annuli’’ to construct 
polynomials satisfying (11). To be explicit, consider the set indicated in figure 3. 
A moment’s reflection will reveal that one can choose a sequence K,, of such sets, 
with the property that for each ze C\{0} there exists an integer N such that ze K,, 
for all n = N. (The inner circle contracts, the outer circle expands, and the notch 
gets thinner and rotates, tending toward but never reaching its limiting line.) The 
function 


O zéK, 


92) = 
1 z=0 
clearly extends to a function analytic in a neighborhood of the (disconnected) set 
K,, U {0}. Since this set does not separate the plane, g may be approximated uni- 
formly (to within 1/n, say) on K, U {0} by a polynomial p,. These polynomials 
Clearly satisfy (11). 


12. Miscellany. The interactions between real and complex analysis are by no 
means limited to the areas mentioned above. To keep the discussion within manage- 
able limits, we have restricted ourselves to (a subset of) those applications, examples, 
and aspects of the theory that have not found sustained treatment in the ‘‘popular”’ 
literature of texts and survey articles. Subjects which are treated elsewhere at ade- 
quate length but which deserve mention here by virtue of their interdisciplinary 
nature include the following: 

(a) The evaluation of real integrals and sums by residue techniques. This is 
surely one of the most striking applications of complex function theory to real 
analysis. Fortunately, any good text on complex analysis will contain a fairly detailed 
discussion. 

(b) Complex methods in harmonic analysis. This is a substantial area, which 
includes topics as diverse as interpolation theorems (see, for instance, [28, pp. 93-98 ]) 
and theorems of Paley-Wiener type [43]. Two of the most attractive recent texts in 
harmonic analysis [13], [28] devote whole chapters to this aspect of the theory. 
Further developments are discussed in the survey article of Weiss [57]. 

(c) Functional analysis. Complex variable methods appear here perhaps most 
notably in the construction of functional calculi for operators on Hilbert space or 
Banach space. The applications to commutative Banach algebras are particularly 
substantial; indeed, parts of this last-named subject are virtually coextensive with 
certain aspects of several complex variable theory. For further references, see [17] 
and [58]. In the opposite direction, techniqués of functional analysis can be used 
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to establish many results in function theory; this is the programme of [48]. Finally, 
an honest partnership between complex variables and functional analysis occurs in 
the study of certain Banach spaces of analytic functions, especially H’ spaces [12], 
[26]. 

(d) Function theoretic methods in differential equations. Complex methods 
occur rather naturally in the study of ordinary differential equations [8]. Their 
appearance in the study of partial differential equations is perhaps more surprising. 
Yet there are substantial applications, and more than one book [2], [19] has been 
devoted to this area. Further applications of function theory to problems in partial 
differential equations will be found in [18]. In a rather different direction, the theory 
of linear partial differential equations with constant coefficients is intimately con- 
nected with the study of certain spaces of entire functions of several complex varia- 
bles; see [14] for an exhaustive treatment. 


13. Monodromy. No excursion onto the bypaths of complex analysis would be 
complete without some mention of the monodromy theorem. 


MONODROMY THEOREM. Let D be a simply connected domain and let f(z) be 
analytic in a neighborhood of z,¢D. Then if f(z) can be continued analytically 
from Z, along every path lying in D, the continuation gives|rise to a single-valued 

unction analytic on all of D. 


A more general version states that analytic continuation along paths is a homo- 
topy invariant; see, for instance, [53]. Like the reflection principle, the monodromy 
theorem is an essential ingredient in the short proof of Picard’s little theorem; in its 
extended form, it is the central result in the subject of analytic continuation. Yet 
no theorem of basic complex analysis is more abused or less understood. Indeed, it 
has been misapplied more than once even by mathematicians of the first rank (and 
specialists in complex analysis, at that!). One may speculate that a source of at 
least some of the confusion surrounding this result is the essentially topological, 
rather than function-theoretic, nature of the theorem. 

The sort of error into which one may lapse is best indicated by an explicit example. 
Let D be a simply connected domain and f a function analytic in D which satisfies 
f'(z) # 0 on D. Suppose R = f(D) is also simply connected. Question: Must f be 
univalent (one-one)? An affirmative answer may be found in [56, p. 243] and in other 
references as well. The argument is as follows. At each point wy eR one may define 
a local inverse f,,*(w) of f, analytic in a neighborhood of wo. Since R is simply 
connected, the totality of these functions defines a single-valued analytic function 
f~* on R, which is a global inverse for f. Thus f must be univalent. Note further 
that the simple-connectivity of D is quite extraneous to the demonstration. 

Unfortunately, the argument given above is altogether incorrect, since the 
essential hypothesis of the monodromy theorem, that analytic continuation be 
possible along every path in R, has not been verified. Can the proof be salvaged? 
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The answer is no. In fact, consider the function f(z) = [Ze dt. This f is analytic 
(entire) on the simply connected domain C and f’(z) = e* is nowhere zero. Clearly, 
f is not univalent. So it suffices to prove that f(C) is simply connected. We claim 
f(C) = C. Indeed, suppose f(z) # w. Since e* is an even function, f(z) is odd, 
so that if f fails to take on the value w it also misses the value — w. If w #0, this 
contradicts Picard’s (small) theorem. Since f(0) = 0, f takes on every value in the 
complex plane. 

For D =, any function which satisfies f'(z) #0 must be transcendental 
and hence must (by Picard’s theorem) take on most values infinitely often. One can, 
however, construct a non-univalent, locally univalent function mapping the disc 
A = {z: z | <1} onto itself, which takes on no value more than three times. The 
extremely elegant example given above is due to D. S. Greenstein and appears as a 
solution to MONTHLY Problem 4740. It is an appropriate note on which to end 
this survey. 


Preparation of this paper was supported in part by NSF GP 28970. 
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VARIATIONS ON A THEOREM BY ARCHIMEDES 
MICHAEL GOLOMB 


Let Py be a point on a parabola C and let P_, P, be endpoints of a chord of C 
that is parallel to the tangent at Py. If | T| is the area of the triangle with vertices 
P_, P), P,, while |S | is the area of the segment bounded by the arc and the chord 
with the common endpoints P_, P,, then 


T= 3S. 


This equation was first formulated and proved by Archimedes (see [1]) by his method 
of exhaustion. In a recent note [2] it was shown that T < 3S if C is an ellipse and 
T > 2S if Cis a hyperbola, and furthermore, that 2 is the limit of the ratio of T to 
S as P_, P, approach Py, on an arbitrary plane curve C of continuous nonzero 
curvature. The purpose of this note is to establish n-dimensional (n = 2) analogues of 
these results. This is not quite an elementary exercise since the quadratures involved 
cannot be carried out explicitly. 


1. The limit case. The manifolds to be considered are hypersurfaces of the 
(n + 1)-dimensional Euclidean space E”+*. Throughout it will be assumed that n = 2. 
Let a Cartesian coordinate system of E"+* be chosen in which a point x has the 
coordinates x,,-+-,X,4,. The nonempty set Mc E"*! will be called a C)-surface 
if there exist an open set U c E"*! and a real-valued function Fe C’?(U) with 
partial derivatives F,(k = 1,---,n +1) such that 


(1.1) M = {xeU: F(x) = 0} 
and 
nt+1 
(1.2) L | F(x)|>0, xe U. 
k=1 


A Csurface M, so defined, is, in particular, an n-manifold of class C (see, for 
example, [3]). Of special importance to us is a property of M that generalizes that 
of positive (Gaussian) curvature of surfaces in E>. Let t'(x°) (i = 1,-:-,n) be an 
orthogonal set of vectors of E"*+* with components t;(x°) (k = 1,-+-,n + 1) that span 
the tangent plane of M at x°, and let F,,(x°) (k,] = 1,---,n + 1) denote the second 
order partial derivatives of F at x°. Then x° is said to be an elliptic point of M if 
the n x n matrix with elements 


n+1 


(1.3) x Fil x°)i(x°)t(x°), i, J, = 1, a 
ks l=1 
is positive definite. It is easily seen that this definition is independent of the choice 
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from among the systems {t'(x°)} that span the tangent plane. If F is of the form 


(1.4) F(x) = Xn+1 — f (x4, “95 Xn) 


then the above condition is equivalent to the requirement that the Hessian matrix 
with elements 
1 o7f 


=_ _ —_ 0 eee 0 
(1.5) aij y) 0x,0X; (X14, Xn) 


is positive definite. If moreover x° is the origin O and the tangent plane at O is x,41 
= 0, then a neighborhood of Oe M is given by 


(1.6) XMnt1i = » apie +0( 2 ?), 

i j=1 i=1 
where, as usual, o(Xx7) denotes a remainder term r(x,,-:-,x,) for which 
(Xx?) *r(x,, +++, X,) tends to 0 as x,,-+-,x, tend to 0. 

Thus, in the neighborhood of an elliptic point x°, M is closely approximated by an 
elliptic paraboloid with its axis along the normal at x°. By normal at x° we shall 
mean the half-line which is the axis of this paraboloid. From a plane parallel to the 
tangent plane at x° and at a distance 6 sufficiently small from x° the surface cuts out 
a compact set, which we call a chord section and denote as K(x°; 6). By T(x°; 5) we 
denote the compact (n + 1-dimensional) cone whose base is K(x°; 6) and whose 
vertex is x°, and by S(x°; 6) the compact (n + l-dimensional) segment bounded by 
K(x°; 6) and M. 

In the following | S| denotes the Euclidean volume of the set S c E”+*. We now 
prove 


THEOREM 1. If x° is an elliptic point of the C‘?-surface M in E"+1, and T(x°; 6), 


S(x°; 5) denote the cone and segment defined above then 


_ |T(x°56)| 1n+2 
1.7 [eo 2 Oe 
OD m |S(x°;6)| 2n+1 


Proof. We position the Cartesian x,,---,x,4, coordinate system so that (1.6) 
represents M in some neighborhood of x° = 0. We write z for x,,, and make an 
orthogonal coordinate transformation x; > y; (i = 1,---,n) that reduces the quadratic 
form in (1.6) to diagonal form. Then M is represented by 


(1.8) z= % 
near 0, where b; > 0 (i = 1,---,n). The chord section K(x°; 5) is given by 


(1.9) K(x®; 5) = f = 6, & bry? S64 o(3) 
i=1 
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and its projection onto the plane z = 0 by 


(1.10) K,(x®; 6) = x by7S 6+ 0(8)}. 
i=1 
Therefore, 
(1.11) | S(x°; 5) | -| E —~ >» bey? + of v? ) Jay. 
Ko(x9;6) i=1 i=1 


where dy denotes the n-dimensional Euclidean volume element. We make the 
substitution b,y; = z;, put r* = Xz;, and write w for the surface area of the unit 
(n — 1)-sphere. Then (1.11) becomes 


@ 
| S(%o; 6) | ~ TIb; cocoon? 7 r r o(r') J tdr 
(1.12) 


_ (-; _ sent o(51*"/? y, 


The equation of the lateral surface of the cone T(x°; 6) is 
(1.13) z= (02 biy? ) +0(3*2 vl). 
i=1 i=1 


Therefore, proceeding as above one obtains 


n 4 n 
| T(x°; 6)|= | [5 - (3% bey? ) +o(5d vil) fay 
Ko(x°;6) i=1 i=1 
(1.14) = 2. | [5 — 6?r + 0(6?r) |r" ‘dr 
Tb; Jr<54+0(64) 


_ @ 1 1 L+n/2 1+n/2 
= (“, na :)é + 0(0 ). 
Clearly (1.7) follows from (1.12) and (1.14). 

That the hypotheses of Theorem 1 are sharp is seen from the following example. 
Let M in the y,, z coordinates be given by 


n p/2 
i=1 


where p > 1, and suppose x° = 0. Then M is not a C‘”-surface near x° if p < 2, and 
x° is not an elliptic point if p > 2. Only for p = 2 are the hypotheses of Theorem 1 
satisfied. One finds 

| T(x°; 6)| 


1 
1.16 lim 7! = — 
(1-16) bo }S(x°56)] op nti 


which agrees with (1.7) only for p = 2, 
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2. Elliptic points on quadrics. In this section we consider the question of elliptic 
points on quadric surfaces. The surface M as defined in (1.1) is a quadric if F is a 
quadratic polynomial in the variables x,,---,x,4,. By the proper choice of Cartesian 
coordinates x,,--:,X,4, any quadric is represented by 


Dp q n+1 
(2.1) F(x)= La x?- xX axi+ =X bx,-c =0, 
i=1 i=pt+1 i=qt+1 


where a;>0, b;, c are real constants. The rank of the matrix (F,,(x°)) must be 
>n+1 if x° is an elliptic point of M. Since in the present case (F;,) is constant it 
follows that M can have no elliptic point unless g 2 n. If g = n then (2.1) takes the 
form 
Pp oon 
(2.2) Lax? — LY ax +bx,4,-c = 0. 
i=1 i=pt+1 
If b = 0 in (2.2) (cylinder) then an infinite line x; = c, (i = 1,---,n) lies in every 
chord section K (x°; 5), hence no point x, is elliptic. If b # 0 then (2.2) represents 
a paraboloid and its vertex x, = -:- =x, =0, X,4, =c/b is an elliptic point if and 
only if p = n, and in this case all points of M are elliptic. 
Next assume gq = n+ 1 in (2.1), hence 


Pp ntl 
(2.3) LY ax? — X ayx7 =. 
i=1 i=pt1 


If c = 0 (cone) then necessarily 1 < pn and we may assume p22 (if p = 1 
interchange x; and x,+,-,). The point x° = 0 is excluded since condition (1.2) is 
violated there. Suppose x° # 0, and consider the intersection of K(x°; 6) with the 
linear manifold x; = x, = --- = x, = 0. The remaining coordinates are restricted by 


2 2 2 
(2.4) AX + AX. — Ang 1Xng1 = 0, CX, + C2X2 + Cyt iXng1 $d = 0. 


The set of real solutions of (2.4) is either x, = x, = xX,,, = 0 or is unbounded. 
Hence, x° cannot be an elliptic point. 

We are left to discuss (2.3) with c 4 0. We may assume c > 0 (if c < 0 interchange 
xX; and X,,4,-;). If then p = n+ 1 the quadric is an ellipsoid and each of its points 
is elliptic. We distinguish two remaining cases. 

a. p = 1. Then xj =c/a, for all points, hence the surface consists of two con- 
tinua (sheets), separated by and symmetric with respect to the plane x, = 0. If 
x° eM, then 


n+1 


(2.5) A,X7x, —~d= ¥ a;x; x; 
i=2 


represents the tangent plane at x° if 6 = c, and a plane parallel to it for 6 4 c. The 
Cauchy inequality gives for points in the intersection of (2.3) and (2.5) 
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n+1 n+1 
(2.6) = (a,x?x, — 6) S LX ax?) LU a;x7 = (a,(x})* — c)(a,xj — 0) 
i=1 i=1 


hence 
0 6 7. 2 2 ay 0 . 
(2.7) ca, (x; —oé4 < (c* —0 )(1 — és ; 


It follows from (2.7) that the coordinate x, and then from (2.6) that also x,, +++, X,44 
are bounded for the points of the intersection of (2.3) and (2.5), which therefore 
must be an (n — 1-dimensional) ellipsoid. Thus, x° is an elliptic point. 

b. 2< pn. Then the surface is a continuum. Choose x° € M and consider the 
intersection of K(x°; 6) with the linear manifold x, =x, =--: =x, = 0 again. The 
remaining coordinates are restricted by 


2 2 2 
(2.8) AyX{ + 2X2 — ys 1X41 —€ =O, 
0 0 0 
AX 1X1 + AgX2X — Ay 41% 41%n41 — 0 = Oz 


This is an unbounded set for 6 > c. It follows that x° is not an elliptic point. 

Our discussion has shown that there are exactly 3 (types of) quadrics which have 
any elliptic points: the elliptic paraboloid, the ellipsoid and the 2-sheeted hyperboloid. 
Moreover, all the points on these surfaces are elliptic. 


3. Segment inequalities for quadrics. After the discussion of Section 2 we are now 
prepared to prove 


THEOREM 2. If M is an elliptic paraboloid in E"t' then 
|T(x°;5) 1 


n+ 2 
GD Is: 5] (4) : 


If M is an ellipsoid then 


IT(x°; 5)| — tyn +2 |T(x°; 5)|  1/n +2 
| S(x°; 6)] ~ 2\n +1)? 540 [S55] 2\n +1 
If M is one sheet of a 2-sheeted hyperboloid then 


0. 0. 
co REGIE ae a HEE) 


1507] 7 In) YS: 3] ~ 2 


n+1 


n+1 


These relations hold for all x°€ M and all 6 £0 for which the chord section 
K(x°; 6) is not empty. 


Proof. For the paraboloid we choose the representation 


(3.4) Xe1 = L (ax? + bx) 
i=1 
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in Cartesian coordinates x,,---sX, 4 , With x° = 0. The chord section K(x°; 6) is then 
given by 


(3.6) K(x°; 6) = | DX bjx;,+kd = Xy41, DL (aix7 + b,x; ) Sx} 
i=1 i=1 


where k is some positive constant. Therefore, 


S(x°; 5) | = | Dd bx; + kd — (a;x7 + bos) |x 
Ko(x9°36) Li=1 i=1 


(3.5) » 1 ' 


_ : x2 _ ft 1+n/2 
— E 2» oe Jax Ila; ( n+ 5) (*2) 


where we have made use of (1.12) without the remainder term. The equation of the 
lateral surface of the cone T(x°; 6) is 


(3.6) Xnti = Lv Dx; + (x3 > ax?) 
i=1 


i= i=1 


and proceeding as above, one obtains 


n n n $ 
| | bx; + kd — LX b,x; — (Ke »y ax?) Jas 
Ko(x°;6) =1 


i=1 i= i=1 


[ ks = (Ke »y ax?) Jax 
Yaix? Skéb i=1 , 


W I 1 1+n/2 
Ila; (-- nt 7 (Koyo 
(3.5) together with (3.7) gives (3.1). 

For the proof of (3.2) and (3.3) an indirect argument must be used since the 
involved integrals cannot be explicitly evaluated. We observe that the second parts 
of (3.2) and (3.3) are immediate consequences of Theorem 1, once the first parts are 
proved. Let the Cartesian coordinates x,,-:-,X,4, be so chosen that x° eM is the 
origin, M is tangent to the plane x,,, = 0 at 0 and the normal at 0 coincides with 
the positive x,,, axis. Thus, M is represented by 


| T(x°; 6)| 


(3.7) 


n+1 
(3.8) >» Aj jXiX; _ CXn+1 = 0 
ij=l1 


with c > 0. Next, we choose new Cartesian coordinates y,,°++, y,, Z = X,4 1 such that 

(3.8) becomes 

(3.9) x by? + bz? + 2z 
=1 


i= 


n 
cj — cz = Q 
_ 


t 


or, equivalently, 
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qn C: 2 n 
(3.10) » b; (vi + Fe) + (> - >> ie -e = Q). 

i=1 b; iz1 5; 
The coefficients b; in (3.9) must be positive since x° is an elliptic point of M. If M is 
an ellipsoid (hyperboloid) then the form a;,x,;x; is positive definite (indefinite), 
hence the coefficient of z* in (3.10) is positive (negative). Thus, 


n 2 


b! = b— 


(3.11) i 


> 0 for ellipsoid 

= 0 for paraboloid 
< 0 for hyperboloid. 
The chord section K(x°; 6) is given by 


(3.12) K(x°; 6) = f = 6, L by? + bd? +26 X ey; — cd = of 

i=1 i=1 
Let M° be a paraboloid which is also tangent to the plane z = 0 at 0 and is represented 
by 


(3.13) LX by? + b°z? +2z = cy, —c°z = 0, 
i=1 i=1 


= 


where b°, c° are some new constants. By (3.11) we must have 


2 


(3.14) bo —- Y +=0. 
i=1 5; 


i?) 


M° intersects the plane z = 6 in the same quadric as M does if b°5*— c°5 = bd*— 6, 
hence by (3.11) 


(3.15) c= c°+(b— b°)d = c° + D6. 
By (3.9) and (3.13) we have 


1 nh nh 
z= »y byi+o( > y?) near x°¢ M 
(3.16) mI it 
__ it - 2 . 2 0 0) 
= z b-y; +o(X y, near x°e M°®. 


Using (3.11) and (3.15), we conclude that the ellipsoid (hyperboloid) is below (above) 
the paraboloid near x°. 

The last statement holds not only near x°, but for all points x with 0 < z <6. To 
see this, assume on the contrary that the paraboloid and ellipsoid intersect in some 
point x’ with coordinates z', y{,--:, yi, 0<z! <6. Let V be the 2-plane 


(3.17) V= {yiVir ViVn = 0, i= Ils n _ 1}. 
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V is orthogonal to the plane z = 0, passes through x° and x’, and intersects the 
boundary of K(x°; 65) in two distinct points x”, x°, which are also distinct from x°, 
x1. The two conics C° and C in which V intersects the paraboloid M° and ellipsoid M 
are tangent to each other at x° and intersect in x’, x*, x°. Therefore, C° and C must 
coincide, while it was shown that C° is above C near x°. This contradiction proves 
that the paraboloid is above the ellipsoid (below the hyperboloid) between the planes 
z = 0 and z = 6. The inequalities (3.2) and (3.3) are immediate consequences and 
the theorem is proved. 

I conjecture a converse of equation (3.1). If M is a C°-surface in E"*+’ with 
elliptic points only for which the ratio T(x°; 6)/S(x°; 6) is constant then M is an 
elliptic paraboloid. I have not been able to prove this. 
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CORRECTION TO “DIFFERENTIATION UNDER THE INTEGRAL SIGN” 


HARLEY FLANDERS 


Professor Wilfred Kaplan informs me that in my article (this MONTHLY, 80 (1973) 
615-627) I should have quoted his Advanced Calculus (1952), particularly Problem 6, 
p. 223 (2nd ed.: p. 290) for a linear flow, and Problems 6-8, pp. 299-300 (2nd ed.: 
pp. 367-368) for a space flow. I regret this oversight. 
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QUERIES 


EpITeD BY A. C, ZITRONENBAUM 


This Department welcomes queries from readers about mathematics at the collegiate level, 
such as sources for exposition of a particular topic from a special point of view, references to 
vaguely remembered articles, descriptions of special kinds of courses or teaching methods, methods 
constructing illustrative examples for exercises of particular kinds (questions on research topics 
should, in general, be addressed to be the ‘“‘ Queries Department”’ of the Notices of the American 
Mathematical Society). Replies will be forwarded to the questioner and may also be edited into a 
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composite answer for publication in this Department. Consequently all items submitted for 
consideration for possible publication should include the name and complete mailing address of the 
person who is to receive the reply. Queries and answers should be sent to A. C. Zitronenbaum, 
Department of Mathematics, Cornell University, Ithaca, NY 148650. 


3. G. V. Berlichingen. Can anybody furnish me with information as to whether 
the theory of osculating circles and planes has any application in celestial mechanics 
and the computation of planetary orbits? 

4. G. Pedrick. I would like suggestions for source material to be used in an inter- 
disciplinary seminar for juniors and seniors dealing with what mathematics can 
contribute to ecology and preserving the environment. 


MATHEMATICAL NOTES 
EDITED BY DAVID ROSELLE 


Material for this Department should be sent to David Roselle, Department of Mathematics, 
Louisiana State University, Baton Rouge, LA 70803. 


A CHARACTERIZATION OF CIRCLES AND OTHER CLOSED CURVES 
HANS HERDA 


The response to the author’s research problem (conjecture I in [11]) on charac- 
terization of circles has been so intense that a short survey article is appropriate. 
More than five years elapsed between discovery of the problem and its publication, 
but good problems have staying power and (in this case) admit solution, extension 
and generalization. There are at least a dozen solutions, and almost all use a separate 
attack. 

First, let us restate the problem. In the sequel, curve always means closed, rec- 
tifiable curve. Suppose C is a simple plane curve having positive perimeter p. Let x 
be any point on C. With x associate the unique point x’ on C whose distance 
(measured on C) from x is p/2. Denote the line segment joining x and x’ by s, and 
call s, the pseudo-diameter of C at x. Also denote the length of the pseudo-diameter 
at x,by s,. 

The function f: C— Rt defined by setting f(x) = s, is continuous with respect 
to distance on C. Because C is compact, this implies that s = min, .¢5S, exists. 
Call s the pseudo-diameter of C. Since C is simple, s is positive. Now consider the 
ratio p/s. If C is a circle having positive, finite radius, then p/s = 2. The conjecture is: 


THEOREM A. For any simple plane curve C, p/s = x, and p/s = x implies C 
is a circle. 
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Noting that C need not be simple, Ault [1] proves the considerably more general 


THEOREM B. If C is a curve in any real linear inner-product space with peri- 
meter p and pseudo-diameter s, then p = ns, and p = ms implies C is a circle. 


Ault’s proof uses trigonometry and should be accessible to undergraduate 
students with modest backgrounds. 

Batten [2] establishes Theorem A using a convexity argument and in the process 
also shows that if C is convex and has constant pseudo-diameter, then C is con- 
tinuously differentiable. 

Chakerian [4] lets f be a continuous involution without fixed points on a plane 
curve C and defines s(x) = \f (x) — x | and s = min, .¢ s(x). He then proves: 


THEOREM C. If C is a simple plane curve with perimeter p, then p 2 ms, and 
p = us iff C is a convex curve of constant width and f is the involution such that 
each chord joining x to f(x) is a diametral chord of C (a chord of C whose end points 
lie on two parallel lines such that C meets each of them and lies in the closed strip 
which they bound). 


Theorem C implies Theorem A. Chakerian’s proof involves a study of the 
boundary of the smallest convex set containing C and depends on several results 
expounded in Bonnesen-Fenchel’s classic on convex bodies [3]. 

Davies [5] shows that Theorem A can be established for a simple plane curve C 
via the Fourier series method used by Hurwitz to solve the isoperimetric problem 
(see, e.g., [14] or [17] for Hurwitz’s method). 

Fink [7] proves the stronger 


THEOREM D. The average pseudo-diameter of a simple curve C in the plane 
(or in E") is less than p/x unless C is a circle. 


This proof also uses a Fourier series method. Let x(s) and y(s) be the coordinates 
of a simple plane curve parametrized by arc length, and let f = d(x(s))/ds and 
g = d(y(s))/ds. Fink interprets (f,g) as weighting the unit circle like a wire with a 
non-homogeneous mass, with the centroid of the wire at the origin. If the wire is 
cut into two equal connected masses in every way, then some centroid of half the 
wire is within 2/z of the origin 

Goodey [8] proves Theorem A using a convexity argument. He shows in a few 
lines that if C is convex and s = p/z then C has both constant width and a unique 
tangent at each of its points. 

Johnson [12] proves Theorem A quickly using integration and vector methods. 
He also proposes this generalized conjecture: let X(s) be a parametrization of the 
simple plane curve C by arc length, for 0 < s < p. Consider | X(s) — X(s + p|n)| 
for any fixed integer n = 2. Let d, be the minimum of these values on C. Then 
p/d, = m/sin (x/n). 

Lipskie [13] also proves Theorem A with an argument based on integration and 
vectors, but does not require that C be simple and allows C to lie in E”. 
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Short [16] obtains the same result as Lipskie but his argument requires that C 
be piecewise differentiable. 

Wente [19] gives a quick proof of Theorem A which does not require C to be 
simple; he also uses an integration argument. 

Witsenhausen [20] establishes 


THEOREM E. The pseudo-diameter s and the perimeter p of a simple curve in a 
real normed linear space satisfy p = gs, where g is the half-girth of the unit ball. 
If the space is finite-dimensional the bound is sharp, i.e., there exist curves for 


which p = gs. 


This result depends on two lemmata due to Schaffer [15], whose paper breaks 
new ground in the inner geometry of normed linear and Banach spaces. Witsen- 
hausen also shows that the author’s conjecture II in [11] is false. 

There are many open problems on geometric inequalities and convex sets, and 
the field enjoys a lively journal literature. Here is a list of text and reference books: 
aside from Bonnesen-Fenchel’s survey treatise of 1934 [3], the monographs by 
Eggleston [6] and Hadwiger [9] also deal with £"; the books by Yaglom-Bol- 
tyanskii [21] and Hadwiger-Debrunner-Klee [10] are restricted to the plane; and 
Valentine’s work [18] deals with finite-dimensional normed linear spaces. A taste 
of recent advances can be obtained by browsing through the 1963 AMS Convexity 
Symposium volume [22]; Griinbaum’s survey article ““Measures of symmetry for 
convex sets’’ (pp. 233-270) even has a certain affinity to the problem discussed in 
this paper. Perhaps you, gentle reader, will be tempted to formulate and solve a new 
problem. 


References 


1. R. Ault, Metric characterization of circles, this MONTHLY, p. 149. 

2. G. W. Batten, Jr., A characterization of circles, written communication. 

3. T. Bonnesen and W. Fenchel, Theorie der konvexen K6rper, Springer Verlag, Berlin 1934. 
Chelsea Publ. Co., N. Y. 1948 and 1971. 

4. G. D. Chakerian, A characterization of curves of constant width, this MONTHLY, page 153. 

5. R.O. Davies, written communication. 
G. Eggleston, Convexity, Cambridge Univ. Press, 1958 and 1969. 
M. Fink, A circle maximizes the minimum pseudo-diameter, written communication. 
R. Goodey, A characterization of circles, Buil. London Math. Soc., 4(1972) 199-—201. 
Hadwiger, Altes und Neues tiber konvexe Korper, Birkhauser Verlag, Basel und Stutt- 


6. H. 
7. A. 
8. P. 
9., H. 
gart 1955, 

10. H. Hadwiger, H. Debrunner, and V. Klee, Combinatorial Geometry in the Plane, Holt, 
Rinehart & Winston, New York, 1964. 

11. H. Herda, A conjectured characterization of circles, this MONTHLY, 78(1971) 888-889. 

12. H. H. Johnson, A problem of Herda concerning circles, written communication. 

13. L. C. Lipskie, Pseudo-diameters and the length of a closed curve, written communication. 

14. W. W. Rogosinski, Fourier Series, Chelsea, New York, 1959. 

15. J. J. Schaffer, Inner diameter, perimeter and girth of spheres, Math. Annalen, 173 (1967) 59-82. 


1974] MATHEMATICAL NOTES 149 


16. D.R. Short, A characterization of circles, written communication. 

17. I. N. Sneddon, Fourier Series, Routledge and Kegan Paul, London, 1961. 

18. F. A. Valentine, Convex Sets, McGraw Hill, New York, 1964. 

19. H.C. Wente, A proof of Herda’s characterization of circles, written communication. 

20. H.S. Witsenhausen, On closed curves in Minkowski spaces, Proc. Amer. Math. Soc., 


35(1972) 240-241. 
21. I. M. Yaglom and V. A. Boltyanskii, Convex Figures, Holt, Rinehart & Winston, New 


York, 1961. 
22. Convexity, Proceedings of Symposia in Pure Mathematics, Vol. 7, edited by V. L. Klee. 


Amer. Math. Soc., Providence, R.I., 1963. Corrected reprint 1972. 


45 FREMONT STREET, LEXINGTON, MASSACHUSETTS 02173. 


METRIC CHARACTERIZATION OF CIRCLES 
ROBIN AULT 


1. Introduction. Hans Herda [1] has conjectured that a circle is the only plane 
curve in which the ratio of circumference to minimal ‘“diameter’’ is as small as 7. 
We verify this conjecture, here extended to any real Hilbert (even any real linear inner- 
product) space. Let C be any rectifiable closed curve in such a space, with circum- 
ference k. For each point x of C, define the following: | 

A(x), the point of C whose distance from x (measured along C) is 4k; 

D(x), the diameter of C through x, as the vector from x to A(x); 

M(x), the midpoint of D(x); and 

d(x), the length of D(x). 

Also, define the minimum diameter d of C as inf {d(x) | xeC}. 

If C is a circle, then k = xd; noting this, Herda proposed: 


CONJECTURE 1. For any C, k = xd. 
CONJECTURE 2. If k = nd, then C is a circle (of diameter d). 


The conjectures are trivial if d = 0,so we assumed # 0. Without loss of generality 
we assume C has been ‘“‘normalized’’ to make d = 2. The conjectures then become: 
k = 2n; and k = 2x implies C is a circle. 


2. Proof of first conjecture. Select two points x and y “‘fairly near each other”’ 
on C (specifically, so the vectors D(x) and D(y) form an acute angle between their 
positive directions). Let T denote the vector from M(x) to M(y). Make the following 
definitions (see figure 1): 


R = d(x) = dist (x, M(x); 
d(v) — 
p = OO 50 that R+ 1 = daly): 
2a = size of the acute angle between D(x) and D(y) (translated so as to intersect); 
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A(y) pS A(y)—T gs 


Nv A(y) — 2T 
PAG q' 
q 
A(x) 


. 


b = size of the smaller angle (so 0 S b S 2/2) between the lines joining A(x) 
to A(y) — T, and A(y) to A(y) — 2T; 

p = dist(x,y — 7); 

q = dist(A(x), A(y)); 

q’ dist (x, y); and 
= length of T- 
Applying the law of cosines to the triangle with vertices x, y — T, and M(x), we see 
p = /JR*4+(R+7r)? —2R(R + 1r)cos (2a), which reduces by elementary trigo- 
nometry to 


(1) p = /4(R? + Rr)sinta+r?. 


tr 
| 


Since R and R+~,r are both half-diameters, each is at least 1, hence their product 
R? + Rr is at least 1, and (1) yields 


(2) p= Jasin? bre. 
Again by law of cosines we see that g and q’ equal 
the two signs giving the two correct values; combining this with (2) gives 
max(q,q')= ./4sin?a + r? + s? + 2pscosb 
> Jasimat ras. 


Let C,, denote the arc of C from x to y. Its arc-length | Cx | is at least q’; the arc- 
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length of C from A(x) to A(y) is at least q; and the two arc-lengths are equal, so each 
is at least max (q, q’). Thus 


(3) |Cyy| 2 /4sin?a + r? + s?. 


A(x) 


X5 X 3 


Fic. 2 


Orient C and choose on it points x9,x,,°°:, X, = A(X) in that order around C, 
relatively near each other in succession (see figure 2). For i = 1,2,---,n, define: 
= the arc of C from x;_, to x;; 
= 3(d(x;) — d(x;-1)); 
i dist (M(x;~1), M(x;)); and 
2a, = size of the acute angle between D(x;_,) and D(x;). 


2 FO 
fo | 


The preceding discussion applies to each arc C;, so (3) gives us 
\C;| 2 J4sin2a, + r3 +s? , 


hence 


kK2= UC |= Ui /4sin2a, +72 +57. 
i=1 i=1 


By the generalized triangle inequality this gives 


(4) k/2 2 J4(2 sina) + (= In|) + (= si) 
i=1 i=1 i=1 


The angles 2a; measure the changing direction of the vector D(x;), which reverses 
direction as i goes from 0 to n; so Lij-,4; = 7/2. Let a, denote the maximum 
value of the a;; note a, < 7/4. Since 


“ ww 


a: 
3! 


sina; 2 4; >a;—aj (for 0 < a; < 2/4), 


we deduce: 
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% sina; 2 & (4-4?) 2 (1—ay) B a, = (1 — ay), 
=1 i=1 i=1 


Together with (4) this proves 
CC ”C~C<~“SSC“‘ CO HS!!C«C 
(5) k/2= pee aay p> a+(% |) + ( s > n(1 — a,). 
i=1 i=1 i=1 


By choosing n and the points Xo, x,,°+-,x, appropriately, we can make a, as 
close to 0 as desired; hence k/2 = 7, establishing the first conjecture. 


3. Proof of second conjecture. Assume k = 27; for any selection of the points 
Xo. X15°''> Xp» We Show: 


(6) > a; = 7/2, 
i=1 

(7) E |r| = 0, 

(8) Es, =0. 
i=1 


Suppose X9,X1,°°'; Xm = A(Xo) is another selection of points in that order around 
C, with x9 = Xo, X_ = Xm, and each x; equal to some x; (so that the x; could be 
called a “‘refinement’’ of the x;). Define a;, r;, s; (for j = 1,---,m), and a, in the 
obvious way. We note: 


( m n 
na, 2 2d a, 
j=1 i=1 

(9) x |rif2 2 |r|, 

j=1 i= 

: m n 
as, 2 Ld s,, 
j=1 i=1 


because the total variation of diameter-direction, diameter-length, and midpoint- 
location can not be decreased by division into smaller steps. We know 


n n n 
Xa;2n/2, LX |r| 20, and ZX s, 2 0; 
i=1 i=1 i=1 


if any of these inequalities is strict, we choose a refinement x9,xj,--:,x,, of 
Xo.X1.°°';X,, having a, so small that 


n n 2 n 2 
(10) 2n(1—a,)? LY a; + (= rl) + (= s > 77. 
i=1 i=1 


i= 
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Formulas (9) and (10) combine to give 


m m 2 m 2 
(11) 2n(1— ay)? LX a+ (= il) + (= sj} > 1, 
j=l j=l j= 

This contradicts the assumption k = 27, since the quantity on the left of (11) is no 
larger that k?/4 = x? (square formula 5). Hence equalities (6), (7), and (8) hold. 

These equalities are true of any selection Xo, x,,---,X, (as described). We con- 
clude from (8) that the diameters of C have the same midpoint M; from (7) that 
they have the same length (which must be 2); hence the points of C are all on the 
sphere of radius 1 about M. The only path on this sphere, from x, to its antipode 
A(X), having length 7, is half of a great circle; so formula (6) shows C must consist 
of two great semi-circles, which in fact form a single great circle because the dia- 
meters all pass through M. This verifies the second conjecture. 
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A CHARACTERIZATION OF CURVES OF CONSTANT WIDTH 
G. D. CHAKERIAN 


Let C be a simple closed rectifiable plane curve, and let f be a continuous in- 
volution of C without fixed points. That is, f is a continuous mapping assigning to 
each point x EC another point f(x)eEC, with f(f(x)) =x and f(x) #x for all x. 
Let s(x) = | f(x) - x | = the length of the chord joining x to f(x), and s = min s(x), 
x EC. By the continuity of s(x) and the compactness of C, the minimum value is 
achieved. The main result of this note is the following theorem. 


THEOREM. If C, f, and s are as above, and p(C) is the perimeter of C, then 
(1) P(C) 2 1. 


Moreover, equality holds in (1) if and only if C is a convex curve of constant width 
and f is the involution such that each chord joining x to f(x) is a diametral chord 
(defined below) of C. 


One of the conjectures in [3] was that if f is the particular involution such that x 
and f(x) bisect the perimeter of C, then (1) holds, with equality possible only for the 
circle. Our theorem confirms this conjecture since, as proved in [2, Theorem 2.5], the 
only curve of constant width each of whose diametral chords bisect the perimeter is 
the circle. 

The proof of the theorem depends on some simple results about convex curves 
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which we now discuss. By a supporting line of a plane convex curve K we mean a 
line meeting K but such that K is contained in one of the closed half-planes determined 
by that line. If G is any line making angle 0 with the horizontal, K will have two 
supporting lines parallel to G, and the distance between these supporting lines, 
denoted by w(Q), is the width of K in the direction 0. The function w(@) is continuous 
and, by a theorem of Cauchy (see [1, p. 65]), the perimeter of K is given by the 
formula 


2n 
(2) (K) = 4 | (Odd. 


In other words, the perimeter of a plane convex curve is equal to z times its mean 
width. If ACK) denotes the minimum width of K, A(K) = min w(@), 0 S$ @ S 2z, it 
follows immediately from (2) that 


(3) P(K) 2 rA(K), 


and equality can hold in (3) if and only if w(@) is constant, that is, K is a curve of 
constant width. By a diametral chord of K we mean a chord of K whose endpoints 
lie on two parallel supporting lines. It is easily shown (see [1, p. 51]) that ACK) is 
also the minimum length of all diametral chords of K. For the proof of the main 
theorem it will be important to observe that of all chords of K parallel to a fixed 
direction, a diametral chord in that direction has maximum length. The following 
two lemmas will complete our preparation for the proof of the theorem. 


LeMMA 1. If K is the boundary of the smallest convex set containing C, then 
p(K) S p(C), with equality if and only if C= K. 


Proof. The plausibility of the result is seen when one thinks of K as an elastic 
band looped tightly around C. Since a rigorous proof is difficult to find in the 
literature, the following argument, based on ideas from integral geometry, might be 
of interest. If to each line G in the plane we assign coordinates (p, 0), where p is the 
distance from G to the origin and @ the angle with the horizontal, then a motion 
invariant measure on the set of lines in the plane is obtained by defining the density 
dG = dpdé. A formula of Crofton asserts (see [4], or [1, p. 69]) 


(4) (C) = 4 | n(G. A C)dG, 


where n(G MC) is the number of intersections of G with C, and the integration is 
over all lines. Now observe that any line G meeting K in exactly two points must also 
meet C in at least two points. Otherwise C would be contained in a closed half-plane 
H determined by G and hence in a proper closed convex subset of the set bounded by 
K, contradicting the definition of K. Thus, except possibly for supporting lines of K 
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(which constitute a set of lines of measure zero), n(G OK) S$ n(G OC). Applying (4) 
we obtain p(K) S p(C). If C # K, it is not difficult to show that there exists a set of 
lines G of positive measure for which n(G MN K) < n(G OC), so p(K) < p(C). 


LEMMA 2. Let C bea simple closed plane curve with an involution f as described 
above. Then given any line G, there is some x EC such that the chord from x to 
f(x) is parallel to G. 


Proof. Let v(x) = f(x) — x. The lemma follows immediately from observing that 
the vectors v(x) vary continuously, never vanish, and v(f(x)) = — v(x). 

The proof of the main theorem now follows quickly. Let K be the boundary of 
the smallest convex set containing C, and let A(K) be the minimum width of K. By 
Lemma 2, there exists x) €C such that the chord joining X, to f(XQ) is parallel to a 
diametral chord of K of length A(K). Thus s(x9) = | (Xo) - Xo | is less than or equal 
to the length of a chord of K parallel to a diametral chord of length A(K), and 


(5) A(K) 2 s(xo) 2 mins(x) = s. 
By Lemma 1, we have p(C) 2 p(K). Applying (3) and (5) we have, 
(6) P(C) 2 p(K) 2 2A(K) 2 2, 


establishing (1). If equality holds in (1), then it holds throughout (6). Then p(C) 
= p(K), so C= K. Further, equality then holds in (3), so C is a curve of constant 
width A. Then every diametral chord of C has length A and s(x) S A for all x (for 
A is then the maximum chord length in every direction). But equality throughout 
(6) also implies A = s = min s(x), so s(x) = A for all x. Hence s(x) = A, so the chord 
joining x to f(x) is a diametral chord for all x, completing the proof. 


The author would like to acknowledge his indebtedness to G. T. Sallee for stimulating discussions 
about the main theorem. 
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RESEARCH PROBLEMS 
EpITED BY RICHARD GUY 


In this Department the Monthly presents easily stated research problems dealing with notions 
ordinarily encountered in undergraduate mathematics. Each problem should be accompanied by 
relevant references (if any are known to the author) and by a brief description of known partial 
results. Manuscripts should be sent to Richard Guy, Department of Mathematics, Statistics, and 
Computing Science, The University of Calgary, Calgary 44, Alberta, Canada. 


CONJUGATELY PURE SUBGROUP PROBLEMS 
BoLA O. BALOGUN 


A subgroup H of a group G is said to be conjugately pure in G if two elements 
of H are conjugate in G only if they are already conjugate in H. For example, free 
factors, direct factors and retracts are conjugately pure. Also every involution in a 
group generates a conjugately pure subgroup. Of course there are examples of sub- 
groups which are not conjugately pure. For example, let G = S3, the symmetric 
group on three symbols {1,2,3}, and H = <(123)> the cyclic subgroup generated by 
(123), then H is not conjugately pure in G. Another non-example is the following: 
Let p be a prime number and G = GL(3, p), the 3-dimensional general linear group 
over the field of p elements. Let H be the subgroup of upper triangular matrices with 
every main diagonal entry 1. Then H is a Sylow p-subgroup of G, and is generated 
by the two elements 


11 0 rl 0 0 
a= 0 10] and b= fos a]. 
00 1J 001 


Since these matrices have the same Jordan canonical form (a 2-dimensional and a 
1-dimensional block for the eigenvalue 1), they are similar, that is, they are conjugate 
in G. However, a and b are not conjugate in H by inspection. 

The following lemma gives a summary of the elementary properties of con- 
jugate purity. The proofs are straightforward. 


LEMMA 1. (i) If A is conjugately pure in B, and B is conjugately pure in C, 
then A is conjugately pure in C. 

(ii) If H is a normal subgroup of a group G, and A is a conjugately pure sub- 
group of G containing H, then the factor group A/H is conjugately pure in the 
factor group G/H. 

(iii) An ascending union of conjugately pure subgroups of a group G is con- 
jugately pure in G. 

(iv) If A is an isolated subgroup of a group G (that is, (x-'Ax)NA #1, 
xéG>xeA, see Motzkin-O’ Neill-Straus [1]), then A is conjugately pure in G. 
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(v) If A is a conjugately pure subgroup of G and H is an arbitrary subgroup 
of G, then ACH is conjugately pure in H. 

(vi) Let X, Y, N be normal subgroups of a group G such that the factor group X/Y 
is conjugately pure in the factor group G/Y. Then the factor group NO X/NOY 
is conjugately pure in the factor group G/N Y. 


A group G is called hereditarily pure if every subgroup of G is conjugately pure. 
Trivially every abelian group is hereditarily pure. Is the converse true? Yes, for finite 
groups (hence for locally finite groups and residually finite groups), as we shall see 
below. In general, we do not know. 

Let % (resp. WU, §) denote the class of all finite (resp. abelian, hereditarily pure) 
groups. 

Our problem takes the following form: 

Which classes X satisfy the inclusion XN H < A? 

That X = % is a solution is the content of the following theorem. 


THEOREM. Every hereditarily pure finite group is abelian. 


For the proof of the theorem we need the following lemma, which is a special case 
of Frobenius’ Theorem, and for which we give an elementary proof to make the 
paper self-contained. 


LEMMA 2. (Cf. Scott [2, Exercise 12.5.15, p. 347]). Let H be an abelian subgroup 
of a finite group G such that HOH” = (1) if xe G\H. Then H has a normal com- 
plement in G. | 


Proof. We construct a homomorphism T:G— H such that T(H) = H and 
Ker(T) OH = 1. Let R be a complete set of left coset representatives of H in G, so 
G= U,errH,r,H = r,H >r,=r,.Foranyg eG, let g denote the unique element 
of gHOR.If ge GandxeG, thenxg = (xg)~;andg-‘g € H. We define the function 


by 
T(x) = [] xr7’ xr, 
reR 
where x e G. Since H is abelian, the order of the factors in the product is immaterial. 
The rest of the proof is in three steps. 
(1) T = Tz is a homomorphism. For if xeG, then x:rH > xrH permutes the 
cosets of H, so as r ranges over R so does xr. Since H is abelian, we can write 


T(xy) = [| (xyr)-! xyr 
reR 


= [] Leyr)-]-txyr yr-'yr 


reR 
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= [] [@xyr)-)-*xyr [] yrotyr 


reR reR 


= T(x)T(y). 


The homomorphism T, known as the transfer of G into H (see Scott [2, p. 61]), 
can be shown to be independent of R, but this fact is not needed here. 

(2) Let yeG. There is a subset R’ = {r,,---,r,} of R and positive integers n;, 
such that 


KY 


T(y) = Il r, y"r,, Ln, = [G:H], 


i=1 i=1 


—-1 4H; 


and n; is minimal such that r; -y"'r,EeH. 
Since as r runs through R so does yr,r— yr defines a permutation 0 in the sym- 
metric group Sym(R) on R. Let (7;,,7;,,°°:,1%;,,) be a cycle of 6. Then 


Yi, - Tin Migs > Vin — 1 = Ting Vina — 19 Yin = rN,» 


—-1lim 
SO hi hij, = ri, y rise 
Moreover, if k < m, then 


1k ~1 
ri, Vly = Vi Ving hi 


so that m is minimal. 
(3) If1 # yeH, then T(y) = y. There is exactly one 7;ER’, sayr;,,, such that 
r;,€H, and the corresponding n;, = 1 by minimality of n;. But for r;¢é H 


yer, Hr, ‘OH = (1) 


sor; yr, = 1. Hence T(y) = y ¥ 1, so (Ker T)OH = 1, G = (KerT)H, and the 
lemma is proved. 


Proof of Theorem. Let G be a minimal counterexample. Then all proper sub- 
groups are abelian by Lemma 1(i). Let U be a maximal proper subgroup and x €U. 
Then U is abelian and G = ¢U,x>. Let D = UNM U". From the above, D is normal 
in G, so, unless D = (1), G/D is abelian, so G’c< D, U*< UD = U, U = U™. But 
then, since U is abelian and pure, x centralizes U, and so G = <U,x)> is abelian 
contrary to assumption. Hence UNM U* = (1), for all x—eG\U. Now by Lemma 2, 
U has a normal complement, say N. Since N is also pure, U centralizes N, hence G 
is abelian contradicting the assumption. 


Acknowledgment. The author wishes to express his thanks to Professor Ernst G. Straus and the 
referee for their advice during the writing of this paper. 
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THE INTERSECTION OF SUBSPACES 
W. S. ERICKSEN 


Let V be a vector space of n-tuples over a field F. If W, and W, are subspaces 
of V then their intersection is readily determined by the use of a single Hermite 
normal form. To show this let 


W, = COs tt Oy 9 W, = CBi.° BRD 


where «; and f; represent column vectors and the symbols ¢ > denote the span 
of the included vectors. Form the matrix 


M = [a, Oj | Bi By] 
and row reduce it to its Hermite normal form 
M = [%, 8 O; | By _ B,]. 
This form is characterized by the following conditions, (a) through (d), where 
‘‘leading entry’’ is defined to be the first non-zero element of a row. 
(a) Every leading entry (of a row with a non-zero element) is 1. 
(b) Each column containing a leading entry has all other elements zero. 


(c) Each row with all zero elements is below every row witha non-zero element. 
(d) If the columns characterized by (b) form the set 


Buss 5B, p) 


then j, <j,<-+:- <j, and k,<k,<-+:+-<k,, with the element 1 in column i 
located in its ith row. By these properties the set S is a basis for the column space 
of M and each other column of M is a linear combination of those vectors in § 
which precede it in @. Thus if there is an n such that 


(ly B,eM and B, ¢ 5 


S = {his hi, 


there are sets of scalars {x,,:--,x,} and {y,,-:-,y,} such that 
Bb, = » X 50; + >> ViPx; 
i= i=1 


By properties (a) through (d) the coefficients x,, y; are the components of f, in the 
matrix M. Since linear relations among the columnsof are preserved in passing 
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by row operations from M back to M, it follows that 


Br y ViBx; = 2 Xj 5 


i=1 i=1 
and consequently 
B, -— & Vib, Wy O Wy. 
i=1 


Obviously each vector f, satisfying the conditions (1) has an associated vector in 
W, OW, and the totality of these associated vectors is a spanning set for W, 1 W,. 
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NILPOTENT TRANSFORMATIONS AND THE DECOMPOSITION OF A 
VECTOR SPACE 


A. J. INSEL 


The object of this paper is to outline what the author believes to be a new and 
more ‘intuitive’ proof of the theorem concerning the decomposition of a finite 
dimensional vector space into a direct sum of cyclic subspaces, with respect to a 
given nilpotent linear transformation. Typical proofs are to be found in [1, p. 161] 
and [2, p. 111]. A typical formulation of the theorem is: 


THEOREM. Let V be a finite dimensional vector space, and let T be a linear 
transformation on V, nilpotent of index p. Then there exist elements X1,X5°°'s5Xm 
in V and integers p = p, 2 py 2 °°: = Pm = 1, Such that 


T(x) = TP%(x2) = + = Tp) = 0, 
and 


T(x), T(x), T(x), mts Tt “(x4) ’ 
+2 = T(x), T(X2), T*(x2), mts TT?" *(x), 


ee 
| 


T(Xm)s T(Xm)s T*(Xm)s mts TP” ‘(Xin) 


8 
S 
| 


is a basis for V (allowing the convention that T° =I, the identity). 


We propose to give an outline of our proof to the above theorem, leaving a few 
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of the details to be. filled in by the reader. These unproved details will be stated 
in the form of lemmas. When presenting this proof to a linear algebra class the 
author asked his class to prove these lemmas as exercises. For the rest of this note 
we let R; denote the range and N, the null space of T. 


LEMMA 1. Let T be a nilpotent transformation on a vector space V. Suppose 
X4yXyy000y>X_, are elementsof V and py, P25°**; Dm are nonnegative integers such that 
{T?'(x,), T?(x2),°°°; T?"(X,,)} is linearly independent and lies in Nr. Then 


{X1, T(x); T?(x,); a) T?'(X4), X25 T(x), "'*s Xm T(Xm)s a) T’'(X,)$ 
is also linearly independent. 


Proof. Let X1,X5°°';Xm and Py, Po5°''s Pm be as in the statement of the lemma. 
Let p = max{p,, P2,°**, Pmt. We prove the lemma by mathematical induction on p. 
If p = 0 there is nothing to prove. Suppose the lemma holds whenever p < q, where 
q is some positive integer. Now suppose q = max{p,, Po,°°'5 Dm} - 

Suppose for some linear combination: 


m Pi . 
(1) » » a;;T"(x;) = 0. 
i=1 j=0 
Applying T to both sides of equation (1) we obtain: 
m Pi 
(2) 0= TO) = a,;T’* *(x;) 
i=1 j=0 
and hence 
m pi-l 
(3) 0 = » » a;;T"(yi); 
i=1 j=0 


where y; = T(x,). Applying the induction hypothesis to (3) we conclude that a;; = 0 
for 1 Sism and 0 <j <p;. Hence equation (1) reduces to 


(4) 5 A;y,1?(x;) = 0. 
i=1 


By hypothesis (4) implies a;, = 0 for 1 Si S m. We conclude that a;; = 0 
for 1 <i < mand 0 <j <'p;. Hence the lemma follows. 

We now proceed with our proof of the theorem, inserting additional lemmas 
whén called for. The proof involves mathematical induction on the index of nil- 
potency of T. Trivially, the theorem follows when this index has value 1. Suppose 
the theorem is true when the index of Tis p — 1 for some integer p = 2. Now sup- 
pose T has index p. Then R;, is T-invariant, and the restriction T| Ry; of T to the 
range of T is nilpotent of index p— 1. Hence by the induction hypothesis there exist 
elements y,,y,,°°', y, In Ry and integers q,,q,,°°',g, such that p—1 = q, 2 q, 
= +++ 2q, 21 and such that the appropriate statement of the theorem (using 


162 A. J. INSEL 


y’s instead of x’s, and q’s instead of p’s) is satisfied. The set we get is a basis for 
R,. Let us denote this basis by A. We now state our second lemma without proof. 


LemMA 2. T%'~‘(y,), T?7*‘(y2),°, T” * (y,) is a basis for Rp ONz. 


Since this set is linearly independent and lies in N; it can be extended to a basis 
for all of Ny by the addition of say, a finite set {z,,z,,°::,z,$. By Lemma 1, the 
union, AU {Z;,Z,°°',Z,} is linearly independent. In fact, it is easy to show that: 


LeMMA 3. The set AU {2,,22,°°',2,} is a basis for Ry + Ny. 


We are now ready to put the pieces together. Suppose that n is the dimension 
of V. Then the following formulae are known from earlier in our linear algebra 
course: 


(1) dim(R; + N;) + dim(R; ON,) = dim(R,) + dim(N7), and 
(2) dim(R,;) + dim(N;) = dimV = n. 
Combining (1) and (2) leads to 
(3) dim(R; + Ny) + dim(R; NN,) =n. 
Based on our above notation, dim(R; 1 N,;) = r and hence 
(4) dim(R; + Ny) =n-r. 


Lemma 3 and (4) tell us that we need only adjoin r elements to A U {2,, Z2,°°'5 2s} 
in the right way to make a basis for all of V. The problem is, how to choose these 
elements. The answer (which a few of the better students can guess) is: Since 
Vis V25°**s y, all lie in R; we can and do choose elements x,,x,,-°-:,x, in V such that 
T(x;) = y; fori = 1,2,--,r. Then by Lemma 1, {x1,x2,°-',X,$ UU AU £24, 225 °° Zs} 
is linearly independent. This set contains r more elements than a basis for Ry + Ny 
and hence must be a basis for all of V. Letting m = r-+s, this basis can easily be 
put in the form given in the statement of the theorem, allowing 


Net = 245° Xm = 25 D1 = 9, +1, P2=92+1,°°57,= 9 +1, D4, = = Dn = 1. 


Naturally, s may be zero. This proves the theorem. 
One more note: By a simple modification of the above proof, the decomposition 
theorem as stated in the sharper form in [1] can also be proved. 
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E2456. Proposed by H. H. Johnson, University of Washington 

Let C be a simple closed rectifiable curve in the plane, parameterized with respect 
to arc length s by the vector function P(s) (0 < s < L). Assume that P has three 
continuous derivatives, and that the curvature k(s) never vanishes. If R(s) =1/k (s) 
denotes the radius of curvature and if the area enclosed by C is A, show that 


L L Lo 
As a) R(s)ds + 77 | | R'(s) | ds. 
0 0 


For which curves does equality hold? 


E2457. Proposed by Don Redmond, University of Illinois 

Let t(n) denote the number of divisors of the natural number n and let 6(n) 
denote the number of decompositions of n into two relatively prime factors. Sup- 
pose that f is a multiplicative function and that g(n) = 2X 4),f(d). Show that 

n n 
E fdr (zs) = ¥ g(d)e (5) 
d2|n d2|n 

E2458. Proposed by E. O. Buchman, California State University at Fullerton 
An n-place truth function is a function of n variables whose arguments and 
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values come from the set {7, F}. Show that the number of n-place truth functions 
which are capable of generating all n-place truth functions is 2°(2'— 1), where 
t = 2"-1_ 1, (Remark: For n = 2, the two functions are ‘“‘not or’’ and ‘“‘not 
and,’’ otherwise known as Sheffer’s stroke.) 


E2459*. Proposed by A. A. Mullin, U.S. Army Research Office, Arlington, 
Virginia. 

One is given an unlimited number of perfect one ohm resistors with which to 
construct a resistance of z ohms to within an accuracy of 10-° ohms. Only series- 
parallel circuits are allowed. What is the minimum number of resistors necessary? 


E2460. Proposed by D. Meyers and C. F. Pinzka, University of Cincinnati 

A Pythagorean triple is a solution of x* + y* = z* in natural numbers with 
x <y. Show that given any n 2 0, there exists a natural number k such that k 
appears in precisely n distinct triples. 


E2461. Proposed by Andreas Zachariou, University of Athens, Greece 
Let n and x be natural numbers such that x is divisible by only those primes 
which are larger than n. Show that 


(x — 1)(x? — 1)---(x"7* — 1) = 0 (modn)). 


SOLUTIONS OF ELEMENTARY PROBLEMS 
A Difficult Binomial Coefficient Summation 


E 2384* [1972, 1034]. Proposed by H. W. Gould, West Virginia University 


Let n be a nonnegative integer. For p = 1,2,--- define 


si = E [(i)- (eal 


where we make the usual conventions regarding binomial coefficients. Show that 
S,(n) is always divisible by S,(n). 


Comment by the Editors. To date, no solution to this problem has been received. This did not 
totally surprise the editors, for a problem involving binomial coefficients submitted without solution 
by H. W. Gould is likely to be difficult indeed. The following table of numerical results may be of 
use to prospective solvers. 


n S; (n) S3 (n) S3 (n)/S1(n) 
1 1 1 1 
2 2 2 1 
3 3 9 3 
4 6 36 6 
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n Si (1) S3(”) S3(n)/Si() 
5 10 190 19 
6 20 980 49 
7 35 5705 163 
8 70 33040 472 
9 126 204876 1626 
10 252 1268568 5034 
11 462 8209278 17769 
12 924 53105976 57474 
13 1716 354331692 206487 
14 3432 2364239592 688881 
15 6435 16140234825 2508195 
16 12870 110206067400 8563020 


A Limit which is the Geometric Mean 


E 2389 [1972, 1135]. Proposed by Zbigniew Fiedorowicz, Illinois Institute of 


Technology 


Suppose that f is a strictly positive continuous function on the interval [0, 1]. 


Show that the following (two-sided) limit exists and find its value: 
1 1/e 
lim | Lioyfas | . 
“a0 0 


Can this result be generalized to a wider class of functions? 


I. Solution by Manny Yothers, Lower Stillwater College. Let 


1 
Fe) = | [fooQax. 
We shall show that 
1 
lim log F (x) = [ log f(x)dx, 
a0 m 0 
so by the continuity of the exponential function, it will follow that the required 
limit is 
1 
lim [F(a)]'" = exp| | logf()dx} 
a0 0 


Since f is continuous and positive on [0,1], we see that it is both bounded and 
bounded away from zero; that is, there exist constants m, M such that 
O<m S f(x) SM for all xe[0,1]. From this, we have that 


g(x,«) = [f(x)]* and Dy 9(x,«) = [f(x)}*logf(x) 
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are continuous functions on the rectangle [0,1] x [—a,a], where a > 0 is arbitrary. 
Because of this, F is differentiable at « = 0 and differentiation under the integral 
sign is valid. (See Theorem 10.8, p. 350 of T. M. Apostol, Calculus, Vol. II (2nd Ed.), 
Xerox, 1969.) Let G(a«) = log F(a); then F(0) = 1, G(O) = O and 


_ , 1 
lim G@) = lim GOO) = G'O)= Te = [ tosreax. 


a->o a a->0 


Il. Solution by Gerald Leibowitz, University of Connecticut. A well-known 
result of F. Riesz asserts that if u is a probability measure and f isa u-measurable 
function which is nonnegative almost everywhere, then 


(1) lim | | " = exp | floes au I, 


pot 


the geometric mean of f, provided that the indicated integral exists for at least 
one positive value of p. (See, e.g., Andrew Browder, Introduction to Function 
Algebras, W. A. Benjamin, 1969, pp. 124-126.) If both f and 1/f have some positive 
power which is p-integrable, then an application of (1) to each yields 


Kn re” for. 


Also solved by Erol Barbut & James Calvert, Ellen Hertz, L. Kuipers, O. P. Lossers (Nether- 
lands), Jiirg Ratz (Switzerland), Kenneth Rosen, William Sanchez, T. T. Trent, W. R. Ugolik, Paul 


Zwier, and the proposer. 


Editor’s comment. The result appears to be fairly widely known. Barbut & Calvert, Rosen, and 
Sanchez all refer to G. Pélya and G. Szegdé, Problems and Theorems in Analysis, Vol. I, Springer- 
Verlag, 1972; the problem appears on p. 69 and its solution on p. 250. Ratz calls attention to Hardy, 
Littlewood and Polya, Inequalities, Cambridge, 1934, pp. 134, ff. This latter reference has an especially 
complete discussion of the various degenerate cases that can arise (for example, if f(x) = 0 identically). 
Note that in Solution J, the continuity of f was necessary to justify the differentiation under the 
integral sign, so that this proof does not immediately generalize to more general circumstances. 


2? + 3? = s* and 2” + 3" = 72 
E2396 [1973, 76]. Proposed by Erwin Just, Bronx Community College 
(A) Prove that 2? + 3” is not a perfect power if p is prime. 
(B) Find all natural numbers m and n such that 2”+ 3” is a perfect square. 


Solution by R. S. Stacy, Manzano High School, Albuquerque, New Mexico. 
(A) If p = 2, then 27 + 37 = 13 is not a perfect power. Suppose that p is odd; then 


p-1 
2? +3? = (243) DY (—1)9'2?-1-*3* 
k=0 
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and since 3 = —2(mod5), the sum is congruent to L?2>2?~* = 2?" *p(mod5). 
If p # 5, then 2? + 3? = 5k, where k 4 0(mod5), so that 2” + 3” is not a perfect 
power. However 2° + 3° = 275 is obviously not a perfect power. 


(B) Suppose that 2” + 3" = t?. We note that t? = 0 or t* = 1(mod3) for all 
t, so that m cannot be odd, since 2” = 2(mod 3) for all odd m. In particular, m 2 2. 
But t? is odd and, being an odd square, must satisfy t? = 1(mod4). Since 2” = 0 
(mod 4), it follows that 3”= 1(mod4) so that necessarily n is even, say n = 2q. 
Then 2” = (t + 3%)(t — 3%). Since the sum of the two factors is 2t, and t is odd, 
the highest power of 2 which can divide both factors is 2 itself. Therefore t — 3% = 2 
and t+ 34=2""', Subtracting the first of these equations from the second and 
dividing by 2 shows that 34 + 1 = 2"- 7. However, m is even, and obviously m ¥ 2, 
so that 3°+ 1 =0 (mod4) from which it follows that q is odd. If q were greater 
than 1, we would have 


q-1 
3744 = (341) Y(-1934°'*, 
k=0 


which is 4 times an odd number greater than 1. This is impossible, so that q = 1, 
and the unique solution is m = 4, n = 2 with 5? = 2+ +4 37. 


Also solved by I. K. Abruob, Anders Bager (Denmark), Merrill Barnebey, L. C. Bourburgh, 
Robert Breusch, N. J. Fine, J. D. Gillam, Robert Gilmer, S. H. Greene, M. G. Greening (Australia), 
J. L. Hunsucker & Jack Nebb, Ralph Jones, V. Linis, O. P. Lossers (Netherlands), D. C. B. Marsh, 
L. E. Mattics, H. F. Mattson, Jr., C. C. Oursler, G. D. Pritchett, Bernardo Recaman S. (Colombia), 
St. Olaf Problem Group, Ben Sapolsky, F. W. Saunders, Ken Schilling, M. A. Smith & D. R. Stone, 
Joel Spencer, D. P. Sumner, Phil Tracy, E. W. Trost (Switzerland), and the proposer. Partial solutions 
by E. J. Howard and by Carolyn MacDonald. 


Affine Transformations with No Invariant Points or Lines 


E2399 [1973, 202]. Proposed by D. E. Daykin, University of Reading, England 

Let T be an affine transformation of the plane; that is, Tx =Ax+ b, where 
A is a 2 x 2 real matrix and b is a fixed vector. Characterize those affine transfor- 
mations which have no fixed points and for which TL ¢ Lfor no line L. 


I. Solution by D. M. Bloom, Brooklyn College. For any basis {u, v} of the plane 
and any vector b not belonging to the line Ru, the mapping 


(*) T: cu+dv +(c+d)u+dv+b 


has the desired properties. (To prove this, show that for any vector w, the vectors 
Tw —w and T’*w —w are independent.) To show that there are no other such 
mappings, let Tx = Ax +b be such a mapping. Since the equation x = Ax + b 
has no solution, the matrix A — J is singular; since the line Rb is not T-invariant 
it follows that A 4 J. Hence A —/ has rank 1 and its Jordan form is either 
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0 ' ( " 
(, 0 or 0 gl? where a ¥ O. 


Let {u,v} be the corresponding Jordan basis. In the first case, T has the required 
form (*), and since the line Ru is not T-invariant, we have b ¢ Ru. The second case 
is impossible, for if we write b = ru + sv, then the line Ru — (s/a)v is T-invariant. 

We remark that, geometrically, the mapping (*) is a shear followed by a trans- 
lation not in the direction of the shear. 


II. Solution by T. S. Bolis, State University College, Oneonta, New York. 
The transformation T has the required property if and only if (A — I)? = O and 
Ab # b, where I denotes the identity matrix. 

To prove that these conditions are sufficient, let T satisfy them and consider 
an arbitrary line L= Ra+c, wherea and care arbitrary vectors (a 4 0). Suppose 
to the contrary that TLC L. Then TL= R(Aa)+ Ac+b6C L, implying that 
Aa = ra and (A—I)ec = sa— b for some r,seR. Since (A —I)* =O, we get 
r = | (since a # 0) and thus 0 = (A — I)?ec = —(A —J)b, implying that Ab = b, 
a contradiction. This same contradiction is reached if a = 0, so that the argument 
shows also that T has no fixed points. 

Conversely, suppose that Tx = Ax + b leaves invariant no line or point. Cer- 
tainly b 4 0 and Ab # b since otherwise the line Rb would be invariant under T. 
Since T has no fixed points, we have (A—JI)x = —b satisfied for no vector x so that 
A — J is singular, i.e., 1 is an eigenvalue of A. If the eigenvalue 1 is of multiplicity 2, 
then (A—J)* =O by the Cayley-Hamilton Theorem and we are through, so suppose 
to the contrary that A has another eigenvalue t # 1. Let a and c be eigenvectors 
of A corresponding to the eigenvalues 1 and ¢t respectively. Then a and c span the 
plane so that b = ra + s(1 — t)c for some r, se R. Consider the line L= Ra + sc. 
Then TL= Ra+ste+b = Ra+ra+sc = Ra+se = L, so that L is invariant 
under T. This contradiction shows that no such eigenvalue can exist. 

We note that the conditions (A — J)* = O and Ab # b hold if and only if A is 


of the form 
A= (7 S 
t 1—-—r 


where r?7+ st = 0 and s,t are not both 0 and where b is not on the line 
tx —ry =rx+sy = 0. (Since s, t are not both 0, at least one of these expressions 


is non-trivial.) 


Also solved by D. Z. Djokovié, M. J. Hoffman, Byrl Loch, Robert Lumbert, Jiirg Ratz (Switzer- 
land), Earl Taft, Mark Vigder, and the proposer. 


Editor’s comment. Taft obtains generalizations applicable to finite-dimensional spaces over 
arbitrary fields. The proposer comments that the problem arose in attempting to generalize the 
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Banach Fixed Point Theorem in the plane to a wider class of mappings; we suggest that readers 
wanting further details contact the proposer directly. 


A Curious Triangle Ratio 


E 2400 [1973, 202]. Proposed by A. W. Walker, Toronto, Canada 

If O, H, I, r, R are the circumcenter, orthocenter, incenter, inradius and circum- 
radius of any scalene triangle T, and P (defined as a limit point if Tis right-angled) 
is the orthocenter of the pedal triangle of H , then the line OJ divides the line segment 
PH internally as r:R. 


Solution by M. G. Greening, The University of New South Wales, Australia. 
Set x = cosA, y = cosB, z = cosC; then, using the identity cos(B—C) = cosA 
+ 2cosBcosC, the trilinear coordinates of O, I, H, P can be taken as: 


O: (Rx, Ry, Rz), I: (r,r,r), H: (2Ryz, 2Rzx, 2Rxy), 
P: [R(1 — 2x?)(x + 2yz), R(1 — 2y?)(y + 2zx), R(1 — 227) (z + 2xy)]. 
The «-coordinate of the point T dividing PH internally in the ratio r: R 1s 
R*(R + r)-![(1 — 2x7) (x + 2yz) + Ax+yt+2—-Dyz] 


since r = R(x + y+z-—1). Cyclic interchanges of x,y,z give the B- and y-coor- 
dinates of T. As the equation of OJ is L(z—y)a = 0, Tlies on OJ if 


[Ed — 2x7)(x + 2yz)(z — y) + 2Ax+y4+2z-1)(yz)(z—- y)] = 9, 


the summation being over the cyclic interchange of x, y,z. But the left hand side 
reduces successively to 


—2 XL x°(z —y)—4xyz Dx(z—y) + Uxiz—y)+%xt+y+z) Lyz(z—-y) 
= 2[- Uxr(z—y)+(xt+y4+z) X yxz—y)] =0, 
and the result is established. 


Also solved by Huseyin Demir (Turkey), and the proposer. 


ADVANCED PROBLEMS 


All solutions of Advanced Problems should be sent to J. Barlaz, Rutgers — The State University, 
New Brunswick, N. J. 08903. Solutions of Advanced Problems in this issue should be typed (with 
double spacing) on separate, signed sheets and should be mailed before May 31, 1974. 


An asterisk (*) means neither the proposer nor the editors supplied a solution. 


5952*. Proposed by J. Gilles, University of Charleroi, Belgium 
Prove the following results: 
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© 1 1373 
(3) 2 nsinnn/2  360,/2’ 
8 9 — /14 + ./75 — 32,/3 
“ r (5) rn 


5953*. Proposed by Paul Erdos, Northern Illinois University, and G. B. Purdy, 
University of Illinois 


Let G be a planar graph of n vertices x,,X,,-°-,x,. Let v(x;) be the valency (or 
degree) of x; and let 


u(x,) 2 ox) 2 +++ 2 v(%,). 
Determine (or estimate) Dj_, 0(x;). 
5954. Proposed by C. W. Anderson, University of California at Berkeley 


Is the collection of Lebesgue non-measurable subsets of [0,1] a first category 
(null) subset of 2°? 


5955*. Proposed by F. D. Hammer, Berkeley, California 
Is there a differentiable function which takes rationals into rationals but whose 
derivative takes rationals into irrationals? 


5956*. Proposed by G. J. Michaelides, University of South Florida 

Let Z* denote the set of positive integers, with the topology whose basic open 
sets are sequences {an + b}_, and (a,b) = 1. It is known that Z+ with the above 
topology is Hausdorff. Is there a homeomorphism from Z* to Z* other than the 
identity? 

5957. Proposed by Dietrich Marsal, Hannover, Germany 

If the sequence of partial sums 


fx) = b4(0) | “Oy(O)dt + o> + by(x) | “Ga(tdt (0 = 1,2,-~) 


of the orthonormal system {f}¢L?[a,b] is uniformly bounded and convergent 
almost everywhere, then {f} is complete if and only if lim, _,,, f,(x) = 4onaSxsb 
almost everywhere. 


SOLUTIONS OF ADVANCED PROBLEMS 
r™ 


5878 [1972, 1041]. Proposed by Vdclav Konecny, Jarvis Christian College, 
Hawkins, Texas 
Show that 
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oe) 2 oe) 
{ e “In2xdx = y* + = and K — 5/2 < | e *In°xdx < K—9/4, 
0) 0) 
where K = — y(y? + 27/2) and y is Euler’s constant. 


Solution by Allen Stenger, Student, Pennsylvania State University. 


We knowI°(z) = fo e *x* ‘dx, so the integrals we are interested in are 


} e *log*xdx = IT"(1) and } e *log’xdx =T’’(1). 
0 


0 


From 
~ (2 Z 
logI'(z) = —yz—logz + & |= — tog (1 +=)| 
‘ n=1 
we get 
T(z) 1 — {1 1 | 
N= — — ——-—], I") = - 
r(z) zn (;, n+z}’ () % 
rara-C~)* 1, 5 1 
(I'(z))? zp (n +2)?" 
whence I"(1) = y* + 27/6. Similarly, we can differentiate again and solve for 
(1), to get (1) = — y(y? + 2? /2) — 2€(3). The final inequalities result from 
9 1 1 [® dx 5 
The process could be continued and {ge *log"xdx (n = 4,5,---) evaluated in 


terms of y, €(2), €(3),-+:,C(n). 


Also solved by Dorothee Aeppli, Giinter Bach (Germany), M. G. Beumer (Netherlands), Dieter 
Bode (Germany), Peter Enis, Ralph Garfield, M. L. Glasser, M. G. Greening (Australia), Sidney 
Heller, R. A. Hurd, A. A. Jagers (Netherlands), Charlotte Krauthamer (Austria), O. P. Lossers 
(Netherlands), Alexander Lupas (Roumania), Ram Murty & Kumar Murty, K. R. Penrose, G. S. 
Rogers, Kenneth Rosen, Hermann Schmidt (Germany), David Shelupsky, F. W. Steutel (Nether- 
lands), N. M. Temme (Netherlands), Phil Tracy, P. H. Young, and the proposer. 


Note. Beumer, Glasser, the Murtys, and Shelupsky all note that the solution appears ina general- 
ized form in M.E. Levenson, A recursion formula for f 0 ¢ ‘ (log t)"”*! dt, this MONTHLY, 65 (1965) 
695. 


Condition for a Quadratic 


5880 [1972, 1043]. Proposed by Anon, Erewhon-upon-Yarkon 


Let f(x) be a continuous function on a <x < b such that f’(x) exists at each 
point. Suppose for each x in this interval there exists a 6 = 6, >0 such that 
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(1) fee Len) = g(x) 


for all h satisfying 0<h<6. Prove that f(x) is a quadratic polynomial. (This 
generalizes a problem in T. M. Flett, Mathematical Analysis, where f” is assumed 
to exist.) 


Solution by Douglas B. Price, Newport News, Virginia. By adding and sub- 
tracting f(x) to the left hand side of (1), and taking the limit as h approaches zero, 
we see that for every x in (a,b), g(x) = f’(x). Pick x in (a,b) and h such that 
0O<h<o6,, and let x’ be such that 


(2) x<x' <min{x +6,—h,x+6,_,}. 
Then we have 


fx’ +h) — fe —h) = fe +(x’ — x) +h) — f(X-@'-X)—N) 


2h 2h 
4, O = 3) (=H) = (=) - f= H+ =) 
7 2 =x) 
g(x!) = g(x) FA EFD — g(x — my) FE. 


Therefore, for x’ in the interval defined by (2), g(x’) = f’(x’) is a linear function 
of x’, hence f must be a quadratic polynomial there. 

Let x be in (a,b) and suppose that we have shown that for x’ in some interval 
extending to the right of x, f(x’) = Ax’* + Bx’ + C. We would like to show that 
this same polynomial representation applies for all x’ between x and b. If this 
were not the case, then there would be a point y in (x, b) such that forx <x’ <y, 
f(x’) = Ax’* + Bx’ + C, but for x’ in some interval to the right of y, f(x’) = 
= A’x'* + B’x'+C’, ((4,B,C) # (A’,B’,C’)). Then for h sufficiently small, we 
have 


_fth—-fy-h) — Ay th)? +B(y+h)+C' -A(y—h)? — By -h)-C 
a | | 


(3) gy) = Bo Ah , Aa Ay* + "= By +(C'-O) | 


2(A'+A)y +B’ +B 


+ 3 


Since equation (3) holds for h in some interval, and g(y) is constant, the coefficients 
of the first two terms in the right hand side of (3) must be zero. That is, A’ = A 
and (B’ — B)y + C’— C = 0. But by looking at left and right derivatives of f at y, 
we see that 2Ay + B = 2A’y+ B’, so B = B’ and C = C’. Thus for any x in 
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(a,b), f is a quadratic polynomial on (x, b). Clearly this can happen only if f is a 
quadratic polynomial on all of (a,b). 


Also solved by A. S. Adikesavan (India), R. G. Bilyeu, D. Borwein, R. O. Davies (England), 
M. G. Greening (Australia), Rev. William Habakkuk, R. D. Leitch (England), O. P. Lossers (Nether- 
lands), Joel Levy, Brian Peterson, and John Swetits. 


The Riesz Decomposition Property for Nonnegative Differentiable Functions 


5882 [1962, 1044]. Proposed by E. S. Langford, University of Maine 


Does the set of differentiable functions on the real line have the Riesz Decompo- 
sition Property? Le., if f,,f,, and g are positive differentiable functions such that 
fi +f, 2g = 90, can g be written as g = g, + g,, where g, and g, are differentiable 


functions which satisfy f, 2 g, 2 Oand f, 2 g, 2 0? 


Solution by Neal Felsinger, Yale University. We will assume f, and f, are non- 
negative differentiable functions. Let f = f, +f, and define 


Ux)A/f(x) if f(x) #0, 
g(x) = 
if f(x) =0 


1,2. Clearly f; = g; 20 and g; is differentiable whenever f(x) 4 0. If 
0, we have f;(x,.) = 0 and if f(x) 4 0, 0 S g(x)/f(x) S$ 1. Thus 


for i 


(Xo) 


lim (g(x) — gAXo))(x — Xo) = lim (gX)/F(%)) Fi) (x — Xo) = 9. 


x~7>XO x—~7>XOo 


Therefore g; is differentiable everywhere. 


Also solved by K. F. Anderson, R. O. Davies (England), D. P. Giesy, A. A. Jagers (Netherlands), 
J. W. Shaw, Jr., R. M. Warten, A. C. Zaanen, and the proposer. 


Editorial Note. Zaanen proves the property using the equivalent formulation that if uw; + u2 = 
v1 -+V2, then there exist w ; AG j=1,2) such that w, ;+w, pois Wig tWin =U» UY, W, being nonnegative 
differentiable functions. He sets w; j =u,v,/wifw ~ 0, and w; j= 0 if w =0. He also notes that a 
reference for the proof is Exercises 15.12 and 15.14 in Luxemburg and Zaanen, Riesz Spaces, vol. 1, 
wherein the problem is considered for the partially ordered vector space of all functions f(x) = 
D(x)/¢ (x), a Sx Sb,p and q are real polynomials, g(x) > 0. For this space the problem and 
solution may be found in F. Riesz, Sur quelques notions fondamentales dans la théorie générale des 
opérations linéaires, Annals of Math. 41 (1940), p. 174, ff. 

The proposer notes that the question and answer were probably known by Riesz by 1928 and 
offers a reference to a review by P. F. Conrad (Math. Reviews, V.31, 4843) of the paper by L. Fuchs, 
Riesz groups, Ann. Scuola Norm. Sup. Pisa 3 (19) (1965), pp. 1-34. It is also noted in Fuchs, Riesz 
vector spaces and Riesz algebras, Queen’s Papers in Pure and Applied Mathematics, Kingston, On- 
tario, 1966, that the polynomials, the k-times differentiable functions, and the rational functions all 
enjoy the Riesz Decomposition Property. 
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¢ (n), yw, and an Infinite Series 


5885 [1972, 1140]. Proposed by F. Haring and G. T. Nelson, North Dakota 
State University 


(a) Show 


(b) Find the sum of the series. 


Solution by Ginter Bach, Braunschweig, Germany. More generally, we show 


for any integer n = 2 


@) R= lta — gro we tart gro tt 
= - (\-55- at a) So) + = eee 
= (1 +5 + ‘ 7) att er (;-)-(1 - =e )uPan], 

where ((n) = Lo (1 + k)~" is Riemann’s Zeta-function, and 

(1) Wie) = SO = + (A - 4), 


the logarithmic derivative of the Gamma function, y is Euler’s constant. 
(b) R, = 4{W’(4) — 4W’(1)} = 1.171953619345 with 11 significant digits. 
Proof. (a) Put 
~ 1 * (Inx x)" 'dx 
b = —_———_-—___—. = 
S(ab)= 2 cpap WO =| Ts 


(a,a,n positive integers, n = 2). It is easily seen that, for any integers t, m 2 1, 


m-1 
(2) S,(ta, tb) = Se” (1 — ar) = x S,,(, m). 
Now | 
Jia) = (- "aD! x rake 


(3) 
(—1)""'(—1)! (5.1.20 — S,(1 + «, 2«)} 
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by substituting x = e~’, expanding the denominator of the integrand in an infinite 
series, and integrating termwise. Further 


R, = S,(1,6) + S,(2, 6) — S,(4, 6) — S,(5, 6), and using (2) and (3) we have 


Ry + (1 — Gr )Ela) — 2A Jy(3) = 25,02, 6) + 254(4,8) + Sy(3,6). 


(n—1)t 


But the right hand side equals 


2 1 1 i 
or (1 — ar }6) + ( - a) 
and therefore the first representation in (a) holds; from ((2) = 2?/6 we have 
R, = 2n? /27 —_ 2J (3). 
With A, = 1—1/2"+1/4"—1/5"+1/7" — +-:-, we get at once 
1 
(4) R, —_ 1 + n=1 An. 
Since A, = S,(1,3) — S,(2,3) = 2S,(1, 3) — (1 — 1 /3")€(n), it follows that 
(5) R, = {1 + : 2S,(1,3) —- —_ S,(1, 1) 
n~ qn-4 n( 9 3" n\+5 . 

But from (1) we get wy” P(z) = (— 1)"(n — 1)! DP_o 1 /(z +k)" and consequently 

_ (— 1)” (n-1) +} 
(6) Sa, b) ~— (n _ 1)! b" w b ° 


Therefore the second representation in (a) holds. 
(b) Put n = 2 in the second representation in (a) and we get 


which is evaluated using a tabulation of w’(z) found, e.g., in Abramowitz and Stegun, 
Handbook of Mathematical Functions. 


Also solved by Dieter Bode (Germany), T. S. Bolis, L. Carlitz, H. E. Fettis, Rulph Garfield, M. 
L. Glasser, M. G. Greening (Australia), Vaclav Koneény, G. T. Nelson, T. J. Osler, F. G. Schmitt, 
Jr., Daniel Shanks, Robert Spira, A. Zujus, and the proposer. 


Note. Using a table in a paper in Vol. 17 (1963) of Mathematics of Computation, pp. 136-154, 
Shanks evaluates the series as 


S = 1,1719536193 4472944530 0781144436, 
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EDITED BY J. ARTHUR SEEBACH, JR. AND LYNN A. STEEN 
with the assistance of the mathematics departments of St. Olaf and Carleton Colleges 


COLLABORATING EDITOR FOR FILMS: SEYMOUR SCHUSTER, CARLETON COLLEGE 


We invite readers to submit reviews of significant recent college-level mathematics books. 
We especially encourage reviews based on classroom use, or comparative reviews of several 
related books. Reviews should ordinarily not exceed two pages (per book) typed double spaced. 
Manuscripts of reviews as well as books submitted for review should be sent to: Book Review 
Editor, American Mathematical Monthly, St. Olaf College, Northfield, MN 55057. 


Essential Mathematics: A Modern Approach. By Mervin L. Keedy, Marvin L. Bittin- 
ger. Addison-Wesley, Reading, Massachusetts, 1972. xvi + 641 pp. $7.95 (P). 
(Telegraphic Review, August-September 1972.) 


Some mathematicians seem ashamed to teach remedial mathematics. It is a 
shame not to learn this material in the grades. But once the student is in college, 
the only sensible course is to try to teach him what he must know. 

Essential Mathematics is an excellent remedial text on arithmetic, algebra, and 
trigonometry. I used it for two semesters at a four-year college. 

The format is remarkable.There are tear-out exercises with special answer columns. 
Thus you need not hunt answers on a messy paper. You need not search the text to 
find what the question was, because it is right there on the exercise sheet. The teacher’s 
manual has large, bold print, corresponding in layout to the exercises. The manual 
even includes graphs. Thus you can go through a stack of homework in record time. 

The exercises are outstanding in content as well as form. Problems are realistic, 
as in the following poignant example: “‘A man earned $9600 one year. He received a 
6% raise in salary, but the cost of living rose 5.4%. How much additional earning 
power did he actually get?’’ Each section has an ample number of problems, none 
recondite. 

Exposition is clear and concise. Concepts proceed from the simple to the complex. 
Distributivity, associativity, and commutativity receive their just due, but the field 
axioms never appear in full to frighten weak students. No single section is burdened 
with too many ideas. For instance, there is a separate section for each method of 
solving quadratic equations: factoring, completing the square, and the quadratic 
formula. 

The text has a few disadvantages. There is too much material for a two-semester 
course meeting three times a week. Since no sections are labelled optional, it is hard 
to decide what to exclude. I skipped determinants, but later sections had problems 
unexpectedly involving determinants. The slide rule is so interesting and useful that 
it belongs near the beginning of the course. But the excellent chapter on the slide rule 
appears at the end. dependent on previous material. 
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The binding is too flimsy for such a large book and will probably not last a year. 
The teacher might recommend reinforcement with tape. Warn the students not to 
use the tear-out exercises until they are sure to stay in the course. 

The authors suggest a novel teaching method described by Carol Kipps [‘‘Who’s 
Committed ? Who’s Involved?” The Two-Year College Mathematics Journal | (1970), 
32-35]. She lectures only five minutes; then the class works in groups. But I found 
that if I did not explain an idea thoroughly, then virtually nobody learned it. I had 
to lecture 20-30 minutes, including time for questions. 

Regularly I assigned an exercise, collected it at the next session, and returned it at 
the following meeting. An assistant did much of the grading. With remedial students 
it is particularly important to supervise homework promptly and routinely. Thus the 
convenience of the exercises in this book is a tremendous advantage. It is a notable 


text. 
ELIZABETH BERMAN, Rockhurst College 


Biomathematics, V. 2: Introduction to Mathematics for Life Scientists. By Edward 
Batschelet. Springer-Verlag, New York, 1971. xiv + 495 pp. $15.60. (Telegraphic 
Review, October 1972.) 


The mathematical boom of the 1960’s saw much emphasis on mathematical 
rigor in freshman courses, and ¢e’s and 6’s tended to thrive at the expense of the 
more historical and applied aspects of the calculus. However, in the last few years 
there has been what may be regarded as a healthy tendency to de-emphasize rigor 
and to bring the elementary mathematics programs into line with what the average 
freshman at a given institution can digest and use. The present book attempts to 
present mathematics as an instrument of the life sciences, and in particular, of biology 
and medicine. It is an impressive attempt, but for various reasons the instructors 
using the book at this University during the past year found it difficult to adapt to. 

Perhaps the main difficulty lies in the lack of mathematical content. Although 
most of the standard topics of freshman calculus are represented, they are for the 
most part treated superficially, the reason being supposedly that the readers are 
potential life scientists rather than mathematicians, and therefore can have little 
interest in seeing the mathematical development. Thus frequently a topic is presented 
at the beginning of a section with a minimum of mathematical justification, and 
the remainder of the section is devoted to examples couched in somewhat abstruse 
terminology and equipped with references and recommendations for further reading 
from a list of over 200 scientific books and articles. The same situation prevails in 
the exercises, where the emphasis seems placed more on familiarizing the reader 
with technical language from various fields than on amplifying and illustrating 
the mathematical concepts involved. The result is that the instructor invariably 
finds it necessary to provide examples and assignments from other sources. 
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Both differential and integral calculus are treated in two chapters around the 
middle of the book. Virtually no methods of integration (e.g., parts or substitution) 
are provided. The omission is justified with the statement: ‘‘For many life scientists 
it is hardly worth spending so much time on the technique of integration. If he has 
to evaluate integrals such as [ /1+.x dx or { xsin x dx, he may ask a mathematician 
for help.’’ Likewise a three page section on polynomial approximation is all that is 
provided in the way of showing how one actually computes values of functions, 
and no reference to the remainder term is made. One tends to wonder if a scientist 
whose knowledge of mathematics is this superficial can ever be qualified to apply 
mathematics to his field in any meaningful way. 

Other topics covered, besides the usual ones leading up to the calculus, are ordi- 
nary differential equations (where separation of the variables is the only method 
presented), functions of several variables, probability, and matrices and vectors. 
All these provide some examples for the personal enlightenment of the instructor 
but leave him with little that is teachable or assignable in a mathematics classroom. 
A final chapter on the complex numbers is included so as to treat the differential 
equation associated with an oscillatory system. Unfortunately the sum rules for sine 
and cosine, which have been used earlier in the book, are made to appear dependent 
on the unproven formulas of the chapter, leaving the reader who has not seen a direct 
treatment with the impression that these rules are of a difficulty beyond the scope 
ef the book. 

Perhaps it is a mistake in teaching mathematics at this level to treat any group of 
students as if they were already budding biologists, economists, chemists, or mathe- 
maticians, For the most part they tend rather to be young people one step away from 
secondary school with no clear idea of what they are going to be, and who, in order 
to be attracted to mathematics either as a tool or as an end in itself, require a simple 
and clear exposition of the basic ideas in a language which is as familiar and free 
from intimidating terminology as possible. One does not form a scientist simply 
by talking to a person as if he already were one. 

Undoubtedly, a biologist would have a different attitude toward the book than 
that presented here, and perhaps a fairer appraisal would be given by him. However, 
one must not forget that the book is called ‘‘Mathematics for Life Scientists,’ and 
as such is intended as a source for learning mathematics. If, on the other hand, 
the title were ‘“‘Life Sciences for the Mathematician,’’ a different evaluation could be 
made. In that case, free from concern for one’s obligation as a mathematics teacher 
to explain mathematics, one could speak of the enjoyment with which one read about 
such things as the mysterious appearance of the Fibonacci numbers in botany, 
the maximization problem which the bees seem to have solved through selection 
in constructing their cells, and the system of differential equations pertaining to the 
digestive system of a cow. 

B. MITCHELL, Rutgers University 
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TELEGRAPHIC REVIEWS 


Telegraphic reviews are designed to give prompt notice of new 
beoks with sufficient information to assist our readers in deciding 
whether to order an examination copy or to suggest library purchase. 
Possible uses are indicated as follows; 


= textbook P = professional reading 

= supplementary reading L = undergraduate library purchase 

3 to 18 = freshman to second year graduate level usage 

1 to 4 = appropriate time in semesters to cover text 

Asterisks (*) or question marks (?) denote special positive or nega~ 
tive emphasis, respectively. Publishers are denoted by standard 
abbreviations; complete addresses may be found in Books tn Print. 


GENERAL, L, Index to Translations Selected by the American Mathema- 
tteal Socetety 1966-19738, AMS, 1973, iii + 93 pp, $6.60. Covers AMS 
Translations, Series 2, Vol. 51-100, and Selected Translations tn 
Probability and Stattsttes, Vols. 6-13. Includes both author and 
subject indices. LAS 


GENERAL, | (13-14), L, Mathematics, A Liberal Arts Approach. Malcolm 
Graham. HarBrace J, 1973, x + 278 pp, $8.95. Math for thinking poets. 
Designed for non-math majors, this book covers more areas of mathe- 
matics than usual, including topology, elementary abstract algebra, 
and computers in addition to such more common topics as probability, 
logic, sets, and number systems. About the only omission is geometry 
and elementary linear algebra. Exercises are excellent, but no biblio- 
graphy or references for further reading. If the instructor is will- 
ing to provide further references for curious students, this will be 
an excellent text. Also reasonably priced. PJM 


GENERAL, P, &ngltsh-Greek Mathematical Dictionary. C.P. Tzelekis. 
Athens, 1973, ix + 235 pp, (P). A nicely done dictionary with a 

rather specialized purpose: to translate modern English mathematics 
at the college and beginning graduate level into modern Greek. JAS 


GENERAL, P, L, Setentifte Truth and Statistical Method. Marcello 
Boldrini. Transl: Ruth Kendall. Hafner, 1972, xiv + 264 pp, $18.50. 
"Quid est veritas? ...This book is entirely concerned with Pilate's 
question and ends by accepting...the answer of Jesus." A serious re- 
flection on the philosophy of science encompassing the relations of 
science with language, the nature of axioms, deduction and induction, 
probability, statistics, and the methodological structure of the 
natural sciences. PJC 


Basic, [(13: 1), Arithmetic: Beginning Math for College Students. 
Edward C. Ortell, Sanderson M. Smith. Holbrook Pr, 1973, xi + 227 
pp, $9.95. A text written for the student who needs training in 
elementary arithmetic. LLK 


Precalculus, 1(13: 1), Preealeulus Mathematics; Algebra, Trigonometry, 
and Analytic Geometry. Margaret L. Lial, Charles D. Miller. Scott F, 
1973, 419 pp, $10.50. A good selection of topics, with sufficient ex- 
ercises and a few problems. The authors' claim is that rigor and so- 
phistication increase but there is little in the text which enables 
the student to progress in his ability to interpret sophisticated 
problems, LLK 
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PrecaLcuLus. [(13: 1), Analytic Geometry. Eugene 2, Nichols, Robert 
Kalin. HR&W, 1972, x + 406 pp, $8.50 (P). A traditional approach to 
analytic geometry in the first 6 chapters, followed by vectors in 2 
and 3 dimensions, solid analytic geometry and finally n-dimensional 
concepts. LLK 


PrecaLcuLus, [(13: 1), Modern Algebra and Trtgonometry, Third Edi~- 
tion. Eldridge P. Vance. A-W, 1973, 436 pp, $10.75. Third edition 
modifications include more illustrations and problems. Chapters l 
and 2 could have been deleted. Surely some background can be as- 
sumed. LLK 


PrecALCULUS, [(13: 1), Elementary Functions: A Precalculus Primer, 

Israel H. Rose. Scott F, 1973, 324 pp, $9.75. Derivatives and con- 

tinuity are included on an intuitive level, but there is not enough 

work with the algebra necessary to handle the derivative when intro- 
duced in the next course. LLK 


EDUCATION, P**, S*, A Response to Managerial Education. Ed: Gerald 

R. Rising, Burt A. Kaufman. A Special Issue of Educational Techno- 
logy, Nov., 1973. Nine urgent exhortations concerning the ominous 
implications for education in general and for mathematics education 

in particular of the current emphasis on competency-based education 
using explicit behavioral and managerial objectives. "...where the 
principle is adopted that the only matters worth pursuing...are 

those which we can measure, then our objectives will be hopelessly 
restricted and biased..." Authors include Gerald Rising, Peter 
Hilton, Gail Young, Peter Braunfeld, Burt Kaufman and Vincent Haag.LAS 


EDUCATION, S**, L*, Toptes for Mathematics Clubs. Ed: LeRoy C. 
Dalton, Henry D. Snyder. NCTM, 1973, vi + 106 pp, $2.80 (P). 10 
brief chapters giving background, examples, conjectures, theorems, 
projects and references for such topics as Fibonacci sequences, 
groups, topology, Boolean algebra, non-Euclidean geometry. An ex- 
tremely handy resource. LAS 


EDUCATION, F, L*, Developments in Mathematical Educatton: Proceedings 
of the Second Internattonal Congress on Mathematical Education. Ed: 
A.G. Howson. Cambridge U Pr, 1973, ix + 318 pp, $14.50. Reports and 
papers from the August, 1972 I.C.M.I. conference at Exeter, England, 
including contributions by Pélya, Piaget, Freudenthal, and Thom. LAS 


EDUCATION, P, L, Mathematies As An Educational Task. Hans 
Freudenthal. Reidel, 1973, xii + 680 pp, $19.50 (P). A monumental 
personal philosophy of mathematics education which attempts to dis- 
tinguish the fine line between the "letter that kills and the spirit 
that gives life." Essentially a rearrangement of previous papers--a 
few reprinted verbattm--into 19 somewhat repetitious chapters. In an 
appendix, the author develops his criticism of Piaget's educational 
philosophy and, more emphatically, of those who have misused Piaget's 
name. LAS 


EDUCATION, L, Conference on Graduate Training of Mathemattes 
Teachers, Canadian Math. Congress, 1972, v + 110 pp, (P). Eight 
brief essays plus panel discussion from a 1969 conference at Sir 
George Williams U. LAS 
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EDUCATION , P, Bettrage aum Mathemattkunterricht 1972, Eds; Helmut 
Freund, Peter Sorger. Hermann Schroedel, 1973. Tetl 1, 192 pp, 

DM 39,80; Teil 2, 224 pp, DM 44,80 (P). Proceedings of the April 
1972 conference of educators in Kiel. 43 papers on the teaching af 
mathematics and the mathematics taught. Considerable mathematical 
content as well as pedagogical remarks that would be of interest 
through the college level in the U.S. JAS 


HISTORY, Hermann Minkowski Ertiefe an David Hilbert. lL. RUdenberg, 
H. Zassenhaus. Springer-Verlag, 1973, 165 pp, $11.90 (P). One 
side--the other has not been found--of a correspondence lasting from 
1885 to 1908. ..Some mathematics, some mathematical gossip. Price 
seems high, J,D.-B. 


History, S, P, L***, 4 Source Book in Classtecal Analysis, Ed: Garrett 
Birkhoff. Harvard U Pr, 1973, xii + 470 pp, $25. 81 brief selections 
from the nineteenth century masters Cauchy, Jordan, Gauss, Abel, 
Fourier, Weierstrass, ..., Poincaré, Klein, Lie, each translated into 
English and arranged by topic into 13 chapters with introductory in- 
terpretive essays. A magnificent contribution to this distinguished 
series of Source Books. LAS 


History, L**, ZLecons Sur L'Intégration. Henri Lebesgue. Chelsea, 
1973, xii + 340 pp, $9.50. An unabridged reprint on special alkaline 
paper of the 1928 second edition with minor corrections. (The first 
edition was published in 1903.) LAS 


History, S, P*, L, Probability and Statistical Inference in Anetent 
and Medieval Jewish Literature. Nachum L. Rabinovitch. U of Toronto 
Pr, 1973, xiii + 205 pp, $12.50. Mathematical folklore falsely as- 
serts that probability and statistical reasoning arose in gambling 
context in recent centuries. In fact, this book exhibits a history 
reaching to biblical times manifested in juridical problems of the 
Talmud. Talmudic sources and rabbinical commentaries considered all 
variety of modern conceptions of probability; formulated the arith- 
metic of probabilities, combinations and permutations; discussed re- 
lated logical and philosophical ramification; and arrived at elemen- 
tary decision-theoretic guidelines. PJC 


HisToRY, P, Mathematik Bet Den Juden. Moritz Steinschneider. Georg 
Olms, 1964, 221 pp. A highly technical (historically speaking) his- 
tory and bibliography of Jewish mathematical and scientific litera- 
ture up to the sixteenth century. JAS 


History, S*, L**, 4 Computer Perspective, Charles and Ray Eames. 

Harvard U Pr, 1973, 175 pp, $15. A fascinating pictorial record of 

Eames' unique exhibition of computer source documents, machines and 
memorabilia. Items range from Babhage to von Neumann, and include 

lesser-known contributions from such areas as business, literature, 
and agriculture. LAS 


History, S(16-18), P, L**, Sets and Integratton: An Outline of the 
Development. D. van Dalen, A.F. Monna. Wolters-Noordhoff, 1972, 


viii + 162 pp, $16.75. Two independent detailed historical essays, 
both replete with quotations from and references to source documents. 
Van Dalen's essay pursues set theory from pre-Cantor to posgt-Cohen; 
Monna's essay outlines integration from Eudoxus to Haar. LAS 
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HisTorY, L**, Seleeted Works of Giuseppe Peano, kd; Hubert C. Kennedy. 
U of Toronto Pr, 1973, xi + 249 pp, $12.50. First English transla~- 
tion of 21 papers and excerpts selected for their interest to modern 
readers and for their representation ef Peano's major achievements. 
Includes a brief biographical sketch and a complete list of Peano's 
publications. LAS 


ComBINATORICS, 12(17-18: 1), P, L, Construetive Combinatortes, Earl 
Glen Whitehead, Jr. Courant Inst., 1973, v + 130 pp, $3.50 (P). Five 


chapters of lecture notes: finite planes and square designs (Latin 
Squares, Room squares), difference sets, Hadamard matrices, block de- 
Signs (with Steiner triple systems as a special case of SB/BD), and 
sum-free sets. Short and sketchy for a text, but good use of recent 
literature plus exposition of some new results. PJC 


NUMBER THEoRY, P, Analytic Number Theory. Ed: Harold G. Diamond. 
Proc. of Symp. in Pure Math., V. XXIV. AMS, 1973, vii + 340 pp, $23. 
30 invited lectures from March 1972 symposium at St. Louis University. 
LAS 


NuMBER THEoRY, [(14-16), #eplorations in Number Theory. Jeanne Agnew. 
Brooks/Cole, 1972, xi + 308 pp, $10.95. An interesting text, written 


with care and great enthusiasm; theorems and proofs are well-motiva- 
ted and illustrated profusely with examples; thousands of interest- 
ing problems at all levels of difficulty are included; definitely 
worth considering as a text for an undergraduate number theory course. 
some topics: fundamental theorem of arithmetic; quadratic reciprocity; 
distribution of primes; diophantine equations; Waring's problem; 
number theoretic functions; p-adic numbers. SG 


WUMBER THEORY, P, Zhe Distribution of Prime Numbers: Large Sieves and 
Zero-Denstty Theorems. M.N. Huxley. Oxford U Pr, 1972, x + 128 pp, 
$21. A sort of supplement to Davenport's Multtplicative Number Theory 
(TR October 1970). Topics: uniform distribution; large sieve inequa- 
lities; zeta and L-functions; prime number theorem; sieves; functional 
equations; Bombieri's theorem; Vinogradov's three-primes theorem; gaps 
between prime numbers. An expensive addition to anyone's library. SG 


WUMBER THEORY, P, L, Number Theory Tables. Brother Alfred Brousseau. 
Fibonacci Assoc., 1973, xi + 230 pp, $12.50. A collection of forty 
tables. Some examples: Gaussian primes; cubicand quartic residues; 
amicable numbers; Bernoulli numbers; Fermat and Mersenne numbers. SG 


LINEAR ALGEBRA, [(15-16: 2), S, L, #infuhrung in die Algebra, H. 
Luneburg. Springer-Verlag, 1973, vii + 289 pp, $8.60 (P). An intro- 


duction to linear algebra, which begins with the elements of group, 
ring and field theory and ends with the theory of finitely generated 
modules over principal ideal rings. Problems, most of them non- 
trivial. JD-B 


LINEAR ALGEBRA, TO4-16: 1), S, L, Mathematik fiir Bkonomen II; 
Lineare Algebra. M.J. Beckmann, H.P. Kunzi. Springer-Verlag, 1973, 


Xii + 160 pp, $4.10 (P). The second of three volumes on mathematics 
for economists. Deals largely with linear algebra, but also has 
chapters on linear difference equations, input-output theory and 
linear optimization. Assumes nq advanced mathematics, but is rather 
abstract and sophisticated. No problems. JD-B 
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LINEAR ALGEBRA, [?(14-15: 1), S*, L. Prinetples of Linear Algebra. 
J. Larrieu., Transl; Marina Smith-Kok. Gordon, 1972, v + 273 pr, 


$13.50. With only one comprehensive get of 40 exercises for the 
whole book and very few examples in the usual sense the average pas- 
Sive student would “learn" nothing. But the original French flavor 
comes through: no»#nonsense, clear exposition of the important ideas 
and a focus on some solid mathematics. The key tools are diagonali- 
zation of matrices and decomposition of a space into appropriate sub- 
Spaces. The applications are to quadratic forms and to probability 
and statistics. JAS 


LINEAR ALGEBRA. T(14-15: 1), SC14-16), P, L*, Linear Algebra Through 
Its Applications. T.J. Fle tcher. Van-N-Rein, 1972, x + 274 pp, $9.95 


(P). A sophisticated introduction to the theory of linear algebra 
through selected applications in geometry, chemistry, mechanics, 
statistics and other areas. A radical and valuable contrast to the 
isomorphic introductory texts on elementary linear algebra. The 
numerous applications, however, contribute equally to the interest 
and to the difficulty of this book. Excellent references at the end 
of each chapter. LAS 


LINEAR ALGEBRA, S(14), Matrtees and Vector Spaces. F. Brickell. Ed: 

Marder. Prob. Solvers, No. 8. Allen & Unwin, 1972, 88 pp, $4.65. 
Small book of solved problems and exercises with answers to supple- 
ment standard texts of lecture courses. LLK 


LINEAR ALGEBRA ; S(J4), Matrix Algebra for Statistteal Applications. 
Walter L. Sullins. Interstate Printers, 1973, viii + 108 pp, $2.50 
(P). Short nonrigorous introduction to matrices with a chapter on 
special topics--correlation matrices, variance-covariance matrices 
and multiple regression. LLK 


LINEAR ALGEBRA TC14: 1), Linear Algebra. Crist Dixon. Van-N-Rein, 

1, ix + 278 pp, $9. 75. Theoretical approach to linear algebra. 
Introductory chapter contains induction, complex numbers and solu- 
tions to linear equations without reference to matrices. The book 
continues with vector spaces, the theory of linear transformations, 
and some geometric concepts in chapter 9 under inner product spaces. 
LLK 


ALGEBRA, |1(15-16: 1), L, First Course in Group Theory. P.B. 
Bhattacharya, S.K. Jain. Wiley Eastern, 1972, 97 pp, $3.95 (P). TR 
published October 1973 misquoted price as $10. Correct price is 
$3.95, Distributed in U.S. by Halsted Press. 


ALGEBRA, P, Mathieu Groups. Philip J. Greenberg. Courant Inst, 1973, 
iv + 189 pp, $4.75 (P). A systematic exposition on the historical 
background, construction, subgroups, automorphisms, character izations, 
and presentations of the Mathieu groups Mize Mior Moo. M 53" Mo4° Ap- 


pengices descrihe all the non=-Sylow subgroups of each, QRFA 


ALGEBRA, |[(16-17), P, 4 Ftrst Course of Homological Algebra. D.G. 
Northcott. Cambridge U Pr, 1973, xi + 206 pp, $12,502. Concrete 
category theory (category = category of modules over a ring). Stand- 
ard homological algebra, with a section on local homological algebra. 
Plenty of exercises and solutions to exercises. Possible for senior 
level course/seminar or special to ics in algebra if abstract algebra 
course does modules instead of abelian groups. PJM 
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ALGEBRA, 1(15-17), S*, L*, Classteal Galots Theory With Examples, 
Second Editton,. Lisl Gaal. Chelsea, 1971, viii + 248 pp, $7.50. 
Reprint of a unique hook, first published in 1971 (TR August 1971); 
contains extensive worked out examples of Galois groups, together 
with their application to solutions of solvable equations. LAS 


ALGEBRA, S(18), P, Jordan Algebras and Algebrate Groups. T.A, Springer. 
Ergebnisse der Math., B. 75. Springer-Verlag, 1973, vii + 169 pp, 
$17.80. A treatment of parts of the theory of Jordan algebras, mak- 
ing extensive use of linear algebraic groups. An essential notion is 
that of a J-structure, which except for characteristic 2 is essential- 
ly the same thing as a Jordan algebra, JD-B 


CaLcuLus, [(13: 1), Caleulus with the Computer: A Laboratory Manual. 
L. Carl Leinbach. P-H, 1974, xii + 205 pp, $4.95 (P). A supplement 
for a calculus course. Projects fall into three categories: defini- 
tions of limit, differential and integral; applications such as popu- 
lation growth and ecological simulation; and elementary numberical 
techniques (Newton's method and Simpson's rule). LLK 


CaLcuLus, T(14-16: 1, 2), L, Advaneed Calculus, Second Editton. 
Wilfred Kaplan. A-W, 1973, xv + 709 pp, $15.75. Linear algebra con- 
cepts are introduced and used in the treatment of differential calcu- 
lus and ordinary differential equations; except for this, the addi- 
tion of a few new sections, and the deletion of some of the complex 
variable theory, this edition is virtually a reprinting of the 1952 
one. Suitable for many audiences. DFA 


CaLcuLUs, S(13-14), L, Mathematics for Engineers and Scientists: A 
Students’ Course Book, V. I. A.C. Bajpai, et al. Wiley, 1973, iv + 
785 pp, $9.50 (P). Programmed instruction on functions, analytic 
geometry, differentiation and applications, infinite series, inte- 
gration and applications, determinants, matrices, vectors, complex 
numbers, elementary scalar ordinary differential equations. Pro- 
blems are of the "drill" variety only. Some "answer frames" are de- 
tailed, others have no instructional value. DFA 


CALCULUS, 1(13: 2), A First Course tn Caleulus, Third Editton. Serge 
Lang. A-W, 1973, xii + 498 pp, $10.95. The first four chapters from 
the author's Second Course have been tacked on and there are some (but 
not many) new examples and exercises; otherwise, this is a replay of 
the second edition. Of 22 errors this reviewer found in teaching from 
the first half of that earlier work, 14 remain. Rather than this, you 
should require used copies of the second edition. DFA 


ReaL ANALYSIS, | (16-17), P, L, Intégratton. Roger Descombes. Hermann, 
1972, 208 pp, 58F. A real analysis book for seniors with topology or 


first year graduate students. Approach essentially that of Daniell; 
covers Lebesgue and Radon measures, L* spaces and Fourier transforms 
and series. The French is straightforward; the Bibliography refers 
to abqut 40 percent French articles, the rest English. PJM 


Lectures on Rtemann Surfaces, Jacobt Vartettes. 
COMPLEX ANALYSIS, Fie U Pr, 1972, vi + 189 pp, $4.50 (P). A sequel 
to the same author's Lectures on Rtemann Surfaces. A marking of a 
Riemann surface is a collection of data related to a triangulation 
(or polygonalization) of the covering space of the Riemann surface... 
The Jacobi variety arises as the quotient manifold of a subset of C 
associated with a marking. Advanced graduate seminar material. PUM 
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DIFFERENT LAL Equations, $(18), P, L. “Geetures on Linear Partial 
Differential Equattons, Louis Nirenberg. CBMS, No. 17. AMS, 1973, 


v + 58 pp, $4 (P). For the nonexpert, Reduction of first order 
Operators to canonical form, pseudo~-differential operators and uni- 
queness in the Cauchy problem, wave front sets and propagation of 
singularities. From expository lectures at Texas Tech in May 1972.DFA 


DIFFERENTIAL Equations, T(17: 1), S$, P, Topotogteat Dynamites and 
Ordinary Differenttal Equattons. George R. Sell. Van-N-Rein, 1971, 


ix + 199 pp, $6.95 (P). Various notions of topological dynamics 
(almost periodicity, w welimit sets, etc.) are studied. The main em- 
phasis is on the exploitation of these concepts in the study of ordi- 
nary differential equations. The flow normally considered is then 
the set of solution trajectories of the differential equations. JJ 


DIFFERENTIAL Equations, [(16-17: 2), L, Random Differential Equations 
tn Setence and Engineering. T.T. Soong. Math. in Sci. and Eng., V. 


103. Acad Pr, 1973, xiii + 327 pp, $19.50. A study of methods of 
solution of differential equations in which the parameters are sto- 
chastically specified. The random nature of these parameters is in- 
troduced in stages: in the initial conditions, in the driving func- 
tions, and finally in the coefficients of the differential equations. 
Although the author insists on an understanding of stochastic pro- 
cesses aS a prerequisite, he nevertheless provides a rather complete 
review of this area. JJ 


DIFFERENTIAL Equations, [ (16-17: 2), L, Partial Differential Equa- 
ttons of Mathemattcal Phystos. Tyn My int- U. Am Elsev, 1973, xiv + 


365 pp, $15.95. A standard introduction to partial differential equa- 
tions. The wave, heat, and Laplace equations are presented in a very 
readable style. Manipulative technique is emphasized rather than 
theory. Jd 


DIFFERENTIAL EQUATIONS, P*, Theory of Bifureations of Dynamite Systems 
on a Plane. A.A. Andronov, et al. Wiley, 1973, xiv + 482 pp, $42.50. 


This book is a companion volume to Qualttattve Theory of Second-Order 
Dynamite Systems by Andronov, et al. The first half is concerned with 
structural stability, a condition in which small changes in the system 
parameters leave the qualitative pattern of the solution trajectories 
topologically invariant. The second half deals with bifurcations, a 
phenomenon whereby small changes in the system parameters result in 
the movement of the solution structure from one topological pattern 

to another. JJ 


DIFFERENTIAL Equations, S*(15-17), L, Invariant Imbedding and Its 
Appltcattons to Ordinary Differential Equattons: An Introduction, 


Melvin R. Scott. A-W, 1973, xvii + 215 pp, $11.50 (P). The author 
does not use the term "imbedding" in the usual topological sense, 
i.e., the realization (locally, at least) of one topological space 

as a subset of another. Rather he uses the term to imply the re- 
placement of a given prohlem with a parametrized group of problems. 
He then endeavors, within the context of differential equations, to 
demonstrate the superiority of this technique over more classical ap- 
proaches. A wery interesting "second viewpoint" on the subject. JJ 


DIFFERENTIAL EQUATIONS, S, Computational Methods in Ordinary Differ- 
enttal Equations, J.D. Lambert. Wiley, 1973, xv + 278 pp, $15.50. 
Suitable for reference for numerical methods Of solution for differ- 
ential equations. Not a complete text for numerical analysis. LLK 
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DIFFERENTIAL Equations, [?C17-18: 2), P, The Theory of Partial Dif- 
ferenttal Equattons. Sigeru Mizohata, Cambridge U Pr, 1973, xii + 
49Q pp, $37.50. Elliptic and hyperbolic partial differential equa- 
tions are studied with the emphasis placed on abstract theory as op-~ 
posed to practical technique. Translated from the 1965 original 
Japanese edition. The book is exorbitantly priced. JJ 


DIFFERENTIAL EQUATIONS, P*, Analysts of Diserettaation Methods for 
Ordinary Differential Equations. Hans J, Stetter. Springer Tracts 
in Nat. Philo., V. 23. Springer-Verlag, 1973, xvi + 388 pp, $44.40. 
A very abstract study of the premise that the solution to a differ- 
ential equation may be approximated by restricting the variables to 
discrete sets. The problem is viewed as reducing the search for an 
element of an infinite dimensional function space to related searches 
in a sequence of finite-dimensional Banach spaces. For this reason 
(and the outrageous price), the book is not recommended as a source 
of practical solution methods. JJ 


DIFFERENTIAL EQquATIons, [(16-17: 1), S, L, Notes on Nonlinear systems. 
J.K. Aggarwal. Van-N-Rein, 1972, 214 pp, $3.95 (P); $6.95. Having 
illustrated the distinction between linear and non-linear systems, 

the author introduces, via phase-plane analysis, the concepts of 
stability and limit cycles. Analytical study of these points is fol- 
lowed by a discussion of digital computer methods of approximating 
solutions. The book affords the student an early opportunity to gain 
an appreciation of the importance of the qualitative structure of 
solution trajectories. JJ 


DIFFERENTIAL EQUATIONS, S*(17-18), P*, Stable and Random Motions in 


Dynamtcal Systems: Wtth Spectal Emphasts on Celesttal Mechantes., 
Jurgen Moser. Princeton U Pr, 1973, viii + 198 pp, $7.50 (P). The 
qualitative behavior of the solutions to the N-body problem of celes- 
tial mechanics is discussed, Stability and statistical behavior of 
the solution trajectories are studied, with well-conceived illustra- 
tions providing helpful intuitive guidance. JJ 


DIFFERENTIAL EQUATIONS, T(17-18: 1), HZeuaectones en Derivadas Pareciales 
y su Resoluctin Numértea, Alberto Dou, Alfredo Mendizabal. ETS de 


Ingenieros de Caminos (Madrid), 1973, xiii + 450 pp. Linear partial 
differential equations of the second order with constant coefficients, 
Rigorous mathematical consideration of physically-based problems, i. 
e., methods of mathematical physics: wave equation, elliptic equations, 
heat equation, plus theoretical considerations of numerical methods 
(no computer programs). PJC 


DIFFERENTIAL EQuaTiIons, T(17: 2), L, Teehniques in Partial Differ- 
enttal Hquattons. Clive R. Chester. McGraw, 1971, xvi + 440 pp, 


$14.95. An introduction to partial differential equations, for ad- 
vanced engineering students and working applied scientists. Final 
chapters study overdetermined systems, variational and transform 
methods, integral equations. Intuitive approach, with emphasis on 
motivation, Lots of exercises, over 300 references for further study. 
DFA 


ULFFERENTIAL EQUATIONS, P, Proceedings of a Semtnar on Applicattons 
of Differenttal Equattons to Mechantes and Phystes. Ed: Vadim Kokov. 


Math. Ser. No. 10. Texas Tech U, 1973, 173 pp, $4.25 (P). Several 
expository and research papers. LAS 
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DIFFERENTIAL EQUATIONS, P, Yen-Homogeneous Boundary Value Problems 

and Applteattons, V. IfZ. J.l. Lions, E. Magenes. Transl; P. Kenneth. 
Grund. math. Wissenschaften, B. 183, Springer-Verlag, 1973, xii + 308 
pp, $28.90. Studies linear, nonhomogeneous problems involving ellip- 
tic, abstract evolution, parabolic, hyperbolic, Petrowski and 
Schroedinger operators in spaces of distributions or of analytic 
functionals or of Gevrey-type ultra-distributions, Main developments 
use regularity and trace theorems. Presentation and discussion of 
many open problems. DFA 


DIFFERENTIAL EQUATIONS, P, JIntttal Value Methods for Boundary Value 
Problems: Theory and Appltecatton of Invartant Imbedding. Gunter H. 


Meyer. Math. in Sci. and Eng., V. 100. Acad Pr, 1973, xiii + 220 

pp, $14.50. For the working scientist. Linear and non-linear two- 
and multi-point problems with fixed and free boundary and interface 
conditions, linear infinite-dimensional problems. Numerical solution 
of many nontrivial technical problems. Balance among abstract theory, 
geometric interpretation, applications. DFA 


DIFFERENTIAL EQUATIONS, S(14), Ordinary Differential Equations, John 
Heading. Ed: L. Marder. Prob. Solvers, No. 1. Allen & Unwin, 1971, 


iii + 92 pp, $4.25, A very small book consisting of worked problems 
illustrating methods of solution for differential equations, followed 
by exercises with answers. Not suitable as a text. LLK 


DIFFERENTIAL Equations, [(17-18: 1), S, P, Gewohnliche Differentiat- 


gletehungen: Dte Grundlagen der Theorte tm Reellen und Komplexen, F. 
W. Schafke, D. Schmidt. Springer-Verlag, 1973, 163 pp, $5.50 (P).A 
brief, modern and difficult sketch of the theory of ordinary differ- 
ential equations, both real and complex. The reader is expected to 
know something, for example, about Banach spaces and analytic conti- 
nuation. Some problems, none of them routine. JD-B 


DIFFERENTIAL Equations, [ (14-15: 1), Differential Equations and Re- 
lated Toptes for Setence and Engineering. Robert W. Hunt. Brooks/ 
Cole, 1973, x + 286 pp, $9.95. A first course in applied mathematics 
presented in a direct nonrigorous style. All the physical applica- 
tions as well as some accompanying concepts are developed as exer- 
cises. LLK 


NuMERICAL ANALYSIS, I*(14: 1), S*, L, 4 First Course in Numerical 
Analysts. M.A. Wolfe. Van-N-Rein, 1972, ix + 156 pp, $3.50 (P). Nu-= 
merical techniques for the solution of algebraic equations in one 
variable, sets of linear algebraic equations, and first order differ- 
ential equations are presented. The methods are developed in an al- 
gorithmic fashion, which facilitates their implementation on a digi- 
tal computer. JJ 


NUMERICAL Analysis, TC7/: 1), P, L,. Imbedding Methods in Applied 
Mathematics. John Casti, Robert Kalaba, A-W, 1973, xiv + 306 pp, 


$8.50 (P); $16. Uses invariant imbedding to get initial value re- 
presentations for broad classes of boundary value problems, Con- 
Siders finite difference equations, two-point boundary value pro- 
blems, Fredholm integral equations with displacement-type kernels, 
variational problems. Mathematically formal. Many examples. Pre- 
requisite: first course in ordinary differential equations. Final 
chapter discusses some applications in the physical sciences. DFA 
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NUMERICAL ANALYSIS, P, 4n Analysts of the Fintte Element Method. 
Gilbert Strang, George J, Fix. P-H, 1973, xiv + 306 pp, $14. De- 
finitely aimed at the engineer as well as the mathematician. Pre- 
sentation of the general theory, examination of questions about the 
approximations, admissibility of trial functions and stability, study 
of the method's uses in eigenvalue and initial-value problems and ones 
with singularities. Useful for both mathematical practitioner and 
theoretician,. DFA 


NUMERICAL AnaLysis, [Q7-18: 1),.P,  Approximattonstheorte. Lothar 
Collatz, Werner Krabs. Teubner, 1973, 208 pp, (P). A textbook, though 


there are few problems, on the general theory of Chebyshev approxima~- 
tion. Many applications. Assumes considerable mathematical knowledge 
and maturity. JD-B 


NuMERICAL ANALYsis, T(16-17:; 1), S,  #tnfiihrung in die Numerische 
Mathemattk II. J. Stoer, R. Bulirsch. Springer-Verlag, 1973, ix + 


286 pp, $5.50 (P). The second volume of an introduction to numeri- 
cal analysis. (The first, by Stoer alone, received a TR in April 
1973.) Treats characteristic values, initial and boundary value 
problems for ordinary differential equations, and systems of linear 
(algebraic) equations. Bibliography and problems at the end of each 
chapter. JD-B 


NUMERICAL AnALYsis, [(15-16: 1, 2), S, L, Mumerteal Methods for 


Setenttsts and Engineers, Second Bditton. R.W. Hamming. McGraw, 
1973, 1x + 721 pp, $14.95. Thoroughly revised version of the well 
known 1962 original edition. An interesting, informative survey of 
classical (polynomial) and modern (Fourier) methods, amply seasoned 
with informal insight which is, according to the motto of the book, 
the real purpose of computing. LAS 


FUNCTIONAL Anacysts, S(18), P, L, Wormed Linear Spaces, Third Editton. 
Mahlon M. Day. Ergebnisse der Math., B. 21. Springer-Verlag, 1973, 
viii + 211 pp, $17.30. A "compressed introduction", originally writ- 
ten in 1957. Major changes inthis edition are additions to several 
sections, new sections on weak compactness and metric geometries, and 
an index of citations. LAS 


FUNCTIONAL ANALYSIS, P, Extenston Theory of Formally Normal and Sym- 
metrie Subspaces, Earl A. Coddington. Mem. of AMS, No. 134. AMS, 
1973, iv + 80 pp, $2.90 (P). Formally normal and normal extensions 

of formally normal subspaces,and symmetric and self-adjoint exten- 
sions of symmetric subspaces of the direct sum of a Hilbert space 
with itself. Applications to subspaces of an orthogonal sum of two 
Hilbert spaces and to the spectral theory of non-densely defined ordi- 
nary differential operators and of subspaces generated by pairs of 
symmetric operators. DFA 


FUNCTIONAL ANALYSIS, TCl6-I7; 2), L®, Blements of Funettonal Analysts. 
A.L. Brown, A. Page. VYan~-N-Rein, 1970, xi + 394 pp, £6.50. Covers 
the standard material of a first course in functional or real analy- 
sis. Additional material on Fréchet differential calculus (on 
Banach spaces) and on spectral theory is included. A defect, of 
which the authors are aware, is the absence of any study of the L 
Spaces. JJ P 


1974] REVIEWS 195 


FUNCTLONAL ANALYSIS, P, Theory of Nonlinear Operators. Ed; M. Kucera. 
Acad Pr, 1973, 207 pp, $14. Eleven lectures delivered at a summer 
school on spectral analysis of nonlinear operators held in September 
1971 at Babylon, Czechoslovakia. Hight are in English, two in German, 
one in French; some are concerned with solvability of certain non- 
linear operator equations. DFA 


FUNCTIONAL ANALYSIS, P, Analyse Fonettonnelle, Tome III: Fapaces 
Fonetionnels Usuels, H.G. Garnir, et al. Birkhauser Verlag, 1973, 
375 pp, $32. Application of the results of Volume I and II to par- 
ticular function spaces: sequences, measurable, continuous and dif- 
ferentiable functions. Many good exercises. French is of medium 
difficulty: most technical terms are cognates. PJM 


FUNCTIONAL ANALYSIS, P, 4pproximate Solution of Operator Equations. 
M.A. Krasnosel'skii, et al. Transl: D. Louvish. Wolters-Noordhoff, 


1972, xii + 484 pp, Dfl. 95,00. Iterative processes and their ap- 
plication to linear and smooth nonlinear operator equations; pro- 
jection methods (including their use in the eigenvalue problem); ap- 
proximate methods in the theory of branching of small solutions. High 
exercise density makes it very usable in an advanced graduate course 
or seminar. Well over 300 references. DFA 


FUNCT TONAL ANALYSIS, I(1/7-18), P, Monads and Their Eilenberg-Moore 
A Lgebras tn Funettonal Analysis. Zbigniew Semadeni. Queen's U, 1973, 


iii + 98 pp, $3.50 (P). Studies Banach spaces as Eilenberg-Moore 
algebras of the free Banach space monad. Good for an applied cate- 
gory theory course, or for a general overview of some results from 
functional analysis. Reasonably priced and well written and includes 
some exercises. PJM 


FUNCTIONAL ANALYSIS, S(18), P, Funettion Algebras. Ion Suciu. Transl: 
Mihaela Mihailescu. Academiei Bucuresti, 1973, 274 pp, (P). An ex- 


position of fundamental results in the theory of function algebras 
oriented towards the representation of these algebras by spaces of 
linear operators. Translated and revised from the original 1968 
Romanian edition. LAS 


OPTIMIZATION, | (15-17), S, L, Flows in Transportation Networks. 
Renfrey B. Potts, Robert M. Oliver. Acad Pr, 1972, xi + 192 pp, 


$13.15. A systematic elementary survey of the more important trans- 
portation models focused on fundamental conservation and extremal 
principles. Annotated references and problems conclude each chapter. 
Three appendices provide theoretical details omitted inthemain text, 
and a fourth contains answers to the problems. LAS 


OPTIMIZATION, P, Some Aspects of the Optimal Control of Distributed 
Parameter Systems. J.L. Lions. CBMS Reg. Conf. in Math., No. 6. SIAM, 
1972, vi + 92 pp, $46.20 (P). Variational inequalities, optimal con- 
trol problems for linear and nonlinear distributed parameter systems, 
existence theorems for geometrical optimization problems, applications 
of boundary layers in singular perturbations. Remarks on numerical 
methods. From an August 1971 conference in College Park, Maryland. 
DFA 


OPTIMIZATION, S(14-15), L, Theory of Games and Strategtes. Richard 
I. Levin, Robert B, Desjardins. International Textbook, 1970, xi + 
132 pp, $2.50 (P). A brief yet non-trivial introduction to 2- and 
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n-person games, unfortunately devoid of realistic examples or any 
exercises. It does, however, contain many worked out artificial 
games which illustrate simple algebraic and geometric means of solu- 
tions. Good bibliography. LAS 


OPTIMIZATION. TC17: 2), P. Optimisation Methods for Large-Scale Sys= 
tems...wtth Applications. Ed: David A, Wismer. McGraw, 1971, xii + 
335 pp, $19.50. A surwey of optimization techniques with special em= 
phasis given to methods of reducing the complexity or dimensionality 
of large systems. Familiarity with system description via "state 
Space" matrix notation appears to be a prerequisite. JJ 


ANALYSIS, P , Lecture Notes in Mathematies-329: Multipliers for (C, a)- 
Boun Fourter Expanstons tn Banach Spaces and Approximatton Theory. 
Walter Trebels. Springer-Verlag, 1973, vi + 103 pp, $7.20 (P). Ap- 
proximation theory via abstract Fourier series in Banach spaces. As- 
sumes the uniform boundedness of the Cesaro means of order a (for 
some a > 0, perhaps fractional) for the expansion. Applications to 
one-dimensional and multiple trigonometric, Laguerre, Hermite, and 


Jacobi series and to surface spherical harmonics. DFA 


ANALYSIS, P, Thtn Sets tn Harmonte Analysis. Ed: L.-A,. Lindahl, F. 
Poulsen. Dekker, 1971, ix + 185 pp, $9.50 (P). The proceedings of 
a Special seminar at the Mittag-Leffler Institute during the year 
1969-70. JAS 


ANALYSIS, P, L, The Theory of Bernoulli Shifts. Paul Shields. U of 
Chicago Pr, 1973, x + 118 pp, $6.50; $2.50 (P). Ornstein's result 
that two Bernoulli shifts are isomorphic if they share the same en- 
tropy is derived in detail. Background required for reading the pre- 
sentation is minimal. JJ 


ANALYSIS, P*, Lecture Notes in Economies and Mathematical Systems-6?7: 
Leetures on Mathemattcal Theory of Extremum Problems. I.V. Girsanov. 
Springer-Verlag, 1972, 136 pp, $5.10 (P). The optimum operating point 
of aprocess is often given by the extremum of some function. The 
author describes general schemes for locating such an extremum. These 
conditions are illustrated with a series of problems, including selec- 
tions from optimal control theory and linear programming. A rather 
complete review of the prerequisite topics in functional anlaysis pre- 
cedes the main work. JJ 


ANALYSIS, P, Zeeture Wotes in Mathematics-295: Ensembles Analytiques, 
Capacttes, Measures de Hausdorff. Claude Dellacherie. Springer- 
Verlag, 1972, xii + 123 pp, $5.10 (P). Mostly expository. In the 
author's words a "brochure publtettatre" for a certain viewpoint for 
the theory of analytic sets--namely in the context of compact metri- 
Zable spaces. JAS 


ANALYSIS , P, American Mathemattecal Secrety Translations, Serves 4, 
V. 101. B.M. Levitan, et aZ, AMS, 1973, 111 + 250 pp, $19.60. Six 
papers on analysis. 


GEOMETRY, P, Geometry of Submanifolda. Bang-yen Chen. Rekker, 1973, 
vil + 298 pp, $17.50. An exposition of recent results on submanifolds. 
The author discusses minimal submanifolds; umbilical submanifolds; 
conformally flat submanifolds; submanifolds with parallel mean curva- 
ture vector, geometric inequalities. Familiarity with differential 
geometry is presumed, SG 
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GEOMETRY, P, Aufbau der Geometrzie aus dem Spiegelungsbegriff. 
Friedrich Bachmann. Grund. math, Wissenschaften, B. 96, Springer- 
Verlag, 1973, xvi + 374 pp, $35.10. A treatise on the development 
of plane metric (absolute) geometry from group-theoretic axioms. 
Contains the text of the first edition (1958), plus an account (with 
a complete bibliography) of results obtained since then. JD-B 


GEOMETRY, P, Lecture Notes in Mathematics-286: On Automorphtisms of 
Siegel Domatns., Shingo Murakami. Springer-Verlag, 1972, 95 pp, $5.10 
(P). Geometric results about certain domains in complex n-space ob- 
tained by an analysis of the automorphism groups of these domains. An 
expository work summarizing and unifying a number of recent results 
in the field. JAS 


TopoLocy, P*, CW-Complexes, Homology Theory. Renzo A. Piccinini. 
Queen's U, 1973, iii + 129 pp, $4 (P). The third chapter containing 
results on extensions of homology theories is supported by two very 
helpful chapters on CW-complexes in a categorical context and genera- 
lized homology theories. Careful exposition clarifies a lot of folk- 
lore. JAS 


TopoLocy, (18: 1, 2), P, Cohomology and Differential Forms. Izu 
Vaisman, Transl: Samuel I. Goldberg. Dekker, 1973, vii + 284 pp, 


$19.75. Starting with some very general definitions of categories 
and functors (e.g., a pseudo-category is a "category" with partial 
composition), and using these to obtain nice formulations of differ- 
entials (local categories) and atlases, the author presents De Rham 
cohomology and other results of differential topology and geometry 

in a very elegant, up-to-date setting. Skip over the section on 
categories and functors--the details are mainly technical and ona 
first reading confusing. An excellent book, usable for a second year 
graduate course with a little additional geometric intuition added 
according to the taste of the instructor. PJM 


TOPOLOGY « T¥*C17: 2, 3), P, Connections, Curvature, and Cohomology, 

. II: Lie Groups, Prinetpal Bundles, and Charactertstiec Classes. 
Wornes Greub, et al. Acad Pr, 1973, xxi + 541 pp, $35. Using the 
machinery of Volume 1 (TR January 1973) the authors study fibre 
bundles with structure group or Lie group. Characteristic (cohomol- 
ogy) classes of such bundles are defined and finally used to relate 
the geometry to the topology via the Gauss-Bonnet=-Chern Theorem. An 
excellent book which could be used independently of Volume 1 (a sum- 
mary and table of contents of Volume lare included). Very good up- 
to-date bibliography. Problems are difficult but plentiful. PUM 


STATISTICS, P, L, Russtan-Engltish/English-Russtan Glossary of Sta- 
tistical Terms, Samuel Kotz. Oliver & Boyd, 1971, vii + 87 pp, 
$9.95. Based on the Kendall and Bruckland Dicttonary of Stattstteal 
Terms, this glossary includes ahout 2500 terms. Prepared under the 
auspices of the International Statistical Institute. LAS 


Statistics, [(13: 1, 2), ‘Introduction to Statigties. Herbert 
Friedman. Random House, 1972, xi + 334 pp, $9.50. Presupposes only 
high school algebra. Starts off with statistical inference and 
treats probability very lightly. Considers many non-parametric 
tests and more in analysis of variance and design of experiments 
than is usual at this level. No Bayesian methods. FLW 
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StaTIsTics, [(13: 1), Fundamental Statistical Concepts. Frederic E. 
Fischer. Canfield PY, 1973, ix + 371 pp, $9.95, Presupposes only 
high school algebra. nescriptive statistics (including partial cor- 
relation), probability (but no discussion of subjective probabilities), 
and statistical inference (including several non-parametric tests) .FLW 


STATISTICS, |(13: 1, 2), Elements of Statisttes; An Introductton to 
Probabtlity and Stattisttcal Inference, Donald R. Byrkit. Van-N-Rein, 
1972, xi + 324 pp, $9.50; Commentary and Soluttons Manual for Elements 
of Stattsties, iv + 145 pp, (P). Presupposes only high school alge- 
bra. Standard topics. Exposition often lacks precision and clarity. 
FLW 


STATISTICS, [(13-14: 1, 2), S,. L, Stattsttieal Analysis for Business 
and Heonomtes, Second Edttton, Leonard J, Kazmier. McGraw, 1973, 


xv + 623 pp, $8.95 (P). Programmed text. Presupposes only high 
school algebra, Descriptive statistics, probability, statistical 
inference, decision theory, time series, index numbers, and compu- 
ters (with Fortran programs for basic statistics). FLW 


STATISTICS, [(]5-14: 1, 2), Statistteal Methods, Third Edttton, Allen 
L. Edwards. HR&W, 1973, viii + 312 pp, $9. Presupposes only high 
school algebra. Covers a great many topics very briefly. Most of 
the examples are from psychology. No Bayesian methods. FLW 


STATISTICS, P, Selected Translattons tn Mathematical Statistics and 
Probability, V. 12. AMS, 1973, v + 312 pp, $21.50. 


Statistics, [(18), P, L, The Advanced Theory of Statistics, V. 2, 
Third Rditton. Maur ice G. Kendall, Alan Stuart. Hafner, 1973, x + 


723 pp, $29.95. Revision of the 1967 edition of the second volume 
of the authors' three volume treatise. Topics include the theory of 
estimation and testing hypotheses, statistical relationship, distri- 
bution-free methods and sequential analysis. RSK 


STATISTICS, S, Practical Exercises in Probability and Stattsttes. 
N.A. Rahman. Hafner, 1972, xiv + 338 pp, $18.95. Companion volume 
to the author's A Course tn Theoretteal Statisties (Griffin, 1968); 
parallels the author's Exeretses in Probability and Statistics (TR 
February 1968) which contained theoretical exercises. Book consists 
solely of 200 exercises, together with answers and extensive hints 
for their solutions. Price is high. RSK 


STATISTICS, [(13: 2), Introductory Statisties for the Behavioral 
Setences, Second Edition. Robert K. Young, Donald J. Veldman. HR&W, 
1972, xii + 559 pp, $9.95. A descriptive, non-mathematical text, 
distinguished by its programmed exercises. Each of the 18 sections 
is followed by numerous (60-125) frames to drill the students, Dif- 
fers from the first edition (1965) by the addition of problem sets 
after the programs. May be considered for a self-paced course. TAV 


STATISTICS, |(13-14: 1), S, Btostatisttes: An Introductory Text, 
Eighth Printing. Avram Goldstein. Macmillan, 1971, ix + 272 pp, 


$10.95. Standard topics illustrated with biological or medical ex- 
amples. Presupposes only high school algebra. Few derivations but 
good discussions of assumptions. No Bayesian methods. FLW 
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NTATISTICS. TON: 1), S, Probability and Experimental Errors in 
Setence; An El ementary Survey. lyman G. Parratt. Dover, 1971, xv + 
255 pp, $3 (P). Unaltered Dover edition of the 1961 Wiley text. 
Written for scientists to increase their understanding of science, it 
treats those concepts of probability and statistics that are most ap- 
plicable to scientific measurements, emphasizing the normal and 
Poisson distributions. Some background in calculus is desirable. RSK 


STATISTICS, P, Dtsertminant Analysts and Applteattons. Ed: T. 
Cacoullos. Acad Pr, 1973, xviii + 434 pp, $16.50. Proceedings of a 
NATO institute held in Athens in June, 1972. Includes an extensive 
classification and review paper by S. Das Gupta and a supposedly ex- 
haustive bibliography of books and papers through 1972, LAS 


STATISTICS, P, Multtvariate Statistical Inference, Ed: D.G. Kabe, 

R.P. Gupta. North-Holland, 1973, x + 258 pp, $15. Invited lectures 
together with some contributed papers from 1972 research seminar at 

Dalhousie U. LAS 


STATISTICS, T*(16- l/: 1), P, L, Nonparametrte Stattsttecal Methods. 
Myles Hollander, Douglas A. Wolfe. Wiley, 1973, xviii + 503 pp, 


$18.95. An applied book--centered around problems encountered in 
actual experiments in a variety of fields. Presupposes at least an 
introductory course in non-mathematical statistics. Includes not only 
hypothesis testing, but methods for point estimators and confidence 
intervals, plus multiple comparison procedures. Topics: dichotomous 
data, one- and two-sample location problems, one- and two-way layouts, 
two-way dispersion, independence, regression. PJC 


COMPUTER SCIENCE, S**, My Computer Likes Me...when ¢« speak in BASIC. 
Dymax, P.O. Box 310, Menlo Park, Calif., 1972, $1.49 (P). A flamboy- 
ant, graphic introduction to BASIC skillfully employing a free-form 
typography to highlight important details, and illustrated with a 
continually evolving population growth problem. Covers only basic 
BASIC in an unusually interesting format. (The same publishers pro- 
duce a similar zany newsletter for the People's Computer Company, 
S4/year.) LAS 


CompuTER ScIeNcE, [*(14-16: 1), 8, L, Computer Approaches to Mathe- 
matteal Problems. Jurg Nievergelt, et al. P-H, 1974, xiii + 257 pp, 
$8.95. Six independent essays on arithmetic expressions, combina- 
torial computing, game playing, random processes, computing with 
numbers, and machine limitations. Intended as a middle level intro- 
duction to important computational techniques and to the role of the 
computer in helping to solve a wide variety of problems. Exercises 
and references conclude each essay. LAS 


CoMPUTER SCIENCE, I*(15-18), P, L, Dtserete Mathematical Structures 
and Their Appltcattonga. Harold S. Stone. SRA, 1973, vii + 345 pp, 
$11.95. An exceptional hook. Intended for students of computer 
science and computer engineering, it is also quite suitable for a 
second undergraduate algebra course, a graduate level course, and 
independent reading courses. Ideas are well motivated and clearly 
explained; problems are wide ranging and very interesting. Topics; 
groups, rings; finite fields; Polya enumeration theory; codes; finite 
state machines; Boolean algebras; applications of group theory and 
Boolean algebra to computer design, SG 
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CoMPUTER SCIENCE, | (C13: 2), Problems Solving wtth Computers. Paul 
Calter. McGraw, 1973, xii + 187 pp, $5.95 (P). Procedures for and 
techniques of problem solving. A good collection of projects and ex- 
ercises for a course in computer programming. LLK 


CompuTeR SCLENCE, T(17-18: 1, 2). Pi Introduction to Mathematical 
Techntques tn Pattern Recognition. Harry C. Andrews. Wiley, 1972, 


xiii + 242 pp, $11.50. Summarizes and unifies research on thegreti- 
cal (not heuristic or structural) aspects of pattern recognition. 
Very good chapter bibliographies. Topics: features selection, dis- 
tribution-free classification, statistical classification, non- 
supervised learning, and sequential learning. PJC 


ComPUTER ScIENCE, S(13-18), P, L, Modern Business Data Processing. 
Daniel D. Benice. P-H, 1973, x + 613 pp, $10.95. A well-rounded 


summary of both batch and time-sharing in the business world. Part 2 
gives a brief outline of APL, BASIC, COBOL, FORTRAN, PL/1, RPG and 
IBM ASSEMBLER. There are many good exercises and selected solutions 
in the back. Very clearly written and recommended for general read- 
ing, but not for a course. RB 


ComPpUTER Science, [(15: 1, 2), S(13-18), P, L, Introduetion to Com- 


puters and Computer Programming. Lawrence J. Prince, David F. Nyman. 
P-H, 1972, xiii + 209 pp, $9.95. This is an excellent introduction 
to the internal makeup of computers, to base 2, 8, 10 and 16 number 
Systems and to a general assembly language. Teaches the types of 
things programmers should know about other than high level languages. 
Not enough problems and exercises and no solutions. RB 


ComPUTER SCIENCE, |(13-15), Elements of Computer Science, James W. 
Estes, B. Robert Ellis. Canfield Pr, 1973, viii + 376 pp, $10.95. A 


broad elementary introduction to algorithms, flowcharts and computer 
technology designed to parallel any standard course in a particular 
programming language. Problems and references conclude each chapter. 
LAS 


COMPUTER SCIENCE, P, Complexity of Sequenttal and Parallel Numerical 
Algortthms, Ed: J.F. Traub. Acad Pr, 1973, ix + 300 pp, $11.50. Pro- 
ceedings of a symposium held at Carnegie-Mellon U., May, 1973. LAS 


ComMPUTER SCIENCE, S*, L, Fortran IV Pocket Handbook. Daniel E. 
Alexander, Andrew C. Messer. McGraw, 1972, 91 pp, $1.95 (P). Clear 
and brief outline of FORTRAN, well suited to quick referencing. Not 
recommended as a textbook since it is too small to contain long ex- 
amples and problem solutions. RB 


COMPUTER SCIENCE, 9, p** |. Mintcomputers for Engineers and Scien- 
tists, Granino A. Korn: McGraw, 1973, xiv + 303 pp, $17.75, This 


excellent book contains many of the state-of-the-art facts which are 
so hard to pick up plece-hy~piece. Bookisoriented toward hardware 
and lower level languages like assembler, Containg good sections on 
interfacing between the minicomputer and the outside world. RB 


CompuTEeR ScLence, S(14), L, Computer Dietionary. Donald D. Spencer. 
Abacus, 1973, 57 pp, $3.95 (P). A small interesting reference to com- 


puter science terms. Not recommended for classroom use, but may be 
handy in a computer center. RB 
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CoMPUTER ScLENCE, [(15-17), P, L. Symbolte Logie and Mechanical 
Theorem Proving. Chin-Liang Chang, Kichard Char-Tung Lee. Acad Pr, 


1973, xiii + 331 pp, $17.50. Symbolic logic, not for the mathema-— 
tician or the philosopher but for the computer scientist. The in- 
terest is not on axiomatic development, but rather on techniques of 
mechanical theorem proving and applications to artificial intelli- 
gence. Many examples, complete bibliography. Exudes the spirit of 
a rapidly developing field of research. LCL 


ComPUTER SCIENCE, [, S, P, Floweharting Concepts and Data Processing 
Techniques, A Self-Instructtonal Guide. Mark N. Wayne. Canfield Pr, 
1973, vii + 248 pp, $4.50 (P). Well suited to teaching data process- 
ing technique and flowcharting without specifying any particular 
language. Has good sections on I/0 buffers and contains a nice glos- 
sary of commonly used terms. No solution section, but plenty of flow- 
charting examples, Recommended for short data processing course. RB 


ComPpUTER Scr1ENcE, S(15), P*, L, Introduction to Computer Programming 
for the Soctal Setences, Peter B. Harkins, et al, Allyn, 1973, x + 


258 pp, $5.95 (P). Has short introductory section on FORTRAN, but is 
not meant to be a FORTRAN text. The rest of the book contains 23 com- 
plete programs, documented and explained, from the social sciences.RB 


Computer Science, [(13-14), S, PL/I for Business Applications. Mary 
Ellen Anderson, P-H, 1973, xviii + 397 pp, $13.95. A clearly written 


and easily understood text on the elementary features of PL-l. Ad- 
vanced topics have been omitted. There are nice self review sections 
throughout the book and exercises without solutions in each chapter. 
Might best be used as a self-study guide or as a supplementary text. 
The appendix contains a handy keyword outline. RB 


CoMPUTER ScrENcE, [(15-l6o), P, L, PL/1 for Business Applicattons. 
Leonard E., Edwards. Reston, 1973, xi + 480 pp, $10.95; $8.95 (P). 
Excellent text for a business computer course. Each chapter has a 
number of lengthy problems with solutions in the back. Good on re- 
cord-oriented I/0; includes many helpful flowcharts. However, the 
computer print-out examples are very hazy and hard to read. Con- 

tains many advanced topics such as indexed and regional files and 

list processing. RB 


ComPUTER ScIENCE, S*(13-15), L, 4 Collection of Programming Problems 
and Techniques. H.A. Maurer, M.R. Williams. P-H, 1972, x + 256 pp, 
$6.95 (P). A rich collection of several hundred interesting problems, 
sparsely interspersed with verbal algorithms and followed by an ap- 
pendix with hints, sample outputs, or (often) estimates on the length 
of solutions. Unusually complete index. LAS 


COMPUTER SCIENCE, TCI4), L, Introduction to Computer Programming for 
Etologtcal Sctentists. Howard Oxr, et al. Allyn, 1973, xiii + 396 


pp,’$6.95 (P). Useful to a wider audience than the title indicates. 
Many of the 51 illustrative FORTRAN programs are essentially statis- 
tical ar numerical. The description of the language is rather brief 
and specialized, hut includes most constructs. A balance between 
writing programs and using library routines, Perpetuates some non- 
standard terminology. RWN 


COMPUTER SCIENCE, S, Computer Appreciation, T.F. Fry. Philo. Library, 
1971, viii + 237 pp, $15. Intended for business students. History, 
hardware, software and data processing applications and management. RWN 
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COMPUTER SCIENCE, TC15-14), S, L, Stmplified Fortran Programming; 
With Companton Problems. Lisa Rosenblatt, Judah Rosenblatt. A-W, 


1973, Vi + 229 pp, $3.95 (P). Too little space is given to FORTRAN, 
and time sharing is stressed instead of batch processing. However, 
it makes a nice companion book with its BASIC counterpart by the same 
authors. There are answers given to selected problems. Recommended 
for practice in problem working. RB 


CompuTeR Science, [(13: 1), $13), Communicating with the Computer: 
Introductory Expertences FORTRAN IV. Zeney P. Jacobs, et al. 
Holbrook Pr, 1973, vi + 346 pp, $6.95 (P). Has many good examples 
and makes excellent use of many flowcharts. All programs have been 
run on an IBM 1130. There is no answer section. Recommended for an 
elementary course in which the book leads the student along step by 
step. RB 


CoMPUTER SCIENCE, S, L, Computer Setence: Projects and Study Problems. 
Alexandra I. Forsythe, et al. Wiley, 1973, xiv + 292 pp, $6.50 (P). 

13 language-independent programming projects and numerous related and 
unrelated exercises. Intended for use with an introductory course.RWN 


COMPUTER Scrence, T*(16: 1), S, P, L, Pee Art of Computer Programming, 

; Sorting and Searching. Donald E. Knuth. A-W, 1973, xi + 722 pp, 
si9. 50. The most nearly complete reference to date on sorting and 
searching. About 2/3 on sorting techniques and 1/3 on searching plus 
hundreds of problems ranging from 00 (easy) to 50 (research). The 
Variety and, at times, depth of mathematics used in the analyses make 
this delightful reading as well as a useful guide for the practitioner. 
RWN 


CompuTeR Science, [(15-17: 1, 2), L, Data-Structures and Programming. 
Malcolm C. Harrison. Scott F, 1973, 322 pp, $10.95. Major concepts for 


programming: string processing, evaluation of expressions, sorting, 
searching, hash coding, recursion and macros. Uses an extension of 
Fortran with machine language capabilities for most examples and also 
considers the capabilities and storage allocation for PL/1, Lisp, 
Snobol, APL, SETL, Algol 68 and Balm. Introduces and uses many types 
of data structures, especially lists. RWN 


COMPUTER SCIENCE, P, JZLeeture Notes in Economtes and Mathematical 
Systems-75: 1. Fachtagung uber Programmtersprachen, Ed: M. Beckmann, 
et al. Springer-Verlag, 1972, vii + 280 pp, $7.70 (P). Fifteen 
papers from the March 1971 symposium in Munich. JAS 


ComPUTER SCIENCE, I[(1), Fundamental Programming Concepts. Jonathan 
L. Gross, Walter S. Brainerd. Har-Row, 1972, x + 304 pp, $8.95. 
BASIC programming. Interesting applications in diverse areas. In- 
troduces the student to such concepts as strings, stacks, graphs, 
simulation and artificial intelligence. In general, needs to he sup- 
plemented by a manual on the local version. RWN 


COMPUTER SCIENCE, S(15-17), L, Computer Setence, Ed; Alfonso F. 
Cardenas, et al. Wiley, 1972, xii + 522 pp, $19.95. 14 authoritative 
survey papers on hardware technology, design, arithmetic, systems, 
on-line computing, graphic display, networks, analog computation, 
languages, translators and applications. Could be considered for a 
senior seminar. RWN 
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COMPUTER SCIENCE, [?, S?, Background Math for a Computer World. Ruth 
Ashley. Wiley, 1973, xi + 286 pp, $3.95 (©). Mechanical, sterile, 
self-teaching guide to algorithmic thinking. Context; basic arithme- 
tic, probability and statistics, matrices. LCL 


CoMPUTER_SCLENCE, S(I5-17), L*, Gamea Playing with Computers. A.G. 
Bell. Allen & Unwin, 1972, 204 pp, $12.65. An unusual introduction 
to programming, using games (aliaa “dynamic techniques of search and 
evaluation in a multi-dimensional problem space") such as Nim, Poker, 
Chess, and Go. The programming challenges are nontrivial, so it is 
hard to imagine a beginning student learning to program from the 
book; but it is equally hard to imagine a budding computer scientist 
putting the book down. LAS 


CompuTeR Science, [(15), S, P, L, Introduction to PL/1 Programming 
and PL/C, Marilyn Bohl, Arline Walter. SRA, 1973, vii + 280 pp, 
$5.95 (P). Easy to read. Explains many details relevant to other 
programming languages. Many short examples, but not enough long and 
complex ones. There are answers to selected problems. The index on 
the inside front cover is very helpful and outlines the basic com- 
mands. RB 


SYSTEMS IHEORY, P, Lecture Notes in Economies and Mathemattcal Sys- 
tems-82: Resolutton Space Operators and Systems, R. Saeks. Springer- 
Verlag, 1973, x + 267 pp, $8.20 (P). Systems problems, such as opti- 
mization, stability, controllability, are studied within the mathe- 
matical framework of a resolution space. In the simpler applications, 
the resolution space amounts to a Hilbert space of functions together 
with an operator which truncates the function in a selective manner.JJ 


Systems THEORY, S(16-1/7), Zinear Systems. W.A. Coppel. Notes on 
Pure Math., No. 6. Australian Natl. U, 1972, vii + 85 pp, $3.75 (P). 


An introductory survey of linear systems, using the standard "state 
space" approach, Problems of controllability and observability are 
covered; systems are characterized in terms of their impulse response; 
the question of optimal control is considered. A great deal of space 
is devoted to matrix manipulation technique. JJ 


Systems THEORY, | (16-17: 1), L, Introduetion to Systems Theory. 
Stephen W. Director, Ronald A. Rohrer. McGraw, 1972, xii + 441 pp, 


$16.50. An introductory "state space" approach to first and second 
order systems. The text is highly self-contained, and proceeds from 
the primitive definitions through stability concepts and numerical 
techniques, such as the fast Fourier transform. JJ 


APPLICATIONS, P, Decompositton of Large-Scale Problems. Ed: David 
M. Himmelblau. North-Holland, 1973, ix + 571 pp, $34.75. Proceedings 
of the July, 1972 conference at Cambridge, England. A well edited 
broad spectrum of papers. JAS 


APPLICATIONS, P, Transacttong of the Etghteenth Conference of Army 
Mathemattetang. US Army, 1973, xv + 812 pp, (P). Papers from the May 
24-26, 1972 Conference at Feltman Research Laboratory, Picatinney 
Arsenal, Dover, New Jersey. Cantains an agenda listing all papers 
given in addition to those published here. JAS 


APPLICATIONS (ARCHAEOLOGY) » ah! L*, Mathematics tin the Archaeologteal 
and Htstorteal Setences, d: F. R. Hodson, et al, Edinburgh U Pr, 
1971, ix + 565 pp, $36. over 50 papers from a 1970 Anglo-Romanian 
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conference on such topics as taxgnomy, multidimensional scaling, 
seriation, and evolutionary trees. Includes several brief survey 
papers, some theoretical models, and many specific applications. An 
exciting sample of uncommon applications. LAS 


AppLiIcaTions (Brotocy), T(16-17), P, L, Numerteal Taxonomy: The 
Prinetples and Practice of Numerical Claastftcatton. Peter H.A. 


Sneath, Robert R. Sokal. Freeman, 1973, xv + 573 pp, $19.50. Taxo- 
nomy--a mixture of statistics, computer science and special techni- 
ques--is the theoretical study of the ordering of objects (especially 
biological organisms) into groups on the basis of their relationships. 
This text, a complete rewriting of the authors' 1963 Prinetples of 
Numerteal Taxonomy, reflects the dominant influence of computerized 
data analysis of the past decade. Largely a compendium of references 
and technigues, it has a massive bibliography together with appendices 
which provide lists of comparable studies. LAS 


APPLICATIONS (Business), S(14-16), L, Operations Research: An Intro- 
duetton to Modern Appltcattons, Ed: William C. House. Auerbach, 1972, 


Xi + 365 pp, $19.95. An anthology of reprints from managerial jour- 
nals providing many examples of mathematical programming, mostly at 
an elementary mathematical level. LAS 


APPLICATIONS (CONTROL THEORY), P, Control and Dynamite Systems: Ad- 
vanees itn Theory and Applteattons, V. 9. Ed: C.T. Leondes. Acad Pr, 


1973, xvi + 514 pp, $16. Five survey articles continuing the series 
of volumes formerly titlea "Advances in Control Systems." LAS 


APPLICATIONS (CONTROL THEORY), P, Control and Dynamite Systems, V. 10. 
: C.T. Leondes. Acad Pr, 1973, XVii + 527 pp, $19.50. Seven ex- 


nository essays on optimization techniques, aircraft control, and 
traffic modelling. LAS 


APPLICATIONS (CONTROL THEORY), P, Recent Developments in Control 
Theory. Ed: Nam P. Bhatia. SIAM, 1972, 177 pp, $8.85. 13 selected 


papers from NSF Regional Conference on control theory at U. of Mary- 
land, August, 1971. LAS 


APPLICATIONS (ECONOMICS), P| Mathemattecal Methods in Investment and 
Finance. Ed: Giorgio P. Szegd6, Karl Shell. North-Holland, 1972, x 

+ 665 pp, $24.25. 29 papers from an international symposium held in 
Venice in September, 1971. Most focus on models of portfolio selec- 
tion. LAS 


APPLICATIONS (ENGINEERING), P, The Numerteal Control of Machine 
Toots: Baste Prinetples, Systeme Analysts and Industrial Applteattons. 


Dr.-Ing Wilhelm Simon. Crane, Russak, 1970, xiv + 544 pp, $49.50. 
Revtewers Whose Inittalg Appear Above 


David F. Appleyard, Carleton; Ralph Bjork, St. Olaf; Paul J. Campbell, 
St. Olaf; John Dyer-Bennet, Carleton; Steven Galovich, Carleton, James 
Johnson, St. Qlaf; Lorraine L. Keller, St. Olaf; Richard S. Kleber, St. 
Olaf; Loren C. Larson, St. Olaf; Pierre J. Malraison, Carleton; R.W. 
Nau, Carleton; J. Arthur Seebach, Jr., St. Olaf; Lynn A. Steen, St. 
Olaf; T.A. Vessey, St. Olaf; Frank L. Wolf, Carleton. 


NEWS AND NOTICES 
EDITED BY RAOUL HAILPERN, SUNY at Buffalo 


Readers are invited to contribute to the general interest of this Department by sending news items 
to Mathematical Association of America, 1225 Connecticut Avenue, NW, Washington, D. C. 
20036. Items must be submitted at least two months before publication can take place. 


PERSONAL ITEMS 


Brock University: Assistant Professors S.C. Chang and V. B. Headley have been pro- 
moted to Associate Professors. 

Mississippi State University: Associate Professor A. C. Grimes has been promoted to 
Professor; Assistant Professors J. R. Graef and P. W. Spikes have been promoted to Asso- 
ciate Professors. 

Dr. Jack Alanen has been appointed Senior Lecturer and Chairman of Department 
in the Computing Center at the University of Nairobi, Kenya. 

Dr. L.K. Arnold of Daniel H. Wagner, Associates, has been promoted to Senior 
Associate. 

Assistant Professor P.C. Eklof, Stanford University, has been appointed Associate 
Professor at the University of California, Irvine. 

Dr. George Epstein has been appointed Professor at Indiana University, Bloomington. 

Associate Professor Janos Galambos, Temple University, has been promoted to 
Professor. 

Assistant Professor K. J. Heuvers, Michigan Technological University, has been pro- 
moted to Associate Professor. 

Assistant Professor M. H. Moore, University of Florida, has joined Vector Research, 
Inc., Ann Arbor, as a Senior Systems Analyst. 

Associate Professor R. E. Pippert, Purdue University at Fort Wayne, has been promoted 
to Professor. 


Associate Professor Augustus Frank Bausch, Kalamazoo College, died on June 11, 1973, 

at the age of 53. He was a member of the Association for seven years. 

Dr. Helen Calkins, Cornell University, died on June 17, 1970, at the age of 77. She was 
a member of the Association for forty-seven years. 

Professor Brewster H. Gere, Hamilton College, died on July 16, 1973, at the age of 62. 
He was a member of the Association for thirty-six years. 

Professor Pasquale Porcelli, Louisiana State University, died on December 7, 1972, 
at the age of 46. He was a member of the Association for twenty-six years. 

Professor Myron F. Rosskopf, Columbia University, Teachers College, died on Jan- 
uary 31, 1973, at the age of 65. He was a member of the Association for forty-four years. 


UNIVERSITY OF WISCONSIN-MADISON ASSUMES EDITING AND 
MANAGEMENT OF DELTA 


The Mathematics Department of the University of Wisconsin-Madison announces that 
in cooperation with the Mathematics Department of the University of Wisconsin-Extension 
it has assumed the editing and management of the undergraduate mathematics journal 
DELTA, as of January 1, 1974. The editorial board will be constituted as follows: Chief 
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Editor, Steven Bauman; Associate Editors, R. A. Brualdi, D. W. Crowe, J. E. Hall, R. S. 
Luthar. The journal will be published twice a year with an annual subscription rate of 
$3.00. Subscriptions can be obtained by writing to the business address: DELTA, Extension 
Mathematics Department, 432 North Lake Street, Madison, Wisconsin 53706. 

The editorial policy of the journal is: ‘“‘Delta is an undergraduate journal of mathe- 
matics which is devoted to serving both students and teachers at two and four year colleges 
and universities. We welcome articles of wide interest which contain original research, 
new proofs of old theorems, expositions of recent developments in various mathematical 
fields, fresh findings in the history of mathematics, and stimulating ideas about mathe- 
matics education. A high standard of exposition will be maintained.’’ Editorial correspon- 
dence should be addressed to: Chief Editor, DELTA, University of Wisconsin, 213 Van 
Vleck Hall, Madison, Wisconsin 53706. 


LOGISTICS RESEARCH CONFERENCE 


The Office of Naval Research and the George Washington University, with the coopera- 
tion of the Air Force Office of Scientific Research and the Army Research Office, announce 
a Logistics Research Conference to be held at the George Washington University, Washing- 
ton, D. C., on 8-10 May 1974. The main objectives of the Conference are to survey major 
developments and difficulties in government, industrial and military logistics research and 
applications since World War II, and to assess outstanding current problems and promising 
new research techniques. 

Areas of research activity have been categorized as follows: (1) applications of mathe- 
matical programming; (2) applied case studies; (3) design of systems; (4) inventory systems; 
(5) data collection, representation, and analysis; (6) measurement of performance; (7) proba- 
bilistic methods; (8) production and procurement; (9) reliability, maintainability, and 
availability; (10) simulation; (11) statistical methods; and (12) transportation and scheduling. 

Contributed papers are welcome. Abstracts and inquiries may be addressed to Ms. 
Henrietta Jones, Department of Operations Research, The George Washington University, 
Washington, DC 20006. (Phone: 202/676-7504.) Further information may also be obtained 
from Professors A. V. Fiacco (202/676-7511), W.H. Marlow (202/676-7503), or Henry 
Solomon (202/676-7521) at the University, or from Mr. Marvin Denicoff (202/692-4304) 
at the Office of Naval Research. 


THE FIRST NATIONAL CONVENTION FOR TYC FACULTY 


The Editors of the Mathematics Associations of Two-Year Colleges Journal (MATYCJ) 
have announced The First National Convention for two-year college mathematics educators 
to be held on April 25 and 26, 1974, at the Essex House in New York City. 

During the seven-year history of MATYCJ, this publication has grown to a 52-page 
journal published three times a year and read by over 2,500 educators and mathematicians 
in the United States, Puerto Rico, Canada, and Australia. To help meet the need to increase 
communications among two-year college mathematics teachers The MATYC Journal 
proudly announces the First National Convention. 

Topics of Discussion will be: 


Establishment of a permanent study group for TYC remedial mathematics 
National Science Foundation—Funds for TYC’s 
Possible relationships between the MAA and the TYC educator 
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Curriculum problems relative to college size 
The why and how of publishing for TYC’s 
Teacher Exchange and Placement 
Classroom techniques for TYC’s 

Future National Conventions 


Guest speakers include Herb Gross, Allyn Washington, R. P. Boas, A. B. Willcox, 
William Rice, Louis Roethel, E. F. Beckenbach, Louis Auslander, Mary Dolciani, and 
Allan Tucker. 

For a detailed brochure and schedule of events, please write: Director of Special Projects, 
The MATYC Journal, Department of Mathematics and Computer Science, Nassau 
Community College, Garden City, NY 11530. 


THE INTERNATIONAL CONGRESS OF MATHEMATICIANS 
VANCOUVER, CANADA — AUGUST 21-29, 1974 


First Announcement 


The Organizing Committee is pleased to announce that the next International 
Congress of Mathematicians will be held in Vancouver during August 21-29, 1974. 


SCIENTIFIC PROGRAM. The work of the Congress will be divided into twenty sections. 
There will be approximately 16 invited one-hour expository lectures and approximately 
150 invited 45-minute specialist talks. Members of the Congress will be given an opportunity 
to present 15-minute oral communications of contributed papers and to organize small 
informal mathematical seminars on their own initiative, either in advance or at the time of 
the Congress. Instructions concerning abstracts of contributed papers and organization 
of seminars will be included in the second announcement. 

All formal lectures will be given at the University of British Columbia, but some of the 
informal seminars are expected to take place at Simon Fraser University and the Uni- 
versity of Victoria. 


LANGUAGES: English, French, German, and Russian are the designated languages of 
the Congress. 


LocAL ARRANGEMENTS: Accommodations for approximately 3000 persons will be 
available in residences at the University of British Columbia. Based on single occupancy, 
the daily rate for these is expected to be approximately $13 (Can.) including meals. In 
addition, rooms in hotels primarily located in downtown Vancouver will be available. 
The rate for single rooms without meals in hotels is expected to be in the range of $12-$35 
(Can.). 

A special bus service connecting the University of British Columbia with downtown 
and Simon Fraser University will be arranged for the members of the Congress. This is 
in addition to the regular public bus service. 

Vancouver is considered one of the most scenic cities in the world with magnificent 
view of mountains and sea. A series of local tours, day excursions, and more extended 
trips intended to show some of the spectacular scenery is being arranged. 

Details and reservation forms will accompany the second announcement. 


TRAVEL: Group charter flights will be available to the Congress from a number of 
centres. They are being coordinated by World Tours Ltd. (affiliated with American Express), 
425 Howe Street, Vancouver 1, Canada, who may be contacted for further information. 
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Details on travel and pre- and post-convention tours will also accompany the second 
announcement. 


FURTHER COMMUNICATIONS: If you wish to receive any further announcements con- 
cerning the Congress, please write to: International Congress of Mathematicians, The 
University of British Columbia, Vancouver 8, Canada. (Cable address: Mathematix.) 


MATHEMATICAL ASSOCIATION OF AMERICA 
Official Reports and Communications 


MAY MEETING OF THE MICHIGAN SECTION 


The annual meeting of the Michigan Section of the MAA was held at Alma College, 
Alma, Michigan, on May 4 and 5, 1973. There were approximately 150 people in attendance. 
This was the third time that the Michigan Section has used the two-day format, and the 
results were again encouraging. 

Professor Don Lewis, of the University of Michigan, Chairman of the section, presided 
at the business meeting. In addition to various reports the Section approved a trial high- 
school visiting-lectureship program, a Summer Campout in the Upper Peninsula, and an 
adjustment in the Michigan Mathematics Prize Competition. Officers elected for the coming 
year were: George Feeman, Oakland University, Chairman; A. V. Martin, Grend Valley 
State College, Vice-Chairman; and Yousef Alavi, Western Michigan University, Secretary- 
Treasurer. 

The program included invited speakers, contributed papers, student papers, a panel 
discussion, luncheons, and a dinner banquet. 

The following lectures were presented: 

Principal Address (Part I): The Language of Categories in Undergraduate and High School Mathe- 
matics, by P. J. Hilton, Battelle Research Center. 

Principal Address (Part II): The Language of Categories in Undergraduate and High School 
Mathematics, by P. J. Hilton, Battelle Research Center. 

Hour Address: Hermite-Birkhoff Interpolation or What n + 1 conditions determine a polynomial 
of degree n?, by R. A. DeVore, Oakland University. 

Hour Address: Jnfinitesimals and Their Uses, by L. D. Krugler, The University of Michigan- 
Flint. 


Contributed Papers: 


Optimal Rational Starting Approximations for Iterative Schemes, by John Gibson, Alma College. 

The Traveling Salesman Problem, by Sam Savage, General Motors Research Laboratories. 

Probabilistic Metric Spaces, by Michael Weiss, Wayne State University. 

On Panconnected Graphs, by James Williamson, Western Michigan University. 

Local Connectivity in Graphs, by Donald Vander Jagt, Grand Valley State College. 

Sticks and Strings, by William Hammerle, Oakland University. 

Orthogonal Polynomials Associated with Iteration, by Daniel Nussbaum, Saginaw Valley College. 

A Nonlinear Property Tax Model, by Michael Skaff, University of Detroit. 

Epimorphisms and Monomorphisms in the Homotopy Category, by David Handel, Wayne State 
University. 
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Student Papers: 


Reconstructing Graphs, by Mary Irvin and Elaine Houtman, Western Michigan University. 
Shortest Confidence Interval for Standard Deviation of Normal Distributions, by Roger Crisman, 


Hope College. 
Computer Assisted Instruction Developments in a Course in Discrete Structures, by Ronald Ball, 


Ted Dyson, John Dayton, Michigan State University. 


Symposium on the use of the computer in Mathematics Courses: 


Statistics, by Herbert Dershem, Hope College. 

Number Theory, by Donald Malm, Oakland University. 

Education, by Rose Novey, Saginaw Valley College. 

Linear Algebra, by John Van Iwaarden, Hope College and Florida State University. 
General Mathematics, by M. A. Rahimi, Michigan State University. 

Prospects for the Future, by Elliot Tanis, Hope College. 


The Banquet Address was given by Professor George Hay, University of Michigan. 


YOUSEF ALAVI, Secretary-Treasurer 


JUNE MEETING OF THE PACIFIC NORTHWEST SECTION 


The annual meeting of the Pacific Northwest Section of the MAA was held at Western 
Washington State College, Bellingham, on June 15, 1973. The meeting was held jointly 
with the Northwest sections of AMS and SIAM. There were 95 MAA registrants. 

Chairman Sheldon Rio presided over the business meeting at which the following 
officers were elected: Chairman, John Reay, Western Washington State College; First 
vice-chairman, Jim Jordan, Washington State University; Second vice-chairman, Norman 
Barton, Vancouver City College; Chairman elect, Ted White, Everett Community College. 

The session on June 15 included the following invited papers: 


1. The most significant advances in convexity in the last decade, by David Larman, University 


College, London. 
2. The challenge spectrum in the various mathematical sciences, by John Kenelly, Clemson 


University. 
3. Venn diagrams and independent sets, by Branko Griinbaum, University of Washington. 


The session on June 16 was directed toward community colleges and included invited 
papers: 


l. Evaluation of mathematics education innovation, by Greg Thomas, Monmouth, Oregon. 
2. Evaluating mathematics education innovative proposals, by Jennis Bapst, Mt. Hood Community 


College. 

3. Exchange of experience relative to evaluating mathematics education, by Howard Zink, Lane 
Community College. 

4. Programming liberal arts students, by Daniel Lambert, Boise State College. 

5. Computer computation of integrals, by Arne Broman, Western Wash. State College. 


JAMES CALVERT, Secretary-Treasurer 
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CALENDAR OF FUTURE MEETINGS 


Summer Meeting 1974: There will be no joint summer meeting in 1974, in order that 
mathematicians may attend the International Congress of Mathematicians to be held in 
Vancouver, British Columbia, August 21-29, 1974. 

Fifty-eighth Annual Meeting, Washington, D. C., January 25-27, 1975. 

The following is a list of the Sections of the Association with dates of future meetings 
so far as they have been reported to the Editorial Director. 


ALLEGHENY MOUuNTAIN, Allegheny College, 
Meadville, Pennsylvania, May 3-4, 1974. 
FLORIDA, University of Florida, Gainesville, 
March 8-9, 1974. 

ILLINOIS, Knox College, Galesburg, May 10-11, 
1974. 

INDIANA, Rose-Hulman Institute of Techno- 
logy, Terre Haute, April 27, 1974. 

Iowa, Upper Iowa College, Fayette, April 19, 
1974. 

KANSAS, Ottawa University, Ottawa, Spring 
1974. 

KENTUCKY 

LOUISIANA-MISSISSIPPI 

MARYLAND-DISTRICT OF COLUMBIA-VIRGINIA 


METROPOLITAN New York, College of Mount 


St. Vincent, Riverdale, April 28, 1974. 

MICHIGAN, Central Michigan University, Mount 
Pleasant, May 3-4, 1974. 

Missourl1, University of Missouri at Rolla, Rolla, 
March 29-30, 1974. 

NEBRASKA, University of South Dakota, Ver- 
million, April 19-20, 1974. 

NEW JERSEY 

NORTH CENTRAL, South Dakota State Univer- 
sity, Brookings, April 27, 1974. 


NORTHEASTERN 

NORTHERN CALIFORNIA, Chabot College, Hay- 
ward, February 1975. 

OuI0, Muskingum College, 
May 3-4, 1974. 

OKLAHOMA-ARKANSAS, University of Arkansas, 
Little Rock, April 5-6, 1974. 

PACIFIC NORTHWEST, University of British Co- 


New Concord, 


lumbia, Vancouver, August 21-24, 1974 
(business meeting only—vno _ general 
meeting). 

PHILADEL PHIA 


Rocky MOUNTAIN, Colorado School of Mines, 
Golden, April 26-27, 1974. 

SEAWAY, Union College, Schenectady, April 27, 
1974. 

SOUTHEASTERN, University of Tennessee at 
Knoxville, March 29-30, 1974. 

SOUTHERN CALIFORNIA, Harvey Mudd College, 
Claremont, March 2, 1974. 

SOUTHWESTERN, New Mexico State University, 
Las Cruces, April 5-6, 1974. 

TEXAS, University of Texas, Austin, April 5-6, 
1974. 

WISCONSIN, Marquette University, Milwaukes, 
May 3-4, 1974. 


FUTURE MEETINGS OF OTHER ORGANIZATIONS 


AMERICAN ASSOCIATION FOR THE ADVANCE- 
MENT OF SCIENCE, San Francisco, Febru- 
ary 24~March 1, 1974. 

AMERICAN MATHEMATICAL SOcIETY, Washing- 
ton, D.C., January 23-26, 1975. 

AMERICAN SOCIETY FOR ENGINEERING EDUCATION, 
Rensselaer Polytechnic Institute, Troy, New 
York, June 17-20, 1974. 

ASSUCIATION FOR COMPUTING MACHINERY, San 
Diego, California, November 12-16, 1974. 

ASSOCIATION FOR SYMBOLIC LoGic, Biltmore 
Hotel, New York City, April 12-13, 1974. 

FIBONACCI ASSOCIATION 

INSTITUTE OF MATHEMATICAL STATISTICS 


Mu ALPHA THETA, University of Arkansas, 
Fayetteville, August 4-7, 1974. 

NATIONAL COUNCIL OF TEACHERS OF MATHE- 
MATICS, Atlantic City, New Jersey, April 17- 
20, 1974. 

OPERATIONS RESEARCH SOCIETY OF AMERICA, 
Boston, April 22-24, 1974. 

Pr Mu EpsILon, Western Michigan University, 
Kalamazoo, August 19-20, 1975. 

SCHOOL SCIENCE AND MATHEMATICS ASSOCI- 
ATION, Sheraton-Gibson Hotel, Cincinnati, 
Ohio, November 7-9, 1974. 

SOCIETY FOR INDUSTRIAL AND APPLIED MATHE- 
MATICS, Montana State University, Boze- 
man, June 24-26, 1974. 


new Wiley math texts 
geared to busines and 
social science students 


Mathematics for Management and 


the Social Sciences 
By Paul G. Hoel, Univ. of California, Los Angeles 


A brand new text that emphasizes the practical uses of math in problem- 
solving for management and the social sciences. The first half is devoted 
to finite math, the second to calculus. The finite math section features 
up-to-date topics like probability, its application and uses, linear pro- 
gramming, and game theory. The calculus part, developed systematically, 
is largely intuitive, and it contains problems and illustrations taken from 
the social sciences. All theories are meticulously explained, and they are 
shown how they can be applied to real situations requiring mathematical 
solution. 


1974 approx. 488 pages $10.25 (tent.) 


Fundamentals of Finite Mathematics 
By R. W. Negus, Rio Hondo Junior College, Whittier, Calif. 


Another new finite math text developed over several years of actual class- 
room use and geared for business and social science students. Emphasis 
is on areasonable (not overwhelming) depth of material presented in sim- 
ple, concise language with a minimum of jargon. Its point of view is 
directed at students, not mathematicians. Important meanings, concepts 
and consequences of basic finite math principles are stated, restated, and 
discussed to insure the reader fully and satisfactorily comprehends them. 
Each section features exercises and problems which test the student’s 
Knowledge of principles, and he is shown how to put them to work con- 
structing mathematical models for described situations. Math fs thus 
transformed from an abstract intellectual concept into a useful, practical 
tool for solving everyday problems in business and social science. 


1974 approx. 448 pages in press 


For acomplimentary copy of either one of these 2 new math texts, contact your 
local Wiley representative or write to Bob McConnin, Dept. 632, N.Y. office. 


a 
unless 
JOHN WILEY & SONS, Inc., 605 Third Avenue, New York, N.Y. 10016 
In Canada: 22 Worcester Road, Rexdale, Ontario 


prices subject to change without notice 


Most mathematicians and many 
students can recall at least 
one authentic mathematical gem, aninsight, a proof, asolution so crystal clear and elementary 
that it can be appreciated by a person with limited math- 
ematical training, yet so elegant, so typical of mathematical 
reasoning at its best, as to fascinate even the research 
mathematician. But the store of such gems, while rich, is 
not large. How many can you remember? The overworked 
curve of constant width? A tour of the bridges of Konigs- 
berg? Euler’s prime insight? 


Can a whole book qualify as a gem? The requirements are strict. The appeal must be extremely 
wide, spanning the entire spectrum of the membership of 
the Mathematical Association of America, to use a con- 
venient yardstick. Can an entire book sustain such breadth 
and elegance? The products of such inspired expositors 
as Polya, Halmos, Rademacher and Toeplitz, Courant and 
Robbins come quickly to mind. But after that the list grows 
small indeed. 


Will others be found? We think so and to give substance to that conviction, the 
MAA is proud to announce the creation of a new series of 
books, 


The DOLCIANI MATHEMATICAL EXPOSITIONS, 


dedicated to the proposition that mathematical ideas of 
such wide appeal exist and masterful expositions of them 
can be found by a diligent gemologist. The new series is 
made possible by a generous gift to the Association from 
Professor Mary P. Dolciani of the Mathematics Department 
at Hunter College, herself a talented expositor. 


The first of the Dolciani Mathematical 

Expositions is a convincing existence 

proof of the fundamental proposition. Its title is most fitting for the inaugural volume, and the 
identity of the author will surprise no one who knows him. 
We are proud to announce the publication of: 


DOLCIANI MATHEMATICAL EXPOSITIONS, NO. | 


MATHEMATICAL GEMS 


by Ross Honsberger 


Honsberger has collected a 

treasure trove of true gems from elementary combinatorics, number theory, and 
geometry and has written a sprightly essay about each. 
Each essay contains historical commentary, interesting 
anecdotes, mathematical background, and a careful discus- 
sion built around a famous problem, theorem, or the work 
of an eminent mathematician. It also contains a collection 
of fascinating and illuminating exercises related to the topic 
of the essay. Mathematical Gems can be read and 
appreciated by anyone with an interest in mathematics sup- 
ported by a good high school training. However, it will 
delight and challenge students, teachers and research 
mathematicians alike. If you appreciate mathematical ele- 
gance and demonstrations of outstanding ingenuity, you will 
not be able to put it down once you have opened the covers. 


An idea of Gems’ many facets is revealed by the titles of Honsberger’s essays. See the 
facing page for a table of contents, complete information 
on how to order MATHFMATICAIL GEMS and rammante 


DOLCIANI MATHEMATICAL EXPOSITIONS, NO. | 
— MATHEMATICAL GEMS — 


Ross Honsberger 


Table of Contents: 


A\ Curves 


. Recursion 


st ok ok — 
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An Old Chinese Theorem and Pierre de Fermat 
. Louis Posa 

. Equilateral Triangles 

The Orchard Problem 


. It's Combinatorics that Counts! 

The Kozyrev-Grinberg Theory of Hamiltonian Circuits 

. Morley’s Theorem 

. A Problem in Combinatorics 

Multiply-Perfect, Superabundant, and Practical Numbers 
. Circles, Squares, and Lattice Points 


. Poulet, Super-Poulet, and Related Numbers 


Solutions to Selected Exercises 


Published January, 1974 


“... the manuscript (contains) avery at- 
tractive selection of topics, interestingly 
presented and well suited to the general 
MAA membership... .it seems to be dis- 
tinct from the usual recreational math- 
ematics collections—not disjoint, but 
having a character of its own.” 


Daniel T. Finkbeiner 


“It is unusually interesting and would bea 
valuable addition to a segment of math- 
ematical literature in which there are all 
too few good works.”’ 


Edward A. Cameron 


176 + xii pages. Hardbound 


. .. Quite delightful reading.” 
Edwin F. Beckenbach 


“There is a good chance that it might 
become one of our most popular 


books. Henry L. Alder 


“This is a most attractive selection of 
topics from number theory, geometry, 
graph theory and combinatorics, pre- 
sented in a lively style. Although the ma- 
terial is technically elementary and could 
be understood with no background be- 
yond high school mathematics, most of it 
will be unfamiliar except to specialists, and 
some is at the frontiers of current 


research. Ralph P. Boas 


MATHEMATICAL GEMS 
Published January 1974 = 176 + xii pages m Hardbound am List: $8.00 
Members of the MAA may purchase one copy for personal use for $4.00 


Send orders to: 
THE MATHEMATICAL ASSOCIATION 


OF AMERICA 


Publications Order Department 
1225 Connecticut Ave., N.W. 
Washington, D.C. 20036 


Orders under $5.00 must be accompanied by payment. Prepaid orders will be sent 
postage and handling free. 


Ow Available! 


For the Student: 
A Study Guide develops and maintains student problem-solving skills in either 
a classroom or self-study situation. Over 500 odd-numbered problems from 
the text are solved in detail. It also contains over 500 sample test problems 
offering partial solutions and answers to all the tests. 


For the Instructor: 
An Instructor’s Supplement provides answers to the even-numbered problems 
in the text and offers over 500 suggested test questions with answers. 


For information or examination copies, please write directly to: 


Allyn and Bacon, Inc., BP2 — Advertising Department, 
470 Atlantic Ave., Boston, MA 02210 


When Archimedes y 
took a bath, 

the whole town = 
=~ heard about it.) 


Archimedes rarely took a bath. 

And when he did, a story usu- C( 
ally came of it. Like the time i 
he was trying to find if a 

gold crown contained silver. y 
When it accidentally fell into , 
his tub of water, 
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And the answer Wing | 
to his problem. oN "Wy 
He was so excited, Ny 
he jumped from the tub 
and ran stark naked 
through the streets 
screaming, ‘“Eureka! 
Eureka!” 
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For separate courses, 
College Algebra: A 
Functions Approach and 
Trigonometry: A 
Functions Approach 
offer features identical 
to the parent volume’s. 
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as a Second 

Language. It’s designed 
to show math as an 
everyday means of 
communication. 


know math inside and out. 
Its ideas and the personalities ” 
behind those ideas. And we know 

how to get the message across. We pub- 
lish college texts that blend theory and 

application, so students come to 
understand mathematics. Thor- 
oughly. And that makes math a 
whole new numbers game. 


In topic selection, the 
book appeals to diverse 
interests. And, although 
the language used is simple 
and easily understood by students 
of varying reading abilities, its 
mathematical content is complete 

& and correct. Careful elaboration 
is given to points which most 
frequently cause difficulty. 
Liberal use of photographs 
and illustrations in an 
attractive, open format 
helps maintain strong 
student interest. What’s 
4, more, each concept is mo- 
tivated by a concrete example 
within the student’s own experience. 


Professors Mervin L. Keedy and 
Marvin L. Bittinger exemplify the 
point. .Their very successful Modern 
Approach series revitalized remedial 
mathematics instruction at the 
college level. 


In Algebra and Trigonometry: A 
Functions Approach, Keedy and 

Bittinger extend their widely acclaimed, 
inaovative techniques to higher level 
courses. TO many of you, the page format 
will be familiar. It carries lesson objectives 
and developmental exercises in a widened 


margin parallel to appropriate textual material. So if you’re looking for math books that 
Altogether, more than 4500 problems are won't get the cold shoulder from students, 
presented. look to Addison- Wesley. 
Topic exposition is more gradual and thorough A 

than usual too, and the authors refrain from vv College Division 
strict formality. The idea of a function is ADDISON-WESLEY PUBLISHING COMPANY, INC. 
emphasized, and the concept of transforma- Reading, Massachusetts 01867 


tions is treated informally to motivate many 
ideas, making them easier to understand. WHERE MATH WARMS UP. 


Outstanding new texts 


FINITE MATHEMATICS 


Hugh G. Campbell and Robert E. Spencer, 
Virginia Polytechnic Institute and State University 


This highly readable, elementary text intro- 
duces the student to logic, set theory, proba- 
bility, matrices, linear programming, and 
game theory. The book contains extensive 
motivational material to help the student 
learn—including applications, interesting ex- 


ercises, and stimulating examples that illus- 
trate the concepts. Comprehensive but not 
formidable, this interesting presentation of 
finite mathematics has all the features to make 
it a very effective teaching text. 


1974 approx. 365 pages prob. $8.95 


INTERMEDIATE ALGEBRA FOR COLLEGE STUDENTS 


Louis Leithold, University of Southern California 


Here is a text that combines sound mathe- 
matical content with a student-oriented ap- 
proach to provide a valuable learning tool for 
all students of intermediate algebra. The full 
range of standard topics receives comprehen- 
sive and detailed treatment. The student can 
read it with profit on his own. 

An abundance of completely worked-out 


examples and illustrations clarify both the 
theoretical and computational aspects of the 
subject. At the end of each section there is a 
set of exercises, and review exercises appear 
at the end of each chapter. An extensive dis- 
cussion of word problems provides realistic 
opportunities for practical applications. 

1974 approx. 525 pages prob. $8.95 


ANALYTIC GEOMETRY AND THE CALCULUS 


Third Edition 
A. W. Goodman, University of South Florida 


This third edition of a successful text re- 
tains the intuitive approach and readable ex- 
planations that made the two earlier editions 
so popular. Among the outstanding features 
new to this edition: 

e Use of color to indicate the important 
formulas and emphasize the essential items 

e Sets of Review Questions and Review Prob- 
lems at the end of each chapter 


e A section on gravitational attraction 

All of the excellent features of previous edi- 
tions are included: Stars marking difficult 
problems, clearly stated definitions and theor- 
ems, intuitive introduction to vectors, so- 
phisticated material placed in an appendix, 
and essential items from algebra reviewed in 
the appendix. 


1974 approx. 864 pages prob. $13.95 


INTRODUCTION TO STATISTICS 


Second Edition 
Ronald E. Walpole, Roanoke College 


This new edition of a general introduction 
to statistics is written for students majoring in 
any of the academic disciplines. It requires no 
mathematical background beyond elementary 
high school algebra. 

Well organized and clearly written, Jntro- 
duction to Statistics begins with a discussion 
of the nature and history of statistics. It goes 
on to cover such topics as sets and probability, 
random variables, some discrete probability 
distributions, normal distribution, sampling 
theory and estimation theory, tests of hypoth- 


eses, regression and correlation, and analysis 
of variance. 

Completely up-to-date, this new edition in- 
cludes such improvements as an expanded 
selection of exercises, including many new 
problems with applications to biology, educa- 
tion, and psychology; more material on joint, 
marginal, and conditional distributions; and 
an extended treatment of the correlation coef- 
ficient to.include tests of significance. 


1974 approx. 384 pages prob. $9.95 


from Macmillan 


ELEMENTARY DIFFERENTIAL EQUATIONS 


Fifth Edition 


the late Earl D. Rainville; and Philip E. Bedient, 
Franklin and Marshall College 


Now in its fifth edition, this outstanding 
text continues to be the clearest, most com- 
plete explanation of elementary differential 
equations for your students. 

New to this edition: a greatly expanded 
chapter on systems of equations that intro- 
duces matrix techniques for solving systems 
of linear equations with constant coefficients; 
considerable emphasis on power series tech- 
niques for solving linear ordinary differential 


equations; and emphasis on the Laplace trans- 
formation as a useful tool for solving initial 
value problems. 


1974 approx. 512 pages prob. $9.95 

e Also available in 1974—The new fifth edi- 
tion of Rainville and Bedient’s A Short 
Course in Differential Equations. 


1974 approx. 288 pages prob. $8.95 


MATHEMATICS FOR THE BIOLOGICAL SCIENCES 


Stanley |. Grossman, University of Montana; and 
James E. Turner, McGill University 


Written to help all life science students 
develop the mathematical tools necessary to 
analyze biological or medical models, this 
text covers basic finite mathematics and cal- 
culus, presenting mathematical concepts to- 
gether with biologically oriented, worked 


examples. Included are hundreds of worked 
examples and 750 problems of varying diffi- 
culty, many relating mathematics to interest- 
ing biological and medical problems. 


1974 approx. 572 pages prob. $10.95 


MATHEMATICS APPLIED TO DETERMINISTIC PROBLEMS 
IN THE NATURAL SCIENCES 


C. C. Lin, Massachusetts Institute of Technology; and 
Lee H. Segel, Weizmann Institute of Science 


Here is an outstanding introduction to ap- 
plied mathematics for upper-level students. 
Using a case study approach, this book fo- 
cuses on the construction, analysis, and inter- 
pretation of mathematical models that shed 
light on significant scientific problems. Topics 
are drawn primarily from particle mechanics 


and continuum physics, but biology and 
chemistry are represented as well. The whole 
process of applied mathematics is analyzed. 

A number of exercises are provided to 
reinforce, test, and extend comprehension. 


1974 approx. 640 pages prob. $13.95 


SETS AND TRANSFINITE NUMBERS 
Martin M. Zuckerman, The City College, The City University of New York 


This semiformal development of Zermelo- 
Fraenkel Set Theory offers a wide-ranging 
yet sharply focused introduction to major 
areas of the theory of sets of transfinite num- 
bers. Basic axiomatic set theory, the construc- 
tion of the real and complex numbers, the 
Axioms of Choice and Substitution, and ele- 
mentary results in ordinal and cardinal arith- 


metic are some of the topics discussed at 
length and in detail in this careful, well- 
developed, student-oriented exposition. 

A large number of solved problems, many 
excellent student exercises of varying levels 
of difficulty, diagrams, a bibliography, and a 
list of symbols are included. 


1974 approx. 576 pages prob. $11.95 


MACMILLAN PUBLISHING CO., INC. 


100A Brown Street Riverside, New Jersey 08075 
In Canada, write to Collier-Macmillan Canada, Ltd., 1125B Leslie Street, Don Mills, Ontario 


a | NEW BOOKS BY POLISH 
f \\| MATHEMATICIANS 


Oeuvres Choisies 
by Waclaw Sierpinski (In French) 

Vol. I: Travaux en Théorie des Nombres et en Analyse Mathématique. Publié 
par les soins de S. Hartman et A. Schinzel. Selected papers covering 
Sierpinski’s work in number theory and analysis. Includes a short 
biography by C. Kuratowski and a complete bibliography. To be pub- 
lished in July 1974 by Polish Scientific Publishers for the Institute of 
Mathematics of the Polish Academy of Sciences. 360 pp. ca $18.00 


Vol. II: Papers on set theory and its applications. To be published during 1974. 
ca $35.00 


Vol. III: Continuation of volume 2. To be published at the beginning of 1975. 
(Price not yet established ) 


Elementary and Analytical Theory of Algebraic Numbers 
by Wladyslaw Narkiewicz (In English) 

A contemporary survey of the theory of algebraic numbers including 
the class-field theory. The algebraic part uses the classical ideal- 
theoretical approach; the analytical part applies the local approach. To 
be published in April 1974 by Polish Scientific Publishers for the 
Institute of Mathematics of the Polish Academy of Sciences’ series of 
Mathematical Monographs. $30.00 


The following recently published titles (In English) in the series of 
Mathematical Monographs are also available: 
H. Rasiowa, R. Sikorski: The Mathematics of Metamathematics. $17.80 
Z. Semadeni: Banach Spaces of Continuous Functions Vol. I. $25.00 
S. Rolewicz: Metric Linear Spaces $15.00 


M. Krzyzanski: Partial Differential Equations of Second Order 
Vol. I. $18.00, Vol. II. $12.00 


Address orders, inquiries and requests for free catalogues to: 


ARS POLONA-RUCH Foreign Trade Enterprise 


7 Krakowskie Przedmiescie e¢ 00-068 Warsaw, Poland 


Knopp’s Linear Algebra 


makes ideas and techniques easier 
for students to understand. 


Here’s how— 
® uses inductive approach with numerical examples to introduce ideas 
® abandons Definition-Theorem-Proof format 


® covers only central topics—solutions of systems of linear equations and 
uses of matrices 


® treats only ideas fundamental! to introductory linear algebra 
® requires no calculus 


Linear Algebra: An Introduction by Paul J. Knopp, University of Houston. 
Jan. 1974 435 pages $10.95 


For a complimentary copy, contact your local Wiley representative or write to 
George C. Thomsen, Dept. 706, Santa Barbara office. Please include course title, 
enrollment and present text. 


HAMILTON PUBLISHING COMPANY 
Suite 5, El Presidio, 812 Anacapa Street 
Santa Barbara, California 93101 


A division of JOHN WILEY & SONS, Inc. 


price subject to change without notice 


Eighth Edition 1971— 


PROFESSIONAL OPPORTUNITIES IN MATHEMATICS 


A completely rewritten and updated version of a publication which has been in con- 
tinuous existence since 1951; 27 pages, paper covers. 


CONTENTS: Introduction. Part I: The Teacher of Mathematics. 1. Teaching mathe- 
matics in a school. 2. Teaching mathematics in a college or university. 3. Remuneration 
for teaching. Part II: The Mathematician in Industry. 1. Computer programming. 
2. Operations research. 3. The consultant in industry. Part III: The Mathematician in 
Government. 1. Role of the federal government in mathematics. 2. Levels of work carried 
on by mathematicians in government. 3. Types of assignment, and mathematical back- 
ground required. 4. Employment in the civil service. 5. Opportunities for further train- 
ing. 6. Statistics in government. Part IV: Opportunities in Applied Probability and Math- 
ematical Statistics. 1. Introductory comments. 2. The training of applied probabilists and 
mathematical statisticians. 3. Opportunities for personnel trained in applied probability 
or mathematical statistics. 4. Financial remuneration in mathematical and applied 
statistics. Part V: Opportunities in the Actuarial Profession. 1. The work and training 
of an actuary. 2. Employment in the actuarial profession. Part VI: The Undergraduate 
Mathematics Major; Job Opportunities, 


There is also a bibliography containing 33 references for further reading on careers 
in Mathematics. 


35¢ for single copies; 30¢ each for orders of five or more. Send orders with payment to: 


MATHEMATICAL ASSOCIATION OF AMERICA 
1225 Connecticut Avenue, NW 
Washington, D. C. 20036 


(AP) brings the nation’s most distinguished 


C.H. EDWARDS JR., University of Georgia 
ADVANCED CALCULUS OF SEVERAL VARIABLES 


A modern, conceptual treatment of the calculus of several variables, emphasizing 
the interplay of geometry and analysis via linear algebra and the approximations of 
nonlinear functions by linear ones. More than 430 concrete, result-oriented prob- 
lems are provided to further develop conceptual understanding and computational 
facility. 

457 pages, $15.50 Published October 1973 


DAVID GANS, New York University 
AN INTRODUCTION TO NON-EUCLIDEAN GEOMETRY 


Using methods familiar to the student from his study of elementary geometry, 
Professor Gans presents a substantial historical account of the origins of non- 
Euclidean geometry and follows with careful discussions of hyperbolic geometry 
and the two elliptic geometries. Each topic discussed is supported by exercises 
and problems. , 


288 pages, $10.95 Published October 1973 


KAI LAI CHUNG, Stanford University 
A COURSE IN PROBABILITY THEORY, revised and Enlarged 


This edition of A COURSE IN PROBABILITY THEORY retains the effective orientation 
toward the novice that distinguished its predecessor. Writing for the graduate level, 
Professor Chung provides a carefully paced progression of topics which avoids 
peripheral material and includes over 500 original exercises. 


400 pages, $15.00 probable price Ready March 15, 1974 


MORRIS W. HIRSCH and STEPHEN SMALE 


both at the University of California, Berkeley 


DIFFERENTIAL EQUATIONS, LINEAR ALGEBRA 
AND DYNAMICAL SYSTEMS 


Professors Hirsch and Smale develop nonlinear ordinary differential equations in 
open subsets of finite dimensional vector spaces in such a way that the extension 
to manifolds is simple and natural. They concentrate on autonomous systems, 
emphasizing qualitative behavior of solution curves; the related themes of stability 
and physical significance pervade much of the material. This is a highly rigorous 
text in which almost everything is proved. Proofs are developed to add insight to 
the theorems and are important methods in their own right. 


368 pages, $14.50 probable price Ready March 29, 1974 


ACADEMIC PRESS, INC. 


A Subsidiary of Harcourt Brace Jovanovich, Publishers 


NEW YORK AND LONDON: 111 FIFTH AVENUE, NEW YORK, N.Y. 10003 


mathematicians into your classroom (P) 


MAX D. LARSEN and JAMES FEJFAR,, both at the University of Nebraska 
ESSENTIALS OF ELEMENTARY SCHOOL 
MATHEMATICS 


Professors Larsen and Fejfar concentrate on the mathematical foundations of the 
arithmetic curriculum with the purpose of providing the teacher with a functional 
knowledge of these concepts. It is their belief that the teacher who has a firm 
understanding of the mathematics involved will be in the best position to develop 
effective methods of teaching arithmetic to children. Examples, exercises and 
discussions concerned with the pedagogical aspects of arithmetic are included 
with specific references to the elementary textbook series currently in use. 


Contents: PART I/FUNDAMENTALS 
Chapter 1: Language of Mathematics 
Chapter 2: Sets 
Chapter 3: Binary Operations 
Chapter 4: Relations 


PART II/THEORY OF ARITHMETIC 

Chapter 5: System of Whole Numbers 

Chapter 6: System of Integers 

Chapter 7: Our Place-Value Numeration System 
Chapter 8: Systems of Rational and Real Numbers 
PART IIl/EXPANDING MATHEMATICAL EXPERIENCES 
Chapter 9: Number Theory 

Chapter 10: Clock Arithmetic 

Chapter 11: Counting Techniques and Probability 
PART IV/GEQMETRY 

Chapter 12: Motion Geometry | 

Chapter 13: Motion Geometry II 

Chapter 14: Functions and Coordinate Geometry 


384 pages, $10.95 Ready March 28, 1474 


HOWARD ANTON and BERNARD KOLMAN, both at Drexel University 
APPLIED FINITE MATHEMATICS 


Writing a strongly applications-oriented text, Professors Anton and Kolman present 
their material at a pace specifically designed for students who have had no more 
than elementary high school algebra. Extensive applied examples and applications 
are used in each section to motivate new topics. The applications selected are those 
which will be of the greatest use to business and social science students. 


Contents: Chapter 1: Set Theory 
Chapter 2: Functions and Graphs 
Chapter 3: Linear Programming (A Geometric Approach) 
Chapter 4: Matrices and Linear Systems 
Chapter 5: Linear Programming (An Algebraic Approach) 
Chapter 6: Probability 
Chapter 7: Statistics 
Chapter 8: Applications 
Chapter 9: Computer Programming 


386 pages, $10.95 Ready April 30, 1974 


ACADEMIC PRESS, INC. {ii’Fit’Avonss: New York, NV 0003 


(4P) a complete freshman- 


HARLEY FLANDERS, Tel Aviv University 
ROBERT F. KORFHAGE, Southern Methodist University 
J. J. PRICE, Purdue University 


FLANDERS/PRICE 


ELEMENTARY FUNCTIONS AND ANALYTIC 
GEOMETRY 


Flanders and Price designed this textbook for the algebra/trigonometry/ elemen- 
tary functions sequence. They concentrate on developing a working knowledge of 
basic functions (exponential, logarithmic, and trigonometric), graphing techniques, 
vector methods, analytic geometry, complex numbers, mathematical induction and 
binomial theorem. Over 1800 problems, balanced between computational and 
conceptual exercises, are provided as well as more than 100 completely worked 
examples. Graphical presentation is extraordinarily clear and effectively supports 
the authors’ presentation. Two tests are included in each chapter. 


An Instructor’s Manual which includes supplementary test questions for each 
chapter is available on request. 


368 pages, $8.95 


FLANDERS/PRICE 


INTRODUCTORY COLLEGE MATHEMATICS WITH 
LINEAR ALGEBRA AND FINITE MATHEMATICS 


INTRODUCTORY COLLEGE MATHEMATICS is distinguished by the lucid and prac- 
tical Flanders/ Price approach. Covering the same topics treated in ELEMENTARY 
FUNCTIONS, this textbook also includes coverage of the elements of linear algebra 
and finite mathematics. Their presentation is effectively supported by a carefully 
coordinated graphical program. Both conceptual and computational problems— 
more than 2100—are provided as well as numerous worked out examples. Topics 
covered include basic functions (exponential, logarithmic, and trigonometric), 
graphing techniques, vector methods, analytic geometry, fundamental ideas of 
linear algebra, complex numbers, elementary combinatorics, binomial theorem, 
and mathematical induction. Two tests are included in each chapter. 


An Instructor's Manual which includes supplementary test questions for each 
chapter is available on request. 


469 pages, $9.50 


ACADEMIC PRESS, INC. 


A Subsidiary of Harcourt Brace Jovanovich, Publishers 


NEW YORK AND LONDON: 111 FIFTH AVENUE, NEW YORK, N.Y. 10003 


sophomore program 


FLANDERS/KORFHAGE/PRICE 


A FIRST COURSE IN CALCULUS WITH ANALYTIC 
GEOMETRY 


Presenting a concise summary of the theory underlying calculus, the authors stress 
techniques, applications and problem solving. Their intuitive, practical approach to 
single variable calculus introduces the student to the fundamental tools of the disci- 
pline quite early. More than 2400 result-oriented problems and over 250 worked 
examples are included. A FIRST COURSE IN CALCULUS and the forthcoming SECOND 
COURSE constitute complete coverage of the calculus sequence. 

An Instructor’s Manual including supplementary test questions for each chapter is 
available on request. 


Contents: 

Chapter 1: Functions and Graphs Chapter 14: Inverse Functions and 
Chapter 2: Vectors Logarithms | 
Chapter 3: Plane Analytic Geometry Chapter 15: Trigonometric Functions 
Chapter 4: The Derivative Chapter 16: Techniques of Integration 
Chapter 5: Applications of Differentiation Chapter 17: Other Techniques 
Chapter 6: Direction Fields and Motion Chapter 18: Approximation Methods | 
Chapter 7: Circular Functions Chapter 19: Interpolation and Numerical 
Chapter 8: The Exponential Function Integration. 

Chapter 9: Techniques of Differentiation Chapter 20: Theory of Limits and 
Chapter 10: Applications Continuity 

Chapter 11: Integration Chapter 21: Calculus Theory 

Chapter 12: Applications of Integration Mathematical Tables 

Chapter 13: Volumes Answers to Selected Exercises 


630 pages, $10.95 


READY MARCH 1, 1974 
FLANDERS/KORFHAGE/PRICE 


A SECOND COURSE IN CALCULUS 


Integrating theory with practice, A SECOND COURSE IN CALCULUS provides thorough 
coverage of multivariable calculus and concrete presentation of linear algebra and 
differential equations. Computational techniques are emphasized and short cut 
methods that the student should know are included. An /nstructor’s Manual including 


supplementary test guestions for each chapter will be available on request. 


Contents: 
Chapter 1: Infinite Series and Integrals Chapter 10: Double Integrals 
Chapter 2: Taylor Approximations Chapter 11: Multiple Integrals 
Chapter 3: Power Series Chapter 12: fe ae of Multiple 
Chapter 4: Solid Analytic Geometry Chapter 13: Vector Operators 
Chapter 5: Vector Calculus "on: 
. Chapter 14: Differential Equations 

Chapter 6: Functions of Several Variables Chapter 15: Second Order Differential 
Chapter 7: Linear Functions and Matrices Equations 
Chapter 8: Several Variable Differential Chapter 16: Complex Analysis 

Calculus Mathematical Tables 
Chapter 9: Higher Partial Derivatives Answers to Selected Exercises 


720 pages, $10.95 probable price 


FLANDERS/KORFHAGE/PRICE 
CALCULUS 


A revolutionary, occasionally irreverent presentation of calculus, this book is defined 
by one, overwhelmingly important point—it works. Excellent problems, emphasis on 
practice rather than theory, and attention to computer applications are only a few of 
the qualities that have won it new and renewed adoptions. An /nstructor’s Manual is 
available on request. 


969 pages, $13.95 
A Subsidiary of Harcourt Brace Jovanovich, Publishers 


ACADEMIC PRESS, INC. 111 Fifth Avenue, New York, N.Y. 10003 


Three Good Reasons 
To Choose Intext— 


ELEMENTARY NUMBER THEORY 
A Computer Approach 
Allan M. Kirch, Macalester College 


This introduction to elementary number theory and its computer applications 
will have a variety of uses—as the main text for an advanced undergraduate 
course, as a computer supplement, or as a programming manual for those 
who wish to learn FORTRAN in a number-theoretic setting. Each unit pre- 
sents a problem that can be investigated with a computer. For every prob- 
lem, definitions, theorems, examples, formulas, and references are provided 
along with at least one applicable program. Verbal descriptions, flowcharts, 
and comments are employed to explain the relationship between program 
and problem and to make clear the logic that underlies the programs. A set 
of exercises follows each problem. Here the reader may be asked to perform 
calculations, prove theorems, construct flowcharts, run or modify a given 
computer program, or write an original program. Solutions to most of the 
exercises are provided. 

February, 1974 about350 pages about $11.25 


FUNCTIONAL ANALYSIS 
A Short Course 
Edward W. Packel, Lake Forest College 


Professor Packel develops the major topics in functional analysis, first con- 
sidering general topological linear spaces in order to exhibit the consid- 
erable interplay between topology and algebra. The progression toward 
increasingly specialized spaces allows the major theorems of the subject to 
be introduced at the desired level of generality and to be used thereafter. 
Special features include a brief treatment of distribution theory, a linear 
functional approach to integration and measure theory, and a section on the 
use of Hilbert space in quantum mechanics. The brevity of the book and 
the ordering of its subject matter provide sufficient unity and direction to 
make it suitable for a one semester course at the advanced undergraduate 
or introductory graduate level. 

February, 1974 about176pages about $10.00 


INTRODUCTION TO REAL VARIABLE THEORY 
S. C. Saxena and S. M. Shah, University of Kentucky 


For use in advanced undergraduate courses, this text presents the complete 
development of the real number system through a discussion of Dedekind 
cuts, topology of the real line, continuous functions, infinite series, Lebesgue 
integration on the line, and Fourier series. A special feature is the inclusion of 
topics on summability methods. Includes numerous examples and exercises. 


‘‘Among the best books on the subject. Heartily recommended.’ —Choice 
1972 334pages $14.00 


Intext p.... Publishers 
College Di 


297 Park “Avenvue South New York, NY 10010 


Memo 


Batschelet 


Introduction to 
Mathematics 
for Life Scientists 


To: Mathematicians and Life Scientists 


Re: 


From: Springer-Verlag Textbook Division 


This popular text is now a Springer Study 
Edition paperback at the new /ow price 
of $9.80 


Comments: ‘“_, Here we have a book which we can whole- 
heartedly suggest. The mathematics is sound and 
pared to essentials; the examples are an impressive, 
well-chosen selection from the biomath literature, 
and the problem sets provide both useful exercises 
and some fine introductions to the art of modeling. 
_.. Batschelet has written an introduction to 
biomathematics which is notable for its clarity—not 
only aclarity of presentation, but also a clarity of 
purpose, backed by a sure grasp of the field....” 

|. W. Richardson, 

Dept. of Physiology and Biophysics, 

Dalhousie University, Nova Scotia, 

in Bulletin of Mathematical Biology, December 1973 


‘|, , this book presents a survey of elementary 
functions, elementary calculus, vectors and matrices, 
and probability. Special attention is given to periodic, 
exponential, and logarithmic functions. ... 


Strongly recommended.” 
gly Choice, January 1973 


ee eee ee 


Reply: Please send me an examination copy of Batschelet: 
Introduction to Mathematics for Life Scientists 1973. 
512 p. 200 illus. paper $9.80 


Name 
University /Department 
Address 


City/State/Zip 


Textbook Division 
Springer-Verlag New York Inc. 
175 Fifth Avenue, 

New York, NY 10010 


Poincaré’s 
brown nose 
saved him 
ared face. 


A mathematical genius doesn’t normally flunk 
final exams. But Henri Poincaré did. And was 
passed anyhow. Obviously, somebody did 
some fast talking to the right people. 


What's the point? 


At Addison-Wesley we know math inside and 
out. Its ideas and the personalities behind 
those ideas. And we know how 
to get the message across. 

We publish college texts 

that blend theory and ap- 
plication, so students 

come to understand mathe- 
matics. Thoroughly. And 
that makes math a whole new 
numbers game. 


To illustrate, we offer Mathe- 
matical Analysis, Second Edi- 
tion, by Tom Apostol. It’s a 
text for advanced calculus stu- 
dents at the junior/senior level. 
In its first edition, the book 
was in use for almost 20 years. 
Now, it’s been completely re- 
written and updated via new 
chapters and new problems. But ' 
the original flexibility still re- 
mains. 


Elementary Geometry from an Advanced 
Standpoint, Second Edition, by Edwin Moise, is 
another exceptional text. The concentration 
on thorough, logical elucidation of geometry 
makes it a good choice for math majors or pros- 
pective high school teachers. It follows recom- 
mendations of the CUPM Teacher Training 
Panel too. 


Algebra and Trigonometry: A Diagnostic 
Approach is a workbook supplement written 

by Robert Sackett of Erie Community College. 
With it, students can diagnose their own weak- 
nesses and more easily make the transition 

from the fundamentals of arithmetic to the con- 
cepts of algebra and trig. 


In First Year Calculus, Ethan Bolker and Joseph 
Kitchen have developed a cogent, readable dis- 
cussion of single variable calculus. Their treat- 
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ment is intuitive. And they take an informal 
approach that sometimes refers to math beyond 
the scope of the course. This keeps the course 
lively and more interesting. Still, there’s solid 
preparation for a later encounter with formal- 
ism. Lots of problems too, both routine and 
difficult. 


So if you want math books that get through to 
students, you want Addison-Wesley math books. 


A 
Vv 


College Division 
ADDISON-WESLEY PUBLISHING COMPANY, INC. 
Reading, Massachusetts 01867 


WHERE MATH WARMS UP. 


Feibes’ [Introduction to Finite Mathematics— 
written especially for business and social 
science students. 


Look for these features— 

e stress on problem solving, with a minimum of theory 

¢ many and various stimulating problems in each chapter 

e frequent illustrations of practical limitations to popular techniques 

¢ fascinating insights into decision-making process 

¢ basic philosophy of linear programming techniques 

e intuitive, non-technical approach to game theory, rounding off problem 
and short treatment of sensitivity analysis 


¢ chapter on finance covers 3 basic concepts—simple and compound 
interest, effective and nominal interest rates, present value 


Introduction to Finite Mathematics by Walter Feibes, Western Kentucky University. 
due Feb. 1974 approx. 272 pages in press 


For a complimentary copy, contact your local Wiley representative or write 
to George C. Thomsen, Dept. 710, Santa Barbara office. Please include 
course title, enrollment and present text. 


HAMILTON PUBLISHING COMPANY 


Suite 5, El Presidio, 812 Anacapa Street 
Santa Barbara, California 93101 


A division of JOHN WILEY & SONS, Inc. 


price subject to change without notice 


Just published—the new 


MAA STUDIES IN MATHEMATICS 
Volume 8. Studies in Model Theory 


Edited by M. D. Morley 


Introduction and Guide to the Reader M. D. Morley 
Back and Forth Through Infinitary Logic Jon Barwise 
Non-Standard Analysis A. R. Bernstein 
What’s so Special About Saturated Models? C. C. Chang 
Forcing and the Omitting Types Theorem H. J. Keisler 
Model Theory as a Framework for Algebra Abraham Robinson 
The Bearing of Large Cardinals on Constructibility J. H. Silver 
Appendix I—The Predicate Calculus; Appendix H—Ultrafilters 

and Ultrapowers; Appendix [IJ—Zermelo-Fraenkel Set Theory. 


One copy of each volume in this series may be purchased by individual mem- 
bers of the Association for $4.00 each; additional copies and copies for non- 
members are priced at $8.00. 


Orders with remittance should be sent to: 


MATHEMATICAL ASSOCIATION OF AMERICA 
1225 Connecticut Avenue, N.W. 
Washington, D.C. 20036 


Calilisy 
SOUR 
COWINSE 


Two new texts for business and 
social science students. 


Choose the one that suits your course. 


MATHEMATICAL METHODS 
FOR SOCIAL AND 
MANAGEMENT SCIENCES 


T. Marl! McDonald, Dean Junior College Purdue University 
January 1974 / Instructor's Guide January 1974 / Instructor’s Manual 


prerequisites . prerequisites 


1 or 2 years high school 2 years high school algebra or 
mathematics 1 year college algebra 
length of course length of course 


2 semesters 1 or 2 semesters 


contents contents 


sets, functions, probability, Markov chains, 
mathematics of finance, linear programming, game theory, 
probability, decision theory; 
Statistics, linear equations, computer problems throughout 
linear programming, differential calculus, 
integral calculus 


APPLICABLE 
FINITE MATHEMATICS 


David S. Moore and James Yackel 


ia e@eeeeeaeeeeceeeeee ee 


level of rigor 
formal proofs omitted 


level of rigor 
optional theory sections contain 
some proofs 


emphasis : . emphasis 
details methods used to initiate, focuses on 


discover, analyze, abstract, solve, : applications to model 


interpret, and check problems; many building; stressing formulation of 


computer-generated examples. N problems and conceptual understanding 
al of their solution; many options. 


Write for an examination copy of the text that suits your students 


HOUGHTON MIFFLIN 
Boston 02107/Atlanta 30324/Dallas 75235/Geneva, Ill. 60134/Hopewell, N.J. 08525/Palo Alto 94304 


A Precalculus Course in Algebra and Trigonometry 
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Earl W. Swokowski, Marquette University 
Roy A. Dobyns, Clayton Junior College 
David T. Brown, University of Pittsburgh 
Gail L. Carns, University of Pittsburgh 


A Precalculus Course in Algebra and Trigonometry 
is a unified course divided into 17 study units. Each 
unit contains (a) a clear and concise exposition of the 
theory, generously laced with illustrative diagrams 
and worked-out examples; (b) a linear program con- 
sisting of multiple-choice questions relating directly 
to the exposition, designed to reinforce the key topics 
in the study unit; (c) a student study guide that high- 
lights important topics; and (d) sample self-tests ac- 
companied by completely worked-out solutions to the 
problems, designed to determine whether the student 
has mastered the material in the study unit. 


Whether used in a self-paced course or in a standard 
lecture presentation, A Precalculus Course in 


ak | Algebra and Trigonometry is a complete and unique 
“ee course of study. 

CONTENTS 

Unit 1 Sets ¢ Real Numbers ¢ Coordinate Lines and Absolute Values 

Unit 2 Integral Exponents ¢ Radicals ¢ Rational Exponents « Algebraic Expressions 

Unit 3 Factoring * Rational Expressions « Elementary Equations ¢ Applications ¢« Equations of De- 
gree Greater Than 1 

Unit 4 Miscellaneous Equations ¢ Elementary Inequalities ¢ More on Inequalities 

Unit 5 Coordinate Systems in Two Dimensions ¢ Relations and Their Graphs ¢ Functions ¢ Graphs 
of Functions ¢ Linear Functions ¢ Composite and Inverse Functions « Variation 

Unit 6 Exponential Functions « Logarithms ¢ Logarithmic Functions * Common Logarithms 

Unit 7 Linear Interpolation « Computations with Logarithms ¢ Exponential and Logarithmic Equa- 
tions and Inequalities 

Unit 8 Angles and Their Measurement ¢ Trigonometric Functions of Angles * Right Triangle 
Trigonometry 

Unit 9 The Wrapping Function * The Trigonometric Functions ¢ Values of the Trigonometric Func- 
tions ¢ Graph of the Trigonometric Functions 

Unit 10 Trigonometric Identities * Conditional Equations * The Addition Formulas ¢ Multiple Angle 
Formulas ¢ Summary of Formulas 

Unit 11. =Trigonometric Graphs « The Inverse Trigonometric Functions ¢ The Law of Sines ¢ The Law 
of Cosines 

Unit 12. Equivalent Systems ¢« Systems of Linear Equations in Two Variables * Systems of Linear 
Equations in More Than Two Variables ¢ Matrix Methods ¢ Systems of Inequalities 

Unit 13. Determinants ¢ Properties of Determinants * Cramer’s Rule * The Algebra of Matrices ¢ 
Inverses of Matrices 

Unit 14 — Definition of Complex Numbers ¢ Conjugates and Inverses * Complex Roots of Equations 
Trigonometric Form for Complex Numbers « De Moivre’s Theorem and nth Roots of Com- 
plex Numbers 

Unit 15 The Algebra of Polynomials ¢ Properties of Division ¢ Synthetic Division 

Unit 16 ~=Factorization Theory ¢ Zeros of Polynomials with Real Coefficients 

Unit 17 Mathematical Induction ¢ Infinite Sequences ¢ Summation Notation « Arithmetic Sequences « 


Geometric Sequences * The Binomial Theorem ¢ Permutations * Distinguishable Permuta- 
tions and Combinations 


Prindle, Weber & Schmidt, Incorporated 
20 Newbury Street 
Boston, Massachusetts 02116 
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SINGULARITIES AND PLANE MAPS 


JAMES CALLAHAN 


1. Introduction. Take a piece of fabric or sheet rubber, crumple it, and press it 
on a flat surface. What different shapes can the sheet assume around a given point? 
In general, three possibilities occur: 

(a) the sheet lies flat and smooth; 

(6) the point appears on a fold line of the sheet; 

(c) a pleat is being formed at the point. 

Figure 1 gives examples of each kind of point. 


Fic. 1 


A bit of experimenting will show that there are other possibilities; point d in 
Figure 1 is a new type, for instance. Further experimenting, however, leads to the 
conclusion that arbitrarily small alterations in the position of the fabric can eliminate 
any points not of the first three types. The new shape at d disappears, for example, 
as soon as the bottom fold is pulled to the right by any amount whatsoever (Figure 2). 


Fic. 2 


In fact, by comparing these figures we can see that the point d arises when a pleat is 
run into a fold. On the other hand, points of types a, b, and c cannot be made to 
disappear by small perturbations; the position of a pleat or a fold can be affected, 
but not its presence. 

Points of type a are the simplest and most common. We shall call them regular 
points. All other points are singular, to indicate both their scarcity and special 
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nature. Our observations about the pressed cloth can now be summarized: almost 
all points are regular, and the only singular points which are stable (i.e., unremovable 
by small perturbations) are folds and pleats. If we think of the application of the 
sheet to a flat surface as a function mapping one plane to another — Brouwer’s fixed 
point theorem for a disc is sometimes illustrated this way—the preceding observa- 
tions amount to an informal paraphrase of a theorem proved by H. Whitney in 
1955 [27]. Whitney and R. Thom, a major contributor to the subject whose work 
began about this same time, were interested in treating the following questions, 
among others (see also [1, 17, 28]): 

According to the inverse function theorem, a differentiable map f: R? > R? is a 
homeomorphism in a neighborhood of a point at which the Jacobian of the map is 
non-zero; what structure does f have around a point where the Jacobian is zero? 

Is there a finite classification of the different structural patterns (e.g., homeo- 
morphism, fold, pleat, etc.) which a function can exhibit locally? 

The term homeomorphism has a standard meaning, but what is a fold or a pleat; 
specifically, is there a function for each structural type which has some simple, or 
normal, form? (Later we shall see that the identity map is the normal form of a 
homeomorphism.) 

How is a fold, for example, to be detected in a function which is not in normal 
form? 

Finally, a normal form is supposed to be stable in the sense that small perturba- 
tions do not alter its structure; what does it mean to perturb a function? 

Suitably modified, these questions can be applied to the larger collections of 
differentiable functions f: U > R?, where U is an open subset of R”; or f: N > P, 
where N and P are manifolds. However, we shall be concerned mainly with what 
happens in low dimensions, because those results can be visualized and are typical 
of more general ones. 


2. Equivalence of Maps. The shape, or structure, or geometric character of a 
function around a point is the central idea of the preceding section. Analogies with 
applications of sheets to surfaces are suggestive, but they remain too imprecise to 
be useful. We shall have to trade intuition for precision, a common practice in 
mathematics; a shape will be defined to be a class of geometrically equivalent func- 
tions, just as a cardinal number is a class of equivalent sets, the equivalence de- 
termined by the notion of a one-to-one correspondence. With this understood, the 
problem is now to define an equivalence relation on functions which captures 
essential geometric features as well as a one-to-one correspondence captures the idea 
of number. The following example can suggest how to proceed. 

Consider the two maps from R* to R? given in terms of coordinates as 


u=x | o=E-—n-(E+n)’ 


f: ; g: 
v=y Wy = Wo —n)+(E +n)’. 
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As Figure 3 shows, the map f folds the xy-plane along the x-axis and applies this 
doubled-up sheet to the half-plane v 2 0, the fold line itself appearing on the u-axis. 
Lines parallel to the x-axis end up parallel to the u-axis, but in general the distance 
between a pair of lines is different from the distance between its image pair. Lines 
parallel to the y-axis are bent double but their spacing is preserved. 


Fic. 3 


The map g is only slightly harder to describe. Since 
YW — 26 = 36 +n)* 20, 


we conclude first that wy = 2¢ is the image of the line € + y = 0, and second that the 
rest of the image of the €y-plane must lie to the northwest of y = 2¢. This means 
that g folds the €y-plane along the line € + 7 = 0 (the dotted line in figure 4) and 
applies this doubled-up plane to the half-plane wy = 2. The image of the €—y 
coordinate grid is curvilinear; a line parallel to either axis is mapped to a parabola 
tangent to W = 29¢. 


Fic. 4 


So both these maps are folds. They have the same geometric character, and differ 
only i the form of their coordinate expressions. If this really is the only difference, it 
should be possible, by changing coordinates, to make g look like f even formally. We 
can do this using the particular coordinate changes 


3(o + ) 
3(y — 2). 


x=€-N u 
h: k: 
y=orn v 
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Starting from the original map 
b= on +n) 
Ty = 2G =n) + (EM 
we get 
u = $[€-—n—(E+n)? +2™G—n)+(E4+n)’] =x 
v = $[2E—n)+(E +n)? — AE —y) +26 4+n)’] = y’. 


In other words, the diagram 


kogoh"'=f: 


R*; x,y JS, R? su,v 


i) [ 


R* ; CoN ZR: pw 


v u 


Fic. 5 


is commutative. Figure 5 shows the source and target of g with their new coordinate 
systems. A line parallel to the x-axis has its image parallel to the u-axis, while a line 
parallel to the y-axis ends up bent double but still parallel to the v-axis. Except for 
the ‘‘babushka’’ look of the image (which happens because the source is still cropped 
parallel to the now-vanished €- and y-axes) and the fact that the u — v frame is not 
rectilinear (again, because it is superimposed on the vanished rectilinear ¢ — w frame), 
this map is visually indistinguishable from f. 

We now have a preliminary definition: two maps f and g are equivalent if there 
are coordinate changes h and k making the commutative diagram 


R" Sop 
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This definition seems fine, but what exactly is a coordinate change? Let us first 
notice that the spaces on which these maps are defined do not have a preordained 
inner product structure, so that rectilinearity of a coordinate system is an accidental 
feature of our representation of it. Rectilinearity is rather a relationship between two 
different coordinate systems, and exists when the coordinate change is given by an 
orthogonal linear map. Although the coordinate changes in our example were linear, 
there is no reason to make this assumption generally. 

In fact, the theory needs a rich collection of coordinate changes to make sure that 
two maps with the same geometric structure will be equivalent according to the 
definition just given. Another example will illustrate this point. Consider the real- 
valued functions 


fru = |x| gid = &. 
These maps have the same shape. Each folds its source double at the origin. Their 


difference is metric: g squares the distance of a point from the origin while f leaves 
it unaltered. Either pair of coordinate changes 


é7, €20 
h:x = k:u=@ 
—€*, €<0 
or 
d, >0 
hi:x=6€& k:u= ve ? 
o, ~<0D 
yields a commutative diagram: 
R JS, R 
MT i k. 


These functions are portrayed in figure 6, not by graphs, but by analogy with the 


~ 


Fic. 6 
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earlier figures. The purpose of the cross-marking is to illustrate metric differences. 
For instance, notice how g ‘‘bunches up’’ points near the origin; this is another, and 
for us more useful, way of saying that the usual graph of g is almost horizontal near 
the origin. 

It is not possible for f and g to be equivalent using linear coordinate changes. The 
reason is this: on the positive half-axis, f itself is linear, and would continue to be 
under any linear coordinate changes. Since g is non-linear, no commutative diagram 
can exist. But these maps do have the same shape and so ought to be equivalent. 
Henceforth, we allow arbitrary homeomorphisms to serve as coordinate changes; 
this defines topological equivalence. 

Maps are said to be smoothly or analytically equivalent if the homeomorphisms 
linking them are smooth or real analytic, respectively. These relations yield progres- 
sively finer discriminations; that is, equivalence classes are smaller and more nu- 
merous. For example, the functions f(x) = | x | and g(x) = x* are topologically 
but not smoothly (or analytically) equivalent. To see this, notice that any function 
smoothly equivalent to g will, like g itself, be differentiable. This rules out f. In 
effect, smooth equivalence, unlike topological, is sensitive to the ““‘bunching up’’ 
which g creates near the origin. We shall deal with both kinds of equivalence, often 
without distinguishing between them, although topological intuition is simpler 
because ‘‘a fold is a fold is a fold.”’ 

The following definition summarizes the discussion thus far and uses the most 
general settings in which the terms make sense. 


DEFINITION. Let f,g: XY be continuous maps of topological spaces. Then f 
and g are topologically equivalent if there are homeomorphisms h and k which 
make the following diagram commutative. 


x ty y 
i | [ 


If X and Y are smooth manifolds and f and g are smooth maps, then f and g are 
smoothly equivalent if there are smooth diffeomorphisms h and k which make the 
above diagram commutative. 


REMARK. In this paper, smooth means infinitely differentiable. There are other 
variants of this definition for C” or analytic manifolds and maps, but the two given 
will suffice here. A diffeomorphism is a smooth homeomorphism which has a smooth 
inverse. A variety of treatments of the basic ideas of differential analysis which appear 
in this paper can be found in the texts by Buck [4], Hu [6], Milnor [12, 13], Spivak 
[15], and Wallace [25]. 
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Until now we have discussed the shape of a function on its whole domain, even 
though it is useful and perhaps more natural to work locally. For example, it is not 
difficult to show that y = x° — 3x has folds at the points x = + 1 (i.e., is equivalent 
to y = x” in a neighborhood of each point) and in a neighborhood of every other 
point is a homeomorphism. On the other hand, this function is globally equivalent 
to neither a homeomorphism nor a (single) fold. In fact, polynomials with different 
numbers of relative extrema will be mutually inequivalent, so there are infinitely 
many topological equivalence classes of functions, considered globally. The local 
situation is, on the contrary, quite simple. Except for cases to be dismissed later as 
unstable, there are only two equivalence classes of local real-valued functions of a 
real variable: homeomorphisms and folds. After all, if a string is crumpled and then 
squeezed into a line, at any point the string is either straight or folded back on itself. 

In turning our attention to the local behavior of a function f on a neighborhood 
of a point x in its domain, it is natural to identify all functions which agree with f 
near x. What results when this is done is called the germ of f at x; it is an equivalence 
class of functions, each defined on some neighborhood of x, and two such functions 
are said to be (germ-) equivalent if, when restricted to some common subneighborhood 
of x, they agree. (See [6, p. 18] for details.) We denote the germ of f at x by (f; x, y); 
the point x is called the source of the germ and y = f(x) the target. The target is 
well-defined because all functions which are germ-equivalent to f at x take the same 
value at x. We write (f; x,y): X,x > Y, yif ff: X > Yor even if fis defined only ona 
neighborhood of x in X. The composite of two germs is well-defined, and we have 


(93 ¥,z)0(F3%,y) = (Gof; x, z). 
DEFINITION. The germs (f1;X1,1) and (f23X2,¥2) are topologically (smoothly) 
equivalent if there are germs (h; x,,x,) and (k; y,, y2) of homeomorphisms (smooth 
diffeomorphisms) which make the following diagram commutative. 


X, x (fa; Xa Va). y Vy 


(h; X1,X2) | / (Kk; V4, V2) 


X,X, = YF, 

; (F135 X15 01) ” 

For example, the pair of germs (y = x7;0,0) and (y = x° — 3x; 1, —2) are 
smoothly and topologically equivalent, as are the pair (y = x;0,0) and 


(y = x° — 3x; a,a? — 3a), 


where a is any real number different from + 1. 

It follows from the definitions that the two germs (f,; x,,,) and (f,; x2, y2) are 
equivalent if and only if the functions f, and f, are equivalent, when restricted to 
suitable neighborhoods of x, and x, respectively. We shall often say that a map f; 
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at x, is equivalent to another map f, at x, when the corresponding germs are 
equivalent. 

Thus the language of map-germs provides a way of discussing local properties of 
functions, and we use it in the following definition to describe what was vaguely and 
variously called the shape, geometric form, or structural pattern of a function at a 
point. 


DEFINITION. The local topological (respectively, smooth) type of the function 
f:X— Y at the point x is the topological (respectively, smooth) equivalence class 
of the germ (f;x,f(x)). 

3. Singularities. The problem raised in the first section — how to analyze and 
classify the local topological types of arbitrary continuous functions —is much too 
difficult, and the theory which has developed over the last twenty years seems to be 
concerned exclusively with the much smaller category of differentiable manifolds 
and maps. This is quite natural. For one thing, local geometry is the same at every 
point on a manifold, so any differences in the local behavior of a function are to be 
attributed to the function itself. But most of all, 1t has been the infinitesimal version 
of a function, as given by its differential, which has helped to clarify local behavior. 
This section will develop these ideas. 

Let f: N > P bea smooth map, where N and P are smooth manifolds of dimen- 
sions n and p, respectively. Every neighborhood of a point x on N has a subneigh- 
borhood diffeomorphic to R", and the diffeomorphism can be chosen to carry x to 0. 
Similar statements are true for any point y in P. Consequently every map-germ 
(f; x,y): N,x > P,y has a smooth representative (which we also call f) of the form 
f: R", 0 > R?, 0. It is customary to call such a function a local map because, although 
it is defined on all of IR", we are interested only in its germ-equivalence class at the 
origin. Hence we shall say that two local maps are topologically or smoothly equivalent 
even if they are equivalent only when restricted to some smaller neighborhoods of the 
origin. 

Because we shall treat mainly local questions in the remainder of this survey, we 
can concentrate on maps f: R" > R? of Euclidean spaces (usually without the local 
map restriction f(0) = 0). 

So suppose that (x,,--:,x,) and ()4,°°:,y,) are coordinates for R” and R? respec- 
tively, and that the coordinate functions for f: R" — R? are 


Vi = FX 15°07, Xp) i= 1,-++, p. 
Then the differential of f at a point b = (b,,-::,b,) is the linear map df,: R" > R? 


given by the p x n matrix 
of; i=1,-,p 
() jan 


The rank of df, is the rank of this matrix; the maximum value it can assume is the 
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smaller of the two numbers n and p. We shall also call the rank of df, the rank of 
f at b. 


DEFINITION. If f has maximal rank at b then b is a regular point of f; otherwise 
it is a singular point, or a singularity, of f. If the rank of f at b is less than p, b is a 
critical point of f. 


The terms singular and critical are often used interchangeably, perhaps because 
they coincide for n= p. Sard’s fundamental theorem [13], for example, more 
strictly applies to critical points. On the other hand, questions about equivalence of 
maps lead to the study of singularities, as the first theorem shows. 


THEOREM 1. If b is a regular point of f: R" > R?, then the germ of f at b is 
smoothly (and hence topologically) equivalent to df,, which in turn is equivalent 
to one of the linear maps (normal forms) 


y1 = xX 
Yi = X 
° . . Vn nos: 
if n= p; if n< p. 
Vn+1 — 
Yp = Xp 
y = O09 


The proof of the first part uses the inverse function theorem and is a generalization 
of it. The second part, giving normal forms for linear maps, is a standard result from 
linear algebra [2, page 234]. The theorem implies that all other smooth or topo- 
logical types must appear at singular points, and the goal of the local theory thus 
becomes the classification of map singularities. 

Unlike what is true for it at a regular point, a local map is generally not equivalent 
to its differential or any other linear map at a singular point. For example, the 
folding map: y = x’, and its derivative at the origin: y = 0, are inequivalent. 
Nevertheless, the rank of a map at a singular point is a useful invariant, as the next 
theorem shows. Its proof follows directly from the definitions. 


DEFINITION. A map f: R"> R? has a singularity of type S, at the point b if the 
rank of f at bis min(n, p)—k. The number k is called the deficiency of the singulari- 
ty, dnd a regular point has deficiency 0. 


THEOREM 2. Two smoothly equivalent local maps have the same singularity 
type S, at 0. 


Both the topological version and the converse of this theorem are false, the 
topological version because y = x and y = x? are topologically equivalent while 0 
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is a regular point for the first map and an S, singularity for the second. The converse 
is false because y = x* and y = x° are topologically and smoothly inequivalent even 
though 0 is an S, singularity for both. 

Thus the classification of local types by the singularity classes S, remains in- 
complete. There are at least two ways to improve the situation: we can use second and 
higher order derivatives to make finer distinctions between singularities, and we can 
eliminate some local types as unstable. The main lemma of Morse theory, which 
follows, is a good example of the first procedure. We shall take up the question of 
stability in the next section. 

Let us now see how Morse theory contributes to the classification of singularities 
of real-valued maps. If b = (b,,-:-,b,) is a singular point (or critical point, as it is 
more usually called) of f: R’>R, y = f(x,,°::,x,), then the Hessian of f at b is 
defined to be the quadratic form 


o*f 
Ox; dix) 22 z= (24, °°°, Zn). 


Hf,(z)= & 
inj=i 


If the matrix of coefficients of this form is invertible, the critical point is said to be 
non-degenerate, and in any case the number of negative eigenvalues of the matrix 
is called the index of the critical point. We can now state the relevant part of Morse’s 
lemma. Notice the similarities to Theorem 1. 


THEOREM 3 [12, page 6]. If the point b is a non-degenerate critical point of 
index r for the map f: R" > R, then the germ of f at b is smoothly equivalent to its 
Hessian Hf,, which in turn is equivalent to the normal form 


2 2 2 2 
YS Xm Xpe  Xp py Po Xe 


The target diffeomorphism w = — y makes the normal forms of index r and n—r 
equivalent, so only about half these forms represent distinct local types. The precise 
number is 4 (n + 1) or 4 (n + 2), whichever is an integer. This is just the number of 
quadratic n-forms having different non-negative signature n — 2r [2, page 272]. 
Incidentally, Theorem 3 proves that the map-germs (x”; 0,0) and (x* — 3x; + 1, £2) 
of section 2 are smoothly equivalent. 


4. Stability. The simplest local map not yet classified is y = x;, which has a 
degenerate singularity at the origin. This map is unstable in the sense that the singulari- 
ty can be made to disappear by altering the function slightly to one of the form 
y= x° + ex. (See figure 7; the two singularities which appear when ¢ < 0 are non- 
degenerate.) 

The kind of instability x° exhibits at the origin can not occur at a regular point 
or a non-degenerate critical point. For suppose b is a regular point of a function 
f: R-R; then f’(b) # 0. If g is a function near f and g’ is near f’ (using the termino- 
logy of the introduction, we could call g a perturbation of f), then g’(b) 4 0 as well, 
so b is a regular point of g. There is a similar argument for a function f: R" > R’; 
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J y y 


6&<0 a) Ee>0O 
Fic. 7 


this time a certain square submatrix of df, has non-zero determinant, and this 
property is shared by any function close to f (if its differential is likewise close to df). 

It is only slightly more difficult to show that a non-degenerate critical point is 
stable. Again for simplicity let us take y = x* as the model, and suppose that g 
approximates y = x* out to the second derivative. Thus g” is everywhere positive 
because it is near y = 2, and so g’ is monotone increasing. Since g’ is near y = 2x and 
is increasing, it has a unique root b which is therefore the only critical point of g. 
This critical point is non-degenerate because g’(b) is positive. Hence the map-germs 
(y = x7; 0,0) and (g; b, g(b)) are smoothly equivalent (see figure 8) and y = x? is 
stable. 


y y 
b 
Xx BN X 
b 
g " g ; g 
Fic. 8 


We should point out here that g must approximate y = x? out to the second 
derivative in order to guarantee that it has the same local type as y = x”. For we can 
choose a smooth function g which is zero on a small neighborhood of the origin but 
which approximates y = x” and its first derivative (see figure 9, and notice that g” 
does not approximate y = 2). Since any function equivalent to g will also be constant 
on some open set, g does not have the topological type of y = x’. 

We are saying that a function is stable if its local type is the same as all of its 
neighbors’, and functions are neighbors only if they, and all their derivatives up to 
some predetermined order, are close. This idea of stability accords with common 
usage: an organism in a certain environment is stable if the organism’s gross behavior 
is unaffected by mild changes in that environment. (Of course the feedback mechan- 
isms which produce stability for the organism have no mathematical analog. However, 
the connection between mathematics and biology is not so tenuous as it may appear; 
the theory of map singularities and stability is the basis of Thom’s work on mor- 
phogenesis [18, 19, 21, 23]). 
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a{F. J AL 
g” g' g 
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Let us get back to the question of neighboring functions. The various function 
space topologies which are used to study stability are somewhat complicated (see 
[7;9, part II]), but we can illustrate their general character with a special case. Let 
C®*(N, P) denote the collection of smooth maps f: N > P; in particular, C°(R’, R”) 
is a vector space. For any m = 0,1,---, 00, the uniform C”-topology on C®(R’, R”) 
is determined by a neighborhood base at the origin. The basic sets are 


| <e| 


for every ¢ > 0. Here f; are the coordinate functions of f, and gq = q, +-:: + q,; the 
maximum is taken over all x in R”, all i between 1 and p, and all partial derivatives 
of order gq Sm. 

The ordinary C”-topology on C%(R”,R”) is the topology of convergence on 
compact sets, using the uniform C”-topology. With reasonable care, these topologies 
can be carried over to C“(N, P). Essentially, every function f in C”(N, P) has a 
neighborhood which looks like C”(R”, R?). From now on, we shall assume that each 
of the function spaces C®(N, P) and C%(R"”, R”) is endowed with its C~-topology. 


Bie) = [Fin C”: max 


DEFINITION. A map f: NP is stable (respectively, topologically stable) if every 


map g sufficiently close to f in C®(N,P) is smoothly (respectively, topologically) 
equivalent to f. 


In other words, a map is stable if it is an interior point of its equivalence class in 


C”(N, P). The notion of stability is therefore a general kind of link between topology 
and algebra. 


DEFINITION. Suppose b is a point of R". A map f: R">R? is (topologically) 
stable at b if, for every map g sufficiently close to f, there is a point b, for which the 
map-germs (f; b,f(b)) and (g; b,,g(b,)) are smoothly (topologically) equivalent. 


The local definition is awkward, but the example y = x” has already shown why 
the source b, of the map-germ of g must in general vary with g. 

Notice that, either locally or globally, a stable map is topologically stable. 

Although the global theory is quite extensive, we shall concentrate on local 
stability. It is somewhat simpler to state local results, and much of the global theory 
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amounts to patching together local facts. For example, a real-valued function is 
(globally) stable if it is stable at every point of its domain and if the images of its 
critical points are all different. To see why this last condition is needed, consider 
f(x) = x* — 2x”. The critical points x = +1 have the same image f(+ 1) = — 1, 
so any function smoothly equivalent to f will have a pair of critical points with the 
same image. (Remember, coordinate changes do not alter geometric facts.) However, 
there are functions arbitrarily near f—for example, g(x) = x*— 2x* + ex — whose 
critical points all have different images. Such functions are globally inequivalent to f, 
which is consequently unstable. The situation is similar in higher dimensions. For 
instance, the map which is implied by Figure 1 is unstable because a pleat and fold 
have the same image at d. The perturbation in figure 2 is stable because all pleats and 
folds have been properly separated. 

Another reason for working locally is to get back to the study of singularities. 
Toward the end of the last section it was argued that there are too many singularity 
types for a decent classification to exist. Eliminating unstable singularities (i.e., 
singularities of maps which turn out to be unstable) should make the classification 
problem easier, but two questions arise. First, is the elimination not too drastic? 
More precisely, are the stable types dense (by definition, they form an open set), so 
that an unstable singularity can always be “‘slipped into’’ the classification by 
altering it slightly into a stable type? The second question is obvious: Is the elimination 
worthwhile? Is there a complete classification of stable singularities? 

The classical results provide affirmative answers for the specific dimensions they 
treat. The results are summarized in the following theorem. 


THEOREM 4. The table below is an exhaustive list of stable types of local maps 
f:R", 0 R?,0 for three different collections of dimension pairs n, p. In each of 
these three cases, the stable types are dense. 


Case Type Normal form 
2n Sp Whitney [26] regular point yi=Xx; i=1,---,n 
Ji = L=Hn ++ 1, »P 
p=l1 Morse [12] regular point y=x1 
non-degenerate critical = y = —xf — ++) — xP + x3, feet x? 


point of index 7 


n=,p =2 Whitney [27] _ regular point V=xXx 
y2 = X2 

fold point VW=x1 

yo = x3 

cusp point Y= x1 


— X1X2 
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The third case is the theorem of Whitney on plane maps which was informally 
described in the introduction. Let us study the normal form of the cusp point: 
yi =X 


=> X35 - X4X- 


< 
tv 
| 


The differential is 


1 0 
uf = ( , i) 
— X2 3X2 — X4 


so every point on the parabola 3x7 = x, has singularity type S,, and every other 
point is regular. 

The map f carries any line x, = a into another line y,; = a homeomorphically if 
a is negative, because there are no singular points in the half-plane x, <0. If a is 
positive, there are two singular points on the line x, = a, and these are both folds. 
Figure 10, which is not quite a graph of f but can be interpreted like one, shows that 
the x-plane is carried onto the y-plane by pleating it at the origin. The pair of folds 
forming the edges of the pleat lie on the two halves of the parabola. Their image is a 
curve with a cusp, which explains Whitney’s name for the type. 


We can use this example to show that the division into the singularity classes S, 
can be refined to give more information. Notice first that all points on the singular 
sef 3x5 = x, are ordinary fold points, except for the origin, where the local type of 
the map is entirely different; yet these points are all lumped together in the class S,. 
Suppose we restrict f to the parabola— which we can call S, —using x, as variable: 


y= 3x3 


3 
~— 2X3. 


f| Sy: 


y2 
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The differential of this map is 


6x, 
ag|si=(__ 3): 
—6 

so every point on the parabola is a regular point of f | S,, except the origin, which is a 
singularity of type S,. The usual notation for the regular points on the parabola is 
S,o, for the origin S,,,. More generally, S,, is the set of singular points of deficiency 
h of the map f | S,, where S, is the set of singular points of deficiency k of the map f. 
This process can be iterated in an obvious way, but there is one difficulty: in order to 
talk about the singular sets of f | Sis it is necessary that S, itself be a manifold. 
Boardman [3] has resolved these problems and made an extensive study of iterated 
singular sets. 

For the Whitney cusp, S, is a manifold so the iterated singular sets S; 9 and S, , 
do make sense and are even manifolds. Moreover, the iteration provides exactly the 
right degree of discrimination between singularities: all regular points are in the 
sets Sp, all folds are in S,,9, and the cusp point is by itself in S, ,. 

In [28], Whitney extends the classification of stable map-germs to all dimensions 
n, p <5, plus p = 2n — 1 and p = 2n — 2. In all these cases, the stable types are 
dense. 

The first indication of trouble in the classification program was given by Thom 
in [7]; see also [1]. He showed that the stable types are not dense in any of the cases 
n = p = k*, where k is an integer greater than 3. Mather, in a paper appropriately 
titled “‘The Nice Dimensions’’ [9, VI], has gone on to determine all cases for which 
the stable germs are dense. Figure 11, copied from his paper, displays the nice 
dimensions as points in the n, p plane. He even gives a complete classification of the 
stable types in the nice region: each type is characterized by a certain algebra, which 
can in turn be used to reconstruct a normal form for the type. 


Pp 


Fic. 11 


Thom [17] and Mather [8] have shown that there is a complete topological 
classification for all dimensions. 
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We can pause here to remark that the work described so far explicates most of 
the problems outlined in the introduction. 


5. Instability and the bifurcation set. The classification of stable map-germs is 
only half the story. Recall that a map fin C“(N, P) is unstable if every neighborhood 
of f contains maps inequivalent to f. We shall take up two questions which have 
received considerable attention: exactly which equivalence classes are found near a 
given unstable map; and how are those equivalence classes situated in the function 
space? 

To develop these questions, we consider some examples. The simplest unstable 
map is y = x°, and it even possesses all the essential features of more complicated 
ones. 


THEOREM 5. Let g be any function sufficiently near y = x°. Then g has an 
inflection at a point X, near 0 and the smooth local type of g at Xq is determined by 
the sign of g'(Xo). Specifically, the map-germ (g3; Xo, g(Xo)) is smoothly equivalent 
to the local map y = x° + g'(Xo)X. 


Thom’s proof [23; page 51] uses the C®-version of the Weierstrass preparation 
theorem which was first proved by B. Malgrange. (There is an interesting legend 
surrounding this theorem. In about 1960, Thom saw that it would be a valuable tool 
in the study of singularities, but the existing analytic proofs could not be carried over 
to the C%-case. Malgrange, when the theorem was first described to him by Thom, 
believed it to be false, but some time later he had a complete proof [10,11]. Since 
then a number of proofs have appeared. Arnold [1] and C. T. C. Wall [24] discuss 
the importance of Malgrange’s preparation theorem for the theory of singularities.) 

Here is a brief plausibility argument for Theorem 5. By Taylor’s theorem, any 
function near y = x° looks like 


u= dy, ta,t+a,t*?*+(1+a;)t? + R(d), 


where R and all the a’s are small. The inflection point is found by solving u” = 0, 
and it can be checked that this equation has a unique solution x, near 0. Expanding 
about this inflection point and setting x = t — Xo gives 


u= ao + azx + (1 + a3)x* + R*(x). 
The coordinate change y = (u — a5) /(1 + a3) gives a further reduction to 
y= a x+x? + R**(x). 


Finally, R** is like x* so it does not influence the local type and can be ignored. Since 
a<* is a positive multiple of g'(x,.), we have shown that g at xq is equivalent to 
x> + g'(Xo)x. 


The theorem describes how equivalence classes are situated around y = x? in 
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C”(R, R). To begin, the equivalence class of y = x° is determined by the condition 
g'(Xo) = O(“*horizontal inflection’’), and this is a single constraint on the function g. 
Let us digress a moment to recall that in R” a single constraint F(x,,°::,X,,) = 0 
has for its locus a submanifold of dimension m — 1, alternatively, of codimension 
1—at least if the constraint F is reasonably nice. More generally, k independent 
constraints F,(x) = -:: = F,(x) = 0 specify a submanifold of codimension k. 

All these facts carry over to an infinite-dimensional space, so Theorem 5 can be 
interpreted as saying that the smooth equivalence class of y = x° is a submanifold 
of C°(R,R) of codimension 1. On one side of this submanifold is the open set 
(= stable equivalence class) of maps of type x* + x; on the other is the open set of 
maps of type x° — x. 

Figure 12 is a three-dimensional slice of C®(R, R) which shows the three equiva- 
lence classes found in a neighborhood of y = x°. That is, the figure shows the 
intersection of a neighborhood of x°* with a three-dimensional hyperplane W, in 
such a way that W is transverse to each of the equivalence classes C near x°. This 
means essentially that W is never tangent to C, and has the important consequence 
that the codimensions (but not the dimensions!) of C and WMC are the same. 


C*(R, R) 
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The next simplest unstable function is y = x*. The following result is an analog 
of Theorem 5 and can be proven in the same way. 


THEOREM 6. Let g be any function sufficiently close to y = x*. There is a point 
X, near 0 for which g’"(x.) = 0, and the germ of g at Xo is smoothly equivalent to a 
polynomial local map y = x* + ux? + 0x. 


To see what a neighborhood of x* looks like in C*(R, R), we use the theorem to 


assign to each function g the pair of coefficients (u,v) of its equivalent polynomial. 
This defines a projection 
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mt: C®(R, R) > R? 


g t+ (u,v) 


in which maps having the same image are equivalent. 

The next step is to determine the local types of the polynomials x* + ux? + vx 
corresponding to the points (u,v). Since a function is unstable when its derivative 
has a double root (this is the non-degeneracy condition of Morse), we want to 
consider the cubic equation 


4x3 +2ux+tv=0. 


According to the classical solution of Cardan, this equation has a double root when 
(u,v) lies on the cusp 


27 v7? +8 ue =0. 


The cubic then has three roots —i.e., the original polynomial x* + u x* + vx has 
three non-degenerate critical points — when (u, v) lies inside the cusp, but only one 
(real) root outside. It follows that for any point on the cusp different from the origin, 
the polynomial x* + ux*+ vx is unstable because it has an x°-type of singularity. 

In addition to these, there are other unstable maps near x*, which have only 
non-degenerate critical points. In fact, any polynomial of the form x* — a*x? is 
unstable, for reasons already outlined in the last section for the particular function 
x* — 2x”. A polynomial x* + ux? + vx is in this unstable class if it satisfies the 
single condition v = 0 (and also u <0, but this describes an open set and thus does 
not alter codimension), so the class itself has codimension 1 in C®(R, R). Although 
classes like this one are not properly part of the study of map singularities because 
instability occurs for global rather than local reasons, they must be considered in any 
complete description of the partitioning of a function space into equivalence classes. 
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Figure 13 shows how a neighborhood of y = x* in C® (R, R) is partitioned. The 
equivalence classes are 

0,1: stable maps with one minimum; 

0,2: stable maps with two unequal minima; 

1,1: unstable maps with an x°-type singularity; 

1,2: unstable maps with two equal minima; 

2,1: unstable maps with an x*-type singularity. 
The first index is the codimension of the class and the second is the number of 
minima possessed by any function in the class. The classes 0, 2 and 1, 1 each have two 
components, designated a and b in the diagram. A sketch of a function in each class 
is also included. Crossing the cusp line creates or destroys a minimum, while crossing 
the negative u-axis causes the location of the absolute minimum to jump. 

The most complicated unstable singularity we can picture easily (and this is 
questionable!) is y = x°. 

Following the pattern of the two preceding examples, any function near x° 
will have a germ equivalent to a polynomial of the form 


y= x? tux? + vx* + wx. 


Hence, the equivalence class of x° is determined by the three conditions u = v = w 
= 0, so it has codimension 3 in C%(R, R). In the squashed-down three-dimensional 
version of this function space which we have been using, the equivalence class of x° 
must therefore appear as a point; however, every class near x° is determined by fewer 
than three conditions so it appears as either a curve, a surface, or an open set. 
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Figure 14, which shows all the equivalence classes around x°, suggests why Thom 
has named y = x° the swallowtail singularity. (Only the six heavy lines in the 
figure represent classes of condimension 2.) Since the polynomials 


x? + ux? + vx? + wx 


230 JAMES CALLAHAN [March 


are equivalent, any point-set in figure 14 is equivalent to its mirror image across the 
plane v = 0. Thus there are five stable classes (but six disjoint open sets), six unstable 
classes of codimension 1, four unstable classes of codimension 2, and one unstable 
class of codimension 3. 
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Figure 15 shows a representative of each component of each class on the swallow- 
tail side of x°. Functions in the classes of different codimension have the following 
features: 

0: either none, or two, or four non-degenerate critical points; 

1: either an x°-type singularity, or a pair of equal minima, or a pair of equal 
maxima; 

2: either an x*-type singularity, or two x°-type singularities, or two equal 
minima and two equal maxima, or an x°-type singularity appearing at the same level 
as a minimum or a maximum; 

3: an x°-type singularity. 

Incidentally, the sketches in [19] and [23] incorrectly show that the set of functions 
with two equal minima (it begins at the lower-right-hand cusp) terminates at the 
node of the swallowtail, instead of on its left-hand side. 

For the general case y = x", it can be shown that every nearby function has a 
germ equivalent to a polynomial 


y=x +a, 9x77 +e + ax. 


Hence the codimension of the singularity x” is n — 2 and this is greater than 3 when 
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n> 5. It follows that we cannot get a complete picture of the disposition of the 
equivalence classes around x”. Nevertheless, Thom [23, chapter 5; 19] has obtained 
numerous two- and three-dimensional slices of C°(IR, R) near y = x® and, because 
of the shape of one of these slices, has named x® the butterfly singularity. Using a 
computer, T. Woodcock at the University of Warwick has done the same thing for 
y = x’; he calls it the wigwam singularity. 

We end this section with a summary of terms, most of them due to Thom. Although 
the preceding examples were all functions of a single variable, everything we have 
said can be carried over to arbitrary maps f in C*(R", R?), or even in C%(N, P). 
(The set C*(N, P) is not a vector space, but it is an infinite-dimensional manifold, 
and the equivalence classes it contains are still submanifolds.) 

The bifurcation set of C°(N, P) is the collection & of unstable maps. As the 
examples suggest, & is a disjoint union of manifolds, or strata; & itself is called a 
stratified set. This stratification is a certain kind of decomposition of the function 
space, analogous to a triangulation. Whitney, Thom, and others [29, 20, 14] have 
investigated the abstract theory of stratified sets, and Thom [22] in particular has 
urged that the study of the bifurcation set be considered one of the basic parts of 
functional analysis. 

A singularity is a smooth equivalence class of map-germs; this is the sense in 
which the term is used in a statement like ‘‘y = x° is the swallowtail singularity.’’ 
Since the distinction between regular and singular points is not maintained by 
coordinate changes which are merely homeomorphisms, we shall provide no analogous 
term for a topological equivalence class. 

The codimension of a singularity is the codimension of its equivalence class. E.g., 
the singularity y = x" has codimension n — 2, while y = 0 and y = exp(— x~?) 
both have infinite codimension. 

Suppose that a singularity, represented by the local map-germ f: R’, 0 > R?, 0, 
has finite codimension k. An unfolding of this singularity is a smooth map 


F: R* 0> C®(R", R’), f 


which is transverse to all the strata of & near f. (Roughly speaking, f is transverse to 
a stratum if the image F (R*) is not tangent to it. The number of strata near a finite- 
codimensional singularity is always finite.) The map F is what we called earlier a 
“*slice’’; it is a k-dimensional family of maps containing a representative of every 
smooth equivalence class found near f. 

These definitions are somewhat provisional and have not yet appeared in the 
literature in any final form. Nevertheless, they meet our needs in this survey. 


6. Stabilizing plane maps. According to Whitney’s theorem, any germ of a map 
from one plane to another is either a diffeomorphism, a fold, a cusp, or else is unstable, 
in which case an arbitrarily small change will convert it into one of the three stable 
types. In this section, we shall consider a number of unstable map-germs f/f: 
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R*, 0 R*,0; the object is to see exactly how such a map can be ‘‘stabilized’’ by 
small perturbations. 


The quarto map. The coordinate functions for this map are 


u= x? 
f: 

v= ys 
it is unstable because the origin has singularity type S, (the differential of f at the 
origin has rank 0). All other points on the x-axis and the y-axis are ordinary S,-type 
folds. We can think of f as folding the xy-plane first along the x-axis, then along 
the y-axis, and applying the resulting quarto sheet to the first quadrant in the uv- 
plane. This is illustrated in figure 16. The images of the fold lines lie on the coordinate 
axes of the uv-plane, but for clarity the figure separates these images. Also, it makes 
no difference which axis is folded first — our choice was arbitrary. 
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One unfolding of the quarto map is given by the family 


u= x’ +2ay 
F; 
v = y* 4+ 2bx. 


A map in this family is stable only if a and b are both different from 0 (figure 17 
shows the image of F in the case a = 0, b 4 0); in fact, every stable map is equivalent 
to one in which a = b. 
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Let us study the case a = b in more detail. Since 


2x 2a 
dF = ( 


2a ay) 


the singularity set S, is the hyperbola xy = a”. The only singular point of F'|S, is 
found at (a,a), and it is an S,,,-type Whitney cusp. The effect of the map F is 
illustrated by Figure 18 (with a <0): pleat the xy-plane along the branch of the 
hyperbola which contains the cusp, fold it along the other branch, and then apply 
the result to the uv-plane. As a approaches 0, the pleat and the fold coalesce to give 
the original quarto fold. 


Fic. 18 


It was not necessary here to have a complete unfolding to find all stable types — 
they were adequately described by a single parameter. Likewise, in each of the suc- 
ceeding examples we shall merely embed the given map in a family which exhibits all 
nearby stable types. 


The complex squaring map. This is the familiar map w =u + iv = (x + iy)? =z’ 
of the complex plane. Its real form is 
u=x°-—y 
f: 
v = 2xy. 

The origin is once again the only singularity; it is of type S, and is commonly 
referred to in complex analysis as a branch point (of the double-valued function 
z= ,/W). It can be shown that every stable map near f is equivalent to one of the 
form 


u= x? — y? + 2ax 


FP: 


v = 2xy — 2ay. 


Notice that f is unstable only as a real map: w = z” is stable under complex- 
analytic coordinate changes. There is no contradiction because the perturbation F 
is not complex-analytic; its complex form is w = z* + 2az. 
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To see what form the stable map F takes, it is helpful to have first a picture of the 
action of the squaring map different from the one usually seen. 

Beginning along the positive x-axis, partition the xy-plane into three 120° sectors. 
Fan out each sector to double its size, and position them over the uv-plane as shown 
in Figure 19. The distance of any point from the origin should also be squared; this 
bunches up material around the origin, so to speak, and provides the slack which 
will allow a perturbation to alter the local type of the map. Now apply the three large 
sectors to the uv-plane, and line up the seams so that the whole composite is a two- 
to-one map away from the origin. 
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For the perturbation map F, the singularity set S, is the circle x* + y? = a”; the 
intersection of this circle with each of the three sector edges will be a Whitney S,,, 
cusp point, and every other point on the circle will be an ordinary fold. These are 
the only singular points of F. In particular, the origin is a regular point. 

In Figure 20, we can see how F alters the action of f. As each sector is fanned out 
to double its size, it is folded along the circular arc S, and this fold is pushed past 
the origin and into the region previously unoccupied by the double-sized sector. 
A ‘‘half-pleat’’ is thus formed at each of the two edges. Since the image of a sector 
edge is unchanged by F, the altered sectors can be patched together exactly as they 
were for the original map f. The pairs of half-pleats then match up to form three 
ordinary pleats, and the image of the circle of singular points is a hypocycloid with 
three cusps. The interior of the circle is carried by an orientation-reversing diffe- 
omorphism to the interior of the hypocycloid. Since the image of the outer part of 
every sector also covers the hypocycloid, every point inside the hypocycloid has four 
preimages; every point outside continues to have two. 

A flabby pleat. This example is rather complicated, but it is useful because it 
ties together the previous two and because it relates to Thom’s theory of catastrophes. 
The map is 

u=x>+2xy 


p= yrt+x?’ 
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Fic. 20 
The singular set, which has three components, is the locus of 
6y> — x7(4 —9y) = 0. 


Every singular point except the origin is an ordinary fold. As figure 21 shows, the 
map carries a small neighborhood of the origin into the target by pleating it. 


Fic, 21 


However, f is not stable, and in particular, it is not equivalent to the Whitney 
cusp. In effect, it piles up a lot of source material near the origin —the pleat is flabby 
and can be distorted by a perturbation. This contrasts with the Whitney cusp which 
is taut and impossible to distort. These distinctions are quantitative and cannot be 
seen in the illustrations. 

Every stable map near f is equivalent to one of the form 

u=x>+2xy 


FP: 
v 


yo +x* + ay + by’. 
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The singular set of F is given by 
6y? + 4by* + 2ay — x*(4 — 9y? — 6by — 3a) = 0. 


For small values of a and b, two of the components of this set are ordinary fold 
lines like the lower two components of the singular set of f. Since they are not involved 
in what happens near the origin, we shall ignore them and omit them from the 
illustrations. 

The local type of F depends on the sign of b. For b < 0, the quadratic terms of F 
(which determine the type) are just the functions defining the complex-squaring map, 
while for b > 0, those terms are equivalent, under linear coordinate changes, to the 
functions defining the quarto map. How exactly does the pleat f unfold to each of 
these maps? 


f | J og | 
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Let us consider the case b <0, a = O first. It is helpful to think of the pleat 
image of fas a flattened out conical pocket, with a seam of self-intersection extending 
up from the origin; see Figure 22. The front flap of the pleat has merely been pushed 
to the back; as an image set, it is unchanged. We get the image of F by filling the 
conical pocket with water and watching it sag under the weight. The seam and the 
Origin stay fixed, so points in the target just below the origin now have three pre- 
images. If we peel off the top layer of the pocket, the origin is revealed asa branch 
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point of a double covering. The map is not yet stable, but the unfolding is completed 
as it was for the complex-squaring map by taking a # 0. 

When b>0 and a = 0 that part of the source material near the origin and 
below the pleat gets shoved up past the point of the pleat. This is shown in figure 23a. 
We can reverse the process to recover the original map f by pulling down the sheet 
at the points marked A and B. By peeking under the top sheet, as in figures 23b and 
23c, we can see that F is indeed equivalent to the (unstable) quarto map. 

The unfolding can be completed in two ways when the parameter a is allowed to 
vary. In either case, the singular set splits into two components, and the component 
passing through the origin retains the Whitney cusp (cf., the discussion of the quarto 
map). In figure 24, we have a > 0 and the unbounded component has the cusp; the 
Compact component forms a pouch which harbors it. If a < 0, it is helpful to return 
to the picture of the flabby pleat as a flattened cone. Figure 25 then shows the effect 
of the successive perturbations b >0, a = Oand b>0,a <0. 
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The image of the singular set of a map is sometimes called its apparent contour. 
It gives a general idea of the outline of the image set in the target. In addition to the 
examples already discussed, we mention that the usual rendering of a torus on a 
flat sheet of paper or a blackboard, as in figure 26, is just the apparent contour of a 
certain map F: T* > R? of the torus. See [14, chapter 4]. 


7 An application: the parabolic umbilic. With a view toward biological applica- 
tion, Thom has classified (in [23]; see also [19, 21]) all unstable map-germs /: 
IR”, 0 > R, 0 whose codimension does not exceed 4. There are exactly seven, and n can 
always be taken to be 1 or 2. The four (or fewer) parameters U involved in the 
unfolding F, of such a singularity are interpreted as the space-time coordinates of a 
biochemical process. As we saw in section 5, the equivalence classes of maps Fy 
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induce a stratification of the parameter space U (cf. the swallowtail, figure 14). In 
Thom’s interpretation, the process has a more or less constant character on each 
stratum, in particular on each open stratum. Thus any change in the process will be 
sudden and will occur on one of the positive-codimensional strata. These discon- 
tinuities Thom calls the catastrophe points of the process. This catastrophe theory 
provides another impetus for the study of bifurcation and unfolding. See also [30]. 

We now use the analysis of the flabby pleat to study the catastrophe set of the 
most complicated of the seven map-germs, the parabolic umbilic: 


fy) = 4Cx* + y*) + xy. 
It has codimension 4 and can be unfolded by 
F (x, y) = f(x, y) + wy? + ty® — ux — vy; U = (u,0,w, 2). 


As we have seen, such a map is unstable if it has either two equal extrema or else a 
degenerate critical point. We shall discuss only the second kind of instability. 

Let U = (ii, i, W,7) be a fixed choice of the parameters: (x, j) is a critical point 
of Fy if dF p(x, 9) = 0. This means 


w= x°+2xyp 

d= pr+x?74+ 2p 3fy?. 

Restated, (x, 7) is a critical point of Fg if (x, 7) is a preimage of the point (#, 0) under 
the map 


Tz. R? > R? 
u=x?+2xy 
v= y°+x* + 2Wy + 3fy”. 


Notice that T,,, is the stabilization of the flabby pleat which was discussed in the 
last section. 

By definition, the critical point is degenerate when the Hessian matrix H(Fy)z,5) is 
non-invertible. But H(Fy)<,5) is also the matrix of the differential dT,;, so the 
degenerate critical points of Fy are precisely the singular points of T,,;. Thus Fy is 
unstable whenever (u, v) is in the apparent contour of T,,,. These contours represent 
the intersection of the umbilic’s catastrophe set (a three-dimensional stratified set in 
(uj v, w, t)-space) with the (u, v)-plane and its parallel translates. Some of them are 
shown in figure 27. 

The parabolic umbilic is analyzed at length in [5]; it appears there in a slightly 
different form. 

More advanced surveys of the whole subject of singularities of maps are given by 
Arnold [1] and Wall [25]; they also provide extensive bibliographies. 
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THE BAY RESTAURANT — A LINEAR STORAGE PROBLEM 
D. R. WOODALL 


Summary. Suppose / 2 1, = 1, > 0. Suppose that, at random times, items 
whose lengths are between |, and |, are inserted into and withdrawn from a linear 
store, subject to the restrictions that at no moment do we wish to store items whose 
total length exceeds |, and that items may not be moved within the store between 
their insertion and their withdrawal. The minimum length of store necessary for this 
to be possible is at least 4/(log, (/,/1,) — 4) and at most / (log, (/,/1,) + 3). It is one 
of the more surprising features of this theory that both of these bounds tend to 
infinity as 1, — 0. 

The research reported here has been sponsored in part by the Science Research 
Council of the United Kingdom. 

Throughout the paper the symbol := or =: indicates that the equation in which 
it occurs acts as the definition of (some part of) the expression on the same side of 
the equality sign as the colon. The symbol § denotes the end (or absence) of a proof. 


1. Introduction. At the recent informal combinatorial conference at Royal 
Holloway College, a certain amount of time was devoted to a discussion of the Bay 
Restaurant. This novel establishment (Proprietor J. H. Conway) contains a single 
table, which runs the whole length of the establishment, and the patrons all sit on 
the same side of the table, facing the Bay. If a party of people come into the res- 
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taurant and demand to be seated together as a group, the Proprietor is obliged to seat 
them in consecutive seats; but then, of course, they must all leave together: it would 
be most impolite for some of them to walk out and leave other members of the party 
still eating in the restaurant. However, once they are outside, there is nothing to stop 
them forming up into other groups and coming back into the restaurant for coffee. 
The problem is this: if the restaurant has seats for N people at the table, what is 
the smallest number f(N) of people who, by going in and out of the restaurant in 
different sized parties a sufficient number of times, can eventually defeat the Proprietor 
by sending in a party of people whom he cannot seat in consecutive seats (without 
asking people already in the restaurant to move — an unpardonable breach of 
etiquette)? We shall first obtain the weak bounds 


[2 /N] S$ f(N) S [4N] +2, 


where [x] denotes the greatest integer less than or equal to x, and we shall then prove 
the better bounds 


N N 
< < 
log, N = I(N) = 8 log, N- 


The upper bound can be improved somewhat. The precise results that we shall 
prove are the following. If the General outside, who is organising the parties of 
people coming into the restaurant, has k people available, then if N > k (log, k + 3) 
the Proprietor can always frustrate the General by the simple process of always 
seating a party as far to the left as it will go, whereas if N <4ik(log,k — 3) the 
General can always defeat the Proprietor. This last result shows that 


FIN) < (44+ Woy as Noo. 


It seems quite likely that we have still lost a factor of 2 on each side, and that f(N) 
is asymptotically 2(N/log, N). 

The methods used to prove the above results show also that, if all the parties 
sent into the restaurant have at least k, and at most k, (<k) people, then the 
minimum length of table needed to accommodate them is at least $k (log, (k,/k,) — 4) 
and at most k (log, (k,/k,) + 3). Of course, it is not important that the total number 
of people available should be at most k, only that at most k are ever in the restaurant 
at any one time. The continuous analogue of this result (obtained by successive 
approximations of the form / ~ k/t, 1, ~ k,/t, l, ~ k,/t, where k, k,, k, and t > oo) 
is thus the linear storage result mentioned in the summary. If the ratio /,/1, is small, 
as in the problem of roadside parking, we can improve somewhat on the bounds 
given. If we mark off the road into parking bays of length /,, we need a total length 
of road of /l,/l,. If l/l, <2, this is certainly a better strategy than parking every 
car as far to the left as it will go, but I suspect that it is not as good if I,/1, > 2. 
In any case, this strategy is to ensure that we can park every car provided that the 
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total length of car to be parked at any moment is at most /, and it is not necessarily 
the strategy that gives the maximum probability of being able to park each car if the 
total length of car is unlimited. 


2. The weak bounds. Conway denies having founded the Bay Restaurant, and 
blames this on another member of the conference, who also denies it. It is clear, 
however, that it was Conway who was responsible for taking on two members of 
staff, the Dumb Waiter and the Proprietor’s Mate. (The fact that he apparently 
neglected to take on a chef as well may account for the fact that the restaurant does 
not appear to be very well known.) The Dumb Waiter seats people at random, 
wherever they will fit in, with no strategy at all. The Proprietor’s Mate adopts the 
strategy of seating each party as far to the left as it will go. These gentlemen will be 
very useful to us in our investigations. (The Proprietor, of course, is infinitely in- 
telligent, and always adopts the best strategy possible.) 

For example, we note that we need at least [2 ./ N] people in order to defeat even 
the Dumb Waiter (and hence, a fortiori, to defeat the Proprietor). For consider the 
party that finally defeats him. If this contains p people, then there is no space of 
length p in the restaurant, or he would be able to fit in a party of size p. So the 
number of people sitting in the restaurant is at least [N/p]. Thus the number of 
people we need is at least min,<y(p + [N/p]) = [2 JN]. 

The upper bound [4N] + 2 is also easy to prove. For if we send this number of 
people in singly, then when they are seated there must be at least one person on 
each side of the centre-line. If we leave behind the person closest to the centre-line 
on each side of it, withdraw the remaining [4N] people, and send in a single party 
of [4N], it is clear that the Proprietor cannot seat them in consecutive seats. 

If N <7, the bounds min,<y(p + [N/p]) and [$N] + 2 coincide. At the con- 
ference we spent some time considering other small values of N (using beer bottles 
to represent people, and taking it in turns to be the Proprietor and the General), and 
we succeeded in establishing that [4] + 2 is the correct answer if N < 17. It seems 
likely that 10 people can defeat a table of 18, but we did not prove this. As an example, 
the proof that 8 people cannot defeat a table of 14 uses the following diagram: 

1 2 3 4 5 6 7 8 9 10 11 12 13 14 


ee 


The Proprietor always seats a party of people in a position where they are partitioned 
by lines of the diagram, a point representing a line of length 1. For example, a group 
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of three people could be seated in seats 8 9 10, since there is a line of length 3 under 
these numbers, or in positions 7 8 9, since there is a line of length 1 under 7 and 
one of length 2 under 8 9, or in positions 5 6 7, where there are three lines of length 
1, but not in positions 6 7 8 or 9 10 11. It is not difficult to see that the Proprietor 
can always follow these rules, and hence that he can never be defeated. The reader 
is invited to construct a similar diagram to prove that 9 people cannot defeat a table 
of 16: I have not been completely successful, and have an extra rule in my strategy 
as well as those derived directly from the diagram. It would also be of interest to 
know whether or not 10 people can defeat a table of 18. 


3. The better bounds. The starting-point for the investigations in this section was 
the observation that if k (the number of people available) is equal to 2", where r is an 
integer, then the General can defeat the Proprietor’s Mate unless N = (r+ 1)2’"?. 
He does this by sending in 2" single people, whom the Proprietor’s Mate seats in 
positions 1 to 2". He then pulls out numbers 1, 3,---,2” — 1 and sends in 2"~ + people 
in pairs, whom the P.M. seats in positions 2"+ 1 to 3-2’ ~*. He then pulls out 
numbers 2,6,---,2" — 2 and the first, third, ---, (2""* — 1)-th pairs, and sends in 
2"~! people in fours, whom the P.M. seats in positions 3: 2"™-'+1 to 4:2777. 
The process terminates with him sending in a single party of 2""', whom the P.M. 
will seat, if he can, in positions r - 2"~1 + 1 to(r + 1)2’~*. The P.M. is thus defeated 
if N <(r+1)2'~! ~ 4klog,k. This does not tell us anything directly about f(N), 
but it suggests 2(N/log, N) as a possible answer, and the two strategies involved in 
this example are the bases of the two theorems that follow. We first require a lemma. 
As usual, N will denote the number of seats at the table and k the number of people 
at our disposal. 


LEMMA 1.1 Label the seats 1,2,---,N from the left. Suppose that the Propri- 
etor’s Mate is in charge of the restaurant from the start, and that at some stage 
we send in a party of m people whom the Proprietor’s Mate seats in positions 
r—-m+i,r—m4+2,--,r. Then m = 2%')-2 | 


Proof by induction on r. The result is clearly true if r < 3k: so suppose 
r > 3k, and suppose m < 2°/~? | Then, at the time when we send in our party 
of m people, each gap of consecutive empty seats to the left of r— m + 1 has length 
at most 2 )~3 Suppose that, at this moment, one party of people sitting in the 
restaurant ends in position r,, and the next in position r,, where rr; Sr, Sr—m. 
Then the gap between them has length at most 2°~° , and the second party 
mentioned occupies a block of seats of length at least 2%2/~° , by the induction 
hypothesis. It follows that 
2029-3 > (ry — PAC) B { 


Pi 


r 


h(t)dt, 


where 
(t/k)-3 


Mt) SGie=3 4 gu S 
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Thus the total number of people, k, is at least as large as 


r- 


3kh(3k) + | 


3k 


h(t)dt + m > 3kh@Bk) + | h(t)dt 
3k 


3kh(3k) + (k/In 2) [In (20/93 4 2/9-3 ys, 
3kh(3k) + (k/In 2) (In2°-? — In(2%~? + 1)) 
k(1 + 3h(3k) — (1/In2) In (1 + 277 )). 


To obtain the required contradiction, it thus suffices to prove that 


3h(3k) = 3 Ly > Ain 2yin(d +2 3— (rk) 


Ar/k) = 3 

But r > 3k and In2 > 3, so the right-hand side is less than 3 - 2°~ °°, and it suffices 
to prove that 2>1+42°~°, which is obvious. This completes the proof of the 
lemma. J 


THEOREM 1. We require at least N/log,N people to defeat the Proprietor’s 
Mate (and, a fortiori, to defeat the Proprietor). 


Proof. By the lemma, if we send in a party of m people, the Proprietor’s Mate 
can always seat them, provided m < 2“/)~?, But we cannot send in a party of 
more than k people. Thus the P.M. can seat any party that we send in, provided that 
k<20/)-3 ie. N > k(log, k + 3). 

If we write g(k) := k(log, k + 3), we note that 


kK log. g(k) sy 
glk) 


if k > 2°, and that 


N_ <, iosgtk) ON 


.< log, N ~ g(k) log, N 


therefore implies N > g(k). Thus we cannot defeat the Proprietor’s Mate if 
k < N/log,N and k = 2°. But if k < N/log, N and k < 2°, then N < 2° and 
k< 2./N, and, since the Proprietor’s Mate never puts a single person near the 
right-hand end, it is clear by the Dumb Waiter argument that we must have at least 
[2 JN] +1> 2,/N people to defeat him. This completes the proof of Theorem 1. J 


At this point we introduce the General’s Mate (another General), who adopts 
the following strategy. If he has at least [4N] + 2 people at his disposal, he defeats 
the Proprietor in the obvious way. Otherwise he starts with everyone outside the 
restaurant, and his ith move is as follows. He divides all the people outside the res- 
taurant into parties of 2'~', with at most 2'~' — 1 left over. He sends all the parties 
of 2‘~ ‘into the restaurant for coffee, leaving the remainder outside eating ice creams. 
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When the parties have all been seated, he labels all the parties in the restaurant 
(including the ones that were there already, if any) 1,2,3,--- in order from the left. 
He then withdraws either the odd-numbered parties or the even-numbered parties, 
whichever contain between them at least half the people in the restaurant. 


THEOREM 2. The General’s Mate (and hence, a fortiori, the General) will defeat 
the Proprietor if k > 8(N/log, N). 


Proof. Note that if k < 2° (say) and k > 8(N/log, N), then certainly N < 2°, 
and so k>2N>[4N]+2. Thus the General’s Mate can certainly defeat the 
Proprietor in this case. So we may suppose that k > 2°. Suppose that 2” < k < 2°-', 
where r is an integer. 

We note first, by induction on i, that the number of parties sitting in the restaurant 
after the ith move is at least (i + 1)k2°“*’) — 2. For this is clearly true if i =1; 
and if i> 1 and at least ik2-' — 2 parties remain after the (i — 1)-th move, then we 
first boost the number to at least (i+ 1)k2-'— 3 by sending in at least k2~' —1 
parties of size 2'~* (since we have at least 4k people outside the restaurant between 
moves), and we then reduce the number to not less than (i + 1)k2~°*")— 2 by 
removing alternate parties. 

The second point to note is that if, after the ith move, a party of 2? people and 
a party of 27 people are adjacent in the restaurant, i.e., are not separated by any 
other party, then the distance between their centres P and Q is at least 2'*. We prove 
this also by induction on i. Consider the party of 2° people with centre S (say) that 
was between the 2” and the 2? before alternate parties were removed. If pors = i— 1 
(which must be the case if i = 1) then the distance PS is clearly greater than 2'~?; 
otherwise PS => 2'~* by the induction hypothesis. Similarly SQ = 2'~?, and so 
PQ = 2'~1 as required. 

It follows that the total length of restaurant occupied after the ith move is at least 


2G + I)k2-* ) — 3) = 1G + Dk — 3-277 


In particular, taking i = r—1, the total length of restaurant occupied after the 
(r — 1)-th move must be at least irk — 3 - 2”~*. Thus we have defeated the Proprietor 
unless N 2 irk —3-2"-* > tk(log,k — 3). (This last inequality comes from 
simple differentiation.) 


If we write g(k) := ik (log, k — 3), we note that 
g 5 Klos. g(k) 


g(k) 
if k > 2°, and that 
N log, g(k) N 
K>8 log, N ~ ‘ g(k) log, N 


therefore implies N < g(k). Thus the General’s Mate defeats the Proprietor if 
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k > 8(N/log, N) and k > 2°; and we saw at the beginning of the proof that this is 
true if k < 2°. This completes the proof of Theorem 2. J 


4. The generalization. Suppose now that every party of people must contain 
at least k, and at most k, people. The analogue of the conclusion of Lemma 1.1 is 
that m = k,2“/~3. The proof is exactly the same as that of Lemma 1.1. The Pro- 
prietor’s Mate can thus seat any party that we send in, provided that k, < k,20/~3, 
i.e., N > k (log, (k,/k,) + 3). 

The analogue of Theorem 2 is also not difficult to obtain. We define a ‘pseudo- 
person’ to be a group of k, people, and we work with [k/k,] ‘pseudo-people’. 
Suppose that we terminate the General’s Mate’s strategy after the 


(Llog, (k2/k,)] — 1)-th 


move, in which we sent in parties of ‘pseudo-people’ of size 218? @2/KVI~2 | je 
parties of people of size k,2'822/k1-2 | We thus defeat the Proprietor unless 


N & dky[k/ky] [log, (ko/ky)] — 3k,2 Coenen? 
ak, [k/k,] (log, [k2/k,] — 3), 
(observing that k = k, and differentiating as before but now with respect to k,/k,), 


2 gk (log, (k2/k,) — 4) 


IV 


whenever this is positive. 


Added in proof. I am indebted to R. L. Graham, of Bell Laboratories, for the following informa- 
tion about the history of this problem. It was first mentioned, as a problem on the storage of inform- 
ation in a computer, by M. D. Mcllroy, also of Bell Laboratories, in a short note called Some prob- 
lems in dynamic storage allocation, which was circulated in February 1968. Shortly afterwards, Gra- 
ham obtained some bounds on the length of store necessary, which were never published. Later 
that year, J. M. Robson obtained some better bounds, which he has subsequently published under 
the title An estimate of the store size necessary for dynamic storage allocation in J. Assoc. Comp. 
Machinery, 18 (1971) 416-423. His upper bound is similar to mine, but his lower bound is slightly 
better: in view of his Theorem 3, the ‘1/4’? in my lower bound can be increased to “4/13’’, and the 
‘*_4”? can also be improved slightly. His methods are basically similar to mine, but are slightly more 
sophisticated. The ‘““Bay Restaurant” formulation of the problem seems to be due to Conway. 
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ELEMENTARY CONSEQUENCES OF THE 
NONCONTRACTIBILITY OF THE CIRCLE 


ROBERT F. BROWN 


Most topology texts prove the noncontractibility of the circle as an easy corollary 
of the computation of its fundamental group or its homology groups. Thus, this 
property of the circle has become part of a relatively advanced subject: algebraic 
topology. 

The noncontractibility of the circle can be proved quite easily using only material 
from a traditional undergraduate point-set topology course. Furthermore, a large 
number of interesting and significant consequences of this fact can be obtained without 
additional mathematical prerequisites. Therefore, a fascinating area of elementary 
topology has been inaccessible to a substantial number of people who do, in fact, have 
sufficient background in topology to understand and appreciate it. The purpose of 
this paper is to try to correct this oversight. 


1. Noncontractibility of the circle. Maps f,g: X ~ Y are homotopic if there is a 
map (homotopy) h:X x I- Y, where I = [0,1], such that H(x,0) = f(x) and 
H(x,1) = g(x) for all x in X. A space X is contractible if the identity map on X is 
homotopic to a constant map. Such a homotopy is called a contraction of X. 

Denote the circle of radius one with center at the origin of the plane by S* and 
the real numbers by R. 

The following result has been attributed to Eilenberg [2, p. 361]. It is also proved 
as Theorem 1 in [4]. 


THEOREM. If f:S'—S' is a map homotopic to the constant map, then there 
exists a map @:S!—R such that f(x) = e?™ for all xeS'. 


Proof. Suppose that g:S'-—» S‘ is a map for which there is a map ¢:S'—>R 
with g(x) = e'®for all xe S'. We claim that if h:S'—S' is a map such that 
| 9(x) — h(x) | < 2 for all xe S*, then f(x) = e”™ for some map w : S! > R. To prove 
the claim, note that | g(x) — h(x) | <2 implies h(x) # — g(x) so h(x)/g(x) 4 —1. 
Let A(x) be the number of radians in the angle between 1 and h(x)/g(x) if h(x)/g(x) 
is above the x-axis, and the negative of that number if h(x)/g(x) is below. Then 
h(x)/g(x) = e?™, or 


h(x) _— g(xje*@™ _— ell P(x) +(x) _ oil (*) 


which verifies the claim. Now let H:S!xI-—-S' be a homotopy such that 
H(x,0) = X, (constant) and H(x, 1) = f(x). By uniform continuity, there exists 6 > 0 
such that | H(x, t) — H(x,t’)| < 2, for |t— t’| <6 and all xe S'. Partition [0,1] by 
O=tp)<t, <<: <t,_, <t, = 1 so that | ties — t;| <6. A constant map from S' 
to itself is of the form e'®) where @:S!— R is constant, so H(x,t,) = e@'™ for 
some o,:S' —R. Repeating the argument n — 1 times completes the proof. 
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THEOREM. The circle is not contractible. (Note [2, p. 364].) 


Proof. Assuming the contrary, the previous theorem implies the existence of a 
map @:S!—>R such that x = e’*™ for all xe S!. The map @ is one-to-one and so 
the function g:S' > { — 1,1} given by 


P(x) — oC - x) 
g(x) = oO 
lox) — $(— »)| 
is well-defined and continuous. But g(— x) = — g(x), so g takes the connected 


space S'onto a disconnected space; which is impossible. 


2. Elementary consequences. Let R* denote the plane, let D* be the disc of 
radius one centered at the origin, and consider S' as the boundary of D?. 

A. (Knaster, Kuratowski and Mazurkiewicz [7]). Given a map f :D* + R? such 
that f(S') S D’, there exists x)» €D* with f(x) = Xo. 


Proof. (Benjamin Halpern) Define r:R* —0—S' by r(x) = x/| x |. If f(x) # x 
for all xe D’, then H:S' x I> S' defined by 


r[ x — 2tf(x)] if 0 
r[(2 — 2t)x —f(2 —21)x)] if 4 


would be a contraction of S', contrary to what has been established. (Note that if 
t <4 then 2r|f(x)| <|x| so H is well-defined.) 


IA IIA 
IIA 
— 


H(x,t) = 


B. (Brouwer Fixed Point Theorem). Given a map f : D* > D?, there exists xy € D? 
with f(xo) = Xo. 

C. Let I7 =1IxI and define B, = {1} x1, Bj = {0} xI, B, =I x {1}, 
Bi, = 1 x {0}. Suppose that A, and A, are closed subsets of I* such that, for i = 1,2, 
B, and B; are in different components of I* — A,, then A, NA, #¥ @. 


There is an elementary proof of this statement on pages 40-41 of [6] —as the 
case n = 2 of ‘Proposition D.’’ We shall not repeat the argument here. 

If A < X and f:X >A is a map such that f(a) = a for all ae A, then f is a 
retraction of X onto A. 


D. There is no retraction of D* onto S'. 


Proof. Suppose a retraction f:D* > S' exists. Let g:S'— S' be a nontrivial 
rotation, then gf:D? — S! < D? contradicts the Brouwer theorem. 

Let R° denote three-dimensional euclidean space. Two circles J and K in R° are 
unlinked if there exists a map f:D?— R* — K, such that the restriction of f to S! 
is a homeomorphism onto J. Otherwise J and K are linked. 


E. Let J be the circle of radius one in the plane y = 0 with center (1,0,0), and 
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let K be the circle of radius one in the plane z = 0 with center (0,0,0). Then J 
and K are linked. 


Proof. Let A be the half-plane of points (x,0,z) such that x = 0. Then radial 
projection o from (1,0,0,) retracts A — (1,0,0) onto J. The map g : R° > R?° defined 
by 


g(x, yz) = ((x* + y*)?, 0, z) 
retracts R° — K onto A — (1,0,0). Suppose J and K are unlinked, and let 


f:D* > R? — K bea map such that h: S'! > J, the restriction of f, is a homeomor- 
phism. The retraction 


h-'ogf:D*->S' 
contradicts the previous result. 
The noncontractibility of the circle and Theorems A-E are all closely related 


and can be proved one from another without difficulty. (Compare the remark on 
page 41 of [6].) 


F. If f:D* — R* is a map such that for xc S"', either f(x) = (0,0), or x does 
not lie on the ray from the origin through f(x), then f(xo) = Xo for some X,€D* 
(see [2, p. 353]). 


Proof. Define g :D? > D? by 
f(x) if f(x) € D° 
f(x) | f(x) | otherwise. 


Then g(x9) = Xo for some x ,¢D* by the Brouwer theorem. If f(x .)¢D*, then 
Xo = g(Xo)€S'. But g(x) does lie on the ray from the origin through f(x), so f(x») 
must be in D* and therefore f(x9) = Xo. 


g(x) = | 


G. (Fundamental Theorem of Algebra). Every nonconstant polynomial with com- 
plex coefficients has a complex root. 


An elementary proof, based on the Brouwer theorem, can be found in [4, Theorem 
6]. 

Given a map f:X > Y, the mapping cylinder M(f) of the map is the quotient 
space of the disjoint union (X x J) U Y under the equivalence relation: (s, 1)~ f(x) 
for all xe X. Note that there is an embedding i: Y > M(f) taking ye Y to its equiv- 
alence class [ y]. 


H. The circle is not a mapping cylinder; that is, there are no spaces X, Y and 
map f:X — Y such that M(f) is homeomorphic to S* (see [5, p. 159]). 


Proof. Suppose there is a homeomorphism h : M(f) > S* for some map f: X > Y. 
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Let x) € X, then h(x, 0) €hi(Y). Define H : M(f) x 1 M(f) by 


H([y],s) = Ly] for ye, 
H([x,t],s) = [x,1 —s)t+s] for (x,f)EeX x I. 


Then HA([x,t],0) = [x,t]. Define H,:M(f)-> i(Y) by setting H,([y]) = [y] and 
H,({x, t]) = [x, 1]. Then H, is a retraction. The existence of the homotopy H proves 
that the identity map on S'! is homotopic to the composition: 


st M(f) 2s (vy) 5 hi(Y) & (S! — h(xo,0)) € S?. 


On the other hand, S* — h(x,0) is homeomorphic to R and therefore contractible, 
so the composition is homotopic to a constant map. Thus we obtain a contraction 
of S', contrary to the first section of this paper. 

Let C denote the complex numbers topologized by identifying C with R*. Let 
C"*! _ 0 be the space of all (n + 1)-tuples (zo, z;,::-, z,) of complex numbers such 
that 2 j= 2;Z; #0. Complex projective n-space CP" is the quotient space of 
Cc"** —0 under the equivalence relation ~, where (Zo, Z1,°*', Zn) ~ (Zoo Zis °°" » Z,) 
if and only if 


(Zo, Z'5 a) Zn) = AZo, Zis''*s Zn) = (AZo, AzZ15 _ yAZn) 
for some AcEC. Denote the equivalence class containing (Zp,2z,,°°:,Z,) by 
[Z0,Z15°*'s Zn]. 


I. It is not possible to choose representatives of the elements of CP" in a con- 
tinuous manner; that is, there is no map o:CP"—>C"*+! — 0 such that 
O[ 20, 2Z1,°'°»Z,] is a member of [295 21, °°+» Zn]: 


Proof. Let p:C"** —0— CP" be the quotient map. The identification of C with 
R? makes S' = {z¢C|zz = 1}. Assume that o exists and define f: S'> C"+! —0 
by f(z) = z~*ol[z,z,---,z]. For (Zo,2Z1,°+,Z,) in C"t!—0, we know that 
O|Zo5Z15°*'s2n| = A(Zo, 21,°°'52,) for some nonzero complex number 4. Define 
g:C™t! 03S! by g(Z95 215° Zn) = All A. Now, for zeS', 
op(f(z)) = T(z 7 ‘oLz, Zy*""s z]) 
= opo|z,z,°*-,z| 


= o[2,2,°°+,z| = zf(z). 


Thus, since |z| = 1, we have gf(z) = zforallzeS’. Let A = {(z,z,-+,z)eC"*t!—0} 
and define H:A x I> C"t! — 0 by 


(A — 2t)z + 2t, z,---,z) fOct 
(1,(2 — 2t)z,+++,(2 — 2t)z) if 4 Sts 


IA 


4 
A(z, Z,°7+,Z),t) = 
1. 
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Then H is a homotopy between the inclusion map of A in C"** — 0 and a constant 
map. Observe that f(S') < A and define G:S'xI-—S' by G(z,t) = gH(f(z), 0). 
Then G(z,0) = gf(z) = z while G(z,1) = g(,0,---,0), so that G would be a con- 
traction of S‘. But this is impossible. 

J. (Jordan Curve Theorem) If S is a subset of R? homeomorphic to the circle, 
then R? — S has precisely two components. 


An elementary proof can be found in [2, p. 362]. 


3. Generalizations. It is possible to continue the program of this paper and prove 
the noncontractibility of all n-spheres S” without explicitly using algebraic topology. 
For example, there are proofs, based on the theory of the ‘‘degree modulo two’’ of a 
map of spheres, in [6, pp. 37-40] and [8, pp. 20-25]. Another alternative is to begin 
either with the combinatorial proof of the Brouwer Fixed Point Theorem in n- 
dimensions based on Sperner’s Lemma ([{1, pp. 155-169] or [11]), with Tucker’s 
proof [12] of Brouwer’s Theorem, or with Milnor’s proof [8, p. 24] of the same 
theorem. Then the Brouwer theorem obviously implies that there is no retraction of 
D" onto S"~* (compare Theorem D of Section 2). Suppose that S” were contractible 
and let H : S" x I S" be a map where H(x,0) = x9 and H(x, 1) = x, for all x eS”. 
Define g : D” > S” x I by letting g(x) = (x/|x|, |x|) if x is not the origin and sending 
the origin to (x9,0). Then g is not continuous, but Hg is continuous —in fact, Hg is 
a retraction of D" onto S"~'. We conclude that S” is not contractible. 

Assuming that S” is not contractible, the statements and proofs of Theorems 
A, B,C, D,F and H of Section 2 generalize to arbitrary dimensions with only trivial 
changes. Theorem E generalizes to linked n-spheres in R*"*'; with obvious modifica- 
tions of the proof. There is a form of the Fundamental Theorem of Algebra (Theorem 
G) for polynomials with quaternion coefficients or with Cayley number coefficients, 
but its proof requires some algebraic topology [3, p. 308]. Theorem I is essentially 
the fact that the Hopf fibering of S° over S* and, more generally, the fibre bundle 
S*"*? over CP", admits no cross-section. Assuming S*? noncontractible, the same 
proof will show that the fibre bundle S4"*+* over quaternionic projective n-space, in 
particular the Hopf fibering of S’ over S*, has the same property (see [10, pp. 
106-108]). Theorem J extends to all dimensions (the Jordan-Brouwer Separa- 
tion Theorem [9, p. 198]), but I know of no elementary proof. However, the geo- 
metric proof of a weaker statement—that if S © R* is homeomorphic to S' 
then R* — S is disconnected —does generalize [2, p. 358]. 


Supported in part by National Science Foundation Grant GP-29639. 
The author thanks the editor (H.F.) and the referee for their help in the preparation of this paper. 
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THE SECOND U.S.A. MATHEMATICAL OLYMPIAD 
S. GREITZER 


The U.S.A. Mathematical Olympiad is a new venture, whose purpose is to 
attempt to discover secondary school students with superior mathematical talent — 
who possess creativity and inventiveness as well as computational skills. Participation 
is limited to about 100 students selected mainly from the Honor Roll of the Annual 
High School Mathematics Examination, plus a few recommended students from 
those states which sponsor their own High School mathematics competitions. The 
Olympiad consists of five essay-type problems, requiring mathematical power on 
the part of the participants. 


1. Introduction. In 1973, 123 invitations were sent out, and 107 completed 
acceptances were received. (An acceptance is ‘‘complete’’ when the student agrees 
to participate and the school agrees to administer the test.) The Second U.S.A. 
Mathematical Olympiad took place on May 1, 1973. It is reproduced below. 


SECOND U.S.A. MATHEMATICAL OLYMPIAD — MAY 1, 1973 


1. Two points, P and Q, lie in the interior of a regular tetrahedron ABCD. Prove 
that angle PAQ < 60°. 
2. Let {X,} and {Y,} denote two sequences of integers defined as follows: 


Xo = 1, XxX; = I, Xn+i = X_,t+2Xy-14 (n = 1, 2, 3,-++), 
Yo = 1, Y, = 7, Yn+1 = 2Y, + 3Y,-1 (n = 1,2, 3,---). 
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Thus, the first few terms of the two sequences are: 
X:1,1,3,5, 11, 21,-:- 
Y: 1,7, 17,55, 161, 487, --- 


Prove that, except for ‘‘1’’, there is no term which occurs in both sequences. 

3. Three distinct vertices are chosen at random from the vertices of a given 
regular polygon of (2n + 1) sides. If all such choices are equally likely, what is the 
probability that the center of the given polygon lies in the interior of the triangle 
determined by the three chosen random points? 

4. Determine all the roots, real or complex, of the system of simultaneous 
equations 


X +yY +2 


3 
x24 y2 47? = 3 
3 


5. Show that the cube roots of three distinct prime numbers cannot be three terms 
(not necessarily consecutive) of an arithmetic progression. 

(Solutions to the problems will appear in a forthcoming issue of the MATHEMA- 
TICS TEACHER.) 


2. Analysis: All papers were returned by May 8, graded on May 11, and the 
top 25 papers regraded. Final results were mailed to the participating schools on 
May 25. These results are tabulated below: 


H.S. EXAM SCORES 


80— 85- 90- 95- 100- | 105-| 110-; 115- | 120~- 135- 
Olymp 84.75 89.75 || 94.75 | 99.75 | 104.75 | 109.75 | 114.75 | 119.75 | 124.75 | 139.75 


80-89 1 
70-79 
60-69 
50-59 1 
40-49 
30-39 
20-29 
10-19 
0-9 1 


CoMmWo fh eS 


The eight finalists selected to receive awards had scores indicated in the rectangle 
at the upper part of the table. 
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The correlation between scores on the Annual High School Mathematics 
Examination and the Second Olympiad is 0.433, much better than the 0.24 for the 
First Olympiad, but still too low to indicate a meaningful correlation. Again, since 
all eight finalists scored at the top, we may conclude that students rated superior on 
the Olympiad are superior on the High School Mathematics Examination, but that 
the converse is not necessarily true. 

In the hope that it will be found useful to teachers, a table of grades attained by 
participants on each problem is provided: 


PROBLEM NUMBER 


score 1 2 3 4 5 


21-25 6 3 

16-20 3 16 36 3 8 

11-15 13 7 3 1 2 
6-10 14 6 9 4 10 
1-5 38 5 35 84 46 
0 39 67 21 15 41 


(Note: A score above 20 indicates extra credit for ingenuity.) 


As was done last year, the eight top scorers were elected finalists, to receive 
awards at ceremonies to be held in Washington, D.C. Through the generous support 
of International Business Machines, Inc., these students were assembled in Washing- 
ton on June 26. In three days of activities, they toured the city, visited the Smithsonian 
Institution and the National Bureau of Standards, and received their awards at the 
National Academy of Sciences. At this reception, each finalist received an HP-35 
calculator as a gift from the Hewlett-Packard Company, an engraved sterling 
silver tray, a set of books and a $100 bond from I.B.M. 

The principal speaker at the reception was Dr. Saunders Mac Lane, past president 
of the MAA, present president of the AMS and vice-president elect of the National 
Academy of Sciences. The reception was followed by a dinner in honor of the finalists 
at the Academy. 

In a report of its activities to the Mathematical Association of America, the 
Olympiad Committee acknowledged with thanks the support and help provided 
by these organizations which made the award ceremonies so successful, and also 
acknowledged the efforts of the committee which graded the papers: Michael Aissen, 
John Bender, Richard Bumby, Philip Guza, L. M. Kelly, Sol Leader, B. Muckenhoupt, 
and H. Zimmerberg. Finally, our thanks for the cooperation of the members of the 
High School Contest Committee and the regional directors whose assistance made 
the Second Olympiad run so smoothly. 
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The list of finalists is presented below: 


1 Sheldon Katz Brooklyn Technical H.S. Brooklyn, N.Y. 

2 Eric S. Lander Stuyvesant High School Manhattan, N.Y. 

3 Gerhard Arenstorf Peabody Demonstration School Nashville, Tenn. 

4 Martin D. Hirsch Grant High School Van Nuys, Calif. 

5 David J. Anick Ranney School New Shrewsbury, N.J. 
6 Ernest S. Davis Classical High School Providence, R.I. 

6 Bruce E. Hajek Willowbrook H.S. Villa Park, Ill. 

7 Karl C. Rubin Woodrow Wilson H.S. Washington, D.C. 


As the numbers indicate, there was a tie for sixth place. 

The Third U.S.A. Mathematical Olympiad will take place on Tuesday, May 7, 
1974. The Olympiad Committee Consists of the following members: Samuel L. 
Greitzer (chairman), Alfred Kalfus, Murray S. Klamkin, P. A. Paige, C. C. Rousseau, 


Nura D. Turner. 


DEPARTMENT OF MATHEMATICS, RUTGERS —— THE STATE UNIVERSITY, NEWARK, N. J. 07102. 


QUERIES 
EDITED BY A. C. ZITRONENBAUM 


This Department welcomes queries from readers about mathematics at the collegiate level, such as 
sources for exposition of a particular topic froma special point of view, references to vaguely remembered 
articles, descriptions of special kinds of courses or teaching methods, methods for constructing illustrative 
examples for exercises of particular kinds (questions on research topics should, in general, be addressed 
to the “‘Queries Department” of the American Mathematical Society). Replies will be forwarded to 
the questioner and may also be edited into a composite answer for publication in this Department. 
Consequently all items submitted for consideration for possible publication should include the name and 
complete mailing address of the person who is to receive the reply. Queries and answers should be sent 
to A. C. Zitronenbaum, Department of Mathematics, Cornell University, Ithaca, N. Y. 14850. 

5. R. P. Boas, Jr. In discussing the applications of Stokes’ theorem it is important 
to know that a two-sided surface can be spanned into any given simple closed curve 
in 3-space (even if it is knotted). Does anybody know of a proof of this fact (due, I 
believe, to van Kampen) that is accessible at the sophomore calculus level? (For a 
picttire in the simplest knotted case, see Steinhaus, Mathematical Snapshots, 1950 


ed. p. 233, 1960 ed. p. 295.) 


6. P. Mielke. I would like to learn results of any controlled experiments that 
studied whether there was any measurable difference when introductory calculus was 
taught in the lecture-quiz manner rather than in the traditional small-class manner. 


MATHEMATICAL NOTES 


EDITED BY DAVID ROSELLE 


Material for this Department should be sent to David Roselle, Department of Mathematics, 
Louisiana State University, Baton Rouge, LA 708038. 


ON THE NUMBER OF TIMES AN INTEGER OCCURS 
AS A BINOMIAL COEFFICIENT 


H. L. Aspott, P. Erpds, AND D. HANSON 


Let N(t) denote the number of times the integer t > 1 occurs as a binomial co- 
; ; , ; n\.. 
efficient; that is, N(t) is the number of solutions of t = (* in integers n and r. 


We have N(2) = 1, N(3) = N(4) = N(5) = 2, N(6) = 3, etc. In a recent note in the 
research problems section of the MONTHLY, D. Singmaster [1] proved that 


(1) N(t) = O(log?). 


He conjectured that N(t) = O(1) but pointed out that this conjecture, if it is in fact 
true, is perhaps very deep.In [1] and [5], Singmaster points out that N(t) = 6 for 
the following values of t < 2*°; t = 120, 210, 1540, 7140, 11628 and 24310. It has 
been shown by Singmaster [5] and D. Lind [6] that N(t) = 6 infinitely often. Sing- 
master has verified that the only value of t < 2*° for which N(t) = 8 is t = 3003, 
for which N(t) = 8. 

In this note we obtain some additional information about the behavior of N(t). 
In Theorem 1 we prove that the average and normal order of N(t) is 2; in fact, we 
prove somewhat more than this, namely, the number of integers t, 1 <t < x, for 
which N(t) > 2 is O(,/x). (See [4] p. 263 and p. 356, for the definitions of average 
and normal order.) In Theorem 2 we give an upper bound for N(t) in terms of the 
number of distinct prime factors of t. Our main result is Theorem 3, in which we 
show that (1) can be improved to N(t) = O(log t/loglogt). Finally, in Theorem 4, 
we consider the related problem of determining the number of representations of an 
integer as a product of consecutive integers. 


THEOREM 1. The average and normal order of N(t) = 2. 


Proof. For integral x, let n be defined by Cra <x (7) so that n=O(log x). 
We have 
» N(t)= 2 » I1- xu 1 
i<tgs i<(M) sx 1<(7A) ss 
2rsm 
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2| Sit EY 14 F | - ri 
1<(1")<x 1<(3) Sx 1<(™)sx 1<(4*)s« 
(2) 3<rsm/2 


= 2x +2./2x*? + O(x'/?n) 
2x + 2./2x'/? + O(x*logx). 


It follows that the average order of N(t) is 2. 
Let f(x) be the number of integers t, 1 <t S$ x, such that M(t) = 2 and g(x) the 
number such that N(t) > 2, so that f(x) + g(x) = x — 2. We have 


x= Nt) = 2f(x) + 3g(x) +1 


1<tsx 
2(x — 2 — g(x)) + 3g(x) + 1 
2x + 2g(x) — 3. 


(3) 


It follows from (2) and (3) that g(x) = O(x'/*) and this implies that the normal 
order of N(t) is 2. 


THEOREM 2. Let w(t) denote the number of distinct prime factors of the integer 
t>1. For all t satisfying w(t) < logt/loglogt we have 


(4) N(t) < ions ining? 

Proof. The theorem can be verified directly for t < 20. In what follows we 
therefore assume t 2 21. Let k = k(t) be the largest integer for which t = @ for 
some n = 2k. Then clearly 


(5) N(t) < 2k. 


By an easy induction argument we have, for k 2 4, t = (()2( >e*. Since 


we are assuming t => 21 > e”, the inequality t = e“ holds for all k = 1. Equivalently, 
(6) k S logt and logk < loglogt. 


Let P* be the highest power of the prime P which divides t. Then, according to the 
well‘known theorem of Legendre, 


"Ell Ft] - (2 


Each term in the sum on the right is either 0 or 1. The number of non-zero terms is 
therefore « and we must have 
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(7) P* <n. 

n , . [n n\* , 
From tf -( ‘) and the inequality ( ‘| > ( 4 , we obtain 
(8) n < kt*/* 


and from (7) and (8) it follows that 

t= TEP* < nO < KrOpvork, 
If we take logarithms and substitute from the second inequality in (6) we get, after 
some manipulations, 


w(t) log t 


em a a et ee 


— logt — w(t)loglogt ’ 


and this, together with (5), yields (4). This completes the proof of Theorem 2. 
We come now to our main result. 
THEOREM 3. N(t) = O(log t/log log t). 


Proof. We shall need to make use of the following deep result of A. E. Ingham [2] 
on the distribution of the primes: If « = 5/8, there is a prime between x and x + x” 
for all sufficiently large x. 


For a given integer t, let S = {n:t = (;.) for some k < n/2}. WriteS = S, US, 
where S, = {n:neS,n>(logt)*’} and S, = {n: neS.n < (logt)*’"}. We first 


n 


estimate the size of S,. Let neS, and let t = (; 


). We have at our disposal the 


following inequalities: 


k 
° = ()2(0 
(10) t > e* (see the proof of Theorem 2) 
(11) n > (logt)®’”. 
Thus 
logt c logt c logt 


= logn/k = log(n/logt) — log(logt)"/5 


_, logt ) 
loglogt 


where we have used, successively, (9), (10) and (11). It follows that 


|S, | = O(log t/log log t). 
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Next we must estimate the size of S,. Let N be the largest number in S, and let 


t= (x. . We have the inequalities 


N < (logt)* and t < N* 
from which we get N < (KlogN)°’°. This in turn implies, for N sufficiently large, 
N< K85 < K8l5 +K, 
and it is easy to see that this last inequality implies 
(N —K)+(N—K)PSN. 


We are now ina position to apply the theorem of Ingham. By this theorem, there is a 
largest prime P satisfying K < N—K<P<X<N. It follows that P divides ¢ and 
hence that n 2 P for allneS,. Hence all of the numbers in S, lie between P 
and N. The number of numbers in S, is thus 


|S.) $N-P SP? <N* < (logt) */* = O(logt/loglog), 


where, in obtaining the second inequality, we again appeal to Ingham’s result. This 
completes the proof of Theorem 3. 

We remark that if one makes use of the unproved conjecture of Crameér [3] 
asserting that there is a prime between x and x + (logx)? for all sufficiently large x, 
then our argument gives N(t) = O((logt)’/***). The proof is basically the same 
as before, except that one puts S, = {n:neS, logn > (log t)'/-°}. We omit the 
rather laborious details of the argument. 

We conclude with a brief discussion of a somewhat related problem. Let G(t) 
denote the number of representations of the positive integer t as a product of con- 
secutive integers; that is, G(t) is the number of solutions of t = (n+ 1)(n + 2)::: 
(n + 1) in integers n and I. For any such solution we have t = /! and consequently 
we get G(t) = O(log t/loglogt). For this problem, however, we can get a substan- 
tially stronger result. 


THEOREM 4. G(t) = O(./ log ?). 


Proof. Let S = {l:t =(n+1)(n+2)---(n+ J) for some n}. Let Lo be the 
largest number in S and let 


S, = {l: le S,Lo — C(logt)'” <1 < Ly} and S, = {Il:leS,1 < Ly — C(logt)*”’}. 
C is a constant. It is clear that |S, | < C(logt)'’”. It remains to estimate the size 


of | S, . Let 2* be the highest power of 2 which divides t. Then, for some constant C,, 


(12) a> = > Ly — C, logLy. 


j=1 
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Let L be the largest number in S, and let t = (N+1)(N + 2):--(N +L). Let 
2° be the highest power of 2 which divides one of (N + 1),(N + 2),---,(N + L), say 
N +k. Then 


© TL—k © Tk—-1 
aa rare oe] +2 Par} 


In fact (13) follows from the observation that the first sum on the right is the exponent 
to which 2 divides the product (N +k +1)(N +k +4+2)---(N + L), while the second 
sum is the exponent to which 2 divides the product (N + 1)(N + 2)---(N +k — 1). 
It follows from (13) that 


“ PL 
(14) «B+ ¥ |] s p+. 
j=1 
Thus, 
B2a-L 
> (Ly — C, log Lo) — (Lo — C(logt)*’”) 
(15) > C(logt)'/* — C, log Lo 
> C,(logt)*”, 


where we have used (14), (12), the definition of S, and the estimate Ly = O(log ?). 
We need two further inequalities; the first of which is obvious. These are 


(16) (N+1)"St 
and, for t sufficiently large, 
(17) N+12 29% 


To obtain (17) we simply have to notice that N+ L > N+k => 2°, so that N + 1 
> 2° — (L — 1) and (17) now follows from (15) and the fact that L = O(log). 

It now follows from (15), (16) and (17) that L < C; (logt)'/?, where C; is a 
positive constant depending on C,, and hence on C. This completes the proof of 
Theorem 4. 

We remark that by choosing C = (1 +8)(log2)~'/?, our argument yields 
G(t) < (2 + «)(logt/log2)'’* for every ¢ > 0, provided t = to(e). 
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SOME PROPERTIES OF AUTOMORPHISMS 
WITH AN APPLICATION TO MATRICES 


R. HrrRsSHON 


In this note we use an elementary property of group automorphisms to show 
the following: 


THEOREM 1. If A is a square matrix with integer entries and determinant 1 
or —1, then given any positive integer k there exists an integer n = f(k) such 
that each entry of A” which is not on the main diagonal is divisible by k. 


THEOREM 2. Let C be a periodic finitely generated group whose automorphism 
group is periodic. If C is a subgroup of finite index of the group B, then the auto- 
morphism group of B is periodic. 


Before proceeding with the proof of the above, note the following: 

(1) Let G be a group and « an automorphism of G. Let E be a subgroup of G 
such that the groups Ex”, w = 0,1,2,--- are finite in number. Then there exists 
a positive integer j with Ea’ = E. For we may choose positive integers i and k 
with i< k and Eo’ = Ex“. Since « is an automorphism this implies Ea*“~' = E. 

(2) If X,,X. ,X3,---,X, are free generators of a free abelian group F and if 
A = [a,,;] is a square matrix of order r with integer entries and determinant 1 or 
—1, the mapping 


X;- & a; ,X ; 5 i=1,2,--,r, 
j=l 
induces an automorphism A, of F. 

For the proof of Theorem 1, suppose that A is of order r. In the notation of 
the above remark, let F; be the unique subgroup of index k in F which contains 
the generators X,; with j # i. Since there are only finitely many subgroups of a 
given index in a finitely generated group, ([1], volume 2, p. 56) the subgroups 
F,Ai.,j = 0,1,2,--- are finite in number. Choose a positive integer n; with F;A,"' = F;. 
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Then if n is the product of the n;, F,A,, = F, for alli. This implies that A" has the 
desired property. 

For the proof of Theorem 2, let « be an automorphism of B. Choose j > 0 with 
Ca! = C. Choose k > 0 such that y = «is the identity on C. Choose a normal 
subgroup N of B with N <C and [B: N] finite. Hence y induces an automorphism 
y, on B/N and if y4 = { then by* = bmodN for all b in B. But if by’ = bn, ne N 
and if n has order c, this implies by“ = b. Since B is finitely generated we may 
find a suitable power of y, y’, which fixes each generator of B. Hence a = 1. 

In relation to the automorphism group of torsion free groups we have 


THEOREM 3. Let B be a finitely generated group such that every element of 
B has at most one jth root for all positive integers j. Then if B has a subgroup 
of finite index whose automorphism group is periodic, the automorphism group 
of B is periodic. 


Proof. Let C be a subgroup of finite index in B such that the automorphism 
group of C is periodic. Let « be an automorphism of B. Choose a positive integer r 
with Ca’ = C. Hence «induces an automorphism of C and hence some power 
of a", say «”, induces the identity automorphism on C. If X €B choose a positive 
integer s with X*eC. Hence if Xa” = X,, X* = X} from which we conclude 
X = X,. 

Groups whose elements have at most one jth root for any j are discussed in [1], 
volume 2, p. 242. 
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GENERALIZED PYTHAGOREAN THEOREM 


D. R. CONANT AND W. A. BEYER 


A partial survey of the literature reveals surprisingly few generalizations of the 
Pythagorean theorem. Pappus (A.D. 300) generalized it to allow arbitrary parallelo- 
grams on the legs of the right triangle. The law of cosines is certainly a generaliza- 
tion. J. Faulhaber (1622; see [1]) extended the law of cosines to a relation between 
face areas of a tetrahedron. Martin Gardner [2] mentions a generalization of the 
Pythagorean theorem in which arbitrary figures are allowed on the sides of a right 
triangle provided the figures are similar and have corresponding sides on the triangle. 
In this case the area of the figure on the hypotenuse equals the sum of the areas 
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of the other two figures. We have not seen the paper by Wirszup [3]. One could also 
consider generalizations to other polygons. In this note the Pythagorean theorem 
is generalized to Lebesgue measurable sets in m (Sn)-dimensional flats in n-di- 
mensional Euclidean space R". An extension to n-dimensional complex complete 
inner product vector space C” is indicated, the result being different from that for R*". 

Let {a;}1<i<m, Where m S n, bea set in R". Let A be the matrix whose columns 
are the coordinates of a,,--:,a,, With respect to an orthonormal basis X . The volume 
V,, of the parallelepiped spanned by {a;} is given by ,/(det A*A) , (Birkhoff and 
MacLane [4]). 


DEFINITION |. A coordinate subspace with respect to a basis X of R” is a subspace 
for which a subset of YX is a basis. 


DEFINITION 2. An m-dimensional flat in R" is a translate of an m-dimensional 
subspace of R" 


A fine-mesh sequential covering class of open parallelepipeds with measure V,, 
in an m-dimensional flat (Munroe [5, p. 60]) defines m-dimensional Lebesgue 


measure L,,. 


THEOREM. The square of the u,,-measure of a measurable set S in an m-di- 
mensional flat in R" is the sum of the squares of the p,,-measures of the (;,) ortho- 
gonal projections of S on all the m-dimensional coordinate subspaces of R" with 
respect to an orthonormal basis X. 


Proof. One has 


(1) det A'A = & det AjAy 
H 


by the Cauchy-Binet Theorem (Muir [6] or Bourbaki [7]) where H is a subset of 
m elements of the integers [1,2] and Ay is the m x m minor of A obtained by taking 
the rows of A with indices from H. The variable H runs over the (",) sets of m ele- 
ments of [1,n]. 

Since the orthogonal projection of a parallelepiped in R" is a parallelepiped, the 
determinants det A},Ay in (1) are the squares of the measures of the projections 
of the parallelepiped spanned by {a,} onto the m-dimensional coordinate subspaces 
of R” with respect to X. Thus the theorem is proved when S is a parallelepiped. 

‘Suppose S is a countable (possibly finite) union of disjoint open parallelepipeds 
{P; with u,,(P;)>0. Put c; = p,(P;) and b/= u,(T/P;) where T/P, is the pro- 
jection of P; on the jth m-dimensional coordinate subspace. Observe that 
bi/b] = c,/c, for every j. Making use of this, one has the following calculation where 
in the finite case the infinite sums are replaced by appropriate finite sums. (The 
symbol %,.; is an abbreviation for U2, ))2,41-) 
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Thus the theorem holds for S, a countable union of disjoint open parallelepipeds, 

and therefore for open sets. 

Let Q be a fixed m-dimensional flat in R". For each y,,-measurable set S in Q, 
define (v(S))* to be the sum of the squares of the y,, measures of the (;,) orthogo- 
nal projections of S on all the m-dimensional coordinate subspaces of R" with respect 
to X. If Y is an m-dimensional coordinate subspace and P is an orthogonal pro- 
jection onto Y, then P: Q > Ys either a homeomorphism, and hence carries u,,- 
measurable sets to y,,-measurable sets, or P(Q) is of u,,-measure zero; thus v is well 
defined. It is easily seen that v is a countably subadditive monotone set function. 
By the argument in the last paragraph, v(U) = u,(U) for all open sets U. Thus 
for y,,-measurable E, 


WE) S infu,(U) = Un(E) , 


the inf being over all open U containing E. Now given e>0, choose U with 
Um(U ~ E)<e. See Munroe [5, p. 65]. Then by subadditivity, 


UE) S UCU) = WU) S WE) + (WU ~E) S WE) + by(U ~E) S WE) + €. 


Hence WE) = u,,(E). 

If R" is replaced by the complex space C” and y,, is replaced by u© (in the formula 
for V,,, A‘A is replaced by A'A), the statement and proof of the theorem hold pro- 
vided( )‘( ) isreplaced by( )‘(—). However, the formula for the measure is anomalous 
since, for instance, if n = m = 2 and a, = (1,0), a, = (i,0), then V, = 0. The 
anomaly results because C! is usually treated as R? in measure theory. 


Work supported by the U.S. Atomic Energy Commission. 
THe authors are grateful to the referee for improvements in their paper and to Martin Gardner 


for references. 
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RESEARCH PROBLEMS 
EDITED BY RICHARD GUY 


In this Department the Monthly presents easily stated research problems dealing with notions 
ordinarily encountered in undergraduate mathematics. Each problem should be accompanied by 
relevant references (if any are known to the author) and by a brief description of known partial 
results. Manuscripts should be sent to Richard Guy, Department of Mathematics, Statistics, and 
Computing Science, The University of Calgary, Calgary 44, Alberta, Canada, T2N 1N4. 


SOME PROBLEMS FOR CONVEX SETS 
HARALD BERGSTROM 


For an application in probability theory I had reason to consider the following 
problem: Let A be a bounded closed convex set in R* (real k-dimensional Euclidean 
space) and suppose that A has interior points. Given @ = 0, divide the complement 
A‘ of A into k + 1 disjoint sets B.,0 < r < k, such that 


(1) B, + Bq, B,, Osresk, 


for 6B > 0 and for any direction q, which forms at most the angle ¢ with some fixed 
direction q‘° for each B.. It is clear that this is possible when ¢ = 0; indeed, the 
partitioning of A‘ into two sets B, is then possible. But when ¢ > 0 several problems 
arise, some of which are open and non-trivial even for k = 2. 


Problem 1. Given A, does there exist an angle ¢ ( > 0), depending on A and k, 
such that a subdivision A° = U*t_, B,, satysfying (1), is possible? 


Problem 2. Does there exist an angle ¢ ( > 0), depending only on k, and solving 
problem | (for all A)? 
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Problem 3. If the answer to problem 2 is affirmative, what is the largest such @? 
For k = 2, the maximum such ¢ is 2/6. 


Problem 4. Given ¢,) = 0, what can be said about the class [(@,)) of convex 
sets satisfying (1) with ¢ = ¢o? 


One possible way of dividing A‘°.into subsets is to inscribe a simplex S in A. 
The rays from the centroid of S to the inner points of a facet determine a cone and 
so R* is divided into k + 1 cones. The boundaries of the cones may be joined to the 
various cones so that R* is partitioned into k + 1 disjoint cones. The intersections 
of A° with these cones form a partition of A‘ into disjoint sets. A more appropriate 
partition of A°, however, seems to be the following. 

Let S be a regular simplex in R* and p,,0 <j < k, the vectors from its centroid 
to its vertices, 1.€., 


k 
j=0 
Without loss of generality we may assume | p;| = 1, so that 
1 
(3) Pj Pr = ~ (j #1). 


All directions in R“ can be divided into k + 1 disjoint sets 
k 
C, = [P| p = Lap; a >0 (j<r),«,20 G>nr), « = 0). 
j=0 


Corresponding to the classes C, the set A‘° is divided into k + 1 disjoint sets B, in the 
following way: any point xe A° has a shortest distance to A and this distance is 
equal to the distance between x and a uniquely determined point y,¢A. If the 
direction x — y, belongs to C, we say that xe B,. Take qS°? = — p, in (1). We shall 
show that a translation x > x + Bq, B > 0, cannot move a point xe B, into A if q 
forms an angle with — p, at most ¢, where 


(4) sing = I/k. 


It is sufficient to show that this translation cannot bring x¢ A MB. into A° where 
B. is the closure of B, and A?® is the interior of A. But if x is a point on the boundary 
of A OB, there is a hyperplane of support at x to A and this hyperplane has a direc- 
tion p belonging to C, where p = La,p,, x; = 0, «, = 0. Let g form an angle y with 
gq” so that angle (q, 4°) = x S # = arcsin1/k. Since angle (p,,q6”) = arccos 1/k 
= n/2—o (j Ar) we have angle (q,p;) Sx+7/2—¢ S n/2, ie., q+ p; 2 9. 
Hence q:‘ p= Xo; (q° p;) 20 and the translation x->x+ Bq cannot bring 
xe ANB. into A®. 


There remains the problem: whether a point of B. (or B.) could move into B, 
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for some s # r. Unfortunately this is possible in general; can it be avoided for some 
orientation of S? It is natural to consider the class ’ = I'(arcsin1/k) of all convex 
sets for which the answer is yes. 


Problem 5. How large is I’? Does it contain all convex sets? (It does for k = 2.) 
Eggleston conjectures that this is not true for any larger k. In my application I have 
only to consider arbitrary closed convex polyhedra and I believed that I had proved 
that I’ contained these, but my proof was incomplete. 


Problem 6. Does I’ contain all closed convex polyhedra? 

The referee observes that the problem is equivalent to the following ‘‘illumination 
problem’’: Is it possible to subdivide the boundary of A into k +1 parts Ao,-:-, A, 
and find directions gq‘, ---,q,”? such that all points of A; be illuminated by all rays 
that make an angle at most ¢ with qg$? Here a point x is said to be illuminated 
by aray of direction q if, for all « > 0, we have x — ag ¢int A. In this formulation the 
problems discussed here become related to the illumination problems by Bolt- 
yanskii [1] and others, which correspond to ¢ = 0 and the stricter requirement 
x —aq€A for all a> 0. 


I thank H. G. Eggleston, J. Schaer and the referee for considerable help with the preparation 
of this paper. 
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A PROBLEM CONCERNING WEAKLY COMPLETELY 
CONTINUOUS A*-ALGEBRAS 


B. D. MALVIYA 


All algebras under consideration are over the field of complex numbers. We 
follow the notations and terminology of Rickart’s book [6]. Recall that a bounded 
linear operator T from a Banach space X into a Banach space Y is called weakly 
completely continuous (weakly compact) if it maps bounded sets of X into weakly 
sequentially compact sets of Y. A Banach algebra A is said to be weakly completely 
continuous if its left and right regular representations consist of weakly completely 
continuous operators; see [6, p. 284]. It is well known that the set of all weakly 
completely continuous elements of BCX), the algebra of bounded operators on a 
Banach space X, form a closed two-sided ideal in the uniform operator topology 
of B(X). (See Dunford and Schwartz [2], p. 484, Corollary 6.) 
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Following Yood [8] (see also Barnes [1]) we say that an algebra A is a modular 
annihilator algebra if 

(1) R(M) = {xe A: Mx = (0)} 4 0 and R(A) = 0, 

(2) L(N) = {xe A: xN = (0)} #0 and L(A) = 0, 
for every maximal modular left ideal M and every maximal modular right ideal N 
of A. 

The properties of weakly completely continuous B*- and A*-algebras have been 
studied extensively by Yoshinga and Ogasawara | 4]. Before posing the actual problem 
we shall prove the following: 


PROPOSITION: A modular annihilator B*-algebra is weakly completely con- 
tinuous. 


Proof. In view of [8, p. 42, Theorem 4.1] A is a dual B*-algebra. A result of 
Kaplansky [3, p. 221, Lemma 2.3] gives us that the dual B*-algebra A is the B*(co)- 
sum (see [3], p. 221 for the definition of B*(co)-sum) of C*-algebras, each of which 
consists of the algebra of completely continuous operators on a Hilbert space. 
The conclusion of our proposition then follows from [4, p. 21, Theorem 6]. 

Recently Tomiuk and Wong [7, Theorem 6.1, p. 56] proved that an annihilator 
A*-algebra is weakly completely continuous. Incidently, this theorem was also 
proved by Olubummo [5, Theorem 2.1, p. 906] using very simple techniques of 
Banach algebras. 

We now state the 


PROBLEM: Is a modular annihilator A*-algebra weakly completely continuous? 
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CLASSROOM NOTES 


EDITED BY DAVID ROSELLE 


Material for this Department should be sent to David Roselle, Department of Mathematics, 
Louisiana State University, Baton Rouge, LA 70803. 


SOME COROLLARIES TO AN INTEGRAL INEQUALITY 


C. H. KIMBERLING 


Exercise 9-14 1n Apostol’s Mathematical Analysis includes the following theorem. 
Suppose functions f, g and fg are Riemann-Stieltjes integrable with respect to a 
nondecreasing bounded integrator a, over a closed (possibly unbounded) interval 
[a,b]. Then 


| [7 (x)da(s) [ aeodas| < [a(b) — a(a)] | : f (x)g(x) da(x) 


if both f and g are nondecreasing (or both nonincreasing) on [a,b]. The reverse 
inequality holds if f is nondecreasing and g nonincreasing on [a,b]. 

Recently there appeared in Mathematics Magazine an application of this theorem 
to probability theory. It was shown that ‘‘covariance can be interpreted as a measure 
of the joint variation of two random variables in the same or opposite directions.” 

The theorem has another application with connections in probability theory. 
First, a function f is defined to be completely monotone from [0, 0) into (0, 1] 
if it is continuous on [0, 00) and has alternating derivatives there: (—1)"f = 0 
for n = 0,1,---. For such f, we have f(x + y) = f(x)f(y) for all nonnegative x 
and y. A proof is given in [3]. 

The theorem easily provides a sum inequality: Supposen 2 1.1fO0Sa,8- Sa, 
and0 <b, S +» Sb, and dic, <1, where c;>0 for 1 <i <n, then 


(Lia;c;) (ub;c;) S La;b,c, (all sums from 1 to n). 


If the ordering of the b,’s is reversed, then so is the inequality. 

An easy consequence of this sum inequality follows. If p(x) is a polynomial 
having only nonnegative coefficients, then for nonnegative x and y, p(x)p(y) S 
p(\)p(xy) if x and y are both less than 1 or both greater than 1, and the inequality 
is reversed otherwise. 

This argument extends to certain power series. For example, from 


27*(27* _ 


1 _ 
| Ba |= * (OS x<n/2), 


[e,6) 

tanx = 2% 

k=1 

where the B,,’s denote Bernoulli numbers, we obtain tanxtany < tanitanxy 
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whenever OS x S$ 1 andOSyS1,or1Sx<n/2 and 1S y<7/2, and the 
inequality is reversed in the remaining cases. Similar inequalities hold for sinh x 
and coshx. Another example is this: 2sin~‘!x sin~'y < sin~‘xy whenever 
OsxSlilandOsySl. 
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INFINITE RINGS WITH ALL PROPER SUBRINGS FINITE 
THOMAS J. LAFFEY 


Let p be a prime number. We denote by C(p") the cyclic group of order p” and by 
C(p®) the union U*_,C(p"). Then C(p”), which is called the p-quasicyclic group, is 
an example of an infinite abelian group all of whose proper subgroups are finite. 
It is easy to show that if G is an infinite abelian group all of whose proper subgroups 
are finite, then G is isomorphic to C(p”) for some prime p. The question of the 
existence of a nonabelian infinite group all of whose proper subgroups are finite is 
called Schmidt’s Problem and appears to be still open. We make C(p%) into a ring, 
which we again denote by C(p”), by writing it additively and defining all products 
to be zero. The ring C(p%) is an example of an infinite ring all of whose proper 
subrings are finite. 

Again, given primes p, q, we consider the union 


Gyq = U GF (p") 


of the finite fields GF (p*"). Now G,,, is an infinite field all of whose proper subfields 
are of the form GF (p™) for some n = 0. Also all nonzero subrings of G, , are subfields. 
Thus G,,, is another example of an infinite ring all of whose proper subrings are 
finite. 

In this paper we prove the following results. 


THEOREM 1. Let R be an infinite ring all of whose proper subrings are finite. 
Then either 
(i) R* = {0} and R = C(p®) for some prime p, 


or 


(ii) R = G,, for some primes p, q. 
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THEOREM 2. If R is a ring withA.C.C. and D.C.C. on subrings, then R is finite. 


Theorem 2 has been proved in a different way by T. Szele [4] and by several other 
authors. 


Proofs of the results. We first show that Theorem 2 is a consequence of Theorem 1. 

Assume that Theorem 2 is false and let R be a counterexample. Let K be the set 
of infinite subrings of R. Then K is nonempty, since R itself is an element of K. By 
Zorn’s Lemma and the fact that R has D.C.C., K has a minimal element, S say, under 
inclusion. Now S is an infinite ring all of whose proper subrings are finite. By 
Theorem 1, S is either C(p”) or G,,,. Since C(p”) and G, , do not have the A.C.C. 
on subrings, we have a contradiction. 

We now prove Theorem 1. 

Let R be an infinite ring all of whose proper subrings are finite. If R? = {0}, 
then (R, +) is an infinite abelian group all of whose proper subgroups, being the 
proper subrings of R, are finite. Thus (R, +) = C(p”) for some prime p and the 
theorem follows. 

Assume now that R* 4 {0}. Let xe R with xR # {0}. If xR is finite, then 


{re R|xr = 0} 


is infinite and therefore equals R and thus xR = {0}, contrary to our choice of x. So 
xR is infinite and thus xR = R. Hence Rx 4 {0} and thus Rx = R. Hence R has an 
identity. Now if 04 yeR, then yR ¥ {0}, so yR = R = Ry and y has an inverse. 
Thus R is a division ring. 

We next show that R is commutative. This is obvious if R is generated by one 
element. Assume that each element of R generates a finite subring of R. If x eR, then 
there exists n(x) >1 such that x"“) = x. The commutativity of R now follows 
immediately from a result of Jacobson (Herstein [3], Theorem (7.D), page 324). 
Alternatively we may deduce the commutativity of R from Wedderburn’s Theorem 
(that all finite division rings are commutative) and some linear algebra as follows: 
Assume that R is not commutative and let x, ye R with xy # yx. Let F be the subring 
of R generated by x. Then F is a finite field and we may look on R as a (left) vector 
space over F. Let V be the F-subspace of R spanned by 


{y, yx, yx?, vee px, veh 

Since x!Fl = x, V is finite dimensional over F. Next the map t: V->V defined by 
t(v) = vx(ve V) is a linear transformation of V and t!*! = ¢. Thus all the eigenvalues 
of ¢ lie in F, and the minimal polynomial of t has no repeated roots. If x is the only 
eigenvalue of t, then #(v) = xv for all ve V and this contradicts the fact that t(y) # xy. 
Hence ¢ has an eigenvalue a #x and there exists a nonzero element ve V with 
t((v) = av. Now vxv-! = aeF and hence the subring generated by {v,x} is a 
noncommutative finite division ring, thus contradicting Wedderburn’s Theorem. 

We now know that R is a field. Since the field of rational numbers has proper 
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infinite subrings, R has characteristic p for some prime p. Thus R is an infinite 
dimensional extension of GF(p). Also each element x eR is algebraic over GF(p), 
since otherwise the subring generated by x would be a proper infinite subring of R. 


Let T= {n | n is a positive integer for which there exists an element 
xeéR such that x’"= x but x?" Ax forl<m<nt. 


Since R is an infinite dimensional algebraic extension of GF(p), T is infinite. Let q 
be a prime in T and let 


U = {neT|q does not divide n}. 


If U is infinite, then, since U contains the least common multiple of each pair of 
elements it contains, U contains an infinite sequence {d,,} such that for each n, d, is a 
proper divisor of d,,,. Hence R contains 


G&G 
Ro = U GF(p). 
n=1 
Since Ry is infinite, Rg = R. Let xeR be such that x? 4x but x?" = x. Now 
x € GF(p*") for some n and thus g divides d,, contrary to the definition of U. Hence U 
is finite. But now, since T is infinite, T contains gq” for all n = 1. Thus R contains 
G,,, and the result follows. 


Concluding Remarks. Theorem 1 above can be considered as a special case of 
the general problem of determining all rings, all of whose proper subrings have a 
particular property P. References [1] and [2] contain results on this problem and 
again the ring C(p“™) plays a role in the situations considered therein. 
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mathematics education, but I think we have made a significant start. Perhaps others 
may want to help. 


The research described inthis article was supported by National Science Foundation grant 
GW-6796. 
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PROBLEMS AND SOLUTIONS 


EDITED BY Emory P. STARKE 


ASSOCIATE EDITORS : JOSHUA BARLAZ, Eric S. LANGFORD. COLLABORATING EDITORS: LEONARD 
CARLITZ, GULBANK D, CHAKERIAN, HASKELL COHEN, S. ASHBY Foote, ISRAEL N. HERSTEIN, 
Murray S. KLAMKIN, DANIEL J. KLEITMAN, ROGER C. LYNDON, MARVIN MARCUS, CHRISTOPH 
NEUGEBAUER, ALBERT WILANSKY, AND UNIVERSITY OF MAINE PROBLEMS GROUP: EARL M. L. 
BEARD, GEORGE S. CUNNINGHAM, CLAYTON W. DODGE, OSKAR FEICHTINGER, WILLIAM R. 
GEIGER, RAMESH GUPTA, PHILIP M. LOCKE, JOHN C. MAIRHUBER, CURTISS. MorSE, GRATTAN 
P. MurPHy, EDWARD S. NORTHAM AND WILLIAM L. SOULE, JR. 


All problems (both elementary and advanced) proposed for inclusion in this Department should 
be sent to E. P. Starke, 1000 Kensington Ave., Plainfield, NJ 07060. Proposers of problems 
are urged to enclose any solutions or information that will assist the editors. Ordinarily, prob- 
lems in well-known textbooks and results in generally accessible sources are not appropriate 
for this Department. No solutions (except those accompanying proposals) should be sent to 
Professor Starke. 


ELEMENTARY PROBLEMS 


Solutions of Elementary Problems should be sent to Problems Group, Mathematics Department, 
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University of Maine, Orono, ME 04473. To facilitate their consideration, solutions of Elementary 
Problems in this issue should be typed (with double spacing) and should be mailed before June 


30, 1974, 


An asterisk (*) means neither the proposer nor the editors supplied a solution. 


E 2434 [1973, 943]. Correction. Instead of lim(pa, + qb,) read lim(pa, + qb,)” . 


E 2462. Proposed by Huseyin Demir, Middle East Technical University, Ankara, 
Turkey 

Let P be a point interior to the triangle A,A,A,. Denote by R; the distance 
from P to the vertex A;, and denote by r; the distance from P to the side a; opposite 
to A;. The Erddés-Mordell inequality asserts that 


R,+R,+R; 2 2r, +7, +13). 


Prove that the above inequality holds for every point P in the plane of A,A,A; 
when we make the interpretation R; = O always and r; is positive or negative depend- 
ing on whether P and A; are on the same side of a; or on opposite sides. 


E2463*, Proposed by R. N. Gupta, Punjab University, India 


Let p be a prime greater than 3. Since the set S = {1,2,---, p—1} forms a group 
under multiplication mod p, for every keéS there exists (a unique) x,¢S such that 
kx, = 1 (mod p). Thus integers ny,n,---,n,-, are specified such that 


kx, = 1 + Ny,p 


for k = 1,2,---,p—1. Show that 


p-1 


kn, = 4(p — 1) (mod p). 


E 2464. Proposed by Erwin Just, Bronx Community College 


Solve the following Diophantine equations: 
(1) x°(x7 +y) = y™™, 
(2) x°(x* + y?) = yy" 


2465. Proposed by Claude Anderson, University of California at Berkeley 
If A is a subset of N, the natural numbers, then the density of A, denoted d(A), 
is defined by the following limit (when it exists): 


d(A) = lim oy 


n> oo 
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where A, is the number of elements of A which do not exceed n. Let ¢ > 0 be ar- 
bitrary. Show that there exist A,B, with d(A)<e, d(B)<e, yet d(A+B) =1, 
where 4+ B= {a+b:aeA, beB}. Is it possible to have d(A +B) =1 and 
d(A) = d(B) = 0? 


E2466. Proposed by Claude Anderson, University of California at Berkeley 
With the notation of the previous problem, show that it is possible to have 
d(A) = d(B) = 0, 
yet d(AB) = 1, where AB = {ab:aceA, beB}. 
E2467. Proposed by Bruce Reznick and Michael Yoder, Jet Propulsion Lab- 
oratory 


Suppose that a = 3 and let P,, be an nth degree polynomial with real coefficients. 
Prove that 


max | a’ — P,(i) | =i, 


the maximum being taken over all integers i satisfying O Si Sn+t+l. 


SOLUTIONS OF ELEMENTARY PROBLEMS 
Sum of Two Squares in Galois Fields 


E 2377 [1972, 906]. Proposed by Lawrence Somer, University of Illinois 


Find the number of essentially different ways that an element of the finite field 
GF(p") can be represented as the sum of two squares. 


Solution by J. G. Mauldon, Amherst College. Let fo(p") [resp. f,(p"); f*(p") | 
denote the number of essentially different representations of zero [resp. a nonzero 
square; a nonsquare] as a sum of two squares in GF(p”). Since the multiplicative 
group of GF(p") is cyclic, these functions are well defined and (for odd p) the number 
of nonzero squares is equal to the number of nonsquares. 

If p = 2 it is easy to see that every element of GF(2”) is a square, that fp(2”) = 2” 
and that f,(2") = 2”"', since x + y = 0 if and only if x = y. 

If p#~2 we prove that f,(p") = [(p? + 10)/8], f*(p") = [(p" + 6)/8] and 
fo(p") = 1 or (p" + 3)/4 according as p” = 3 or 1 (mod 4). 

Write gq = p” and note the identity 


fo t3Q—-DA +f*) = (@+D@+3)/8, 


obtained by counting in two different ways the total number of essentially different 
sums of two squares. 
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If —1 is a square, there are 4(q—1)/2 essentially different representations of zero 
as the sum of two nonzero squares, so that fp = 1+(q—1)/4and/, +/f* = (q+3)/4. 
If —1 is not a square, then fy = | and f, + f* = (q + 5)/4. Hence, in either case 
f, +f* = [(¢ + 6)/4] and since, as we shall see, 


(1) tf, —f* =0 or | 


according as f, + f* is even or odd, these equations suffice to determine f,,f* and fo. 

Proof of (1). If every sum of two squares were a square, the set of squares in GF(q) 
would be a subfield with 4(¢ + 1) elements, which is impossible. Consequently 
f* = 1 and every element of GF(qg) admits at least one representation as a sum of 
two squares. Let G be the multiplicative group of GF(q) and let M denote the multi- 
plicative group of nonsingular matrices of the form 


a b 
ae 
with a,b¢GF(q). Then the homomorphism of M onto G defined by m— det(m) 
shows that the number N of matrices in M with specified nonzero determinant d 
is independent of d. Each such matrix yields a representation of d as a sum of two 
squares and, conversely, each such representation yields eight such matrices if 
ab(a* — b*) 4 0 and four if ab(a* — b*) = 0. The possibility ab = 0 contributes 
one to f, and the possibility a? = b* contributes one either to f, or to f* according 
as 2 is or is not a square. In the latter case f, = f* and in the former case 
4+4+4+8(f, —2) =N = 8f*, so that f, = f* +1. This completes the proof of 
(1) and hence the stated main result. 


Also solved by Michael Doob, M. G. Greening (Australia), Phil Tracy, and the proposer. 


Characterizing the Centroid of a Simplex 


E 2394 [1973, 75]. Proposed by S. L. Greitzer, Rutgers University, and M.S. 
Klamkin, Ford Motor Company 


A line is drawn through the centroid G of a simplex Apo, A,,---,A, intersecting 
the faces (extended if necessary) in the points Bo, B,,---,B, respectively. Show that 


where GB, denotes the directed distance from G to B,;. Show also that the above 
property characterizes the point G as the centroid; 1.e., if the above sum vanishes 
for all arbitrary lines, then G is the centroid. 

This generalizes known results for triangles and tetrahedrons. 
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Solution by Mildred L. Stancl, Nichols College, Dudley, Massachusetts. Let 
G be an arbitrary point which does not lie on a face of a simplex A,A, --- A,. (The 
word face throughout means extended face, i.e., the (n—1)-dimensional affine sub- 
space spanned by n of the points Ap, A,,---, A,.) Let Lbe an arbitrary line through G 
and let Bo, B,,---,B, be defined as follows: If Lintersects the face opposite A,, let 
B,; be the point of intersection and call B, finite. If L does not intersect the face 
opposite A,, let B; be a fictitious point and call B; infinite. Define 1/GB, to be zero 
if B; is infinite. 

Since the fact that » 1/GB,; = 0 is immediate if all B; are infinite, assume that 
Lintersects at least one face in the point B, where B is one of Bo, B,,---, B,. (Unless 
otherwise noted, all summations run from 0 to n.) Then B is finite and for each B; 
which is finite the following statements hold: 

(i) The jth barycentric coordinate of B,; is zero. 

(ii) B; = (1-t,)G+1,B where t, is a unique, nonzero, real number. 

(ili) GB; = t;GB where GB is nonzero. 

Now let G be the barycenter (centroid) of the simplex, so thatG = (n+ 1)-' XA, 
and let bo, b,,--:,b, be the barycentric coordinates of B so that B= » b,A,. If 
B, is an infinite point, then the rth barycentric coordinate of B is (n+ 1)-'. This 
remark is verified by noting the existence of points P and Q lying in the face opposite 
A, such that B is a point of the line segment with endpoints A, and P, and Gisa 
point of the line segment with endpoints A, and Q. The fact that Ldoes not intersect 
the face opposite A, means that the line segment with endpoints P and Q lying in 
that face is parallel to the line segment with endpoints B and G lying in L. Thus if 
s=(n+1)*, then 


B=(1-s)P+sA,, G =(1—-s)Q+SA,. 


The equality b, = (n + 1)~' follows since P and Q have rth barycentric coordinate 
zero. Since » b, = 1, the following statement holds: 

(iv) If Gis the barycenter, ifexactly N(1 < N < n+ 1)of the points] Bo, B,,---, B, 
are finite, and if B with barycentric coordinates bo, b,,---,b, is one of the finite 
points, then 2b, = N/(n +1). 

(The notation 1% throughout this solution means the summation over those j’s 
for which B, is finite.) 

If B, is a finite point, statement (ii) implies that 


1 


and (1) implies that 


1 
1° Tb) 
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Since L 1/GB,; = 2)1/GB,, statement (iii) implies that 


ye aa = a5 Di {1 —(n+ 1)b, |. 
It now follows from (iv) that ) 1/GB, = 0. 

Conversely, if G is any point such that & 1/GB, = 0 for all lines through G, 
then G does not lie on a face of A,A,--- A,,, for otherwise the denominator of at least 
one of the summands would vanish. Let A, be any one of Ao, A,,---, A, and con- 
sider the line through G and A,. The point A, lies in all but one of the faces; hence, 
n of Bo, B,,-:,B, are equal to A, and are finite. The remaining one, B,, is also 
finite, for otherwise the sum of the reciprocals of the directed distances would be 
n/GA, which is nonzero. Let go,g;,°°:,g, be the barycentric coordinates of G 
and let ado, a,,---,a, be the barycentric coordinates of A,. Then statements (ii) and 
(iii) imply 


Statement (ili) implies that 


1 1 1° 1 Ay, 
0 —_ a —. = ——. —_- —]. 
Daa ca (ti) Gay ("tt 
Since a, = 1, it follows that g, = (n + 1)~* and G is the barycenter. 


Also solved by M. G. Greening (Australia), G. Tsintsifas (Greece), and the proposers. 


Anti-Closed Subsets of Integers 


E 2402 [1973, 203]. Proposed by David Newman, Hartford, Connecticut 


Let n> 7 be an integer and let N = {2,3,4,---,2n}. Show that N has precisely 
n+ 5 n-element subsets S with the property that if i and j are distinct elements of S, 
then i+ jé€S. 


I. Solution by D. R. Stone, Georgia Southern College. Let us call a subset 
satisfying the given conditions anti-closed; we prove that N, has n+ 5 n-element 
anti-closed subsets, one (n + 1)-element anti-closed subset and no k-element anti- 
closed subsets if k>n+ 1. 

In fact, the n + 5 n-element anti-closed subsets are 


So = {nt+1,n4+2,---,2n}, 
Si ({n} USo) — {n+ k} for k = 1,2,-+-,n, 
Siai = ({n—1}U So) — {2n}, 
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Sn42 = ({n—1}U So) —{n + Lf, 
Sio3 = ({n —1,n}U So) — {2n — 1, 2n}, 
Siva = Cn—1,n}U So) —(n +1, 2n - 1}, 


and the (n + 1)-element anti-closed subset is U = {n,n + 1, ++, 2n}. 

The proof is by induction on n. The case n = 8 can be checked out directly. Now 
assuming that the S,; and U are the desired subsets of N,, let T; (i = 0,1,2,--+,n +5) 
and V be the analogous subsets of N,,4.,. If T is an (n + 1)-element anti-closed subset 
of N,,41, then considering the four possible cases with 2n + 1 or 2n + 2 in T or not 
in T and using the obvious induction steps, one sees that T is one of the 7;. For 
example, if 2n + le T and 2n+2¢T, then T— {2n + 1} is an n-element anti-closed 
subset of N,, and thus equals some S;. Considering the possibilities one has T equals 
T,, 4.1 Of T,,4.. The case with 2n + 1 and 2n + 2 both in T splits into subcases depen- 
dent on the inclusion or exclusion of n + 1. 

Similar arguments show that V is the only (n + 2)-element anti-closed subset of 
N+ , and there are no such subsets having more than n + 2 elements. 

(The original problem is true for n = 3, but the induction step only works for 
n24.N,, Nz, N, and N~ have too many anti-closed subsets.) 


II. Comment by Anders Bager, Hjgrring, Denmark. For n = 4,5, 6,7, there are 
n-element anti-closed subsets not of the type described above. By a systematic 
(though computer-less) search I have found the following: 


2348 23489 236 7 11 12 345 6 12 13 14 
2367 2349 10 345 10 11 12 

23 7 8 2367 10 

2458 2569 10 


2478 3489 10. 


Also solved by M. T. Bird, D. P. Sumner, Phil Tracy, and the proposer. Six partial solutions were 
received. 
Editor’s comment. Several solvers used a backwards induction, but inducted all the way back 
to n = 3, not noticing that the induction breaks down in attempting to go from nm = 8 ton = 7. 
The case of n = 8 was dismissed by most solvers with an “It can be shown ...” remark. Only Tracy 
supplied all the details. 


The Smith College Diploma Problem 
E 2404 [1973, 316]. Proposed by Russell Maurer, Harvard Medical School 


At Smith College, the graduation exercises traditionally proceed as follows: 
Although each diploma is made out to a particular girl, all the diplomas are initially 
given out at random. All of the girls who do not get their own diplomas then form a 
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circle, and each passes the diploma she has to the girl on her right. Those who now 
have their own diplomas drop out, and the remaining girls again pass their diplomas 
to the right, and so on. This procedure is repeated until each girl has her own diploma. 
If there are n girls in the graduating class what is the probability that it takes precisely 
k passes before each girl has her own diploma? 


Solution by Don West, State University College of New York at Plattsburgh. 
Number the girls 1,2,3,---,n from left to right and number the diplomas to cor- 
respond to their owners. Then an arrangement of diplomas corresponds to a permuta- 
tion o of {1,2,---,n}, where o(i) is the number of the girl holding diploma i. In 
arrangement o, the distance from diploma i to its owner is d(o, i) = i — o(i) (reduced 
modulo n). 

The first result that we show is that the number of shifts required to sort an 
arrangement oa is the average (over i) of the distances d(c,i). To prove this, notice 
that the number of shifts required to sort an arrangement o is unchanged if we 
modify the procedure so that instead of dropping out, a girl who finds her own 
diploma holds it, and in subsequent shifts she transfers whatever diploma she receives 
to the girl on her right. By this scheme the number of transfers in any shift is n, and 
the distance d(c,i) is the number of transfers required to return diploma i to its 
owner. Then for arrangement o requiring k shifts, we see that nk = Li, d(c,i) so 
that k is the average of the distances. 

Let A(n,k) denote the number of arrangements requiring k shifts and among 
these, let D(n, k) be the number of derangements (arrangements with no fixed points). 
Clearly, A(0,0) = D(O,0) = 1 and A(n,k) = D(in,k) = Oifk 2n>Oo0rk <0. 

The next thing that we show ts that 


(1) D(n,k) = D(n,n — k). 


The proof is based on the fact that if a diploma is not yet at its destination, then its 
right distance plus its left distance is n. Let p be the reversing permutation p(i) 
= n+1-—<ji; then the function o > pap is one-to-one, and if o(i) ¥ i, then d(pap, i) 
= n — d(a, p(i)). If o is a derangement, then so 1s pop (and conversely) and we take 
the average of the distances for pap to show that if o requires k shifts, then pop 
requires n — k shifts. 

Another result before our main theorem is that 


(2) A(n, k) = A(n,n —1—k) for n> 0. 

The jdea here is that if the right distance of a diploma is k and we move the diploma 

one space to the left, its new left distance is n —1—k. Let A(i) = i—1 (reduced 

mod n); then the function o > plop is one-to-one and d(piap, i) = n — 1 — d(a, p(i)) 

so if grequires k shifts, we average and show that pAcp requires n — 1 — k shifts. 
Clearly 


A(n, k) = = ( : D(i, k), 
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so we know [G. Berman and K. D. Fryer, Introduction to Combinatorics, Academic 
Press, New York, 1972, p. 116] that 


D(n, k) = ae yr(" ) A. 


The fact that the symmetries in (1) and (2) are different allows us, given A(n, k) for 
all n, to compute A(n,n — 1 — k), then D(n,n — 1 —k), next D(n,k + 1) and finally 
A(n, k + 1). These substitutions yield 


A(n,k+1)= % (‘;) E (=P ( "Ai = kD: 
i= Ly} p=0 Pp 
since n cannot be 0 for (2) to apply, we must pull off the terms with p = 0: 
A(n,k+1)= z (—D'( 7 )AO.i-k— D+ > (‘'] > yr ( |) Ai k= 1). 
i=0 l i=1 \l Jp=1 Pp 


Now using (2) and the fact that A(O,t) = 1 if t = 0 and O otherwise, we have the 
recursion formula 


3) A(n,k + 1) = (— D} im ("| ) — ar (2 A k+p—i). 
@ Amke Hao je eT) Boe jAwker-d 
Now we can use induction on k to prove the main result. 

THEOREM. 


n+1 
r 


(4) A(n,k) = X (-1)" ( (A+1—r)*. 
r=0 


Proof. We know that A(n,0) = 1 for all n and we see our formula agrees. Now 
suppose the equation holds for all n and second index at most k. Reverse the order 
of summation in (3), note that 


i >) p/ \i-p 
and replace i by letting s = p—i+k, so 
n k 
A —~¢_pyetif 2 | _ (2) . 
(n,k +1) =(—1) (... 4) +z (* x» (-1) (; —-) Ae.) 


p= s=p-—ntk 


If p — At k<s <0, then A(p,s) = 0 so we may drop these terms from the sum. 
Further we may introduce new terms for 0 <s < p—n+k since k —s>n-— p, so 


n — 
(: _ 4 = 0. Hence we may perform the sum above with s running from 0 to k. We 


see that s < k, so we can apply the induction hypothesis and substitute the expression 
for A(p,s) from (4), using summation index gq. If we reverse the order of the two 
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innermost sums, we get 


n : k-st+q{" — P pt+i p 
Ap) Ss Bree ag) (Pp eta 


We replace s by letting r = k — s + q and reverse again: 


_ (. 1\kt1 n 
A(n,k +1) = (— 1) (i. i 
n k r _ 
+> (* Y(-Y(k+1—-rP zd (; 4 (?*'). 
p=1 \P/ r=o q=o \f ~— q q 
The innermost sum is a Vandermonde convolution and has the value 


n+ 1 , ; . 
( ° ). We substitute and again reverse the order of the sums to get 


aks na(-oe(," )+e 2% (- y("*') x (") etry 


=1 


The binomial theorem applies to the inner sum, so we have 


A(n,k + 1) = (— 1)**? (1 + J+ y (— 1) ("; t ‘le +2- r)"— 1]. 


Reo ent) 


together with Pascal’s formula allows us to gather the extra bits and pieces to form 
the r = k + 1 term we lack. This completes the proof of the theorem. 
Finally, the probability asked for is A(n, k) /(n!). 


One more identity 


Also solved by J. P. Hoyt & David Alberth, and by L. M. Sonneborn. 


Editor’s comment. Sonneborn points out that the A(n, k) are essentially the Eulerian numbers 
and hence satisfy the recurrence relation 


Ankh =(ktDAnN—-1H+a—-hHAn—1,k—D. 


He algo relates this problem to one in John Riordan, An Introduction to Combinatorial Analysis, 
Wiley, New York, 1958, pp. 214-215, and provides a second solution which can be used to give an 
elementary proof of Riordan’s rook problem. D. M. Bloom correctly conjectures both the recurrence 
formula above and West’s equation (4) from a table of A(n, k) for small n. Hoyt and Alberth include 
a table of A(n, k) for n < 13. The proposer comments that A(n, k) is exactly the number of per- 
mutations o € S, such that o(j/) < / for precisely k values of j; he also observes that A(n, 1) = 2”—n 
— 1 foralln > 0. 
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Acton’s Arctan Integral 


E 2405 [1973, 316]. Proposed by R. E. Shafer, Lawrence Radiation Laboratory 


Forman S. Acton in his book Numerical Methods that (almost) Work (Harper- 
Row, New York, 1970, pp. 29-40), proposed several numerical methods for the 
evaluation of 


© tan | bx 


Derive the following additional form: 


oe) 2nt+1 
F(b) = ~ Hog blog * + x ° 


5+ (Qn + 1)2° 0<b<1. 


I. Solution by O. G. Ruehr, Michigan Technological University. Ditterentiation 
under the integral sign (which can be justified) yields (for 0 < b < 1) 


” x dx ” x 1 b? 
FO= | apace 7), aoe lee ce 
_ —logb 
— 1-8? 


Since F(0) = 0, we have, with an integration by parts, 


b b , 
F(by = —[ 184 at = —4logblog +244 [ tog(- tt) @. 
i—t i-b 7), °8\t— a) 4 


0 


By expanding the integrand in a Maclaurin series and integrating term-by-term (which 
can also be justified), we obtain the indicated result. 


We note that since 
CO 1 he dt 
FO) = | Tex | mor} 


we can invert the order of integration and evaluate the inner integral to show 


yo °° 1 TU _ | ot 


from which it follows that F(b) = (x? /4) — F(1/b). Setting b = 1 in the above yields 
F(1) = n?/8, (a result which can be obtained directly from the integral for F(b)). 
By Abel’s theorem we see that 

n ia 1 


g 7 FO= 2 (2n + 1)2” 
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by purely elementary methods. (From this one can easily derive the familiar identity 
n-? = 27/6 — Ed.) 


II. Comment by the proposer. Consider for | x | <1 


oO n x _ 1 
G(x) = » x = — [ log( — t) dt = — | log ve dv. 
n=1 0 t 1 


n2 _,l—-v 
Integrating by parts, expanding the new integrand in a Maclaurin series and in- 
tegrating term-by-term gives 
2 a0 1 _ it 
G(x) = — —logxlog(l1—x)- & Co 


n=1 


Since 


ro) ert 1 
re Y— 1 G(x2 
2 (2n 4 1)? G(x) 4 G(x ), 
we have a useful formula for calculating F(b) when 5b is near 1. 


Also solved by Giinter Bach (Germany), Paul Bug], A. R. DiDonato, W. O. Egerland, H. E. 
Fettis, Ralph Garfield, Irving Gerst, Richard Groeneveld, M. S. Klamkin, Vaclav Konetny, O. P. 
Lossers (Netherlands), St. Olaf Problem Group, F. G. Schmitt, Jr., Allen Stenger, D. C. Stocks 
(England), E. Trost (Switzerland), P. H. Young, and the proposer. 


Alpha-max, Beta-min, and a Limit for e 


E 2406 [ 1973, 316]. Proposed by Erwin Just and Norman Schaumberger 
Bronx Community College 
What is the maximum value of « and the minimum value of £6 for which 


nt+«% n+B 
(1+) ses (1+) 
n n 


for all positive integers n? 


Solution by M. S. Klamkin, Ford Motor Company. On taking logarithms we 
obtain 


a = inf ty B = Su lissaeiig 
max, (log + 1/n) > min P log(1 + 1/n) fe 


We now show that the function 


F(x) = fog(1 +1/x) —xX 


is monotonically increasing for x > 0 by showing its derivative is positive: 
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1 a sinh?u 
x(x + 1)[log(. + 1/x)]? YP 


where e*" = 1 + 1/x. Thus, a, = 1/log2 — | = 0.4426950 and £,,;, = lim,.,.F(n). 
By expanding Jog(J + x) in a Maclaurin series, we have 


F(n) = E — 58 + o(os)f —n, 


from which it follows that f,,,, = lim,,... F(n) = 4. 


F(x) = —1>0 


Also solved by Giinter Bach (Germany), M. T. Bird, J. R. Case, L. E. Dor (Israel), D. C. Doss, 
W. O. Egerland, Ellen Hertz, P. G. Kirmser, Vaclav Konetny, L. Kuipers, V. Linis, O. P. Lossers 
(Netherlands), Carolyn MacDonald, Raymond McCartney & Donald Coscia, M. R. Murty & 
V. K. Murty, Kenneth Rosen, O. G. Ruehr, Steven Russ, St. Olaf Problem Group, F. G. Schmitt, 
Jr., R. Shantaram, P. J. Short, D. A. Smith, Paul Strong, Phil Tracy, Philip Young, and the proposers. 


ABVANCED PROBLEMS 


All solutions of Advanced Problems should be sent to J. Barlaz, Rutgers — The State University, 
New Brunswick, N.J. 08903. Solutions of Advanced Problems in this issue should be typed (with 
double spacing) on separate, signed sheets and should be mailed before June 30, 1974. 


An asterisk (*) means neither the proposer nor the editors supplied a solution. 


5958. Proposed by Alexander Abian, Iowa State University 

Let r #0 be an interior point of the interval of convergence of the Taylor ex- 
pansion 0°_9a,x" of an analytic function f from reals to reals. Prove or disprove 
that for every interval I(r) with center at r there exists a real number ¢ and a natural 
number k such that telI(r) and f(r) = ag ta,t+ +: + a,t*. 


5959. Proposed by E. J. Howard, California State University, San Diego 

T. Husain in Introduction to Topological Groups (Saunders, Phila. 1966), p. 69, 
proved that: If E is a locally compact topological group and F is any Hausdorff 
topological group and f: E- F is a continuous almost open homomorphism, then 
F is locally compact. 

Establish the same conclusion for any topological group F. (Note: f is almost 
open at xe E if for each open neighborhood U of x, f(U), the closure of f(U), is a 
neighborhood of /(x).) 


5960. Proposed by J. R. Higgins, The Cambridgeshire College of Arts and 
Technology, England 

Let r,(t) be the Rademacher “‘square sine wave’’ functions defined by r,(t) 
= sgn(sin2*nt), k = 1,2,---,te[0,1], and put 


m/2n 
I(m,n, k) -{ r,(t) dt 
0 
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where n is any positive integer, and m is an odd positive integer less than 2”. Show that 


Mm 


Sk —1 2_ mm _m 
* 2 [I(m, n, k)| = 5R ( zm) 


5961*. Proposed by S. Zaidman, University of Montreal 

Let X be the space of continuous functions on [0,1] which are zero at 0 and 1; 
let A = d*/dt? be the operator defined on the set GA) of functions (t)EX 
which are in C*[0, 1], such that also d* /dt* eX. Then prove: 

(1) A is a linear closed operator with dense domain in X. 

(2) For any ¢ € GA), there exists a linear continuous functional on X, Fy, such 
that F,(o) = | ) |? and F,(A@) < 0, where, as usual, || @ | = MAX <; <1 | p(t)|. 


5962. Proposed by Lee Erlebach, University of Arizona 

Find an elementary solution to the ““‘unsolved problem’”’ of finding a separable 
locally compact Hausdorff space which is not o-compact, proposed on page v of 
Steen and Seebach, Counterexamples in Topology. 


5963. Proposed by A. de Falguerolles and G. Letac, Université de Clermont, 
France 

X and Y are two positive random variables such that the density f(x, y) of their 
joint probability distribution is decreasing in each variable x and y. Prove or disprove: 
If E(X) and E(Y) are finite, then 


E(X) + E(Y) $3 E(|X — Y)); 
and if X and Y are less than 1, then 
4E(XY) $3 E(|X — Y}). 


SOLUTIONS OF ADVANCED PROBLEMS 
Minimal Intersection in a Collection of Overlapping Sets 


5883 [1972, 1044]. Proposed b: Frank Bernhart, Kansas State University 


Given a collection X of subsets of S, no one containing another, let C(X) consist 
of all minimal subsets of S which intersect every member of X. (1) Show that 
C(C(X)) = X. (2) Characterize collections X such that C(X) = X. 


Solution by Neal Felsinger, Yale University. To start with we must have 
C(X) # @ when X # @, but this is not always true; if S is infinite and X is a non- 
principal untrafilter on S, a subset u © S intersects every member of X if and only 
if we X, whence C(X) = @. To guarantee that C(X) is nonempty, we assume X 
is a nonempty finite collection of subsets of S. In this case there is a finite subset of 
S intersecting every element of X, hence a minimal such subset. 
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Let ac X. Then a intersects every element of CX). Let sea and for each be X, 
b#a, let t,eb—a. Then there is uc {s}U{t,|beX,b #a}, ueC(X) and 
(a — {s}) Nu = ©. Since sea is arbitrary, a is minimal. Thus X < C(C(X)). 

Conversely, suppose a¢ X. If there is be X, b Ca, since be C(C(X)), a is not 
minimal; so a¢ C(C(X)). But if this is not the case, for each b€ X, there is t, Eb — a 
and uC it, | be xX}, ueC(X). Hence, aNu#M: so a€C(C(X)). Therefore 
C(C(X)) = X. 

For the second part, consider the property X < C(X). Certainly (1) for all 
a,beX, aNbAS. We also have (ii) for all ae X and all sea there is beX, 
ab = {s}. For, if whenever sea Mb, |aNb| > 1, then a — {s} intersects every 
element of X, contradicting the minimality of a. Conversely, (i) and (ii) imply 
X < C(X). We characterize C(X) < X by dualizing (1) and (11), say, by 

(111) any two sets, each intersecting every element of X have a non-empty in- 
tersection, and 

(iv) if a is a minimal subset intersecting every element of X and sea there is b 
intersecting every element of X and aNb = {s}. Therefore (1), (ii), (iii) and (iv) 
characterize the collections X such that X = C(X). 


Also solved by R. O. Davies, D. J. Kleitman, Albert Leisinger, and Milan Lustig (Czechoslo- 

vakia). 
Editor’s Notes. (1) Lustig observes that (i) If C(X¥Y) = X, then card X ¥ 2. (ii) For all integer 

k # 0,2, there exists X, for which C(X) = X and card X = k. (ill) UX = U CCX). 

(2) Kleitman and the proposer offer another condition for the second part of the problem: 
for every A in S, either but not both of A, S — A contain at least one member of X. 

(3) Kleitman suggests the following problem: A collection of seven sets each having three elements 
for which C(X) = X is {1,2,3}, {1,4,5}, {1,6,7$, {2,4,6,}, {2,5,7}, {3,4,7}, {3,5,6}, What is the size 
of the smallest collection XY of four element sets having C(XY) = X? 


Inserting a Three Dimensional Cube in a Tesseract 


5886 [1972, 1140]. Proposed by G. de Josselin de Jong, New Mexico Institute 
of Mining and Technology 
What is the maximal edge of a cube that can be placed inside a tesseract of edge 1? 


Partial solution by the proposer. An example may be given for which this 
inscribed cube has edge 1.007435---, a solution of the equation 


4x8 — 16,/2x7 + 36x® — 39x* + 20,/2x3 — 16,/2x + 16 = 0. 


Editorial Note. No other contributions have been received. It may be of some interest to note 
that the largest square which is inscribable in a unit cube has side equal to 3 J 2/4 = 1.061---. 


Largest Disk in a Range 


5887 [1972, 1140]. Proposed by E. H. Umberger, Pennsylvania State 
University 
Find the radius p of the largest disk D for which there exists a continuous rec- 
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tifiable curve C of unit length such that every point of D is within unit distance of 
some point of C. 


Solution by the proposer. We invert the problem and consider a shortest curve 
which passes within eé-distance (e <1) of every point on the unit circle K. Such a 
curve consists of the two tangents drawn from an arbitrary point P on K to a 
concentric circle of radius 1 — ¢, plus the greater arc between the points of tangency, 
less two segments of length ¢ measured from P along the tangents. The length 
2 = Xe) of this curve is given by 


1/2 = (2e — &”)'/? + (1 — &) (a — arccos(1 — €)) —«. 


Setting 2 = « and solving, we obtain ¢ = 0.8413.---, and also observe that the cor- 
responding curve C is a shortest curve passing within e-distance of every point of the 
unit disk D. Using the appropriate re-inverting homothety which takes C into a 
curve of length | and D into the corresponding disk, we find p = 1/e = 1.1886---, 


Minimum of | at + b4 — c4| 3a, 5, c Integers 


5890 [1973, 82]. Proposed by H. D. Ruderman, Hunter College Campus 
School 

Prove or disprove that the minimum of la‘ + b* — c4 | is equal to 64, where 
a,b,c are integers with1 <a<b<ce. 


Editor’s comment. No solution has been received. We offer two notes. 

Joel Brenner notes that the question of the problem and more general questions 
related to lim, | a”’ + b” — c”| were raised by I. A. Barnett. 

Bernardo Recaman S. (Colombia) attacks the question by seeking solutions (or 
showing that none exist) for the equation 


att+ b+ =c*t+T —63< TS 63. 


It is then possible to show that if min|a* + b* — c*| # 64, the minimum is in the 
set {1, 2, 14, 15, 16, 17, 30, 31, 32, 33, 34, 47, 48, 49, 50, 63}. 


‘Uniform’? Connected Sets in the Plane 


5892 [1973, 83]. Proposed by John Myhill, University of Leeds, England 

Let A be a subset of the plane. For pe A, ¢ > 0, let N,(p) = {qe A: d(p,q) <6}. 
A is called uniform if for any p, qe A and any e > 0, there is an isometry of N,(p) 
onto N,(q) taking p into q. Are there any uniform, closed connected sets other than 
the straight line, the circle, and the entire plane (and the empty set and a single 
point)? 


Solution by P. R. Chernoff, University of California at Berkeley. There are no 
uniform, closed, connected subsets of the plane other than the obvious ones. Indeed, 
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et A be such a set. If A is contained in a line, it is an interval (by connectedness) and 
therefore is empty, a single point, or the whole line (by uniformity). Thus we may 
assume that A contains three non-collinear points p,q,r. Let s be any point of A; 
let f, be an isometry of N,(p) onto N,(s), where we suppose n large enough so that 
gq, re N,(p). Since f, maps p,q,r to the vertices of a congruent triangle, and since any 
point is determined by its distances from three non-collinear points, it follows that f, 
is the restriction to N,(p) of an isometry of the plane, which we continue to denote by 
f, -{f,} is then a sequence in the group E, of rigid motions of the plane, and since 
f.{p) = s for all n, there is a convergent subsequence with limit fin E,. It is evident 
that the isometry f maps A onto itself, and f(p) = s. To summarize: we have shown 
that A is the orbit of some subgroup of E,. 

Let G = {fe E,: f(A) = A}. Because A is closed, G is a closed subgroup of E,, 
hence a Lie subgroup. Let Gp be the connected component of G. If Go = {e} then G, 
hence A, is countable, and connectedness implies that A reduces to one point. If Gy 
is at least two dimensional it 1s easy to see that it acts transitively on the plane, hence 
A is the whole plane. If Go is one dimensional, it consists of either (a) all translations 
in a given direction, or (b) all rotations about a given point c. In case (a), because G 
is a union of an at most countable number of cosets of Go, the set A consists of at 
most a countable number of parallel lines; but connectedness implies that A is a 
single line. In case (b), the fact that Gp is normal in G means that G consists of 
rotations and reflections about the point c, so A is a circle with center c. 


Also solved by E. A. Herman. 
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Boundary Value Problems. By David L. Powers. Academic Press, New York, 1972. 
x + 238 pp. $9.95. (Telegraphic Review, January 1973.) 


Occasionally one comes upon a book that is just what is needed for a particular 
course. Such was the case in the following instance. I was in need of a text for a semes- 
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ter course in the application of mathematics which would be taken by physics majors, 
engineers and some math majors who don’t enjoy proving a lot of theorems. Material 
covered by these students prior to this course included three semesters of calculus 
and two semesters of course work that contained elements of linear algebra, differen- 
tial equations and vector analysis. I am familiar with most of the textbooks that are 
used for a year course of this type at the undergraduate level and a number of them 
which I have used in the past are quite satisfactory (Kreyszig, etc.). The special 
feature of this book is that it contains exactly those topics I wanted to include and 
they are presented in a clear and concise manner. It was easy and fun for the students 
to learn, and at the same time perceive how the material presented all nicely tied 
together. 

The topics covered include Fourier series and integrals; heat, wave, and potential 
equations for one and two dimensions; Laplace transform; and numerical solutions 
for some of the previously stated equations. My students worked most of the 300 
exercises, for many of which there were hints and answers. The exercises range from 
drill and verification of details to the development of new material; a few of them are 
poorly stated. I omitted no sections and supplemented the book only with a small 
amount of material on the calculus of variations and the numerical solutions of 
partial differential equations. It should be noted that topics such as characteristics, 
distributions, Green’s functions, and all questions of existence and uniqueness have 
been omitted. 

I think Powers’ presentations on the derivation of each equation, the boundary 
conditions and regions which allow the method of separation of variables to work, 
and the formulation of problems in terms of dimensionless units are excellent. The 
physical interpretation of mathematical results helped build up the students’ intuition 
about how the solutions of a problem should behave. 

The sections on miscellaneous comments and references for further study were 
enthusiastically received. At times one wishes he would worry alittle more about some 
of the mathematical difficulties encountered (he readily admits he doesn’t). Neverthe- 
less, Powers’ treatment of the solution of boundary value problems is such that his 
book deserves the utmost consideration when choosing a book for a course similar 
to that described in the first paragraph. 

MARVIN G. MunNpDT, Valparaiso University 


Elementary Linear Algebra. By Howard Anton. Wiley, New York, 1973. xii + 330 
pp. $10.25. (Telegraphic Review, March 1973.) 

Elementary Linear Algebra. By Bernard Kolman. Macmillan, New York, 1970. 
x + 255 pp. $8.95. (Telegraphic Review, January, 1971.) 

Elementary Linear Algebra, Second Edition. By Paul C. Shields. Worth, New York, 
1973. x + 393 pp. $9.95. 
These three books are part of the “‘flood’’ of linear algebra textbooks aimed at 

college sophomores. (Cf. the review by D. E. Christie, this MONTHLY, June-July, 
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1973.) The reviewer has used the books by Kolman and Shields successfully with 
students who have studied one year of calculus. 


Besides having identical titles, these books have very similar tables of contents. 
Each begins with a chapter on linear equations and matrices. This is followed by chap- 
ters on vector spaces over the real numbers, linear transformations, and eigenvalues 
and eigenvectors — in that order. Some variations do occur. For example, Anton 
discusses determinants before taking up vector spaces, while the other two authors 
introduce them after linear transformations have been thoroughly studied. Kolman 
and Shields have final chapters on linear differential equations, while Anton’s final 
chapter deals with an introduction to numerical methods of linear algebra. None of 
the three books says much about applications of linear algebra to other subjects. 
This is a defect which is all too common among books in this category. 


While the contents of these books are all similar, there are important differences 
in the ways of presenting the contents. Consider, for example, the balance between 
intuition and rigor. Shields has adopted a policy of proving many theorems for the 
2 x 2 case only, and of putting some proofs in an appendix. This improves the reada- 
bility of the text, but it tends to give a false assurance that these proofs are easy or 
unimportant. Kolman, on the other hand, attempts to prove nearly every result in 
its full generality. This leads to a plethora of subscripts and sigma notation which 
makes the book harder to read. Anton has tried to strike a good balance by including 
proofs in the text when they are especially elegant or simple, while omitting some 
other preofs which are too complicated to be enlightening at this level of mathema- 
tical maturity. Sometimes he gives an informal discussion of the idea, followed by a 
formal statement of the theorem. 


Another point of comparison would be the use of broad mathematical structures 
to give some unity to the various parts of linear algebra. Shields emphasizes geometric 
interpretations of the algebraic concepts. This is very effective in tying together such 
concepts as solution spaces, null spaces, and eigenspaces. However, he pays little 
attention to algebraic structure, and there is a tendency to overemphasize matrix 
manipulation. Kolman does a better job of making the various individual problems 
fit into an overall algebraic framework. On the other hand, geometric interpretations 
are conspicuously absent from this book. Anton, like Shields, employs geometric 
ideas to good advantage, but he leaves out the algebra of linear transformations and 
the notion of isomorphism. 


With respect to exercises, all three texts contain an adequate number and variety. 
In Shields, especially, many exercises are patterned after the examples which precede 
them. This lends itself nicely to self-study. Shields and Anton have included the 
answers to nearly all exercises in the back of their books. This 1s a mixed blessing, as 
it enables the students to check their own work, but it frustrates the teacher who 
wants to grade some homework on a regular basis. Kolman has answers to selected 
exercises in the back of the book, and an answer book is available for the others. 
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Each textbook has its own particular strengths and weaknesses. Anton has an 
exceptionally good presentation of Gauss-Jordan elimination. It is made clear to the 
reader that there is a systematic procedure for reducing any matrix. A judicious use of 
shading on these particular pages helps. The chapter on numerical methods is an 
important one, since it makes students aware of potential problems that can arise in 
computation. Anton’s treatment of determinants, early in the course, makes them 
available for solving systems of equations and computing matrix inverses when the 
appropriate time comes. Weaknesses of Anton include his failure to exploit the 
concept of rank until late in the book. This is another unifying concept which could 
be used in a number of places. His definition of eigenvalues as roots of the characteris- 
tic equation seems to this reviewer to be an unnatural one. 

Kolman provides the reader with a large number of examples of vector spaces and 
subspaces. In general, he probably does the best job of presenting linear algebra as a 
unified structure. His weaknesses include the introduction of too many new ideas all 
at once, such as the ten special types of matrices in Section 1.4. It would be better to 
introduce some of these later when the students can better appreciate their signifi- 
cance. In trying to be complete, Kolman treats elementary column operations and ele- 
mentary row operations simultaneously. Students at this level find it more confusing 
than helpful. Finally, he does not introduce dot products until after eigenvectors 
have been discussed, so he misses out on a good example of a linear transformation. 

The most significant change in the second edition of Shields is his use of rank as a 
unifying concept, beginning early in chapter one. Shields also does a good job of 
developing the algebra of matrices and the algebra of linear transformations simulta- 
neously, with each motivating and reinforcing the other. His discussion of the rela- 
tionships between homogeneous and non-homogeneous systems of linear equations Is 
very illuminating. The section on determinants remains one of Shields’ weak points. 
The inductive definition, beginning with the 2 x 2 case, is easy to understand, but it 
does not lend itself well to proofs. Also, the topics of the classical adjoint and Cramer’s 
rule deserve to be treated as more than optional exercises. When it comes to the 
notion of a vector space, Shields considers only n-tuple spaces and spaces of real- 
valued functions. This leaves many students with too narrow a concept of vector 
spaces, not to mention the lack of any notion of isomorphism. 

When asked to evaluate textbooks, our students have rated Shields easier to read 
and study on their own than Kolman. Anton has not yet been used in our classes. 
Each of the three books reviewed here will serve adequately as a sophomore level 
linear algebra textbook. Instructors in this subject would do well to examine all three, 
aléng with some of those reviewed recently by Professor Christie. 

Davip E. KULLMAN, Miami University 


Foundations of Mathematics. By William S. Hatcher. Saunders, Philadelphia, Penn- 
sylvania, 1968. xiii + 327 pp. $12.75. (Telegraphic Review, January 1970.) 
The offering of a foundations course generally involves more problems than is the 
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case for other courses in that the content may not easily be agreed upon. In addition 
there are questions as to how a course entitled “‘foundations’’ may best serve the 
students; the answers depend in part on the level of the course. A now classic answer 
to these questions was provided by Wilder’s The Foundations of Mathematics (1952). 
One senses that in many instances Wilder’s book dictated the direction of foundations 
courses. Now, in my judgment, Hatcher has made a historic step in giving another 
better — certainly more modern — answer, an answer so natural as to be a compel- 
ling reason for the offering of new foundations courses. Hatcher’s view is that the 
foundations of mathematics, rather than being a collection of fundamental concepts 
and facts useful to developing students, is a bona fide mathematical subject in which 
one studies certain theories, called foundational theories. Briefly, these are formal 
deductive theories in which large portions of mathematics can be generated. 


First order logic and preliminaries are treated in the first two chapters. The 
remaining six present the foundational theories of Frege, Russell (type theory), 
Zermelo-Fraenkel set theory and the variant of von Neumann-Bernays-Gédel, Quine, 
and categorical algebra. Hatcher suggests the book for a one semester course, follow- 
ing, perhaps, a course in logic. If the logic course covered the completeness theorem, 
the student may be able to start with Chapter 2. But the book can well be used without 
a logic prerequisite because of the topics covered in Chapter 1. In my own graduate 
class, it was even a necessary review for those (roughly half) who had taken such a 
course, not necessarily recently. However, the inclusion of predicate logic takes some 
time, so that one must select from the remaining parts of the book. My choice was to 
consider the theories of Frege, Zermelo-Fraenkel, and von Neumann-Bernays-Gédel, 
plus a little of type theory. 


Chapter 1 is a good introduction to first order predicate logic, successfully genera- 
ting an understanding of model versus proof-theoretic aspects of deductive theories, 
an essential understanding in my opinion. The completeness theorem is a climax to 
this study in that it justifies the passage to first order formal theories. While it may be 
regrettable that a proof of completeness does not appear, it could easily use up pre- 
cious time. Also, I see no value in giving both Hilbert-Ackerman type and natural 
deduction treatments of predicate logic, since only the rules of natural deduction are 
used throughout the book and the inclusion of both suggests the time consuming 
question of their equivalence, only half of which is carried out in the text. 


Chapter 3 on Frege’s system 1s lovely. Actually Frege’s tedious system is para- 
phrased here with modern notation and resulting simplicity. It is a great classroom 
plan to develop arithmetic in this theory before springing the inconsistency theorems. 
The story of the inconsistency of early set theory is an exciting one and the all too 
usual treatment Is to discuss it first as a kind of acknowledgment of its existence but 
then to ignore it or to dismiss its importance with a casual remark of a program which 
if carried out would solve the difficulty. Here the message is clear. Frege’s theory is 
inconsistent and cannot serve as a foundational theory. 
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The presentation of Zermelo-Fraenkel set theory is straightforward: this is 
followed by a comparison with von Neumann-Bernays-Gédel. That the develop- 
ment of real numbers from Peano arithmetic is not done in the book is not objection- 
able to me; one must stop somewhere in grinding out ordinary mathematics. Hatcher 
does treat the axioms of infinity and choice, and in a separate chapter the incom- 
pleteness theorem. 

The chapter on type theory is a palatable introduction although I essentially 
omitted it in favor of the more standard set theories. Quine’s theories of New Founda- 
tions and Mathematical Logic and Lawvere’s reduction of mathematics to category 
theory were also omitted. If the students have a background in axiomatic set theory, 
these topics could be substituted for the set theory. In any case, the entire book cannot 
be covered in one semester and selection is necessary. 

Foundational theories such as intuitionism or Errett Bishop’s constructive treat- 
ment of analysis, which are outside the context of classical logic, do not appear; 
however, they clearly fall under the scope of Hatcher’s view. These theories could 
make an appropriate sequel to the book. 

In short, I submit that this book makes history with its presentation of founda- 
tions. Rather than skirting axiomatics, Hatcher’s book enables one in the course of a 
semester to present a variety of foundational theories in correct mathematical form 
and detail. My students reported liking the book; I believe it is suitable for either 
graduates or undergraduates. 

J. BARR, State University College at Buffalo 


Elements of Abstract and Linear Algebra. By Hiram Paley and Paul M. Weichsel. 
Holt, Rinehart and Winston, New York, 1972. xii + 498 pp. $10.50. 


An instructor teaching a first course in abstract algebra faces two major challenges. 
First, he has to connect the abstract material with the more concrete mathematics 
his students have previously studied, and, secondly, he must demonstrate the value 
of the abstract approach through appropriate applications. The book by Paley and 
Weichsel can serve as a model of how to meet both these tasks, at least in the area 
of group and ring theory. 

The first difficulty, that of relating the abstract to the concrete, is handled by 
leading the students through elementary number theory in the spirit of the axiomatic 
approach without immediately generalizing to ring theory. There is a long chapter 
(60 pages) taking up the properties of the integers, divisibility, congruences, and 
residue classes. Essentially, the integers are studied as an ordered integral domain 
in which the positive elements are well-ordered and the residue class systems are 
treated as rings, but no formal ring theory is used. Therefore, the students are study- 
ing concrete examples of rings before taking up ring theory. I found this to be very 
successful. My students showed none of the usual mystification about abstract 
techniques and quickly learned to construct proofs. 
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Another interesting feature of this book is a short chapter on permutations 
before any abstract group theory is introduced. This material covers all the techniques 
for working with permutations and a proof of the uniqueness of the parity of a 
permutation. Hence, permutation groups are available as examples of groups when 
the latter are defined. I recommend that this approach be used by anyone teaching 
a first course in abstract algebra; it was well received by my students. 

After the above material the authors have a chapter on group theory and one 
on ring theory. The group theory includes the first isomorphism theorem, but (wisely, 
I think) does not take up the Sylow theorems. Instead, the authors develop the class 
equation of a group and use it to determine all groups of order less than or equal to 
ten. This is a nice demonstration of the use of some of the abstract techniques, 
which, as I mentioned, is an essential part of a first course in abstract algebra. The 
ring theory includes the construction of polynomial rings, fields of quotients, some 
material on prime and maximal ideals, and a little on Euclidean rings. I do not 
think that the authors are as successful here as in the group theory in tying together 
the ideas that were covered because they attempt to do too much. Nevertheless, 
the value of the abstract method is clearly demonstrated. 

The second half of the book covers elementary linear algebra. Of course, the 
fact that the same terminology and notations are used here as in the first part made 
the transition to this material very easy for the students. However, I was disappointed 
with this portion of the book. First, the material is too elementary, covering little 
beyond that found in books intended to be used in the calculus sequence. For example, 
there is nothing on bilinear or quadratic forms or on the canonical forms of matrices. 
Also, there is little evidence of the usefulness of linear algebra. For example, since 
quadratic forms are not mentioned, the study of symmetric matrices is quite un- 
motivated. And finally the material on infinite dimensional spaces was too difficult, 
while the treatment of rank and determinants is occasionally awkward. 

The book is carefully written. My students had no difficulty in reading it and in 
covering some sections on their own. The exercises are numerous and well-chosen, 
although I would like to see those exercises that are needed later marked in some 
way. There is more in the book than can be covered in a year’s course, but with a 
little care some material can be omitted without causing trouble later. 

In conclusion, I found this to be an excellent book with several outstanding 
features. Its one major defect is the lack of sufficient material in linear algebra, so 
a potential user should be prepared to supplement this part. I would recommend that 
anyone teaching a year’s course in algebra look carefully at this book. 

ROBERT B. REISEL, Loyola University, Chicago 
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TELEGRAPHIC REVIEWS 


Telegraphic reviews are designed to give prompt notice of new 
books with sufficient information to assist our readers in deciding 
whether to order an examination copy or to suggest library purchase, 
Possible uses are indicated as follows: 


T textbook P = professional reading 
S supplementary reading L = undergraduate library purchase 
13 to 18 = freshman to second year graduate level usage 
1 to 4 = appropriate time in semesters to cover text 
Asterisks (*) or question marks (?) denote special positive or nega- 
tive emphasis, respectively. Publishers are denoted by standard 
abbreviations; complete addresses may be found in Books tin Print, 


GENERAL, I**(13-14; 1), S(13-16), P, L**, Mathematics in Civiliza- 
tion. H.L. Resnikoff, R.O. Wells, Jr. HR&W, 1973, x + 372 pp, 


$11.50. An exceptionally good "liberal arts math" text. Treats 
through time two themes: the ability to compute, the geometrical 
nature of space. Unusual choice of topics includes Rhind papyrus, 
Babylonian tablets, Greek astronomy, marine navigation, cartography, 
logarithms, analytic geometry, calculus, Taylor polynomials, differ- 
ential geometry, relativity theory. Healthy emphasis on historical 
applied mathematics, particularly astronomy. No treatment of elec- 
tronic computers. Avowedly, does not teach mathematical techniques 
nor prepare the student to use mathematics as a tool in any way. 
Sparing in its demand on students' prior knowledge; but less plod- 
ding, more exciting than most books of the genre. PJC 


GENERAL, |(13), Mathematics and the Liberal Arts, Jack C. Gill. 
Merrill, 1973, xxi + 377 pp, $9.95 (P). This book covers logic, 

high school algebra, probability and statistics, decimal and other 
bases, and a review of computational arithmetic. It is difficult to 
review completely, since it is designed to be used with a set of 
audio tutorial tapes which were not available. Two objections arise. 
First, the subjects are broken up into exercises with "behavioral ob- 
jectives." This sort of fragmentation may make it easier for the 
student, but makes any sort of unified approach difficult. Second, 
most of the examples and exercises are of a standard sort having 
little to do with liberal arts. An index is provided, but no refer- 
ences to other sources of information. PJM 


GENERAL, [(13-14), S, L, Mathematteal Ideas, An Introduectton, Second 
Edition, Charles D. Miller, Vern E. Heeren. Scott F, 1973, 372 pp, 
$8.95. Math for non-majors. Numeration methods, sets, mathematical 
systems, symbolic logic, relations and functions, probability and 
statistics, matrices, computers and transformational geometry are the 
chapter headings. Each chapter has a list of suggested references 
for further reading. The exercises are good and plentiful. Marginal 
pictures are very good. PJM 


GENERAL, S, L*, Zhe MAA Problem Book III, Charles T. Salkind, James 
M, Earl. New Math. Lib., V. 25. Random House, 1973, vi+ 186 pp, 
$2.12 (P). Problems with solutions from MAA annual high school con- 
tests, 1966-72. LCL 
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GENERAL, [(13: 2), A Survey of College Mathematics, Second Edition. 
Donald R. Horner. Rinehart Pr, 1973, ix + 335 pp, $9.95. Signifi- 
cantly changed from the 1947 edition. Out are chapters on trig, 
analytic geometry and calculus, as well as some of the more taxing 
exercises. In are an expanded treatment of probability, flow charts 
throughout and an introduction to computer mathematics. Still more 
content oriented than most surveys. Contains lots of good mathema- 
tics in an attractive presentation, Numerous exercises (90% answered). 
Possible for self-paced setting. TAV 


GENERAL, S, L, Recreattonal Problems tn Geometrte Dissecttions and 
How to Solve Them. Harry Lindgren. Revised and enlarged by Greg 
Frederickson. Dover, 1972, viii + 184 pp, $2 (P). Basically the 
1964 edition with appendix bringing the subject up to date. Based 
on Bolyai-Gerwin Theorem (any rectilinear plane figure can be dis- 
sected into any other of same area by cutting it into a finite num- 
ber of pieces), the main interest of dissections is to find how to 
dissect one figure into another in the least number of pieces. As 
the author remarks, it is heartening to learn there is some method 
to it. "The subject is nowhere near exhaustion", as the results 
Since 1964 attest. Unfortunately, still no index. PJC 


GENERAL, S* (135-18), P*, L**, Companion to Conerete Mathemattes: Ma- 

hemattcal Techniques and Various Applications. Z.A. Melzak. Wiley, 
1993, xiii + 270 pp, $14.95. A delightful miscellany of problems 
organized into over sixty sections together with historical notes, 
solutions, observations and remarks. Problems feature concreteness, 
intuitive appeal, ingenuity. Mathematicians at all levels, especial- 
ly college teachers of mathematics, will enjoy sampling and using 
this book. High level of mathematical content. LCL 


GENERAL, S, P*, L, The AMRC Papers: An Indietment of the Army Mathe- 
mattes Research Center, Science for the People. 1973, 119 pp, $1.25 
(P). Details of the operation of an "overtly violent" institution 
which is the chief mechanism by which mathematicians participate in 
the Indochina War effort. Documentation from government sources of 
consulting by the AMRC staff with researchers at Army installations, 
together with direction of their research: viz., design and testing 
of weapons (chemical, biological, conventional), and creation of 
military and political strategy (including counter-insurgency). 
Thorough, informative, and damning. Down-to-earth explanation of 
the process of mathematical modelling included. Closes with a sketch 
of how mathematics could better serve society's needs through a 
People's Mathematics Research Center. PJC 


GENERAL, S(13), 4ufgaben mit Losungen aus Olympiaden Junger Mathema- 
tiker der DDR, Band I. W. Engel, U. Pirl. Volk und Wissen, 1972, 173 
pp. A collection of problems used in the Mathematics Olympiad for 
secondary school students in the German Democratic Republic, Fields; 
number theory, equations, inequalities, functions (especially trige- 
nometric), logic and combinatorics. Less interesting than the similar 
collection of Russian problems published hy Freeman in 1962. JD<-B 


Basic, [(13), Beginning Algebra for Mature Students, James J. Meadow- 
croft Il. P-H, 1971, 270 pp, $6.35 (P). Workhook—-examples, exercises 
with answers, reviews, tests. Quadratic equations, first degree equa- 
tions in two unknowns. Fractional exponents not included. Large, 
easy t») read format. LCL 
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PRECALCULUS. T(13: 1),L,#lementary Funetions; Pre-Cateulug Mathema- 

tice, D. Franklin Wright, Kenneth E. Lindgren, Heath, 1973, xi + 
338 pp, $8.95; Instructor's Manual, 107 pp, free (P). Here is a pre- 
calculus book that crosses the line and sneaks in some calculus con- 
cepts, e.g., a "slope function" for use in graphing polynomials, in- 
tuitive notions of continuity and limits, some (inappropriately) 
sophisticated theorems about existence of maxima and minima. Expo- 
nentials, logarithms, trig functions and a short section on permuta- 
tions, combinations and probability are also included, along with a 
section on sequences and series. Limits of sequences are referred 
back to a previous definition (?) of limits for functions, the pre- 
Vious definition consisting merely of two examples. The concept of 
this book is good; however, it is carried out sloppily and the stu- 
dent will either be confused or (mistakenly) bored with calculus 
after going through it. PJM 


PrecALCULUS, I(13: 2), Essentials of Mathematics, Third Edition. 
Russell V. Person. Wiley, 1973, xiii + 738 pp, $11.75. A large text 
made larger (in this third edition) with the addition of asectionon 
calculus--a non-rigorous brief treatment for technical students. 
Second edition reviewed in February, 1969. LLK 


PRECALCULUS, T(13: l, 2), L, College Algebra, 4th Editton. Moses 
Richardson, Leonard F. Richardson, P-H, 1973, xii + 468 pp, $10.95. 


Any book which is in its 4th edition must be doing something right. 
This text is a souped up high-school algebra book, designed for col- 
lege students, and makes an excellent pre-calculus course. It is 
well organized (complex numbers before quadratic equations) and has 
many topics not included in the usual pre-calculus text (solution of 
non-quadratic equations, a fairly sophisticated development of the 
real numbers). Other topics include probability, an introduction to 
linear algebra, mathematical induction and some results on progress- 
ions and series. An excellent book, reasonably priced. Exercises 
and an index but no collected references. References occur in foot- 
notes, as well as frequent historical comments. PJM 


EDUCATION, Teaching Mathematics: Psychological Foundations. F. Joe 
Crosswhite, et aZ. Jones Pub., 1973, viii+t+ 268 pp, $6.95 (P). Col- 
lection of reprinted articles, mostly from Mathematics Teacher and 
Arithmetic Teacher on cognitive aspects of mathematics learning at 
elementary level. Editors append valuable exercises (questions and 
activities) after selections. Good text for discussion seminar for 
mathematics education students. PJC 


EDUCATION, S, P, L, Geometry in the Mathematics Curriculum: Thirty- 
siath Yearbook. NCTM, 1973, viii + 472 pp, $9. Explores approaches 
to and content of informal (K-14) and formal (10-12) geometry courses; 
presents three views of contemporary geometry; reviews and recommends 
programs for the educatign of teachers. JNC 


EDUCATION, P, L, Zhe Process of Learning Mathematics, Ed: L.R. 
Chapman. Pergamon Pr, 1972, xiii + 392 pp, $24. Lectures tq educa- 
tion students at the University of London, including several on de- 
velopments and experiments in British mathematics education, Parti- 
cularly good: "The Role of Intuition" and "Motivation, Emotional, and 
Interpersonal Factors." PJC 
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HISTORY, 9, De L'Infint Mathématique. Louis Couturat. Blanchard, 
1973, xxiv + 667 pp, 56F (P). Reprint of 1896? work. ("Tous drotts 
réservés"=-still??) Leisurely presentation of the extension of the 
integers to the real and complex number systems, successively in 
arithmetic, algehraic, and geometrical fashions. Mathematical in- 
finity as a geometric and as an analytic gbject, together with philo- 
sophical reflections. The mathematics of quantity, subsequently re- 
lated to number. Of historical interest; but still of value to stu- 
dents, especially for its integrated overall picture. PJC 


History, S, P, L, #rnst Mach: His Work, Life, and Influence. John 
T. Blackmore. U of Calif Pr, 1972, xx + 414 pp, $16.95. First full- 
scale biography of the famous physicist, who feuded with Boltzmann, 
Planck, Einstein and others, opposing the atomic theory, the theory 
of relativity, and theoretical physics in general. He was particu- 
larly offended by the use of higher-dimensional geometry to explain 
the three-dimensional world of sensations. PJC 


History, P, lLetbnis and Dynamics: The Texts of 1692, Pierre Costabel. 
Transl: R.E.W. Maddison. Cornell U Pr, 1973, 141 pp, $8.50. Two texts 
by Leibniz on dynamics, from recently-discovered copies of the origi- 
nal manuscripts (themselves also extant). Textual comparison and in- 
tricate detective work give a glimpse of the politics of science in 
France in 1692, Of historical interest only. PJC 


HISTORY, P, Gesammelte Abhandlungen. Issai Schur. Springer-Verlag, 
1973. Band I, xv + 491 pp; Band II, iv + 494 pp; Band III, iv + 480 
pp, $89.10 set. The collected research papers prefaced by a memorial 
address by Alfred Brauer and with an appendix containing some post- 
humous papers, published results, and results cited by other mathema- 
ticians. JAS 


History, P, L**, Oeuvres Setientifiques, VY. I-V. Henri Lebesgue. 
L'Enseignement Mathématique. V. I, 1972, 339 pp, 60F; V. II, 1972, 
viii + 443 pp, 60F; V. III, 1972, 405 pp, 60F; VY. IV, 1973, 391 pp, 
60F; V. V, 1973, 429 pp, 60F. Includes all major papers, one entire 
book--the original (1904) edition of Legons sur l'intégratton--, obi- 
tuaries by Montel, Denjoy and Felix, various documents associated 
with Lebesgue's appointment and tenure at the Collége de France, and 
complete chronological lists of his works including those not pub- 
lished here. LAS 


History, P, Gesammelte Mathemattsche Abhandlungen. Felix Klein. 
Springer-Verlag, 1973. V. I, xxi + 612 pp; V. II, vi + 713 pp; VY. 
IIT, ix + 809 pp, $77.70 set. A reprint of the work originally pub- 
lished by Springer in 1921-23. Research papers and historical notes 
on his academic activity. JAS 


FOUNDATIONS, 1?(15-16: 1), L, Mathematical Logie. Daniel Ponasse. 
Gordon, 1973, x + 126 pp, $10.50. Efficient treatment of proposi- 
tional and predicate calculi, demanding some algebra and topology. 
Standard axiom schemata briskly and neatly yield consistency and re- 
sults on sets of sentences. Boolean rings and spaces are developed 
to derive completeness. Forest, trees: both visible. No incomplete- 
ness results, no exercises, no index, thin motivation. Profitable 
use of symbol A>ox< to denote expression A which does not con- 
tain symbol o. Translated from the French. pJc 
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FouUNDATLONS, I|*(1, 2), Logte and Philosophy: A Modern Introduectton, 
Second Edition, Howard Kahane. Wadsworth, 1973, 440 pp, $8.95; 

Study Gutde for Logie and Phtlosophy, Second Edition, Warner Morse, 
215 pp, (P). Good modern text for the traditional philosophy depart- 
ment course in logic. Standard axiomatic treatment of sentential 

and predicate calculus, plus other topics: traditional logic, in- 
duction and science, logic and philosophy, axiomatic systems. (Foot- 
note mention of Gddel.) Broad range, but it can't all be done in one 
semester. Changes from first edition: more exercises; new section on 
modal, epistemic, deontic logics; revised (and very good) chapter on 
fallacies. Surprise: despite improvements, no increase in price from 
first edition--and a new feature, a complimentary study guide, be- 
Sides! PJC 


FoUNDATIONS, |(16-18), S, P, L, 4lgebraie Systems. A.I. Mal'cev. 
Grund. math. Wissenschaften, B. 192. Transl: B.D. Seckler, A.P. 


Doohovskoy. Springer-Verlag, 1973, xii + 317 pp, $39.60. Finely 
reasoned, completely detailed presentation from one of the origina- 
tors of this subject which lies between algebra and mathematical 
logic. Classical algebras, first and second order languages, pro- 
ducts and complete classes, quasivarieties and varieties. Note 
price!! LCL 


FOUNDATIONS , T(13-16: 1), S, L, Introduction to Modern Mathematics. 
Helena Rasiowa. North- Holland, 1973, xii + 339 pp, $18.25. Accurate, 


complete introduction to the language and proof techniques of modern 
abstract mathematics. Text divided equally between set theory and 
mathematical logic, with some abstract algebra. Written by a dis- 
tinguished author for freshman at Warsaw University. Scholarly, yet 
elementary. Could be used as foundations text; better as a student 
supplement and guide to "mathematical maturity." (Pages 117-132 were 
missing in the review copy.) LCL 


LINEAR ALGEBRA, T(14: 1), Linear Algebra. Burton W. Jones. Holden- 
Day, 1973, xi + 315 pp, $12, 95. A mathematically comprehensive treat- 
ment of introductory linear algebra. The emphasis is on development 
of an appreciation for more abstract mathematics. From this point of 
view, a well written text with an appropriate choice of problems. One 
is left with the distinct impression that there are no applications 
for linear algebra beyond 3 by 3 Markov chains. Incredible! TAV 


LINEAR Avcepra, [?(13-14: 1), L?, #lementary Matrix Algebra for 
Psye hologtsts and Social Sctentists. A.G. Hammer. Pergamon Pr, 1971, 


ix + 212 pp, $5.95 (P). Written by an applied psychologist who sees 
himself as a go-between. Cookbook; sadly incomplete. Evokes little 
understanding. Main gaal--factor analysis. Here is an application 

of interest to nearly everyone. Why not include this in our sopho- 

more linear algebra texts? ghould a go-between really be necessary? 
LCL 


LINEAR ALGEBRA, [(14: 1), #lementary Linear Algebra. Evar D. Nering. 
Saunders, 1974, ix + 375 pp, $J1. An excellent text, carefully pre- 


sented for a sophomore level courge. Builds tg orthogonal and uni- 
tary spaces. LLK 


ALGEBRA, P, Rings, Modules, and Radicacvs, Ed: A, Kertész,. North- 
Holland, 1973 520 pp, $35.10. Papers and prohlems presented at the 


International Colloquium at Lake Balaton, Hungary, in August 1971.JAS 


308 REVIEWS [March 


ALGEBRA, P, Introduction to the Theory of Formal Groups, J. Rieudonné. 
Dekker, 1973, xii + 265 pp, $18.75, First studies general C-groups, 
where C is the category of cogebrag over a field k. Then requires 

k to be perfect and develops the theory of infinitesimal formal 
groups (ending with reduced ones, where k is assumed algebraically 
closed). Applications to the theory of algebraic groups are not 
given. DFA 


ALGEBRA, [(18: 1), P, Symmetric Bilinear Forms, J. Milnor, D. 
Husemoller. Ergebnisse der Math., B. 73. Springer-Verlag, 1973, 
viii + 147 pp, $15.60. Concentrates on recent developments, parti- 
cularly the work of A. Pfister and M. Knebusch., LCL 


ALGEBRA, |(1/-18), L, The Theory of Groups, An Introduction, Second 
Edition. Joseph J. Rotman. Allyn, 1973, x + 342 pp, $14.50. Reset 
in more attractive type and format. Improved exercise sets. New 
sections on Grothendieck groups, edgepath groups, covering complexes 
and the Nielsen-Schreier theorem. A rewritten last chapter on the 
word problem includes Post's theorem and an imbedding theorem of G. 
Higman. DFA 


ALGEBRA, T(16-18: 2), S, P*, L, Algebra: Rings, Modules and Cate- 
gortes I, Carl Faith. Grund. math. Wissenschaften, B. 190. Springer- 


Verlag, 1973, xxiii + 565 pp, $22.20. A survey of aspects of ring 
theory since Jacobson's Colloquium volume (1956, revised 1964) and 

a rapid escort to the frontiers of research. An encyclopedic under- 
taking. The first volume starts from scratch (parts are quite suit- 
able for undergraduates). Basic propositions drawn evenly from clas- 
Sical and homological-categorical influences. An important addition 
to the literature. Many exercises, notes, references. LCL 


ALGEBRA, |**(16-18: 2), S, L, Category Theory: An Introduction. 
Horst Herrlich, George E. Strecker. Allyn, 1973, xi + 400 pp, $18.95. 


Lots of problems, a real attention to pedagogy, excellent indices and 
bibliographies make this probably the best (if not only) textbook at 
its level really designed for the student who might become a mathema- 
tician. The emphasis is on the basic ideas of general category 
theory, limits and adjointness. It uses set theory, algebra, and 
topology at the advanced undergraduate or beginning graduate level 
but does only category theory. JAS 


CALCULUS, I**(13: 3), Honors Calculus. Robert G. Bartle, C. Ionescu 
Tulcea. Scott F, 1970, 889 pp, $12.95. Possibly the most complete, 
Yigorous text available. Clearly intended for the honors student. 
Logically sound and carefully constructed. One unusual feature: com- 
plex nupbers and complex functions are stydied leading to the func- 
tion e from which the properties of e, log_(x), the trig and in- 
verse trig functions, hyperbolic and inverse hyferbolic functions are 
derived. Treatment through series in detail, introduction to multi- 
variahle calculus. TAV 


CAccuLus, TC15-16: 2), Advanced Calculus of Several Vartables, C.H. 
Edwards, Jr. Acad Pr, 1973, x + 457 pp, $15.50. A sophisticated, 
comprehensive treatment. Gives more than lip service to the calculus 
of R™, n > 3, Introductory treatment of linear algebra, differential 
and integral calculus, vector calculus, calculus of variations, Ex-< 
tensive prohlem sets. The audience needs significantly more mathema- 


tical maturity than for most recent multivariable calculus texts. TAV 
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CaLcuLus, | T??(13: 2), Introductory Caleulus for Business and Econo- 
mtes. William E. Beatty, R. William Gage. GULP, 1973, 371 pp, $10,995. 
Uses calculus to solve elementary (textbook) problems in business, 
economics, and management. Mathematically atrocious. For example, 
the student's first acquaintance with the definite integral is just 
after the statement of the Fundamental Theorem, where it's referred 
to as the (previously defined) indefinite integral where "we have 


specified the limits of integration." And how about this? "In 
mathematical terms, if 2 is a variable, a is the numerical value, 
and § is any number, then we say x approaches a if |x - al < 6 


for all values of 6." DFA 


CatcuLus, 1(15: 2, 3), Caleulus. Leonard Gillman, Robert H. McDowell. 
Norton, 1973, 674 pp, $12.95. Carefully written text through multiple 
integrals. Theorems are stated and proved, but the tone is not overly 
rigorous. An unusual feature: the integral is defined, following 
Howard Levi, in terms of "additivity and betweenness" eliminating 
Riemann sums, etc. Abundant exercises. TAV 


CALCULUS , 1(15), S, The Indefinite Integral. G.M. Fichtenholz. 
Transl: Richard A. Silverman. Gordon, 1971, vii + 140 pp, $12.50. 
Covers standard methods of anti-differentiation, not unlike the treat- 
ment in most standard calculus texts. Many exercises and hints, but 
hardly unique enough to justify the price. TAV 


CALCULUS, S15), The Calteulus. C.O. Oakley. B&N, 1957, viii + 221 
pp, $1.75 (P). A short outline mainly for self study. Minimal text- 
ual material. Perhaps useful as a review of formulae through par- 
tials. Reprinting of 1944 edition. TAV 


CALCULUS, [?(135), S, The Definite Integral. G.M. Fichtenholz. 
Transl: Richard A. Silverman. Gordon, 1973, vii + 90 pp, $8.75. 
Similar in content and style to the treatment found in most calculus 
texts. Darboux sums, mean value theorems, some techniques including 
integration by parts. A couple of dollars more would buy a complete 
text. TAV 


REAL Anacysis, I (14-15: 1), Introduction to Real Analysis. Bevan K. 
Youse. Allyn, 1972, ix + 227 pp, $10.95. For an intermediate level 
course. Responsibility for proofs shifts to the student ag text de- 
velops. Graded exercises, some integrated with text. Functions, 
sequences, limits and continuity, derivative, Riemann integral, in- 
finite series, Riemann-Stieltjes integral. Appendices on axiomatic 
development of real numbers (all proofs are exercises) and project 
problems. RBK 


REAL ANALYSIS, I (17: I, 2), SCl6-18), L, Real Analysts. Gabriel 
Klambauer. Am Elsev, 1973, xi + 43@ pp, $15.95. An important addi- 
tion to the collection of texts for first year graduate real vari- 
able courses. Problems in outline form give classical examples, ap- 
plications, extensions of the theory. Many references to literature. 
Excellent for reference. Lebesgue measure, measurable functions, and 
integral on the real line; function spaces; differentiation and ab- 
solute continuity; abstract measure and integration; topological and 
metric spaces; Stone-Daniell integral; normed linear spaces. RBK 
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REAL ANALYSIS, P, Zeeture Notes tn Mathemattces-232: Taubertan Remaind-~ 
er Theorems, Tord H. Ganelius, Springer-Verlag, 1971, vi+ 75 pp, 
$4.50 (P). Application of Wiener's general method to different kinds 
of tauberian problems. Classical hard analysis and distributignal 
methods. RBK 


REAL ANALYSIS, P, 4pproxtmatton Methods in Analysts. Friedrich 
Stummel. Lect. Notes Series, No. 35. Aarhus U, 1973, 115 pp, (P). 
Generalizations of the notion of continuous convergence (x_*x_> 
E(x) > £(x_)) with applications to approximations of différential 
and integral equations. Does not appear deep. Translation of known 
approximation methods into author's terminology. RBK 


REAL ANALYSIS » TC1T4: 1), Introduction to Mathematical Analystis.C.R.J. 
Clapham. Routledge & Kegan, 1973, vii + 83 pp, $2.25 (P). A nice 
short well written treatment of the first principles of real analysis, 
from a clear treatment of the completeness axioms to sequences, power 
series, continuity, derivatives and integrals. Appropriate to follow 
"intuitive calculus", 15-20 lectures worth. Attractive price as 
well. TAV 


CompLEX ANALYSIS, |1**(17: 2), Funettons of One Complex Vartable. 
John B. Conway. Grad. Texts in Math-ll. Springer-Verlag, 1973, xi + 


313 pp, $15.20 (P). An important text. Requires e-6 background 
and knowledge of partials only. A nice feature: much of the theory 
of analytic functions is developed in an easy fashion from f(z) 
analytic if continuously differentiable. Covers through Picard's 
theorems. A full, intensive treatment with little motivational 
material and a minimum of exercises. The author views complex analy- 
sis as "an introduction to mathematics." TAV 


CoMPLEX ANALYSIS, T(18), P*, Conformal Invartants: Topies in Geome- 
trte Funetton Theory. Lars V. Ahlfors. McGraw, 1973, vii + 157 pp, 


$10.95. Covers non-Euclidean metric, capacity, harmonic measure, ex- 
tremal length (in detail), univalent functions, Schiffer's variation- 
al methods. As is his style, the author writes in 157 pages what 
others might in 250. The last two chapters on Riemann surfaces de- 
monstrate the utility of this approach in development of the uni- 
formisation theorem. TAV 


ComMPLEX ANALYSIS, P, #2lliptie Funetions and Elltptte Curves. Patrick 
DuVal. London Math. Soc. Lect. Notes, V. 9. Cambridge U Pr, 1973, 

v + 248 pp, $9.95 (P). Theory of elliptic functions beginning with 
series for Weierstrass functions. Classical identities and proper- 
ties are developed. Invariants and the modular function, Jacobi 
functions, inversions of integrals of first and second kind, trigo- 
nometric expansions, Theta functions, and more. Second part (chap- 
ters 11-13) gives general and explicit information on parameteriza- 
tions of elliptic curves, the plane cubic, elliptic and quartic 
curves. Classical algebraic geometry is assumed. . RBK 


COMPLEX ANALYS 1S, TCU18: 1), P, Zoptes in Complex Function Theory, V. 
I. cC.L. Siegel. Transl: E, Gottschling, M. Tretkoff. Tracts in 


pure and Appl. Math., VY. 25. Wiley, 1973, ix + 224 pp, $17.50, The 
third and final volume based on lectures given at Gottingen (TR, V.I, 
January 1970; V. II, February 1972). Topics: Abelian functions and 
modular functions on several variables, Such functions constitute 
the most important and best understood classes of analytic functions 
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of several complex variahles. An extensive bibliography (800 entries) 
includes recent research and historically relevant works. TAV 


DLEFERENTLAL EQUATIONS, P, Fourter Integral Operators. J.d. 
Duistermaat. Courant Inst, 1973, 190 pp, $4.75 (P). Fourier inte- 


gral operators generalize the Fourier integral representation of 
fundamental solutions to partial differential equations. Assumes 
theory of distributions. Review of classical theory of symplectic 
differential geometry which is regarded as basic for understanding 
of nonlinear partial differential equations, variational calculus, 
and classical mechanics. Serves as preliminary to invariant theory 
of Fourier integral operators. RBK 


DIFFERENTIAL EQUATIONS, P, Nonlinear Almost Pertodie Osetllations. 
M.A. Krasnosel'skii, et al. Transl: A. Libin. Wiley, 1973, x + 326 
pp, $36. Uses the methods of integral equations with monotone and 
concave operators to study global problems concerning nonlinear al- 
most periodic oscillations and the relevant branching theory. An 
excellent 46-page appendix summarizes the book's methods and results, 
and should be read first. Note price. DFA 


DIFFERENTIAL EQUATIONS, P, Linear Differential Equations in Banach 
Space. S.G. Krein. Transl. Math. Mono., V. 29. AMS, 1971, v + 390 


pp, $24.20. The theory of linear differential equations in Banach 
space with unbounded coefficients as developed by Hille, Yosida, 
Feller, Phillips, Lax, and Kato. Investigates correct statement of 
problem and asymptotic and approximate methods for first order equa- 
tions with constant and nonconstant operators, and for certain second 
order equations. Bibliography of 270 references. RBK 


DIFFERENTIAL EQUATIONS, P, ‘Introduction to the Theory and Appltieca- 
tton of Differential Equattons with Deviating Arguments, I.E. 


El'sgol'ts, S.B. Norkin. Transl: John L. Casti. Acad Pr, 1973, 

xiv + 357 pp, $14.50. Updated version of the first author's 1964 
work of the same title. Basic concepts and existence theorems, linear 
equations, stability theory, periodic solutions, stochastic differ- 
ential equations with retarded argument, approximate methods. Over 
650 references. For mathematicians, physicists, engineers. DFA 


DIFFERENTIAL Equations, [*(15-16: 1, 2), L, The Analysts and Solution 
of Partial Differential Equations. Rob ert L. Street. Brooks/Cole, 


1973, xi + 458 pp, $14.95. Useful for many types of first courses. 
Later chapters concern Green's functions, integral transforms, 
characteristics, numerical finite difference methods. Rigorous. 
Quantitative and qualitative. Multitude of problems, including many 
requiring formulation. An attractive, carefully written book which 
requires students to work hard. DFA 


DLFEERENTLAL EQUATLONS- TC/~ 18: 1,.2), L, Linear Methods of Applied 
Analystg. Allan M. Krall. A=W, 1973, xiv + 706 pp, $9.50 (P). For 
a variety of “applicable “hathematics" courses. Theory of ordinary 
differential equations (using the contraction mapping theorem), the 
Stone-Weierstrass Theorem, regular and singular Sturm—Liouville pro- 
blems (in a Hilbert space setting), classical second-order partial 
differential equations of mathematical physics (using distributions). 
Applications supply motivation, hut the concern both in text and pro- 
blems sets is with the mathematics. DFA 
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DIFFERENTIAL EQUATIONS, P, Hyperholve Systems of Conseryation Laus 

he Mathematical Theory of Shock Wayes. Peter 2. Lax. CBMS Reg. 
Cone. in Math., No, ll. SIAM, 1973, v + 48 pp, $4.80 (PP), First 
order quasi=linear hyperbolic systems, Studies existence and unique- 
ness of generalized solutions to an initial value problem subject to 
entropy conditions, and the resulting dissipation. Brief introduction 
to numerical methods, but no numerical results. DFA 


DIFFERENTIAL EQuaTIONs, S(14), Differential Equations and Circuits, 
Draft Edition. SMP Further Mathematics, V. III. Cambridge U Pr, 


1971, x + 178 pp, $3.95 (P). The third of a series on applications 
of mathematics: Boolean algebra, applications to computer circuitry, 
analogue computing, network analysis, analytical methods for differ- 
ential equations, complex number methods, and the Laplace transform. 
LLK 


DIFFERENTIAL EQUATIONS, [(14: 2), Ordinary Differential Equations: A 
First Course, Second Edttion, Fred Brauer, John A. Nohel. Benjamin, 


1973, ix + 470 pp, $11.95. Chapters 1 and 2 of the first edition (TR, 
June-July 1970) have been completely rewritten. Chapters 4 and 5 are 
new, with the arrangement such that Chapter 3 or 4 and 5 can be used 
depending upon backgrounds with or without linear algebra. LLK 


DIFFERENTIAL EQUATIONS, P, Parttal Differential Equations. Ed: D.C. 
Spencer. Proc. of Symp. in Pure Math., V. XXIII. AMS, 1973, vii + 


505 pp, $33.20. Proceedings (revised papers) of the AMS summer re- 
search institute at Berkeley in August 1971. JAS 


NUMERICAL ANALYSIS, S(16-17), P*, Approximate Linear Algebraic Equa- 
ttons, I.B. Kuperman, Van-N- “Rein, 1971, xi + 225 pp, $18.95. Several 


different methods for linear systems in which each coefficient and 
constant is given by a midpoint and interval half-length. Solutions 
are obtained in terms of the solution at the midpoint values and an 
uncertainty for each variable, i.e., the maximum deviation from the 
midpoint solution. Methods use norms, linearizations, modulus analy- 
Sis, interval arithmetic, linear programming and statistics. Many 
Original results. Very readable style. Few references. RWN 


NUMERICAL ANALYSIS, [(16: 1), Numerical Analysis. A.M. Cohen, et al. 
Wiley, 1973, xi + 341 pp, $10.75 (P). Practical, not necessarily 


Simple, methods for interpolation, approximation, root-finding, in- 
tegration, linear equations, eigenvalues, ode's, pde's and optimiza- 
tion. Written by several authors, the book varies in style, rigor 
and level although the development from simple examples to important 
methods is consistent. Some concern for errors. Very good problems. 
RWN 


NUMERICAL ANALYSIS, P, The Mathemattes ef Fintte Elements and Appli- 
cations. Ed: Jd.R. Whiteman. Acad Pr, 1973, xiii + 520 pp, $35. 
Papers from an April 1972 conference at Brumel U. in England. LAS 


NUMERICAL ANALYSIS, P, 0” AppYoxtmatron Theory, Hd; P.l. Butzer, J. 
Korevaar. Birkhauser , 1972, xvi + 261 pp, $13. A second printing 


of the proceedings of the August 1963 conference at Obercwolfach com- 
memorating de La Vallée Poussin, who died March 2, 1962, Contains 
an essay Qn his life and work written specially for this volume by 
J. Favard. JAS 
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NUMERICAL ANALYSIS, P, Wumerigehe Methoden bet Optimierungsaufgaben. 
L. Collatz, W. Wetterling. Birkhauser, 1973, 136 pp. EHleven papers 
presented at the Novemher 1971 conference at ‘Oberwolfach. JAS 


NUMERICAL ANALYSIS, P, Spline Funettong and Approximation Theory. 
Ed: A. Meir, A. Sharma. Birkhauser, 1973, 386 pp. Proceedings of 

a symposium held at the University of Alberta, Edmonton, Canada, May 
29 to June 1, 1972. JAS 


FuNCTIONAL Anacysts, $(17: 1), SC16-18). L, Spectrat Pheory of Opera- 
tors tn Hilbert Space. K.O. Friedrichs. Appl. Math. Sci., V. 9. 


Springer-Verlag, 1973, viii + 244 pp, $6.50 (P). An expository work 
by a master of the theory. The spectral analysis of a linear opera- 
tor is introduced by generalizing from three problems: diagonalization 
of quadratic forms, representation by Fourier series, and representa- 
tion by Fourier integrals. Spectral Representation; Norm and Inner 
Product; Hilbert Space; Bounded Operators; Operators with Discrete 
Spectra; Non-Bounded Operators; Differential Operators; Perturbation 
of Spectra. RBK 


FUNCTIONAL ANALYSIS, P, Meromorphte Operator Valued Functions, H. 
Bart. Math. Centre Tracts, No. 44. Mathematisch Centrum, 1973, 126 
pp, Dfl. 14,00 (P). Results on the Laurent coefficients and global 
relative inverses of degenerate and semi-Fredholm meromorphic opera- 
tor valued functions, and a characterization of poles of the resolvent 
of an arbitrary holomorphic operator valued function. RBK 


FUNCT LONAL ANALYSIS, T*(18), L, Integral Equations. Harry Hochstadt. 
Wiley, 1973, viii + 282 pp, $16.95. Mixes classical and functional 


analytic techniques, using the latter in Hilbert space. Basic exist- 
ence theorems, equations with L, kernels (via compact operators), ap- 
plications to partial differential equations, Fourier and other trans-~- 
forms and the projection method, Fredholm theory, the Schauder fixed- 
point theorem and nonlinear equations, Many examples and exercises. 
DFA 


FUNCTIONAL ANALYSIS, P, Wumerteal Ranges II, F.F. Bonsall, J. 
Duncan. London Math. Society Lect. Note Ser., No. 10. Cambridge U 


Pr, 1973, vii + 179 pp, $7.50 (P). Sequel to Numerical Ranges of 
Operators on Normed Spaces and of Elements of Normed Algebras (TR, 
December 1971), also in this series. Reflects recent developments. 
Largely concerns spatial and algebraic numerical ranges, but touches 
on essential and joint numerical ranges and matrix ranges. Applica- 
tions to initial value problems are not treated. DFA 


FUNCTIONAL ANALYSIS, S(16-18), P, L, Lecture Motes in Mathematics-558: 
Classical Banach Spaces. Joram Lindengtrauss, Lior Taafriri. Springer- 


Verlag, 1973, ix + 243 pp, $9.10 (©). A valuable addition to the lit- 
erature on the structure of particular Banach spaces, Contains new 
results and open questions for research. Bibliography of 214 classi- 
cal and recent references. Part I Sequence Spaces; Shauder hases; 
the spaces l and c_; symmetric hases; Orlitz sequence spaces. 
Part IZ Funct?on Space’: Banach lattices; lattice characterizations; 
the L_~spaces; the C(K)<spaces and preduals of L jp TSspaces;: the f _ 
space§. References. RBK PB 
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OPTIMIZATION. T(16-17), P, Applied Nonlinear Programming. David M. 
Himmelblau. McGraw, 1972, xi + 498 pp, $18.50. A good senior or 


first yaa graduate text. Two main sections; unconstrained maximiza- 
tion, and constrained maximization. Unconstrained covers many differ- 
ent methods, two main subsections with and without derivatives, Ex- 
ercises, good references (both by feotnote and collected at the end 
of each chapter). Geometric interpretations encouraged where appli- 
cable. PJM 


OPTIMIZATION, P*, Introduction to Optimtgation Practice. Lucas Pun. 
Wiley, 1969, x + 309 pp, $16. An excellent book for self study. The 
only lack is exercises, After an introductory chapter, the subject 
is divided into three topics: static and dynamic problems, where the 
model is known (Chapters 2 and 4) and not fully known (Chapter 3). 
Chapter 5 discusses methods of optimizing computational tasks along 
the way. Plentiful examples, many taken from real life situations. 
Recommended for teaching yourself the subject. For a course, a sup- 
plementary list of exercises may be needed. PJM 


OPTIMIZATION, P, Leeture Notes in Economies and Mathematteal Systems- 
Cones, Matrices and Mathematical Programming. A. Berman. Springer- 
Verlag, 1973, v + 96 pp, $6 (P). A brief survey of results pertaining 
to recent applications of the theory of cones, particularly the com- 
plementarity problem and iterative methods for singular systems. LCL 


OPTIMIZATION, [(15: 1), Dynamie Programming (with Management Applica- 
tions). N.A.J. Hastings. Crane, Russak, 1973, 173 pp, $11.50. In- 
tended for the beginner, this text develops techniques for solving 

a variety of problems. Emphasis is given to Markov finite and infi- 
nite programming with some semi-Markov cases as well. The style is 

a bit terse, but a useful book for the careful reader. TAV 


OPTIMIZATION, [(15: 1), S, Queueing Theory in OR. E. Page. Crane, 
Russak, 1972, 187 pp, $11. An introductory treatment aimed at the 
OR student. Some calculus and probability required. Extreme situa- 
tions treated first, then more general queues. A brief discussion 
of economic considerations in server design. Many examples, few 
exercises. TAV 


OPTIMIZATION, |°(16), S, L, Communteation Nets, Stochastic Message, 
Flow and Delay. Leonard Kleinrock. Dover, 1972, xi + 209 pp, $3 (P). 
A very readable treatment of the optimization methods used in message 
handling in a communications net. Topics include topology of nets, 
priority handling, queue behavior, random routing procedures. A 
worthwhile overview of the area, with extensive bibliographic refer- 
ences for further study. TAV 


ANALYSIS, L, Tables of Laplace Tranaformg, Fritz Oberhettinger, 
Larry Badii. Springer-Verlag, 1973, vii+ 428 pp, $16 (P). An ex- 
tensive list of transforms and inverse transforms including most 
standard functions. Appendices on notations and lists of functions. 
TAY 


ANALYSIS, L, Fourter Rapanstons; A Collection of Formulas. Fritz 
Oberhettinger. Acad Pr, 1973, xi + 64 pp, S$ll. After a very brief 
(6 pp) introductien to Fourier and Fourier—Bessel series and trans- 
forms, an extensive list of series is given for increasingly complex 


functions and coefficients, TAV 
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ANALYSIS, [|(18), L, Summability Theory and Its Applicattongs. R.E. 
Powell, S.M. Shah. Van-N-Rein, 1972, ix + 178 pp, $9.95. Classical 
approach. Includes general theory of matrix transformations (and the 
Silverman-Toeplitz theorem), standard methods (NdOrlund, Hdlder, Cesaro, 
Euler, Borel, Taylor, Hausdorff means) and Tauberian theorems (but not 
those of Wiener). Applications to Fourier series and Fourier trans- 
forms and to analytic continuation. More exercises would be welcome. 
DFA 


Anacysts, T(17; 1), S(6-17), L, 42 Introduction to the Theory of 
Distributions. José Barros-Neto. Dekker, 1973, ix + 221 pp, $14.50. 


Clearly written and thorough introduction to the theory of distribu- 
tions--prerequisite topological vector space theory, definitions, 
structure theory, Fourier transforms (including Paley-Wiener-Schwarz 
Theorem) , | K~ theory of Sobolev spaces, applications (including 
Malgrange’s original proof of the existence of fundamental solutions 
of partial differential equations with constant coefficients). Ad- 
vanced calculus, metric space topology, Lebesgue integration, and 
some Banach space theory is assumed. Basically for graduate study, 
but much is accessible to advanced undergraduates. Good problems.RBK 


ANALYSIS, P, Asymptotte Expanstons: Thetr Dertivatton and Interpre- 
tation. R.B. Dingle. Acad Pr, 1973, xv + 521 pp, +13.50. Origin, 
nature, derivation, expression for the general late term, and inter- 
pretation beyond their least term of asymptotic expansions of various 
types--power, large-order, transitional and uniform--which can be de- 
rived from convergent series, integral representations, and second- 
order linear ordinary differential equations. Exercises, tables. At- 
tempts primarily to be heuristic and descriptive. DFA 


ANALYSIS, I(1/7-18: 2), S, P**, L, Linear Analysts and Representatton 
Theory. Steven A. Gaal. Grund. math. Wissenschaften, B. 198. Springer- 


Verlag, 1973, ix + 688 pp, $50.90. A highly readable reference volume 
as well as a systematic introduction to topics in modern functional 
analysis, harmonic analysis and representation theory in Hilbert 
Space. Will become a classic in its field. LCL 


GEOMETRY, P, Strong Rigidity of Locally Symmetric Spaces. G.D. 
Mostow. Princeton U Pr, 1973, v + 195 pp, $7 (P). Two compact 
Riemann surfaces can have isomorphic fundamental groups and not be 
analytically equivalent. Essentially, except for factors of this 
type, a semi-simple analytic group or equivalently, a locally sym- 
metric space is determined by its fundamental group. Monograph gives 
proof along with several formulations of the result. RBK 


GEomETRY, [*(14), S*, L, An Introduction to Non-Euelidean Geometry. 
David Gans. Acad Pr, 1973, xii + 274 pp, $10.95. A much needed and 
very readable presentation for the beginner. Hyperbolic geometry is 
developed on the basis of Euclid's first four postulates plus 
Saccheri's hypothesis of the acute angle. A hrief discussion of the 
geometry of a sphere and modified hemisphere introduces the axiomatic 
development of the two elliptic geometries, JNC 


GEomETRY, S18), P, Proceedings of the International Conference on 
Projeetive Planes. Ed; M.J. Kallaher, T,G. Ostrom. Washington St 
U Pr, 1973, vii + 287 pp, $8 (P). 
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TopoLocy, P, Canonteal Differenttal Qperators and Lower-order Sym-~ 
bols, Robert John Victor Jackson, Mem, of AMS, No. 135. AMS, 1973, 
viil + 235 pp, $3.90 (P). Study of glohal invariants associated to 
classical pseudo-differential operators that act upon sections of 
the complexified 1/2-density bundle over a manifold, and of various 
canonical differential operators on this bundle. Uses the algebraic 
relations arising among the jet bundles of the 1/2-density bundle 
and the tangent bundle. DFA 


TopoLocy, P, The Theory of Analytte Spaces, J. Hoffmann-Jgrgensen. 
Various Pub. Series, No. 10. Aarhus U, 1970, vi + 314 pp, $5.75 (P). 
Analytic spaces are Hausdorff images of Polish spaces, spaces which 
have a compatible metric with respect to which they are separable and 
complete. They include more important examples of topological measure 
spaces and exclude most pathological examples. Prerequisites: measure 
theory, functional analysis of locally convex spaces. RBK 


PROBABILITY, P, Probabtlistie Methods in Applted Mathemattes, V. 8. 
d: A.T. Bharucha- Reid. Acad Pr, 1973, xi + 346 pp, $32. The third 

of an irregularly appearing series of volumes; the applications are 

principally to physics, engineering and game theory. JAS 


PROBABILITY, 1(18: 2), P, Stoehastte Processes and the Wiener Inte- 
gral, J. Yeh. Dekker, 1973, viii + 551 pp, $24.75. Requires a 
strong background in real analysis and probability theory. Much is 
derived from the fact that a stochastic process on an arbitrary prob- 
ability space induces a probability measure in the space of all real 
valued functions. Depends heavily on the works of R.H. Cameron and 
J.L. Doob. TAV 


PROBABILITY, P, Stochastte Differential Equations. Ed: Joseph B. 
Keller, Henry P. McKean. SIAM-AMS Proc., V. VI. AMS, 1973, v + 209 
pp, $17.90. Eight "extremely varied" papers from the March, 1972 
Symposium on applied mathematics held in New York City. LAS 


PROBABILITY, P, ‘Selected Translations in Mathematteal Statisttes and 
Probability. V. 13. AMS, 1973, v + 298 pp, $26.40. 20 papers mostly 
on stochastic, Markov and renewal processes. LAS 


PROBABILITY, P, L, Stoehastte Analysts: A Tribute to the Memory of 
Rollo Davtdson, Ed: D.G. Kendall, E.F. Harding. Wiley, 1973, xiii 
+ 465 pp, $29.95. Following a specially written Introduction to 
Stochastte Analysts by D.G. Kendall are 25 sections--some reprints, 
some original--providing a well organized introduction to the field. 
LAS 


PROBABILITY, P, Leeture Notes tn Eeonomtes and Mathematteal Systems- 

Approxtmate Stochastic Behavior of n-Server Service Systems wtth 
ravge n. GF. Newell. Springer-Verlag, 1973, v + 118 pp, $7.20 (P). 
An account, hasically descriptive, of the behavior of queues in the 
presence of a large numher of servers. The author shows how this 
differs dramatically from the case where the number ig small compared 
to the queue lengths. Asymptotic results and transition estimates 
are presented, TAV 


STATISTICS, P, 4symptotie Theory of Rank Tests for Independence. F, 
H. Ruymgaart. Math. Centre Tracts-43. Mathematisch Centrum, 1973, 
iii + 115 pp, Dfl. 12 (Pp). 


1974] REVIEWS 317 


Statistics, |(14-14: 1), #lementary Statisttes in Soctal Research, 
Jack Levin. Har-Row, 1973, viii + 279 pp, $7.95, An introductory 
text for social gcience students. No calculus. Begins with descrip- 
tive statistics, proceeds to hypothesis testing, chi-square, some 
analysis of variance, regression, Numerous appropriate examples and 
exercises taken primarily from sociology and psychology. TAV 


STATISTICS, T(15-17: 2), Soetal Statisties, Second Edition. Hubert 

M. Bl alosk, Jr. McGraw, 1972, xiv + 583 pp, $10.95. For the advanced 
social science student. No calculus prerequisite. Both parametric 
and non-parametric tests. A very comprehensive text covering most 
methods used by applied statisticians, through multiple regression 
and analysis of covariance. Examples restricted to sociology. Ex- 
tensive tables. TAV 


STATISTICS, S, Errors of Observatton and Their Treatment, Third Edt- 
tton.,. J. Topping. Chapman, 1971, 119 pp, $2.50 (P). An odd little 

book. Discusses the treatment of experimental errors, effects of 
averaging, significant digits, some statistical methods. TAV 


STATISTICS, T(C13: 1), Stgntfteanee Tests, Evelyn Caulcott. Routledge, 

973, vii + 145 pp, $8, 75. Presupposes high school algebra and des- 
sriptive statistics. Compact, non-mathematical and somewhat impre- 
cise treatment of standard topics. No Bayesian methods. FLW 


STATISTICS, [(15: 1), Understanding Statisttes. William Mendenhall, 
Lyman Ott. Duxbury Pr, 1972, viii + 310 pp, $9. Designed for an 
"appreciation of statistics" course. Presents the concepts of sta- 
tistical inference, including the analysis of variance, without any 
of the mathematics of probability. Concludes with a short chapter 
on "Lying with Statistics." RSK 


STATISTICS, [*(13: 2), Modern Elementary Stattsties, Fourth Edtttion., 
John E, Freund. P-H, 1973, xii + 532 pp, $11.95. Expanded version 
of the 1967 Third Fdition, with many new illustrations and exercises. 
First half is devoted to descriptive methods and basic theory; last 
half to statistical inference. A sound well-written text. RSK 


STATISTICS, [(14: 1, 2), Flementary Statistical Methods. G. Barrie 
Wetherill. Chapman, 1972, xiii + 346 pp, $6.50 (P). Soft cover edi- 
tion of the 1967 British text (TR, June-July 1968). Coverage is stan- 
dard, through multiple regression and analysis of variance. RSK 


STATISTICS, T*(15: 1), S, Introduetton to Btostatisties. Robert R. 

F, James Rohlf. Freeman, 1973, xiii + 368 pp, $9.50. Briefer 
Sor eion of the authors' comprehensive 1969 book Btometry (TR, May 
1970). Introduces analysis of variance early and devotes much space 
to it. Classical approach; no Bayesian methods. Strongest feature 
is its use of realistic examples and problems to illustrate practical 
applicatians to higlegy. Tables are included. RSK 


STATISTICS, SC7-18), P, Mathematiache Theorie statistischer Experi- 
mente. H. Heyer. Springer-Verlag, 1973, xxii + 209 pp, $8.20 (P). 
Mathematical statistics for students who have already been introduced 
to the subject, and who also know some probability and measure theory. 
Concentrates on the theory of estimation and hypothesis testing in 
finite spaces. No problems. JD+B 
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Statistics, 1(13-14: 1, 2), S, Introductory Statistics with FORTRAN. 
Allan M, Kirch. HR&W, 1973, xv + 458 pp, $11.50. Presupposes only 
high school algehra, Includes a gradual introduction to FORTRAN and 
self-teaching appendices on computing. No F-distribution techniques 
and no Bayesian methods. FLW 


Statistics, SC16-17), P, Sequential Analysts and Optimai Design. 
Herman Chernoff. CBMS Reg. Conf. in Appl. Math., No. 8. SIAM, 1972, 


v + 119 pp, $7.20 (P). Lectures given at the Regional Conference 
sponsored by C.B.M.S. at New Mexico State University in 1972. FLW 


STATISTICS, [(13: 1), Elements of Statistical Inference, Third Edt- 
tton.,. David V. Huntsberger, Patrick Billingsley. Allyn, 1973, ix + 
349 pp, $11.50. An attractive and sound treatment presupposing only 
high school algebra. This edition has a chapter on non-parametric 
methods. FLW 


STATISTICS, [(13: 1, 2), Fundamental Statisties in Psychology and 
Educattou, Ftfth Editton. J.P. Guilford, Benjamin Fruchter. McGraw, 
1973, xii + 546 pp, $11.95. Covers topics of interest in the indica- 
ted fields, presupposing only high school algebra and building on a 
cursory and somewhat misleading treatment of probability. Includes 
some non-parametric methods and some experimental design, but no 
Bayesian methods. (Pages 53 to 84 were missing in the reviewer's 
copy.) FLW 


STATISTICS, T(15-16: 1-3), S, ‘Stattstteal Methods for the Process 
Industrtes., Maurice H. Belz. Wiley, 1973, xxiv + 706 pp, $27.50. 


Presupposes calculus. Many examples from industry. Includes dis- 
tribution-free methods, quality control, factorical designs, and 
response surface methodologies. No Bayesian methods. FLW 


STATISTICS, T(135-14: 1), Introductory Statisties: A Service Course. 
A.H. Pol Tard, Pergamon Pr, 1972, 262 pp, $3.95 (P). Presupposes only 
high school algebra. Little development of probability. No Bayesian 

methods. FLW 


STATISTICS, SCJ4-16), P, Methods of Multivariate Analysis: With 
Handbook of Multivariate Methods Programmed in Atlas Autocode. Keith 


Hope. Gordon, 1968, 288 pp, $24.50. Discusses, without proofs, the 
interpretations of standard multivariate methods that assume normality 
and homogeneity of variances. Emphasizes geometric interpretations 

of the*results of matrix operations. The last 100 pages describe the 
use of various canned programs. FLW 


STATISTICS, P, Multtvartate Analysig-III. Ed; Paruchuri R. Krishnaiah. 
Acad Pr, 1973, xvii + 410 pp, $346. 27 invited papers from the third 
International Symposium at Wright State U., Dayton, Ohio, June 1972. 
(TR, V. L, December 1967; V, IL, January 1970.) LAS 


CompuTeR Science, T(15: 1), S, L. Dtgttal Interface Design, D. 
Zissos, F.G. Duncan. Oxford U’Pr, 1973, ix + 174 pp,$13. Background 


in hardware, Boolean algehra and logical design, Basic computer Qpe- 
rations and machine Jevel programming. Interfacing to peripherals of 
several different types. Use of flags, flag sorters, and programmed 
and autonomous data transfers. Emphasizes simplicity, reliability 
and ecegnomy. RWN 
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CoMPUTER SCLENCE, S$(13), Problem Solving and Flowcharting, Ronald 

E. Elliott. Restan, 1972, vii + 98 pp, $4.98; $2.95 (P). Most stu- 
dents would pick this up within a couple of class periods, but if not, 
here it is in eight detailed chapters. LCL 


CompuTER Sclence, [(16-17: 1, 2), S, Li Format Languages. Arto 
Salomaa. Acad Pr, 1973, xiii + 322 pp, $19. Self-contained and 


reasonably complete. Starts with rewriting systems and grammars, 
develops languages, then considers solvability and complexity. Auto- 
mata included as recognition devices. Fairly mathematical, without 
particular consideration for natural and programming languages. Good 
examples and exercises. RWN 


CoMPUTER SCIENCE, S, P*, Computer System Organtsatton: The B5700/ 
B6700 Sertes. Elliott I. Organick. Acad Pr, 1973, ix + 132 pp, 
$8.95. An objective study of one of the most innovative systems. 
Explains the design and use of stacks, virtual memory, tasking, pag- 
ing, interrupts, and storage control strategies. Recommended reading 
for anyone interested in systems. RWN 


CompuTER ScIENCE, |[(13: 1), ‘Introduction to Computer Science Mathe- 
mattes. Robert V. Jamison. McGraw, 1973, viii + 273 pp, $7.95. In- 


troductory. Prerequisite: high school algebra. Discusses decimal and 
binary numbers; linear, polynomial, exponential and log functions; 
Fortran, excluding subroutines; and boolean algebra. Exercises and 
answers. Index. RWN 


CompuTER SCIENCE, S(16-18), P, L, Diserete Models. Donald Greenspan. 
A-W, 1973, xv + 165 pp, $8.50 (P). Discrete models for phenomena in 


Newtonian mechanics: oscillation, nonlinear string vibrations, plane- 
tary motion, 3- and n-body problems, motion of fluids. Also: discrete 
special relativity. Nonspecialist will find it very readable. Con- 
cludes with a list of research problems. DFA 


SYSTEMS THEORY, P, Dynamical Systems. Ed: M.M. Peixoto. Acad Pr, 
1973, xiv + 745 pp, $39. Proceedings of an August, 1971 symposium 
held at U. Bahia, Salvador, Brasil with series of special lectures 
by J. Mather, S. Smale, R. Thom and E.C. Zeeman. Includes several 
excellent applications of contemporary mathematics. LAS 


APPLICATIONS (BroLocy), P*, L, Mathematteal Problems in the Btologt- 
cal Setences. Sol. I. Rubinow. CBMS Reg. Conf. in Appl. Math., No. 


10. SIAM, 1973, vii + 90 pp, $5.50 (P). Contributions by a theore- 
tical physicist/applied mathematician. "Because of its soft char- 
acter, biological data cannot support sophisticated mathematical 
models...My own view is that such attempts must be considered at 

the present time to he exercises in mathematical speculation." (In- 
troduction, p. vii.) Two lectures each; circulatory system and flow 
of bload, tracer analysis of physiological systems, enzyme kinetics, 
cell populations, diffusions in hiology. PJC 


APPL’LCATIONS (BIOLOGY). P, Quantttatine Cellular Btology: An Ap- 
proach to the Quantitative Analysts of Life Processes, F. Heinmets. 


Dekker, 1970, ix + 327 pp, $17.50. Introduction to methods of design- 
ing models of processes in cell biology, and analyzing them via 
analog computers. Main topics: enzyme synthesis, other cellular pro- 
cesses (including growth, reproduction). Lots of graphs and figures. 
PJC 
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APPLICATIONS (BioLoGy), P, Automaton Theory and Modeling of Btologt- 
cal Systems. M.L. Tsetlin. Math. in Sci. and Eng., V. 102. Acad Pr, 


1973, xvi + 288 pp, $23.50. Collection of the author's papers. Co- 
operative interaction of collections of automata--closely akin to 
Western theories of games, learning machines, perceptrons. Games 
automata play (no-information, zero-sum), featuring the Goore game. 
Bioelectric control, motor control, operation of the central nervous 
system. Includes author's thesis and excellent popular talk to 
physiologists based on it ("Mathematical Modeling of the Simplest 
Forms of [Collective] Behavior"). PJC 


APPLLCATLONS CINFORMATION THEORY), P, Lecture Notes in Eeonomies and 
Mathematical Sysgtems-—78: Gesellschaft fir Informarit e. V. 2. Jahresta- 


gung. Ed: M. Beckmann, et al. Springer-Verlag, 1973, xi + 576 pp, 
$11.50 (P). Proceedings of the conference in Karlgruhe, October 1972. 
A wide variety of papers varing from Turing-machines to dynamic docu- 
ment rooms. JAS 


AppLiIcaTions (SIMULATION), [(15-16), S, P, L, Simulation of Discrete 
Stochastte Systems. Herbert Maisel, Giuliano Gnugnoli. SRA, 1972, 


xiv + 465 pp, $12.50. Modelling. Statistical review. GPSS. A very 
detailed case study of a simulation of the operation of social securi- 
ty district offices. RWN 


APPLICATIONS (SIMULATION), S**, L*, The Settlement of Polynesta: A 
Computer Simulation, Michael Levison, et al. U Minn Pr, 1973, viii 


+ 137 pp, $10.75. Intriguing, easy to understand, and thoroughly 
well-done demonstration of the techniques and value of mathematical 
modelling. The problem: how could such a far-flung area come to be 
settled by a single people? Among the results: the settlement of 
Hawaii, Easter Island, and New Zealand cannot be satisfactorily ex- 
plained except by intentionally navigated (as opposed to drift) 
voyages. PJC 


APPLICATIONS (SocIAL ScIENCE), S(15-17), P*, L**, The Theory of 
Soetal Chotee, Peter C. Fishburn. Princeton U Pr, 1972, xii + 264 


pp, $13.50. A thorough, well-organized survey of the literature 
generated by Kenneth Arrow's now-classic theorem on voting--that 
reasonable desiderata for procedures to convert individual preferences 
into transitive social preferences are inconsistent. An excellent ap- 
plication of mathematical techniques to a fundamental problem of demo- 
cracy. LAS 


APPLICATIONS (TRAFFIC FLow), P, Tvaffie Flow and Transportation. Ed: 
Gordon F. Newell. Am Elsev, 1972, xiv + 453 pp, $20. Proceedings of 


the fifth international symposium held at Berkeley in June, 1971. 30 
papers ranging widely from theory to application. LAS 


Revtewers Whose Initials Appear Above 


David F. Appleyard, Carleton; Paul J. Campbell, St. Olaf; Judith N. 

Cederberg, St. Olaf; John Dyer-Bennet, Carleton; Lorraine L. Keller, 
St. Olaf; Roger B. Kirchner, Carleton; Richard S. Kleber, St. Olaf; 

Loren C. Larson, St. Olaf; Pierre J. Malraison, Carleton; R.W. Nau, 

Carleton; J. Arthur Seebach, Jr., St. Olaf; Lynn A. Steen, St. Olaf; 
T.A. Vessey, St. Olaf; Frank L. Wolf, Carleton. 


NEWS AND NOTICES 
EDITED BY RAOUL HAILPERN, SUNY at Buffalo 


Readers are invited to contribute to the general interst of this department by sending news 
items to Mathematical Association of America, 1225 Connecticut Avenue, NW, Washington, 
D. C. 20036. Items must be submitted at least two months before publication can take place. 


PERSONAL ITEMS 


Vanderbilt University: Drs. R. E. Heisey, Cornell University, and J. B. Nation, Caltech, 
have been appointed Visiting Assistant Professors; Associate Professor T. P. Whaley, South- 
western at Memphis, has been appointed Visiting Associate Professor; Assistant Professor 
G. F. Webb has been promoted to Associate Professor. 

Assistant Professor A. K. Agarwal, Grambling College, has been promoted to Associate 
Professor. 

Dr. W. B. Caton, Illinois Institute of Technology, has been named Associate Professor 
Emeritus. 

Dr. K. K. Gorowara, Wright State University, has been appointed Chairman of the 
Mathematics Department. 

Dr. Marshall Hall, Jr., California Institute of Technology, has been designated as the 
first IBM Professor of Mathematics. 

Professor G. J. Minty, Indiana University, Bloomington, will be Senior Fellow of the 
Alexander von Humboldt Foundation and Guest Professor at the Universitat Hamburg, 
West Germany, from Sep tember 1973 through September 1974. 

Assistant Professor P. J. Murray, Westminster College, has been appointed Assistant 
Professor and Chairman of the Mathematics Department at St. Martin’s College. 


SYMPOSIUM ON FINITE ELEMENTS AND PARTIAL DIFFERENTIAL EQUATIONS 


The Mathematics Research Center at the University of Wisconsin, Madison, will hold a 
symposium on finite elements and partial differential equations on April 1-3, 1974. The 
symposium will consist of 14 invited lectures dealing with the mathematical aspects of the 
use of finite elements in the numerical solution of partial differential equations. 

The members of the program committee are C. de Boor (Chairman), J. Bramble, J. 
Douglas, Jr., J. Nitsche, and B. Noble. A detailed program of the symposium and informa- 
tion on registration and accommodations is available. Requests for the program and all 
related inquiries should be directed to Professor C. de Boor, Mathematics Research Center, 
University of Wisconsin-Madison, 610 Walnut Street, Madison, Wisconsin 53706. 


MATHEMATICAL ASSOCIATION OF AMERICA 
Official Reports and Communications 


Erratum. The title of paper 17, presented by Professor J. T. B. Beard, Jr., at the March 
Meeting of the Southeastern Section (this MONTHLY, 80 (1973) 970) should read: A Represen- 


tation of GF (p) in (GF(p))o . 
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MATHEMATICAL ASSOCIATION OF AMERICA 


CALENDAR OF FUTURE MEETINGS 


Summer Meeting 1974: There will be no joint summer meeting in 1974, in order that 
mathematicians may attend the International Congress of Mathematicians to be held in 
Vancouver, British Columbia, August 21-29, 1974. 

Fifty-eighth Annual Meeting, Washington, D. C., January 25-27, 1975. 

The following is a list of the Sections of the Association with dates of future meetings so 
far as they have been reported to the Editorial Director. 


ALLEGHENY MOunNrTAIN, Allegheny College, 
Meadville, Pennsylvania, May 3-4, 1974. 

FLORIDA 

ILLINOIS, Knox College, Galesburg, May 10-11, 
1974. 

INDIANA, Rose-Hulman Institute of Technology, 
Terre Haute, April 27, 1974. 

Iowa, Upper Iowa College, Fayette, April 19, 
1974. 

KANSAS, Ottawa University, Ottawa, Spring 
1974. 

KENTUCKY 

LOUISIANA- MISSISSIPPI 

MARYLAND-DISTRICT OF COLUMBIA-VIRGINIA 

METROPOLITAN NEW York, College of Mount 
St. Vincent, Riverdale, April 28, 1974. 

MICHIGAN, Central Michigan University, Mount 
Pleasant, May 3-4, 1974. 

MISSOURI 

NEBRASKA, University of South Dakota, Vermil- 
lion, April 19-20, 1974. 

NEW JERSEY 

NorTH CENTRAL, South Dakota State University, 
Brookings, April 27, 1974. 


NORTHEASTERN, Lowell Technical Institute, 
Lowell, Massachusetts, November 30, 1974. 
NORTHERN CALIFORNIA, Chabot College, Hay- 

ward, February 1975. 

Oxn10, Muskingum College, New Concord, May 
3-4, 1974. 

OKLAHOMA-ARKANSAS, University of Arkansas, 
Little Rock, April 5-6, 1974. 

PACIFIC NORTHWEST, University of British 
Columbia, Vancouver, August 21-24, 1974 
(business meeting only —no general meeting). 

PHILADELPHIA 

Rocky MOUNTAIN, Colorado School of Mines, 
Golden, April 26-27, 1974. 

SEAWAY, Union College, Schenectady, April 27, 
1974. 

SOUTHEASTERN 

SOUTHERN CALIFORNIA 

SOUTHWESTERN, New Mexico State University, 
Las Cruces, April 5-6, 1974. 

TEXAS, University of Texas, Austin, April 5—6, 
1974. 

WISCONSIN, Marquette University, Milwaukee, 
May 3-4, 1974. 


FUTURE MEETINGS OF OTHER ORGANIZATIONS 


AMERICAN ASSOCIATION FOR THE ADVANCEMENT 
OF SCIENCE 

AMERICAN MATHEMATICAL SOCIETY, Washington, 
D. C., January 23-26, 1975. 

AMERICAN SOCIETY FOR ENGINEERING EDUCA- 
TION, Rensselaer Polytechnic Institute, Troy, 
June 17-20, 1974. 

ASSOCIATION FOR COMPUTING MACHINERY, San 
Diego, California, November 11-13, 1974. 
ASSOCIATION FOR SYMBOLIC Locic, Biltmore 
Hotel, New York City, April 12-13, 1974. 

FIBONACCI ASSOCIATION 

INSTITUTE OF MATHEMATICAL STATISTICS 

Mu ALPHA THETA, University of Arkansas, 
Fayetteville, August 4-7, 1974. 


NATIONAL COUNCIL OF TEACHERS OF MATHEMA- 
Tics, Atlantic City, New Jersey, April 17-20, 
1974. 

OPERATIONS RESEARCH SOCIETY OF AMERICA, 
Boston, April 22-24, 1974. 

Pr Mu EpsiLon, Western Michigan University, 
Kalamazoo, August 19-20, 1975. 

SCHOOL SCIENCE AND MATHEMATICS ASSOCIATION, 
Sheraton-Gibson Hotel, Cincinnati, November 
7-9, 1974. 

SOCIETY FOR INDUSTRIAL AND APPLIED MATHE- 
MATICS, Montana State University, Boze- 
man, June 24-26, 1974. 


Descartes cut 
a fine figure. 
On his adversar 


L) 


y 


From all accounts, René 
Descartes was quite handy with Ee 
a sword. On one occasion, he made 
mincemeat of the character who insulted 
his lady of the evening. The poor 

guy’s life was spared only because 

René thought the victim too dirty to 

be butchered in front of a beautiful 
woman. 


What's the point? 


At Addison-Wesley we know math inside and 
out. Its ideas and the personalities behind those 
ideas. And we know how to get the message 
across. We publish college texts that blend the- 
ory and application, so students come to under- 
stand mathematics. Thoroughly. And that 
makes math a whole new numbers game. 


Professors Mervin L. Keedy and Marvin L. 
Bittinger exemplify the point. In Algebra and 
Trigonometry: A Functions Approach, they ex- 
tend their widely acclaimed remedial techniques 
to higher level courses. The page format carries 
lesson objectives and developmental exercises in 
a widened margin parallel to appropriate textual 
material. The idea of a function is emphasized, 
and the concept of transformations is treated 
informally to motivate many ideas, making them 
easier to understand. Altogether, more than 
4500 problems are presented. 


Mathematics as a Second Language, by Joseph 
Newmark and Frances Lake, shows math as an 
everyday means of communication. Although 
the language used is easily understood by stu- 
dents of varying abilities, its mathematical con- 
tent is complete and correct. Liberal use of 
graphics in an open format helps maintain strong 
student interest. What’s more, each concept is 
motivated by a concrete example within the 
student’s own experience. 


A unified treatment of algebra and trig is pre- 
sented in Elbridge Vance’s Modern Algebra and 
Trigonometry, Third Edition. The basic style 
and approach of this widely used text have been 
maintained even though several modifications 
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were made in response to the book’s users. For 
example, all introductory material on sets and 
counting now appears concisely in the first 
chapter. 


Algebra and Trigonometry: A Diagnostic Ap- 
proach, by Robert Sackett, is a workbook sup- 
plement written to help students diagnose their 
own weaknesses and more easily make the tran- 
sition from the fundamentals of arithmetic to 
the concepts of algebra and trigonometry. It’s 
the perfect companion to Vance’s text. 


So if you're looking for math books that won’t 
get the cold shoulder from students, look to 
Addison-Wesley. 


A 
VV 
College Division 


ADDISON-WESLEY PUBLISHING COMPANY, INC. 
Reading, Massachusetts 01867 
WHERE MATH WARMS UP. 


Are You Teaching? 


New 1974 Titles from Allyn and Bacon, Inc. 
For Your Courses in... 


Liberal Arts Mathematics 


MATHEMATICS: A World of Ideas 


By Bevan K Youse, Emory University 

This new text introduces the student to the nature and scope of mathematics 
using a discovery-oriented approach, encouraging student participation rather 
than memorization. January 1974, est. 480 pp. 


AN INTRODUCTION TO MATHEMATICS, 


Second Edition 

By Bevan K Youse, Emory University 

This text is designed to provide liberal arts students and prospective teachers 
with an introduction to mathematics through discovery. The level of presenta- 
tion has been made more uniform by the inclusion of detailed explanations 
and numerous exercises and examples. January 1974, est. 352 pp. 


Introductory Mathematics 
INTRODUCTORY MATHEMATICAL ANALYSIS, 
Fourth Edition 


By Edgar D. Eaves, University of Tennessee 

This new edition follows the same outline as the third edition, but has been 
revised to give a more understandable exposition of those topics that students 
find difficult. Many sections have been rewritten in a clearer fashion and new 
illustrative examples have been added. March 1974, est. 600 pp. 


Elementary and Intermediate Algebra 
DEVELOPING SKILLS IN ALGEBRA: A Lecture 


Worktext Approach, Volumes | and II 

By John Cable and Louis Nanney, both of Miami-Dade Community College 
Volume | contains the basics of introductory algebra. Combined, these two 
volumes constitute an intermediate algebra text for students not requiring a 
highly theoretical approach to the subject. January 1974, paperbound, Vol- 
ume | est. 239 pp., Volume I! est. 346 pp. 


Linear Algebra 
LINEAR ALGEBRA: An Introductory Approach, 


Third Edition 


By Charles W. Curtis, University of Oregon 

The main feature of this revised edition is its flexibility. The book may be 
used for an introduction to linear algebra or for more advanced courses. 
January 1974, est. 366 pp. 


Johnson - 
Salou and Kiok i i. 
TEAL AD ah ti oy ™ r a 
few") Odition 


For the Student: 

A Study Guide develops and 
maintains student problem- 
solving skills in either a 
classroom or self-study sit- 
uation. Over 500 odd- 
numbered problems from 
the text are solved in detail. 
It also contains over 500 
sample test problems offer- 
ing partial solutions and an- 
swers to all the tests. 


For the Instructor: 

An Instructor’s Supplement 
provides answers to the 
even-numbered problems in 
the text and offers over 500 
suggested test questions 
with answers. 


Calculus ) | 
Revised by Richard E. Johnson, University of New Hampshire; and E//iot S. 
Wolk, University of Connecticut 

This new edition maintains the careful interplay between intuition and rigor 
which made the previous editions so successful, while featuring a number 
of significant revisions. The exercises have been extensively revised. Many 
illustrative examples have been added that more closely coordinate exercises 
and text. An innovation of this edition is the early appearance of derivatives 
and integrals. The book is printed in a two-color format. January 1974, est. 
876 pp. 


Short Calculus 


ELEMENTARY APPLIED CALCULUS: A Short Course 


By Raymond Coughlin, Temple University 

This introductory calculus text is designed for students in the biological, 
management, and social sciences. The applications are actual mathematical 
models with many detailed examples to illustrate concepts. 

January 1974, est. 370 pp. 


For information or examination copies, please write directly to: 
Allyn and Bacon, Inc., BP3 — Advertising Department, 
470 Atlantic Ave., Boston, MA 02210 


WTCAT 


ELEMENTARY FUNCTIONS 


An Algorithmic Approach 


THEODORE C. BURROWES, THE COLLEGE OF WOOSTER 
AND SHARON K. BURROWES 


A flexible and contemporary presentation of precalculus mathematics. The 
algorithmic approach refers primarily to the use of flowcharts as a teaching— 
learning tool. It does not presume any knowledge of computers or program- 
ming, nor does it require any computer involvement, although flowcharting 
exercises are provided for those who desire them and programs that can be 
used as computational tools are included in an appendix. There are three types 
of exercises, “practice exercises” that provide drill on specific types of prob- 
lems, “problems” that vary in difficulty and length and require more creative 
thought or formal proof, and “projects” that give students guided experience 


with a mathematical idea. March, 1974. about 430 pages about $11.50 


ELEMENTARY NUMBER THEORY 


A Computer Approach 
ALLAN M. KIRCH, MALCALESTER COLLEGE 


An introduction to elementary number theory and the computer applications 
the subject suggests. Each unit in the text presents a problem that can be 
investigated with a computer. For every problem, definitions, theorems, 
examples, formulas, and references are provided along with at least one 
applicable program. A set of exercises follows each unit. Here the student 
may be asked to perform calculations, prove theorems, construct flowcharts, 
run or modify a given computer program, or write an original program. 
Solutions to most of the exercises are provided. 


March, 1974 about336 pages about $11.25 


FUNCTIONAL ANALYSIS 


A Short Course 
EDWARD W. PACKEL, LAKE FOREST COLLEGE 


Designed for a one semester course at the advanced undergraduate or intro- 
ductory graduate level, this brief text covers all the major topics in functional 
analysis. It begins with general topological linear spaces, demonstrating the 
considerable interplay between topology and algebra, and progresses towards 
increasingly specialized spaces. Outstanding features include a treatment of 
distribution theory, a linear functional approach to integration and measure 
theory, and a section on the use of Hilbert space in quantum mechanics. 
Carefully selected exercises are interspersed throughout. 


February, 1974. about176pages about $10.00 


iep 


INTEXT EDUCATIONAL PUBLISHERS - 257 Park Avenue South-New York NY 10010 


IntGAT 


INTRODUCTION TO COMPUTATION THEORY 
RICHARD G. HAMLET, UNIVERSITY OF MARYLAND 


The mathematical methods of automata theory and recursive function theory 
are applied to the fundamental questions of what constitutes algorithmic 
computation and what properties and limitations any computing procedure 
must have. The theoretical tools are presented carefully and traditionally but 
set in a narrative framework that refers throughout to practical machines and 
languages. A final chapter describes recent attempts to extend abstract se- 
mantics to include program run times and other properties. 


March, 1974. about192 pages about $11.25 


COMPUTATIONAL TECHNIQUES 


Analog, Digital and Hybrid Systems 
ALLEN E. DURLING, UNIVERSITY OF FLORIDA 


A unified introduction to computation and simulation techniques that illus- 
trates the relationships among the analog computer, digital computer, digital 
simulation languages, straightforward digital computation, and hybrid com- 
puters. As the student progresses, he develops his own digital simulation 
language and is able to introduce new topics into the program as they are 
covered, including the features of such standard programs as CSMP, DLL, and 


MIMIC. February, 1974 about 352 pages about $12.50 


AN IBM 1130 FORTRAN PRIMER, 2nd Ed. 
RICHARD A. MANN, UNIVERSITY OF NEW HAVEN 


For use by students without previous knowledge of programming. The opening 
chapters include a brief description of computation procedures, the use of 
flow diagrams, and the operation of digital computers. The main part of the 
book is devoted to the techniques of FORTRAN programming and is designed 
so that the student can write programs very early in the course. This second 
edition offers new explanations, examples, and problems and incorporates 
numerous suggestions from instructors who worked with the first edition. 


February, 1974 about 250 pages paper, about $6.95 


AN INTRODUCTION TO COBOL 
PROGRAMMING, 2nd Ed. 

PAUL W. MURRILL AND CECIL L. SMITH, 
LOUISIANA STATE UNIVERSITY, BATON ROUGE 


This new edition includes material on sequential files, the PERFORM state- 
ment, the OCCURS clause, and direct access files. The introductory chapter 
on basic computer concepts has been revised to include current fundamentals, 
and an appendix on data representation has been added. The structure of the 
text permits students to begin writing programs at the earliest possible point 


in the course. March, 1974 about 304 pages _ paper, about $8.50 
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Outstanding Books by 


FINITE MATHEMATICS 


Hugh G. Campbell and Robert E. Spencer, both, Virginia Poly- 
technic Institute and State University 


Answer Manual, gratis. 
March, 1974 approx. 365 pages $9.95 


INTERMEDIATE ALGEBRA FOR COLLEGE STUDENTS 
Louis Leithold, University of Southern California 

Answer Manual, gratis. 

March, 1974 approx. 525 pages $9.95 


INTRODUCTION TO STATISTICS 
Second Edition 

Ronald E. Walpole, Roanoke College 
Teacher’s Manual, gratis. 


1974 340 pages $9.95 


ARITHEMATICS: A Text for 
Elementary School Teachers 


Robert L. Johnson and Charles R. McNerney, both, University of 
Northern Colorado 


Instructor’s Manual, gratis. 
1974 approx. 480 pages $9.95 


PRINCIPLES OF ARITHMETIC AND GEOMETRY FOR 
ELEMENTARY SCHOOL TEACHERS 
Carl B. Allendoerfer, University of Washington 


Instructor’s Manual, gratis. 
1971 672 pages $10.95 


Outstanding Authors 


ANALYTIC GEOMETRY AND THE CALCULUS 
Third Edition 

A. W. Goodman, University of South Florida 
Solutions Manual, gratis. 


1974 approx. 864 pages prob. $13.95 
ELEMENTARY DIFFERENTIAL EQUATIONS 
Fifth Edition 


the late Earl D. Rainville; and Phillip E. Bedient, Franklin and 
Marshall College « 


Teacher’s Manual, gratis. 
1974 511 pages $10.95 


Also available in 1974—The new fifth edition of A Short Course 
in Differential Equations by Rainville and Bedient. 
1974 320 pages $8.50 


MATHEMATICS FOR THE BIOLOGICAL SCIENCES 


Stanley |. Grossman, University of Montana; and James E. Turner, 
McGill University 


1974 approx. 512 pages $10.95 


SETS AND TRANSFINITE NUMBERS 


Martin M. Zuckerman, The City College, The City University of 
New York 


1974 approx. 576 pages $11.95 


MATHEMATICS APPLIED TO DETERMINISTIC 
PROBLEMS IN THE NATURAL SCIENCES 

C. C. Lin, Massachusetts Institute of Technology; and Lee H. 
Segel, Weizmann Institute of Science 


1974 approx. 640 pages prob. $13.95 


MACMILLAN PUBLISHING CO., INC. 
100A Brown Street, Riverside, New Jersey 08075 


In Canada, write to Collier-Macmillan Canada, Ltd. 


| NEW BOOKS BY POLISH 
? \| MATHEMATICIANS 


Oeuvres Choisies 
by Waclaw Sierpinski (In French) 


Vol. I: Travaux en Théorie des Nombres et en Analyse Mathématique. Publié 
par les soins de S. Hartman et A. Schinzel. Selected papers covering 
Sierpinski’s work in number theory and analysis. Includes a short 
biography by C. Kuratowski and a complete bibliography. To be pub- 
lished in July 1974 by Polish Scientific Publishers for the Institute of 
Mathematics of the Polish Academy of Sciences. 360 pp. ca $18.00 


Vol. II: Papers on set theory and its applications. To be published during 1974. 
ca $35.00 


Vol. II: Continuation of volume 2. To be published at the beginning of 1975. 
(Price not yet established) 


Elementary and Analytical Theory of Algebraic Numbers 
by Wladyslaw Narkiewicz (In English) 
A contemporary survey of the theory of algebraic numbers including 
the class-field theory. The algebraic part uses the classical ideal- 
theoretical approach; the analytical part applies the local approach. To 
be published in April 1974 by Polish Scientific Publishers for the 


Institute of Mathematics of the Polish Academy of Sciences’ series of 
Mathematical Monographs. $30.00 


The following recently published titles (In English) in the series of 
Mathematical Monographs are also available: 
H. Rasiowa, R. Sikorski: The Mathematics of Metamathematics. $17.80 
Z. Semadeni: Banach Spaces of Continuous Functions Vol. I. $25.00 
S. Rolewicz: Metric Linear Spaces $15.00 


M. Krzyzanski: Partial Differential Equations of Second Order 
‘ Vol. I. $18.00, Vol. II. $12.00 


Address orders, inquiries and requests for free catalogues to: 


ARS POLONA-RUCH Foreign Trade Enterprise 


7 Krakowskie Przedmiescie ¢ 00-068 Warsaw, Poland 


(4p) Textbooks from Academic Press 


A. C. BURDETTE, University of California, Davis 


AN INTRODUCTION TO ANALYTIC GEOMETRY 
AND CALCULUS 


Revised Edition 


An improved version of the successful 
first edition, this concise textbook for the 
one-year course is directed toward non- 
mathematics majors who need a working 
knowledge of calculus. Includes applica- 
tions from a wide variety of fields includ- 
ing business, sociology, biology, and phys- 
ical science. 

Contents: The Coordinate System—Fun- 
damental Relations; The Straight Line; 
Nonlinear Equations and Graphs; Func- 


Writing a strongly applications-oriented 
text, Professors Anton and Kolman pre- 
sent their material at a pace specifically 
designed for students who have had no 
more than elementary high school alge- 
bra. Extensive applied examples and ap- 
plications are used in each section to 
motivate new topics. The applications 
selected are those which will be of the 


tions and Limits; The Derivative; Some 
Applications; The Integral; The Trigono- 
metric Functions; The Exponential and 
Loqarhm Functions; Methods of Inte- 
gration: More Applications; Parametric 
Equations—Polar Coordinates; Functions 
of Several Variables; Infinite Series; 
Table of Integrals; Function Values; Log- 
arithm Tables; Some Formulas’ from 
Geometry. 


433 pages $9.95 


HOWARD ANTON and BERNARD KOLMAN both at Drexe/ University 
APPLIED FINITE MATHEMATICS 


greatest use to business and _ social 
science students. 


Contents: Set Theory; Functions and 
Graphs; Linear Programming (A Geomet- 
ric Approach); Matrices and Linear Sys- 
tems; Linear Programming (An Algebraic 
Approach); Probability; Statistics; Appli- 
cations; Computer Programming. 


386 pages $10.95 probable price Ready April 1974 


MAX D. LARSEN and JAMES L. FEJFAR both at the University of Nebraska. 


ESSENTIALS OF ELEMENTARY SCHOOL 
MATHEMATICS 


Concentrates on the mathematical foun- 
dations of the arithmetic curriculum with 
the purpose of providing the elementary 
school teacher with a functional kKnowl- 
edge of these concepts. It is the authors’ 
belief that the teacher who has a firm 
understanding of the mathematics in- 
volved will be in the best position to 
develop effective methods of teaching 
arithmetic to children. Examples, exer- 
Cises and discussions concerned with 
the pedagogical aspects of arithmetic 
are included with specific references to 


the various elementary textbook series 
currently in use. 

Contents: Fundamentals Language of 
Mathematics; Sets; Binary Operations; 
Relations. Theory of Arithmetic System 
of Whole Numbers; System of Integers; 
Our Place-Value Numeration System; 
Systems of Rational and Real Numbers. 


Expanding Mathematical Experiences 
Number Theory; Clock Arithmetic; Count- 
ing Techniques and Probability. Geometry 
Motion Geometry |; Motion Geometry II; 
Functions and Coordinate Geometry. 


384 pages $10.95 probable price Ready March 1974 


ACADEMIC PRESS, INC. 


A Subsidiary of Harcourt Brace Jovanovich, Publishers 
111 FIFTH AVENUE, NEW YORK, NEW YORK 10003 
24-28 OVAL ROAD, LONDON NW1 7DX 


Announcing... 


The Carus Mathematical Monographs 


Number Seventeen 


THE SCHWARZ FUNCTION 
AND ITS APPLICATIONS 


by Philip J. Davis 


Division of Applied Mathematics, Brown University 


table of contents 


CHAPTER 
1. Prologue 10. Properties in the Large of the Schwarz Function 
2. Conjugate Coordinates in the Plane 11. Derivatives and Integrals 
3. Elementary Geometrical Facts 12. Application to Elementary Fluid Mechanics 
4. The Nine-Point Circle 13. The Schwarz Function and the Dirichlet Problem 
5. The Schwarz Function of an Analytic Arc 14. Schwarz Functions of Specified Type 
6. Geometrical Interpretation of the Schwarz Func- 


tion: Schwarzian Reflection 15. Schwarz Functions and Iterations 


16. Dictionary of Functional Relationships 


~~ 


. The Schwarz Function and Differential Geometry 
8. Conformal Maps, Reflections, and their Algebra 17. Bibliographical and Supplementary Notes 
9. What Figure is the \/—1 Power of a Circle? 18. Bibliography 


“Each reading made me marvel more and more at the applicability of so simple a 
concept as a Schwarz Function. The idea for the monograph is a most striking and a most 
novel one, and the range of topics touched upon is enough to make one anticipate and hope 
for more. 


‘|. . as I read along, | was reminded of Felix Klein’s ‘Matematik von Héheren Stand- 
punkt aus’, for Davis’ book seems to have the same sweep (though at a lower level). This 
monograph will take its place along with that of Boas’ little gem. 


‘*,.. This monograph will become a classic!”’ 
MAXWELL O. READE, 
Professor of Mathematics, University of Michigan 
Available in April 1974. 


Individual members of the Association may purchase one copy of the book for $4.00; 
additional copies and copies for nonmembers are priced at $8.00 each. 


Orders with remittance should be sent to: 


MATHEMATICAL ASSOCIATION OF AMERICA 
1225 Connecticut Avenue, NW 
Washington, D. C. 20036 


Textbooks from Academic Press 


ALBERT L. RABENSTEIN, 


Macalester College 


INTRODUCTION TO 
ORDINARY DIFFERENTIAL 
EQUATIONS 


Second Enlarged Edition with 
Applications 


Building on the strengths of the highly 
successful first edition, the author has in- 
creased the scope of his book to include 
Laplace transforms, Fourier series and 
eigenvalue problems as well as expanding 
the general range of problems. Without 
slighting the student of mathematics, phys- 
ics, or engineering, he provides applica- 
tions for life scientists and economists. A 
solutions manual is available on request. 


526 pages $12.75 


DAVID L. POWERS, 
Clarkson College of Technology 


BOUNDARY VALUE 
PROBLEMS 


Focusing on solving problems that arise in 
engineering and physics, the author achieves 
a two-fold purpose—increasing the stu- 
dent’s problem solving skills and developing 
an intuition of how such solutions should 
behave. Emphasis is on the classical method 
of separation of variables; however, other 
methods of solution are also presented. 


238 pages $9.95 
RICHARD BRONSON, 


Fairleigh Dickinson University 


MATRIX METHODS: 
An Introduction 


Professor Bronson emphasizes methodology 
rather than theory in this textbook written 
for students of science and engineering who 
have a background in elementary calculus. 
All definitions, theorems, and techniques are 
developed in complete detail and are illus- 
trated by examples. The author includes 
topics which are not generally covered at 
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COMPUTER SCIENCE AND ITS RELATION TO MATHEMATICS 
DONALD E. KNUTH 


A new discipline called Computer Science has recently arrived on the scene at 
most of the world’s universities. The present article gives a personal view of how 
this subject interacts with Mathematics, by discussing the similarities and differences 
between the two fields, and by examining some of the ways in which they help each 
other. A typical nontrivial problem is worked out in order to illustrate these inter- 


actions. 


1. What is Computer Science? Since Computer Science is relatively new, I 
must begin by explaining what it is all about. At least, my wife tells me that she has 
to explain it whenever anyone asks her what I do, and I suppose most people today 
have a somewhat different perception of the field than mine. In fact, no two computer 
scientists will probably give the same definition; this is not surprising, since it is 
just as hard to find two mathematicians who give the same definition of Mathe- 
matics. Fortunately it has been fashionable 1n recent years to have an “‘identity 
crisis,’ so computer scientists have been right in style. 

My favorite way to describe computer science is to say that it 1s the study of 
algorithms. An algorithm is a precisely-defined sequence of rules telling how to pro- 
duce specified output information from given input information in a finite number 
of steps. A particular representation of an algorithm is called a program, just as 
we use the word ‘“‘data’’ to stand for a particular representation of ‘‘information’’ 
[14]. Perhaps the most significant discovery generated by the advent of computers 
will turn out to be that algorithms, as objects of study, are extraordinarily rich 
in interesting properties; and furthermore, that an algorithmic point of view is a 
useful way to organize knowledge in general. G. E. Forsythe has observed that 
‘‘the question “What can be automated?’ is one of the most inspiring philosophical 
and practical questions of contemporary civilization’’ [8]. 

From these remarks we might conclude that Computer Science should have 
existed long before the advent of computers. In a sense, it did; the subject is deeply 
rooted in history. For example, I recently found it interesting to study ancient manu- 
scripts, learning to what extent the Babylonians of 3500 years ago were computer 
scientists [16]. But computers are really necessary before we can learn much about 
the general properties of algorithms; human beings are not precise enough nor fast 
enough to carry out any but the simplest procedures. Therefore the potential 
richness of algorithmic studies was not fully realized until general-purpose computing 
machines became available. 

I should point out that computing machines (and algorithms) do not only com- 
pute with numbers; they can deal with information of any kind, once it is represented 
in a precise way. We used to say that a sequence of symbols, such as a name, is re- 
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presented inside a computer as if 1t were a number; but it is really more correct 
to say that a number is represented inside a computer as a sequence of symbols. 

The French word for computer science is Informatique; the German is Infor- 
matik; and in Danish, the word is Datalogi [21]. All of these terms wisely imply 
that computer science deals with many things besides the solution to numerical 
equations. However, these names emphasize the “‘stuff’’ that algorithms manipulate 
(the information or data), instead of the algorithms themselves. The Norwegians 
at the University of Oslo have chosen a somewhat more appropriate designation 
for computer science, namely Databehandling; its English equivalent, ‘‘Data 
Processing’’ has unfortunately been used in America only in connection with busi- 
ness applications, while “‘Information Processing’’ tends to connote library appli- 
cations. Several people have suggested the term ‘“‘Computing Science’’ as superior 
to “‘Computer Science.”’ 

Of course, the search for a perfect name is somewhat pointless, since the under- 
lying concepts are much more important than the name. It is perhaps significant, 
however, that these other names for computer science all de-emphasize the role 
of computing machines themselves, apparently in order to make the field more 
‘‘legitimate’’ and respectable. Many people’s opinion of a computing machine 
is, at best, that it is a necessary evil: a difficult tool to be used if other methods fail. 
Why should we give so much emphasis to teaching how to use computers, if they 
are merely valuable tools like (say) electron microscopes? 

Computer scientists, knowing that computers are more than this, instinctively 
underplay the machine aspect when they are defending their new discipline. How- 
ever, it is not necessary to be so self-conscious about machines; this has been aptly 
pointed out by Newell, Perlis, and Simon [22], who define computer science simply 
as the study of computers, just as botany is the study of plants, astronomy the study 
of stars, and so on. The phenomena surrounding computers are immensely varied 
and complex, requiring description and explanation; and, like electricity, these 
phenomena belong both to engineering and to science. 

When I say that computer science is the study of algorithms, I am singling out 
only one of the “‘phenomena surrounding computers,’’ so computer science actually 
includes more. I have emphasized algorithms because they are really the central 
core of the subject, the common denominator which underlies and unifies the different 
branches. It might happen that technology someday settles down, so that in say 
25 years computing machines will be changing very little. There are no indications 
of such a stable technology in the near future, quite the contrary, but I believe 
that the study of algorithms will remain challenging and important even if the 
other phenomena of computers might someday be fully explored. 

The reader interested in further discussions of the nature of computer science 
is referred to [17] and [29], in addition to the references cited above. | 


2. Is Computer Science Part of Mathematics? Certainly there are phenomena 
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about computers which are now being actively studied by computer scientists, and 
which are hardly mathematical. But if we restrict our attention to the study of 
algorithms, isn’t this merely a branch of mathematics? After all, algorithms were 
studied primarily by mathematicians, if by anyone, before the days of computer 
science. Therefore one could argue that this central aspect of computer science is 
really part of mathematics. 

However, I believe that a similar argument can be made for the proposition 
that mathematics is a part of computer science! Thus, by the definition of set equality, 
the subjects would be proved equal; or at least, by the Schrdder-Bernstein theorem, 
they would be equipotent. 

My own feeling is that neither of these set inclusions is valid. It is alwasy diff- 
cult to establish precise boundary lines between disciplines (compare, for example, 
the subjects of ‘“‘physical chemistry’? and “‘chemical physics’’); but it is possible to 
distinguish essentially different points of view between mathematics and computer 
science. 

The following true story is perhaps the best way to explain the distinction I have 
in mind. Some years ago I had just learned a mathematical theorem which implied 
that any two n x n matrices A and B of integers have a ‘“‘greatest common right 
divisor’’ D. This means that D is a right divisor of A and of B, i.e., A = A’D and 
B = B’D for some integer matrices A’ and B’; and that every common right divisor 
of A and Bis a right divisor of D. So I wondered how to calculate the greatest com- 
mon right divisor of two given matrices. A few days later I happened to be attending 
a conference where I met the mathematician H. B. Mann, and I felt that he would 
know how to solve this problem. I asked him, and he did indeed know the correct 
answer; but it was a mathematician’s answer, not a computer scientist’s answer! 
He said, ‘‘Let @ be the ring of n x n integer matrices; in this ring, the sum of 
two principal left ideals is principal, so let D be such that 


RA+AB= AD. 


Then D is the greatest common right divisor of A and B.’’ This formula is certainly 
the simplest possible one, we need only eight symbols to write it down; and it relies 
on rigorously-proved theorems of mathematical algebra. But from the standpoint 
of a computer scientist, it is worthless, since it involves constructing the infinite 
sets ZA and AB, taking their sum, then searching through infinitely many matrices 
D such that this sum matches the infinite set @D.I could not determine the greatest 
common divisor of (3 4) and (5 ?) by doing such infinite operations. (Incidentally, 
a computer scientist’s answer to this question was later supplied by my student 
Michael Fredman; see [15, p. 380].) 

One of my mathematician friends told me he would be willing to recognize 
computer science as a worthwhile field of study, as soon as it contains 1000 deep 
theorems. This criterion should obviously be changed to include algorithms as 
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well as theorems, say 500 deep theorems and 500 deep algorithms. But even so 
it is clear that computer science today does not measure up to such a test, if ‘‘deep”’ 
means that a brilliant person would need many months to discover the theorem 
or the algorithm. Computer science is still too young for this; I can claim youth 
as a handicap. We still do not know the best way to describe algorithms, to under- 
stand them or to prove them correct, to invent them, or to analyze their behavior, 
although considerable progress is being made on all these fronts. The potential 
for ‘‘1000 deep results’’ is there, but only perhaps 50 have been discovered so far. 

In order to describe the mutual impact of computer science and mathematics 
on each other, and their relative roles, I am therefore looking somewhat to the future, 
to the time when computer science is a bit more mature and sure of itself. Recent 
trends have made it possible to envision a day when computer science and mathe- 
matics will both exist as respected disciplines, serving analogous but different roles 
in a person’s education. To quote George Forsythe again, ‘“The most valuable 
acquisitions in a scientific or technical education are the general-purpose mental 
tools which remain serviceable for a lifetime. I rate natural language and mathe- 
matics as the most important of these tools, and computer science as a third’’ [9]. 

Like mathematics, computer science will be a subject which is considered basic 
to a general education. Like mathematics and other sciences, computer science 
will continue to be vaguely divided into two areas, which might be called ‘“‘theoretical’’ 
and ‘‘applied.’’ Like mathematics, computer science will be somewhat different 
from the other sciences, in that it deals with man-made laws which can be proved, 
instead of natural laws which are never known with certainty. Thus, the two 
subjects will be like each other in many ways. The difference is in the subject 
matter and approach— mathematics dealing more or less with theorems, infinite 
processes, static relationships, and computer science dealing more or less with 
algorithms, finitary constructions, dynamic relationships. 

Many computer scientists have been doing mathematics, but many more math- 
ematicians have been doing computer science in disguise. I have been impressed by 
numerous instances of mathematical theories which are really about particular algo- 
rithms; these theories are typically formulated in mathematical terms that are much 
more cumbersome and less natural than the equivalent algorithmic formulation 
today’s computer scientist would use. For example, most of the content of a 35-page 
paper by Abraham Wald can be presented in about two pages when it is recast into 
algorithmic terms [15, pp. 142-144]; and numerous other examples can be given. 
But that is a subject for another paper. 


3. Educational side-effects. A person well-trained in computer science knows 
how to deal with algorithms: how to construct them, manipulate them, understand 
them, analyze them. This knowledge prepares him for much more than writing 
good computer programs; it is a general-purpose mental tool which will be a definite 
aid to his understanding of other subjects, whether they be chemistry, linguistics, 
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or music, etc. The reason for this may be understood in the following way: It has 
often been said that a person does not really understand something until he teaches 
it to someone else. Actually a person does not really understand something until 
he can teach it to a computer, i.e., express it as an algorithm. ‘“The automatic com- 
puter really forces that precision of thinking which is alleged to be a product of any 
study of mathematics’* [7]. The attempt to formalize things as algorithms leads 
to a much deeper understanding than if we simply try to comprehend things in the 
traditional way. 

Linguists thought they understood languages, until they tried to explain languages 
to computers; they soon discovered how much more remains to be learned. Many 
people have set up computer models of things, and have discovered that they learned 
more while setting up the model than while actually looking at the output of the 
eventual program. 

For three years I taught a sophomore course in abstract algebra, for mathematics 
majors at Caltech, and the most difficult topic was always the study of “Jordan 
canonical form’’ for matrices. The third year I tried a new approach, by looking 
at the subject algorithmically, and suddenly it became quite clear. The same thing 
happened with the discussion of finite groups defined by generators and relations; 
and in another course, with the reduction theory of binary quadratic forms. By 
presenting the subject in terms of algorithms, the purpose and meaning of the 
mathematical theorems became transparent. 

Later, while writing a book on computer arithmetic [15], I found that virtually 
every theorem in elementary number theory arises in a natural, motivated way 
in connection with the problem of making computers do high-speed numerical 
calculations. Therefore I believe that the traditional courses in elementary number 
theory might well be changed to adopt this point of view, adding a practical moti- 
vation to the already beautiful theory. 

These examples and many more have convinced me of the pedagogic value of 
an algorithmic approach; it aids in the understanding of concepts of all kinds. I 
believe that a student who is properly trained in computer science is learning some- 
thing which will implicitly help him cope with many other subjects; and therefore 
there will soon be good reason for saying that undergraduate computer science 
majors have received a good general education, just as we now believe this of under- 
graduate math majors. On the other hand, the present-day undergraduate courses 
in computer science are not yet fulfilling this goal; at least, I find that many beginning 
graduafe students with an undergraduate degree in computer science have been 
more narrowly educated than I would like. Computer scientists are of course work- 
ing to correct this present deficiency, which I believe is probably due to an over- 
emphasis on computer languages instead of algorithms. 


4. Some interactions. Computer science has been affecting mathematics in many 
ways, and I shall try to list the good ones here. In the first place, of course, computers 
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can be used to compute, and they have frequently been applied in mathematical 
research when hand computations are too difficult; they generate data which suggests 
or demolishes conjectures. For example, Gauss said [10] that he first thought of the 
prime number theorem by looking at a table of the primes less than one million. In 
my own Ph.D. thesis, I was able to resolve a conjecture concerning infinitely many 
cases by looking closely at computer calculations of the smallest case [13]. An 
example of another kind is Marshall Hall’s recent progress in the determination of 
all simple groups of orders up to one million. 

Secondly, there are obvious connections between computer science and mathe- 
matics in the areas of numerical analysis [30], logic, and number theory; I need 
not dwell on these here, since they are so widely known. However, I should mention 
especially the work of D. H. Lehmer, who has combined computing with classical 
mathematics in several remarkable ways; for example, he has proved that every set 
of six consecutive integers > 285 contains a multiple of a prime = 43. 

Another impact of computer science has been an increased emphasis on construc- 
tions in all branches of mathematics. Replacing existence proofs by algorithms 
which construct mathematical objects has often led to improvements in an abstract 
theory. For example, E. C. Dade and H. Zassenhaus remarked, at the close of a 
paper written in 1963, ‘‘This concept of genus has already proved of importance 
in the theory of modules over orders. So a mathematical idea introduced solely 
with a view to computability has turned out to have an intrinsic theoretical value 
of its own.’’ Furthermore, as mentioned above, the constructive algorithmic approach 
often has pedagogic value. 

Another way in which the algorithmic approach affects mathematical theories 
is in the construction of one-to-one correspondences. Quite often there have been 
indirect proofs that certain types of mathematical objects are equinumerous; then a 
direct construction of a one-to-one correspondence shows that in fact even more 
is true. 

Discrete mathematics, especially combinatorial theory, has been given an added 
boost by the rise of computer science, in addition to all the other fields in which 
discrete mathematics is currently being extensively applied. 

For references to these influences of computing on mathematics, and for many 
more examples, the reader is referred to the following sampling of books, each of 
which contains quite a few relevant papers: [1], [2], [4], [5], [20], [24], [27]. 
Peter Lax’s article [19] discusses the effect computing has had on mathematical 
physics. 

But actually the most important impact of computer science on mathematics, 
in my opinion, is somewhat different from all of the above. To me, the most signi- 
ficant thing is that the study of algorithms themselves has opened up a fertile vein 
of interesting new mathematical problems; it provides a breath of life for many 
areas of mathematics which had been suffering from a lack of new ideas. Charles 
Babbage, one of the ‘“‘fathers’’ of computing machines, predicted this already in 
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1864: ‘‘As soon as an Analytical Engine [i.e., a general-purpose computer] exists, 
it will necessarily guide the future course of the science. Whenever any result is sought 
by its aid, the question will then arise—By what course of calculation can these 
results be arrived at by the machine in the shortest time?’’ [3]. And again, George 
Forsythe in 1958: ‘“The use of practically any computing technique itself raises 
a number of mathematical problems. There is thus a very considerable impact of 
computation on mathematics itself, and this may be expected to influence mathe- 
matical research to an increasing degree’’ [26]. Garrett Birkhoif [4, p. 2] has ob- 
served that such influences are not a new phenomenon, they were already significant 
in the early Greek development of mathematics. 

I have found that a great many intriguing mathematical problems arise when 
we try to analyze an algorithm quantitatively, to see how fast it willrun on a computer; 
a typical example of such a problem is worked out below. Another class o. problems 
of great interest concerns the search for best possible algorithms in a given class; 
see, for example, the recent survey by Reingold [25]. And one of the first mathe- 
matical theories to be inspired by computer science is the theory of languages, 
which by now includes many beautiful results; see [11] and [12]. The excitement 
of these new theories is the reason I became a computer scientist. 

Conversely, mathematics has of course a profound influence on computer science; 
nearly every branch of mathematical knowledge has been brought to bear some- 
where. I recently worked on a problem dealing with discrete objects called ‘“binary 
trees,’’ which arise frequently in computer representations of things, and the solution 
to the problem actually involved the complex gamma function times the square of 
Riemann’s zeta function [6]. Thus the results of classical mathematics often turn 
out to be useful in rather amazing places. 

The most surprising thing to me, in my own experiences with applications of 
mathematics to computer science, has been the fact that so much of the mathe- 
matics has been of a particular discrete type, examples of which are discussed below. 
Such mathematics was almost entirely absent from my own training, although 
I had a reasonably good undergraduate and graduate education in mathematics. 
Nearly all of my encounters with such techniques during my student days occurred 
when working problems from this MONTHLY. I have naturally been wondering whether 
or not the traditional curriculum (the calculus courses, etc.) should be revised in order 
to include more of these discrete mathematical manipulations, or whether computer 
science is exceptional in its frequent application of them. 


5. A detailed example. In order to clarify some of the vague generalizations 
and assertions made above, I believe it is best to discuss a typical computer-science 
problem in some depth. The particular example I have chosen is the one which first 
led me personally to realize that computer algorithms suggest interesting mathemati- 
cal problems. This happened in 1962, when I was a graduate student in mathematics; 
computer programming was a hobby of mine, and a part time job, but I had never 
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really ever worn my mathematician’s cloak and my computing cap at the same time. 
A friend of mine remarked that ‘“‘some good mathematicians at IBM’’ had been 
unable to determine how fast a certain well-known computer method works, and I 
thought it might be an interesting problem to look at. 

Here is the problem: Many computer applications involve the retrieval of in- 
formation by its “‘name’’; for example, we might imagine a Russian-English dic- 
tionary, in which we want to look up a Russian word in order to find its English 
equivalent. A standard computer method, called hashing, retrieves information by 
its name as follows. A rather large number, m, of memory positions within the com- 
puter is used to hold the names; let us call these positions 7}, T,,---, T,,. Each of 
these positions is big enough to contain one name. The number m is always larger 
than the total number of names present, so at least one of the J; is empty. The names 
are distributed among the T;’s in a certain way described below, designed to facilitate 
retrieval. Another set of memory positions E,, E,,---, E,, is used for the information 
corresponding to the names; thus if 7; is not empty, E; contains the information 
corresponding to the name stored in T;. 


The ideal way to retrieve information using such a table would be to take a given 
name x, and to compute some function f(x), which lies between | and m; then 
the name x could be placed in position T;,,,, and the corresponding information 
in E,y;,,. Such a function f(x) would make the retrieval problem trivial, if f(x) 
were easy to compute and if f(x) # f(y) for all distinct names x ¥ y. In practice, 
however, these latter two requirements are hardly ever satisfied simultaneously; 
if f(x) is easy to compute, we have f(x) = f(y) for some distinct names. Further- 
more, we do not usually know in advance just which names will occur in the table, 
and the function f must be chosen to work for all names in a very large set U of 
potential names, where U has many more than m elements. For example, if U 
contains all sequences of seven letters, there are 26’ = 8,031,810,176 potential names; 
it is inevitable that f(x) = f(y) will occur. 


Therefore we try to choose a function f(x), from U into {1,2,---,m}, so that 
f(x) = f(y) will occur with the approximate probability 1/m, when x and y are 
distinct names. Such a function f is called a hash function. In practice, f(x) is often 
computed by regarding x as a number and taking its remainder modulo m, plus one; 
the number m in this case is usually chosen to be prime, since this can be shown 
to give better results for the sets of names that generally arise in practice. When 
f(x) = f(y) for distinct x and y, a “‘collision’’ is said to occur; collisions are resolved 
by searching through positions numbered f(x) + 1, f(x) + 2, etc. 


The following algorithm expresses exactly how a hash function f(x) can be used 
to retrieve the information corresponding to a given name x in U. The algorithm 
makes use of a variable i which takes on integer values. 


STEP 1. Set the value of i equal to f(x). 
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STEP 2. If memory position J; contains the given name x, stop; the derived 


l 


information is located in memory position E,. 
STEP 3. If memory position 7; is empty, stop; the given name x is not present. 


STEP 4. Increase the value of i by one. (Or, if i was equal to m, set i equal 
to one.) Return to step 2. 


We still haven’t said how the names get into T,,---, 7,, in the first place; but 
that is really not difficult. We start with all the 7; empty. Then to insert a new name x, 
we ‘“‘look for’’ x using the above algorithm; it will stop in step 3 because x is not 
there. Then we set TJ; equal to x, and put the corresponding information in E,. 
From now on, it will be possible to retrieve this information, whenever the name x 
is given, since the above algorithm will find position T; by repeating the actions 
which took it to that place when x was inserted. 

The mathematical problem is to determine how much searching we should 
expect to make, on the average; how many times must step 2 be repeated before 
x is found? 

This same problem can be stated in other ways, for example in terms of a modified 
game of ‘‘musical chairs.’’ Consider a set of m empty chairs arranged in a circle. 
A person appears at a random spot just outside the circle and dashes (in a clockwise 
direction) to the first available chair. This is repeated m times, until all chairs are 
full. How far, on the average, does the nth person have to run before he finds a seat? 

For example, let m = 10 and suppose there are ten players: A, B, C, D, E, F, 
G, H, I, J. To get a random sequence, let us assume that the players successively 
start looking for their seats beginning at chairs numbered according to the first digits 
of x, namely 3, 1, 4, 1 5, 9, 2, 6, 5, 3. Figure 1 shows the situation after the first 
six have been seated. 
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A “musical chairs” game which corresponds to an important computer method. 
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(Thus player A takes chair 3, then player B takes chair 1,---, player F takes chair 9.) 
Now player G starts at chair number 2, and eventually he sits down in number 6. 
Finally, players H, I and J will go into chairs 7, 8, and 10. In this example, the 
distances travelled by the ten players are respectively 0, 0, 0, 1, 0, 0, 4, 1, 3, 7. 

It is not trivial to analyze this problem, because congestion tends to occur; one 
or more long runs of consecutive occupied chairs will usually be present. In order 
to see why this is true, we may consider Figure 1 again, supposing that the next player 
H starts in a random place; then he will land in chair number 6 with probability 
0.6, but he will wind up in chair number 7 with probability only 0.1. Long runs 
tend to get even longer. Therefore we cannot simply assume that the configuration 
of occupied vs. empty chairs is random at each stage; the piling-up phenomenon 
must be reckoned with. 

Let the starting places of the m players be a,a,---a,,; we shall call this a hash 
sequence. For example, the above hash sequence is 3 141592653. Assuming 
that each of the m" possible hash sequences is equally likely, our problem is to 
determine the average distance traveled by the nth player, for each n, in units of 
‘‘chairs passed.’’ Let us call this distance d(m,n). Obviously d(m, 1) = 0, since the 
first player always finds an unoccupied place; furthermore d(m,2) = 1/m, since 
the second player has to go at most one space, and that is necessary only if he starts 
at the same spot as the first player. It is also easy to see that d(m,m)=(0+1+--- + 
(m—1))/m = 4(m—1), since all chairs but one will be occupied when the last player 
starts out. Unfortunately the in-between values of d(m,n) are more complicated. 

Let u,(m, n) be the number of partial hash sequences a, a,---a, such that chair k 
will be unoccupied after the first n players are seated. This is easy to determine, by 
cyclic symmetry, since chair k is just as likely to be occupied as any other particular 
chair; in other words, u,(m,n) = u,(m,n) = --- = u,(m,n). Let u(m,n) be this 
common value. Furthermore, mu(m,n) = u,(m,n) + u,(m,n)+--- +u,(m,n) = 
(m — n)m", since each of the m" partial hash sequences a, a --: a, leaves m — nchairs 
empty, so it contributes one to exactly m —n of the numbers u,(m,n). Therefore 

u,m,n) = (m—n)m""". 

Let v(m,n,k) be the number of partial hash sequences a,da,---a, such that, 
after the n players are seated, chairs 1 through k will be occupied, while chairs m 
and k +1 will not. This number is slightly harder to determine, but not really diffi- 
cult. If we look at the numbers a; which are < k + 1 in such a partial hash sequence, 
and if we cross out the other numbers, the k values which are left form one of the 
sequences enumerated by u(k + 1,k). Furthermore the n—k values crossed out 
form one of the sequences enumerated by u(m—1—k,n—k), if we subtract k + 1 
from each of them. Conversely, if we take any partial hash sequence a, --- a, enumera- 
ted by u(k + 1,k), and another one b,---b,_, enumerated by u(m—1—k,n—k), 
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and if we intermix a,---a, with (b, +k+1)---(b,_,+k+1) in any of the 
(,) possible ways, we obtain one of the sequences enumerated by v(m,n,k). Here 


(i) > a@cer 


is the number of ways to choose k positions out of n. For example, let m = 10, 
n = 6, k = 3; one of the partial hash sequences enumerated by 0(10, 6, 3) is 271828. 
This sequence splits into a,a,a, = 212 and (b, + 4)(b, + 4(b, +4) =78 8, 
intermixed in the pattern ababab. From each of the u(4,3) = 16 sequences a,a,a, 
that fill positions 1, 2, 3, together with each of the u(6,3) = 108 sequences 
(b, + 4)(b, + 4)(b3 + 4) that fill three of positions 5, 6, 7, 8, 9, we obtain (§) = 20 
sequences that fill positions 1, 2, 3, and which leave positions 4 and 10 unoccupied, 
by intermixing the a’s and b’s in all possible ways. This correspondence shows that 


v(m,n,k) = (i) u(k + 1, k)u(m—k-1,n—h), 
and our formula for u(m,n) tells us that 
v(m,n,k) = (j, ) e+ DI MOm—n— (m= k=, 


This is not a simple formula; but since it is correct, we cannot do any better. If 
k =n = m—1, the last two factors in the formula give 0/0, which should be inter- 


preted as 1 in this case. 

Now we are ready to compute the desired average distance d(m,n). The nth 
player must move k steps if and only if the preceding partial hash sequence a,---a,_, 
has left chairs a, through a, + k—1 occupied and chair a, + k empty. The number 
of such partial hash sequences is 


v(m,n—1,k) + o(m,n—1,k +1) + 0(m,n—1,k +2) +>, 
since circular symmetry shows that v(m,n—1,k +r) is the number of partial hash 
sequences a,---a,_, leaving chairs a, +k and a,—r—1 empty while the k+r 
chairs between them are filled. Therefore the probability p,(m, n) that the nth player 
goes exactly k steps is 


p(m,n) = ( ¥ Hm, n=1,1))/m"*5 
r2k 


and the average distance is 


d(m,n) = 2 kp,(m,n) =(m—n)m’*" Xk (" a (r+ 1)" '(m—r—1)""~? 


_ (m—n)m - n—1 iy pene 2 
= ~—______  r( . Jorn r—1) , 


334 D. E. KNUTH [April 


At this point, a person with a typical mathematical upbringing will probably 
stop; the answer is a horrible-looking summation. Yet, if more attention were paid 
during our mathematical training to finite sums, instead of concentrating so heavily 
on integrals, we would instinctively recognize that a sum like this can be considerably 
simplified. When I first looked at this sum, I had never seen one like it before; but 
I suspected that something could be done to it, since for example, the sum over k 
of p,(m,n) must be 1. Later I learned of the extensive literature of such sums. I 
do not wish to go into the details, but I do want to point out that such sums arise 
‘repeatedly in the study of algorithms. By now I have seen literally hundreds of ex- 
amples in which finite sums involving binomial coefficients and related functions 
appear in connection with computer science studies; so I have introduced a course 
called ‘‘Concrete Mathematics’’ at Stanford University, in which this kind of mathe- 


matics is taught. 
Let d(m,n) be the average number of chairs skipped past by the first n players: 


(m,n) = (d(m, 1) + d(m, 2) + --- + d(m,n))/n. 


This corresponds to the average amount of time needed for the hashing algorithm 
to find an item when n items have been stored. The value of d(m,n) derived above 
can be simplified to obtain the following formulas: 


— 1 — — 2 _ _ _ 
d(m,n) = ~ - a Se LL tn-2n 3, 
2 m m m m m m 


1 /n-—-1 n-iln—-2 n-1ln-—-2n—3 
o(m,n) = = -+- foeeod, 
2 m m m m m m 


These formulas can be used to see the behavior for large m and n: for example, 
if « = n/m is the ratio of filled positions to the total number of positions, and if 
we hold « fixed while m approaches infinity, then 6(m, am) increases to the limiting 
value 4a/(1—«). 

The formula for 6(m,n) also tells us another surprising thing: 


1 
5(m, n) = ——— + - 


— 1 
- o(m,n—1). 
If somebody could discover a simple trick by which this simple relation could be 
proved directly, it would lead to a much more elegant analysis of the hashing al- 
gorithm and it might provide further insights. Unfortunately, I have been unable 
to think of any direct way to prove this relation. 

When n = m (i.e., when all players are seated and all chairs are occupied), the 
average distance traveled per player is 


———— 


m m m m m m 


1 {/m—-1 m-1m-2 m—-1 m-2 m—3 
o(m,m) = 5 ——— ——-— + —— +e), 
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It is interesting to study this function, which can be shown to have the approximate 
value 


for large m. Thus, the number z, which entered Figure 1 so artificially, is actually 
present naturally in the problem as well! Such asymptotic calculations, combined 
with discrete summations as above, are typical of what arises when we study al- 
gorithms; classical mathematical analysis and discrete mathematics both play im- 
portant roles. 


6. Extensions. We have now solved the musical chairs problem, so the analysis 
of hashing is complete. But many more problems are suggested by this one. For 
example, what happens if each of the hash table positions T; is able to hold two names 
instead of one, i.e., if we allow two people per chair in the musical chairs game? 
Nobody has yet found the exact formulas for this case, although some approximate 
formulas are known. 

We might also ask what happens if each player in the musical chairs game starts 
simultaneously to look for a free chair (still always moving clockwise), starting at 
independently random points. The answer is that each player will move past d(m, n) 
chairs on the average, where 6(m,n) is the same as above. This follows from 
an interesting theorem of W. W. Peterson [23], who was the first to study the 
properties of the hashing problem described above. Peterson proved that the 
total displacement of the n players, for any partial hash sequence a,a,---a,, is 
independent of the order of the a,’s; thus, 3 1 41592 leads to the same total dis- 
placement as 1123459 and2 95141 3. His theorem shows that the average 
time 6(m,n) per player is the same for all arrangements of the a;, and therefore 
it is also unchanged when all players start simultaneously. 

On the other hand, the average amount of time required until all n players are 
seated has not been determined, to my knowledge, for the simultaneous case. In 
fact, I just thought of this problem while writing this paper. New problems flow 
out of computer science studies at a great rate! 

We might also ask what happens if the players can choose to go either clockwise 
or counterclockwise, whichever is shorter. In the non-simultaneous case, the above 
analysis can be extended without difficulty to show that each player will then have 
to go about half as far. (We require everyone to go all the way around the circle 
to the nearest seat, not taking a short cut through the middle.) 

Another variant of the hashing problem arises when we change the cyclic order 
of probing, in order to counteract the ‘‘piling up’’ phenomenon. This interesting 
variation is of practical importance, since the congestion due to long stretches of 
occupied positions slows things down considerably when the memory gets full. 
Since the analysis of this practical problem is largely unresolved, and since it has 
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several interesting mathematical aspects, I shall discuss it in detail in the remainder 
of this article. 

A generalized hashing technique which for technical reasons is called single 
hashing is defined by any m x m matrix Q of integers for which 

(i) Each row contains all the numbers from 1 to m in some order; 

(ii) The first column contains the numbers from 1 to m in order. 
The other columns are unrestricted. For example, one such matrix for m = 4, 
selected more or less at random, is 


(1 3 2 4 
213 4 
Q, = 
3412 
432 1J 


The idea is to use a hash function f(x) to select a row of Q and then to probe the 
memory positions in the order dictated by that row. The same algorithm for looking 
through memory is used as before, except that step 4 becomes 


Step 4’. Advance i to the next value in row f(x) of the matrix, and return to step 2. 


Thus, the cyclic hashing scheme described earlier is a special case of single hash- 
ing, using a cyclic matrix like 


(1 23 4 
23 4 1 
Q, = 
3412 
412 3J 


In the musical chair analogy, the players no longer are required to move clock- 
wise; different players will in general visit the chairs in different sequences. How- 
ever, if two players start in the same place, they must both follow the same chair- 
Visiting sequence. This latter condition will produce a slight congestion, which is 
noticeable but not nearly as significant as in the cyclic case. 

As before, we can define the measures d’(m,n) and 6’(m,n), corresponding to 
the number of times step 4’ is performed. The central problem is to find matrices Q 
which are best possible, in the sense that 6’(m, m) is minimized.-This problem is not 
really a practical one, since the matrix with smallest 6’(m,m) might require a great 
deal of computation per execution of step 4’. Yet it is very interesting to establish 
absolute limits on how good a single-hashing method could possibly be, as a 
yardstick by which to measure particular cases. 

One of the most difficult problems in algorithmic analysis that I have had the 
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pleasure of solving is the determination of d’(m, n) for single hashing when the matrix 
Q is chosen at random, i.e., to find the value of d'(m, n), averaged over all ((m—1)!)” 
possible matrices Q. The resulting formula is 


yo mnt "5 a Mm + 2-) 
di(m,n) =m mond? ( + (m T ae m{[ i. 2 — 1/(m(m + ay} 


n-1 
1 
x 1 — —_—_-____ } }.. 
u ( mim =p) 
This one [I do not know how to simplify at the present time. However, it is possible 
to study the asymptotic behavior of d(m,n), and to show that 


6(m,m) lnm +y— 1.5 


for large m, plus a correction term of order (log m)/m. (Here y is Euler’s constant.) 
This order of growth is substantially better than the cyclic method, where 6(m, m) 
grows like the square root of m; and we know that some single-hashing matrices 
must have an even lower value for 6’(m, m) than this average value 6.(m,m). Table 1 
shows the exact values of 6(m,m) and 6(m,m) for comparatively small values of 
m; note that cyclic hashing is superior for m S$ 11, but it eventually becomes much 
worse. 

Proofs of the above statements, together with additional facts about hashing, 
appear in [18]. 

No satisfactory lower bounds for the value of 6’(m, m) in the best single-hashing 
scheme are known, although I believe that none will have 6’(m, m) lower than 


1\ / 1 1 
(i+ 4) (i+de~4 Aja 
m 2 m 


this is the value which arises in the musical chairs game if each player follows a 
random path independently of all the others. J. D. Ullman [28] has given a more 
general conjecture from which this statement would follow. If Ullman’s conjecture 
is true, then a random Q comes within 4 of the best possible value, and a large 
number of matrices will therefore yield values near the optimum. Therefore it is 
an interesting practical problem to construct a family of matrices for various m, 
having provably good behavior near the optimum, and also with the property that 
they are easy to compute in step 4’. 

It does not appear to be easy to compute 6’(m,m) for a given matrix M. The 
best method I know requires on the order of m-2”™ steps, so I have been able to 
experiment on this problem only for small values of m. (Incidentally, such experi- 
ments represent an application of computer science to solve a mathematical problem 
suggested by computer science.) Here is a way to compute 6’(m,m) for a given 
matrix Q = (q,,): If A is any subset of {1,2,---,m}, let | A | be the number of ele- 
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ments in A, and let p(A) be the probability that the first ! A | players occupy the 
chairs designated by A. Then it is not difficult to show that 


p(A) = X pia — {4i;}) 


1 
M (i,j) € (A) 


when A is nonempty, where s(A) is the set of all pairs (i,j) such that q;,¢A for 
1<k <j; consequently 


d’(m,n) = — 


penal ADP). 


d'(m,m) = 2 | s(A) | p(A). 


2 


For example, in the 4 x 4 matrix Q, considered earlier, we have 


A pA) | s(.4)| A p(A) |s¢4)| 
a) 1 0 {4} 1/4 1 
{1} 1/4 1 {1, 4} 2/16 2 
{2} 1/4 1 {2, 4} 2/16 2 
{1, 2} 3/16 3 {1, 2, 4} 9/64 4 
{3} 1/4 1 {3, 4} 4/16 4 
{1, 3} 3/16 3 {1, 3, 4 20/64 7 
{2, 3} 2/16 2 {2, 3, 4} 16/64 6 
{1, 2, 3} 19/64 7 {1, 2, 3, 4} 1 16 


The first three chairs occupied will most probably be {1, 3,4}; the set of chairs {1, 2, 4} 
is much less likely. The ‘‘score’’ 6’(m, m) for this matrix comes to 653/1024, which 
in this case is worse than the score 624/1024 for cyclic hashing. In fact, cyclic hashing 
turns out to be the best single hashing scheme when m = 4. 

When m = 5, the best single hashing scheme turns out to be obtained from the 
matrix 


(1 2 4 5 3 
2351 4 
QO,= |3 412 5 
4523 1 
5 1 3 4 2) 


whose score is 0.7440, compared to 0.7552 for cyclic hashing. Note that Q, is very 
much like cyclic hashing, since cyclic symmetry is present: each row is obtained 
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from the preceding row by adding 1 modulo 5, so that the probing pattern is essen- 
tially the same for all rows. We may call this generalized cyclic hashing; it is a special 
case of practical importance, because it requires knowing only one row of Q instead 
of all m? entries. 

When m> 5, an exhaustive search for the best single hashing scheme would 
be too difficult to do by machine, unless some new breakthrough is made in the 
theory. Therefore I have resorted to ‘‘heuristic’’ search procedures. For all m < 11, 
the best single hashing matrices I have been able to find actually have turned out 
to be generalized cyclic hashing schemes, and I am tempted to conjecture that this 
will be true in general. It would be extremely nice if this conjecture were true, since 
it would follow that the potentially expensive generality of a non-cyclic scheme 
would never be useful. However, the evidence for my guess is comparatively weak; 


TABLE 1. Cyclic hashing versus random single hashing 


m o(m, m) é, (m, m) 
1 0.0000 0.0000 
2 0.2500 0.2500 
3 0.4444 0.4630 
4 0.6094 0.6426 
5 0.7552 0.7973 
6 0.8874 0.9330 
7 1.0091 1.0538 
8 1.1225 1.1626 
9 1.2292 1.2616 

10 1.3301 1.3523 

11 1.4262 1.4360 

12 1.5180 1.5138 

15 1.7729 1.7183 

20 2.1468 1.9911 

30 2.7747 2.3888 

40 3.3046 2.6774 

50 3.7716 2.9037 

75 4.7662 3.3181 

100 5.6050 3.6135 


it is simply that (i) the conjecture holds for m < 5; (ii) [have seen no counterexamples 
in experiments for m < 11; (iil) the best generalized cyclic hashing schemes for 
m & 9are “‘locally optimum’’ single hashing schemes, in the sense that all possible 
interchanges of two elements in any row of the matrix lead to a matrix that is no 
better; (iv) the latter statement is not true for the standard (ungeneralized) cyclic 
hashing scheme, so the fact that it holds for the best ones may be significant. 


Even if this conjecture is false, the practical significance of generalized cyclic 
hashing makes it a suitable object for further study, especially in view of its additional 
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mathematical structure. One immediate consequence of the cyclic property is that 
p(A) = p(A+k) for all sets A, in the above formulas for computing d’(m,n), 
where ‘‘A + k’’ means the set obtained from A by adding k to each element, modulo 
m. This observation makes the calculation of scores almost m times faster. Another, 
not quite so obvious property, is the fact that the generalized cyclic hashing 
scheme generated by the permutation q,;q2-::q, has the same score as that 
generated by the “‘reflected’’ permutation qiq2°*:dm Where gj; = m+1—dq,. (It 
is convenient to say that a generalized cyclic hashing scheme is ‘‘generated’’ by 
any of its rows.) This equivalence under reflection can be proved by showing that 
p(A) is equal to p’(m + 1 — A). 

I programmed a computer to find the scores for all generalized cyclic hashing 
schemes when m = 6, and the results of this computation suggested that two further 
simplifications might be valid: 

(i) 419243°°°Am ANd 424193°*' dm generate equally good generalized cyclic 
hashing schemes. 

(ii) G4°°° Im—29m—-19m 20d G4 °° Im—-29mIm-1 generate equally good generalized 
cyclic hashing schemes. 

In fact, both of these statements are true; here is a typical instance where com- 
puting in a particular case has led to new mathematical theorems. 


In fact, the above results made me suspect that q,:--q,, and 
(m+ 1— qi) (M41 = Qiduti ct Im 


will always generate equally good schemes, whenever both of these sequences are 
permutations. If this statement were true, it would include the three previous results 
as special cases, for k = 2, m—2 and m. Unfortunately, I could not prove it; 
and I eventually found a counterexample (by hand), namely g,---g,= 13862754 
and k = 4. However, this mistaken conjecture did lead to an interesting purely 
mathematical question, namely to determine how many inequivalent permutations 
of m objects there are, when q,°--g, is postulated to be equivalent to 
(eq, ti)°* (€d, HI Qe+1°°° Im, fore = +1and1 sj, k < m (whenever these are 
both permutations, modulo m). We might call these “‘necklace permutations,’ by 
analogy with another well-known combinatorial problem, since they represent the 
number of different orders in which a person could change the beads of a necklace from 
all white to all black, ignoring the operation of rotating and/or flipping the necklace 
over whenever such an operation preserves the current black/white pattern. The 
total number of different necklace permutations for m = 1, 2, 3, 4, 5, 6, 7 is 
1, 1, 1, 2, 4, 14, 62, respectively, and I wonder what can be said for general m. 


Returning to the hashing problem, the theorems mentioned above make it pos- 
sible to study all of the generalized cyclic hashing schemes for m < 9, by computer; 
and the following turn out to be the best: 
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best permutation Omin (m, m) Saye (m, m) 
123 4 0.6094 0.6146 
1245 3 0.7440 0.7514 
125346 0.8650 0.8819 
1423657 0.9713 0.9866 
13487265 1.0676 1.0919 
152384679 1.1568 1.1790 


The righthand column gives the average 6'(m,m) over all m! schemes. For m = 10 
and 11 the best permutations I have found so far are 12864931075 and 
1348971121065, with respective scores of 1.2362 and 1.3103. The worst 
such schemes for m < 9 are 


worst permutation Snax (m,m) 
1324 0.6250 
12345 0.7552 
135246 0.9132 
1234567 1.0091 
15374826 1.1719 
147258369 1.2638 


(This table suggests that the form of the worst cyclic scheme might be obtainable 
in a simple way from the prime factors of m.) 

Finally I have tried to find the worst possible Q matrices, without the cyclic 
constraint. Such matrices can be very bad indeed; the worst I know, for any m, 
occur when q;,; < qij+1) for all j 2 2, e.g. 


1 2 3 4 
f 
1 3 4 

1 2 4 
1 2 3 


Re WwW WN 
Hh nm nm AN 


5 123 4) 
when m = 5. Using discrete mathematical techniques like those illustrated above, 
I have proved that the score for such matrices is 


2 1\" , 
s'(mm) = (m+34—) (1+) 2.5m —-7 -7>, 
m m m 


which is approximately (e — 2.5)m + 3e — 8 when m is large. We certainly would 
not want to retrieve information in this way, and perhaps it is the worst possible 
single hashing scheme. 

Thus, the example of hashing illustrates the typical interplay between computer 
science and mathematics. 
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I wish to thank Garrett Birkhoff for his comments on the first draft of this paper. 
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COMPUTER SCIENCE DEPARTMENT, STANFORD UNIVERSITY, STANFORD, CALIFORNIA 94305, 


MAXWELL’S EQUATIONS 
THEODORE FRANKEL 


1. Introduction. We shall consider Maxwell’s equations 
(1) ::- div B = 0 (2):.-divD =o 


(3)---curlE = — & (4) + curl H = j + 2P 
in a “‘non-inductive’’ medium; i.e., E = D is the electric field vector, B = H is the 
magnetic field vector, o is the charge density, and j is the current density vector. 

These equations are usually taken as axioms in electromagnetic field theory. 
(1) says that there are no magnetic charges. (2) is Gauss’ law, stating that one can 
compute the total charge inside a closed surface by integrating the normal component 
of D or E over the surface. (3) is Faraday’s law; a changing magnetic field produces 
an electric field. Finally, (4) is Ampere’s law curl H = j modified by Maxwell’s term 
OD /ét, stating that currents and changing electric fields produce magnetic fields. 
Equations (1) and (2) are relatively simple and easily understood while (3) and (4) 
seem much more sophisticated. It is comforting to know then, that in a certain sense, 
Faraday’s law (3) is a consequence of (1), while the Ampere-Maxwell law (4) is a 
consequence of Gauss’ law (2). The precise statement will be found in Section 4. This 
apparently is a ‘‘folk-theorem’’ of physics; I first ran across the statement of it in an 
article of J. A. Wheeler ([3], p. 84). The precise statement involves only the simplest 
notions of special relativity and the proof of the statement is an extremely simple 
application of the formalism of exterior differential forms and could be written down 
in a few lines. I prefer to preface the proof with a very brief summary of special 
relativity and of how electromagnetism fits into special relativity, mainly because 
most (but not all) treatments of this subject motivate their constructions by means of 
Maxwell’s equations; from our view point this would be circular and far less 
appealing than the approach via the Lorentz force. 


2. The Minkowski Space of Special Relativity. Space-time is a 4-dimensional 
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manifold M* that is topologically just R*. A point in space-time is called an ‘‘event”’ 
and a curve of events is called a ‘‘world line’’. There are given admissible coordinate 
systems for M* corresponding to ‘“‘inertial observers’’. In terms of such a coordinate 
system we may write M* = R x R®, and an event has coordinates (t,x, y,z) or 
briefly (t,r); sometimes we shall write instead (x°, x', x*, x). Let (t’, x’, y’, 2’) 
be coordinates set up by another inertial observer (physically, an observer moving 
uniformly with respect to the first observer). The basic assumption of special relati- 
vity is the following: if both observers look at the same world line, then in general 


dt* #dt'* and dx* + dy? + dz? #4 dx’* + dy” + dz’, 


but they will agree that (for simplicity we shall put the velocity of light = 1 in this 
article) 


dt* — (dx* + dy* + dz*) = dt'* — (dx’* + dy’? + dz’). 


That is 
dt* = dt* — dr: dr = dt* — (dx* + dy” + dz’) 


defines an ‘“‘invariant line element’’ in M*. 

The world line representing the history of a particle always has dt” > 0 (that is, 
the particle must travel at a speed less than the speed of light). For such a world line 
we can introduce t as a new parameter (it is called ‘‘proper time’’; the ‘‘chrono- 
metric hypothesis’’ states that t is the time kept by an atomic clock moving with the 
particle) and we then have the unit tangent vector (the ‘‘velocity 4-vector’’) 

ax ie, Via #5 201,23. 
dt 


Since 

dt dr dr\* 2 4 

an ('- ara) 7-8 
where v = dr/dt is the classical velocity vector, we may write the vector V as the 4 
tuple 


_ dt dr _ . _ 2\-4 
= (Fe =) = y(1,v) with y = (1 — v*) *. 
Each particle has a “‘rest mass’’ my (an invariant, independent of coordinates), and 


One then forms the momentum 4 vector 
P = MV = moy(1, V) = (m, my), 


where m = Moy is called the mass of the particle as viewed from the given coordinate 
system. As v > | (speed of light) we have that m = myy > 00. Note that the spatial 
part mv of P is the classical momentum of a particle whose mass is m. 
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Finally, one has the notion of the Minkowski force 4-vector 


pata (S, Zo) = (Fort) = 0 110 


The term (d/dt) (mv) is nothing but the classical force f,. Because P = moV is a 
vector of constant length my), we must have that f = dP/dt is orthogonal to V in the 
Lorentz metric defined by dt”. Now the scalar product of two 4 vectors (A®, A) and 
(B°, B) is given by 


(A°, A): (B°, B) = A°B° — AB. 


Since f- V = 0 we conclude yf° — y*f,-v = 0, or f° = yf, - v. (Incidentally, if we 
then equate f° with dm/dt = y dm/dt we get dm = f, : vdt = f, - dr, the element of 
work done by the force; this is Einstein’s equivalence of mass and energy.) 

We have written f as a contravariant vector f' = dP'/dt since P is a tangent 
vector to a world line of a particle. One defines the covariant form of f, written f, 
by means of the usual process 


3 
(5) ii = 2 gif’, ic, f =U°, — yh) = vf, — £2), 

j= 
where (g;;) is the metric tensor for dt*, a diagonal matrix with (1, —1, —1, —1) 
down the diagonal. 


3. The electromagnetic field. The electromagnetic field vectors E and B in ordinary 
3-space are measured via the Heaviside-Lorentz force formula; the force on a unit 
charge test particle is given by 


(6) f, = E+v~xB, 


where v is the velocity vector of the test charge. One determines E by measuring the 
force when the test particle is at rest, v = 0. Having determined E, one then measures 
the force when the test charge is given velocities in several directions, and so B is 
determined. Thus the Heaviside-Lorentz force formula actually serves to define 
the fields E and B. 

Einstein’s study of special relativity apparently originated in essentially looking 
at equation (6) when one uses a coordinate system in 3-space that is moving uniformly 
with respect to the given system. For example, if one has E = 0 and B is a constant 
field parallel to the z axis in a “‘fixed system’’, then when one passes to a system 
moving with speed v in the x direction, a unit test charge “‘at rest’? in the moving 
system will suffer a force v x B, and hence the moving observer will claim the existence 
of an electric field E’ 4 0. Thus E and B individually may not be conceived as being 
vectors when one uses moving coordinate systems. To see how E and B should be 
joined together we can proceed as follows. 

Suppose the unit test charge is moving along a curve in 3-space under the influence 
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of a purely electromagnetic field. The classical force is then the Heaviside-Lorentz 
force, f, = f, = E+ v x B. The covariant Minkowski 4 force is then, from equation 


(5) 
(f°, — yf,) = »(f,-v, — (E+ v x B)) 
y(E- v, — (E+ Vv x B)). 


—th 
I 


Writing out the components in full, one sees that there is a unique matrix (¥;,) such 
that 


3 
t; =— % FV’, 
j=0 
namely 
(0 —E,, —E, —E, 
E,. 0 B, —B, 
(F 5) = 
Ey —B, 0 B,, 
E, B, —B, 0 J 


which is called the Minkowski electromagnetic field tensor. Since this matrix is 
skew-symmetric it defines an exterior form (apparently first considered by Hargreaves 
[see 4, p. 250]). 
i<j 
where & = E,(t,r)dx + E,(t,r)dy + E,(t,r)dz = E: dr and 
B= Bt,r)dy A dz + Bt,r)dz a dx + Bft,r)dx A dy. 


We shall refer to the book of Flanders [2] and the book of Y. Choquet-Bruhat [1] 
for any questions concerning differential forms and also for the uses of the form ¥ 
in electromagnetic situations. 

The 2-form ¥ = & A dt+ has been constructed using a particular inertial 
coordinate system (t,x, y,z). However, since all inertial coordinate systems will 
agree to use the Heaviside-Lorentz force formula to define the fields E and B in their 
coordinate systems we conclude that, in fact, F is a well-defined exterior form on the 
Minkowski space M*. This has profound consequences. For instance, if (t’, x’, y’, 2’) 
aré coordinates used by another inertial coordinate system moving uniformly with 
respect to the first along the x axis, their coordinates are (as is well known) related 
by a Lorentz transformation 


(8) x’ = (x— vt), y’ = y,z’ = 2, t’ = y(t — vx). 
Then, from the fact that F is well defined, we have F¥ = €& Adt+B=6' a dt’ 
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+ &', Substituting equations (8) into &’ a dt’ + B’ and comparing with € a dt + &, 
one gets the well-known transformation laws for the fields E and B 


E, = E! B, = B! 
E, = y(E, + vBz) B, = y(B, — vE)) 


es 
l 


y(EZ— vB)  B, = y(B,+ vE)). 


4. Maxwell’s equations. Maxwell’s source-free equations (1) and (3) are equiva- 
lent to the equation 


dF = 0, 


where d is the exterior differential operator on Minkowski space M* (see [1] and [2] 
for details; we indicate briefly the essential ideas below). Symbolically, the exterior 
differential d for R? is 


0 0 0 
d=d=dx a G+ dy A a+ dz 0 a 
and the exterior differential d for M* is then d = d + dt a (0/€0), all in terms of 
coordinates. Then 


B 
iF = (dt din) Cn di4 A) = (as + FZ) nat ag, 


where by 04 /0t we mean the 2-form (0B, /0t)dy A dz +-:-. Thus 


(d# =0, ie., divB = 0 


dF =0 iff and 


OB OB 
| ae -+ a = 0, ie., curl E + a = 0. 

THEOREM. Suppose that each inertial observer observes that div B = 0. Then 
d¥ = (0 and hence each observer also observes that curl E = — (0B /ét). 


_Proof. An inertial observer gives rise to a coordinate system (t,x, y,z) for 
Minkowski space, i.e., M* becomes the product R x R°. For fixed ty we have the 
inclusion map ¢:R°*—>R x R° sending R°* onto the spatial section, (x, y, z) 
—(to,X,y,zZ). The observer puts F¥ = & Adt+&. The restriction of F to his 
spatial section is simply @*F (see [2], p. 23). But @* applied to forms merely says, 
put ¢t = ft, and dt = 0, and so 


p*F = o*B = Bdy a dz + Bydz A dx + B,dx A dy. 


By hypothesis d(¢@*#) = d(¢*F) = (div B)dx a dy a dz = 0, and so d(¢*F) = 0 
for each inertial observer. But d is a ‘‘natural’’ operation, ie., d(¢d*F) = o*(dF). 
Thus the exterior 3-form d¥ has the property that its restriction to the spatial section 
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(to, X, y, Z) is the zero-form, and this is true for all t) and for all inertial observers. 
We claim that this implies dF = 0. 
Being a 3-form in 4-space, dF has the form 


dF = N°dx a dy n dz—N'dt a dy \ dz + N*dt a dx a, dz—N?dt a dx a dy 


for some coefficients N°, N*, N*, N°. In terms of the 4-vector N whose components 
are these coefficients, we can write d¥ as the “‘interior product’’ (see [1], p. 149) 


dF = iydt A dx A dy A dz. 


We claim that N = 0, hence d¥ = 0. Suppose N # 0; then one can easily find three 
vectors €,, €,, and e3 such that N, e,, e2, e3 are linearly independent on M* and 
€1, €>, and e, are tangent to the spatial section of some inertial observer. (If N is 
not in the x, y, z plane, choose e,, e,, e3 in this plane. If N is in the x, y, z plane we 
may assume it is along the x axis; then e,, e,, e3; can be chosen along the x’, y’, z’ 
axes of the coordinate system defined by the Lorentz transformation (8).) But dF, 
as a multilinear function on vector triples, has value 


dF (€1,€2,€3) = dt ndx A dy A d2N, &;, €2,e€3) #0 


since N, é,, €2, é3 are linearly independent. This contradicts the fact that dF = 0 on 
any spatial section of any inertial observer. This concludes the proof that dF = 0. 


THEOREM. Suppose that each inertial observer observes that div E = o. Then 
each observer also observes that curl B = j + dE /dt. 


Proof. Let * denote the Hodge star operator taking p forms on M* into (4 — p) 
forms (see [1] or [2]). Since ¥ = &a dt + Fis a well defined 2-form on M%, so is 


GuxrF =—-HNU+G, 


where # = B,dx+ By,dy+B,dz=H-dr, and D= Edy a dz + E,dz a dx 
+ E,dx A dy. (Here we are glossing over the question of orientations; however 
both the forms Y and -¥ defined below are in fact forms of ‘‘odd kind’’ in the sense 
of de Rham, and so no difficulties arise.) 

There is also the notion of rest charge density oo, an invariant for all observers. 
The 4-vector J = 6)V = (Goy, GoyV) = (G,J) is called the current 4-vector density, 
GO = Oo is the charge density, and j = ov is the classical current density vector. The 
exterior 3-form 


S = isdtrndx Ady a dz = adx Ady Adz —(j,dy A dz + jydzAdx +j,dx a dy) a dt 


é 


is called the current 3-form. A simple calculation (see [1], |2]) as was done in our 
first Theorem shows that 
c divE=o 
dG = F iff 1 
curl Be = j+ (CE /dt). 
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Again let ¢: R® > R x R° be defined by taking the spatial section ‘of an inertial 
observer. Then 


p*(dG — S) = do*G — o*S = do* D— o*F = (divE — a)dx a dy va dz 


vanishes, by hypothesis, for each inertial observer. By the same reasoning as before 
one concludes that dG — Y = 0, and we are finished. 


Work supported in part by N.S. F. grant G. P. -27670. 


References 


1. Y. Choquet-Bruhat, Géométrie différentielle et systémes extérieurs, Dunod, Paris, 1968. 

2. Harley Flanders, Differential forms, Academic Press, New York, 1963. 

3. J. A. Wheeler, Gravitation as geometry-II, a chapter in the book Gravitation and Relativity, 
edited by H. Y. Chiu and W. F. Hoffmann, Benjamin, New York, 1964. 

4. E. T. Whittaker, A history of the theories of aether and electricity, Vol. 2, Harper and 
Brothers, New York, 1960. 


DEPARTMENT OF MATHEMATICS, UNIVERSITY OF CALIFORNIA, SAN DIEGO, LA JOLLA, CALIFORNIA 
92037 


EVERYWHERE DIFFERENTIABLE, NOWHERE 
MONOTONE, FUNCTIONS 


Y. KATZNELSON AND KARL STROMBERG 


The purpose of this paper is to construct an example of a real-valued function 
on R that is everywhere differentiable but is monotone on no interval and to examine 
further peculiar properties of any such function. Examples of such functions are 
seldom given, or even mentioned, in books on real analysis. The first explicit con- 
struction of such a function was given by Képcke (1889). An example due to Pereno 
(1897) is reproduced in [1], pp. 412-421. We believe that the present construction, 
which grew out of a question asked of the first named author by the second, is 
shorter, more elementary, and easier to understand than any that we have seen. 
We proceed through a sequence of easy lemmas. 


LEMMA 1. Let r and s be real numbers. 
(i) If r>s>0, then (r—s){(r* —s*) < 2/r. 
(ii) If r>1 and s>1, then (r+s—2){(r? + s?—2) <2/s. 


Proof. Assertion (i) is obvious. Inequality (ji) is equivalent to 
(r—s)? + (r—1)(s—1) +r? 4+7435>5. 


But this too is obvious when r>1 and s>1. 
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LemMA 2. Let $(x)=(1+|]x|)-* for xeR. Then  1/(b—a) [?b(x)dx 
< 4min {¢(a), 6(b)} whenever a and b are distinct real numbers. 


Proof. We may obviously suppose that a<b. In case 0 S a, we have by 
Lemma 1 that 


1 b 
gaa | oom = Aaa) 


4 


J1+b 
The case that b < 0 follows from the evenness of ¢. Thus we suppose that a < 0 < b. 
Then Lemma 1 yields 


< 


= 4min{¢(a), (b)}. 


a | “blood — ~J/i+b+Jl—a—-2 
b—a J, (1+ 6)+(1—a)—-2 


<4 min{$(a), $(b)}. 


LEMMA 3. If @ is as in Lemma 2 and w is any function of the form 


M = 


W(x) = Cc jPAKX — a;)), 


j=1 


where C1,°*',C, and 1,,+++,4, are positive real numbers and «,,-+-,a, are any real 
numbers, then 


1 b 
—_ | Wx)dx < 4 minf{yi(a), W(b)}, 


whenever a and b are distinct real numbers. 
Proof. This follows at once from Lemma 2 and the fact that 
1 M(b— a) 


1 b 
poy | $e@ aya = aS war 


LemMMA 4. Let (W,)n=1 De any sequence of functions as in Lemma 3. For xéER 
and each n define 


W(x) = [ “Ulta. 


Suppose that %°.,W,(a) = s<o for some aé R. Then the series F(x) = Y.,P,(x) 
converges uniformly on every bounded subset of R, the function F is differentiable 
ata, and F'(a) = s.In particular, if U4.) =f)<o for all teR, then 
F is differentiable everywhere on Rand F’ = f. 
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Proof. Let bER satisfy b = > al. Then, using Lemma 3, —b < x S b implies 


he Cx)| <I { ‘Walat | + | | “Uyldat 


A 


4|a|w,(a) +4|x — a|v,(a) 
< 12by,(a). 


Thus, uniform convergence on [—b,b] follows from the Weierstrass M-test. 
To prove that F’(a) = s,lete > Obegiven.Choose N suchthat10- X2.y.,W,(a) 
<eé. Since each wW, is continuous at a, there exists some 6 > 0 such that 


ef valde — vate 


whenever 0 < | A | <dand1 snSN. Therefore, using Lemma 3 again, 0 < | A | <0 
implies that 


tt et rt re nn ee et 


FosN-Fo | 1 $f  adat ~ Yala) 


IIA 
i M2 


‘fo W,(t)dt — Waa) 


+ 45 (FP vacoae + vata) | 


a 


<=<+ Lb 5y,(a)<e. 

n=Nt+1 

LemMA 5. Let I,,-:-,[, be disjoint open intervals, let a; be the midpoint of 
I,, and let ¢ and y,,:+:,Y, be positive real numbers. Then there exists a function 
Ww as in Lemma 3 such that for each j 

(i) W(a,;) > yj; 

(il) W(x) < y; +6 if xel,, 

(ili) W(x)<e if x€I,U-- UT,. 


Proof. Choose c; = y;+eé/2 and write $,(x) = c,@(A(x —a,)), where A, is 
chofen so large that ,(x) < e/2n if x I, (one needs only to check this inequality 
at an endpoint of I,). Take W = @, + --- + @,. Since the J,’s are disjoint and since 
p, takes its maximum value c, at a,, properties (i), (ii), and (iii) are evident. 


THEOREM. Let {a,}°_, and {B,}}., be disjoint countable subsets of R. Then 
there exists a real-valued, everywhere differentiable, function F on R satisfying 
F'(a;) = 1, F’(B;) <1 for allj, and0 < F(x) S 1 for all x. 
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00 


Proof. We obtain F as in Lemma 4 by first constructing F’ = f= L.,,, or, 
more precisely, the partial sums f, = 27.=1W;,, in such a way that 


Ay: f)>1-— (1 Si Sn), 


1 
B,,! Ful) <1- n+l (xe R), 


Ci: WB) < = T (1 <jn). 


Supposing that this were done we would have 


F'(a,) = lim f(a) = 1, 


IIA 


0< F’(x) = lim f(x) S 1, 


n~>oo 


and, choosing n>j, 


FB) = Su-s(B) + E VilB) 


1 1 
<a t 2% 35 
1 1 
< l- +5 1 
1 
I-77 <1 


and thus we would have the desired F. 

We proceed inductively. First choose an open interval IJ with midpoint «, such 
that B, GI. Then apply Lemma 5 with ¢ = y, = 4 to obtain f, = w, that satisfies 
A,,B,,C,. 

Suppose that n> 1 and that f,_, and w,-, have been chosen which satisfy 
A,-1, Br-1, Cy-,-. Select disjoint open intervals J,,---,J, such that, for each 
jet, ---,n}, a, is the midpoint of I,,1,A0 {B,,---,B,} = @ and f,-1(x) <f,-1(a,) + 6 
for xelI;, where 


4 1 


= @+l) mn? 


Now apply Lemma 5, with e = 1/(2n-2") and y; = 1—(1/n) —fp-1@) (1 Sj Sn), 
to obtain w,,.. Plainly C,, obtains. Also 


Filo) = Su al0t) + Wales) > Su s(ay) + 9) = 1 
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(1 <j <n), and so A, obtains. To check B,, notice that if xeJI,, then 


FA) = fy 10) + Val) 
<fy-1(a) $5 + yj) +6 


~1-24-1. 2=1-_+. 
7 n n(n+1) — n+ 1’ 
while if x ¢ Uj.,J,, then 

1 


fA) = fy-i@e) + Ye) <1 — be <1. 


This completes the proof. 


COROLLARY. There exists a real-valued, everywhere differentiable, function H 
on R such that H is monotone onno subinterval of R and H’ is bounded. 


Proof. Let {a,;};2, and {B,}72, be disjoint dense subsets of R. Apply the 
preceding theorem to obtain everywhere differentiable functions F and G on R 
such that 


F'(a;) = G(B,) = 1, G'(a;)<1, F(B,) <1, 
O< F(x)S1,0<G(x)s1 
for all j and x. Now write H = F —G. Then 
H'(a,)>0, H'(B;) <0 
—1< H'(x)<1 


for all j and x. Since {a,}72, and {f;};2, are both dense, H cannot be monotone 
on an interval. 


REMARKS. Let H be any function as in the preceding Corollary. 

(a) H has a local maximum and a local minimum in every interval of R. In fact, 
if a < b, wecan choose « < Pin [a,b] such that H’(a)>0 and H’(f) <0. Then 
H takes an absolute maximum value on [«, B] at some ye[a, B]. Clearly «a<y < B, 
and so HA(y) is a local maximum value for H. Similar reasoning produces a local 
minimum in [a, b]. 

(b) Since H’ is bounded, it is clear from the mean value theorem that H is ab- 
solutely continuous on every closed interval of R. Thus H’ is Lebesgue integrable 
on each such interval and 


A(x) = H(O) + [ H'(t)dt 


for all xeR. 
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(c) H’ is not Riemann integrable on any closed interval [a,b], for assume 
that it is. Then H’ is continuous a.e. on[a,b]. But it is clear that H’(t) = Oif H’ 
is continuous at t, andso H’ = 0 a.e. on [a,b]. It follows from (b) that H is a 
constant on [a,b]—-a palpable contradiction. 

(d) H’ is of Baire class one, being the pointwise limit of the continuous functions 
H,(x) = n{H(x + 1/n) — H(x)], and so the set of points at which H”’ is continuous 
is residual; i.e., its complement is of first category. 

(e) Write A = {x: H’(x) > O}and B = {x: H’(x) <0}. Thus ANI and BOI 
both have positive Lebesgue measure for every interval J. In fact, assuming that 
there exists some interval I = [a,b] such that BOI has measure zero, it follows 
that H’ > 0a.e. on J. Therefore, since 


A(x) = [ Hoa + H(a) 


for all xe J, we conclude that H is nondecreasing on J —a contradiction. Similarly, 
if ANI had measure zero, then H would be nonincreasing on I. 
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IS MATHEMATICAL TRUTH TIME-DEPENDENT? 
JUDITH V. GRABINER 


1. Introduction. Is mathematical truth time-dependent? Our immediate impulse 
is to answer no. To be sure, we acknowledge that standards of truth in the natural 
sciences have undergone change; there was a Copernican revolution in astronomy, a 
Darwinian revolution in biology, an Einsteinian revolution in physics. But do 
scientific revolutions like these occur in mathematics? Mathematicians have most 
often answered this question as did the nineteenth-century mathematician Hermann 
Hankel, who said, ‘‘In most sciences, one generation tears down what another has 
builf, and what one has established, the next undoes. In mathematics alone, each 
generation builds a new story to the old structure.’’ [20, p. 25.] 

Hankel’s view is not, however, completely valid. There have been several major 
upheavals in mathematics. For example, consider the axiomatization of geometry in 
ancient Greece, which transformed mathematics from an experimental science into 
a wholly intellectual one. Again, consider the discovery of non-Euclidean geometries 
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and non-commutative algebras in the nineteenth century; these developments led 
to the realization that mathematics is not about anything in particular; it is instead 
the logically connected study of abstract systems. These were revolutions in thought 
which changed mathematicians’ views about the nature of mathematical truth, and 
about what could or should be proved. 

Another such mathematical revolution occurred between the eighteenth and 
nineteenth centuries, and was focussed primarily on the calculus. This change was a 
rejection of the mathematics of powerful techniques and novel results in favor of 
the mathematics of clear definitions and rigorous proofs. Because this change, 
however important it may have been for mathematicians themselves, is not often 
discussed by historians and philosophers, its revolutionary character is not widely 
understood. In this paper, I shall first try to show that this major change did occur. 
Then, I shall investigate what brought it about. Once we have done this, we can 
return to the question asked in the title of this paper. 


2. Eighteenth-century analysis: practice and theory. To _ establish what 
eighteenth-century mathematical practice was like, let us first look at a brilliant 
derivation of a now well-known result. Here is how Leonhard Euler derived the 
infinite series for the cosine of an angle. He began with the identity 


(cos z +i sin z)" = cos nz + isin nz. 


He then expanded the left-hand side of the equation according to the binomial 
theorem. Taking the real part of that binomial expansion and equating it to cos nz, 
he obtained 

n(n 


_ nn) (cos z)"~ 7(sin z)” 


cos nz = (cosz)" 71 


n Mn = IO KD 9) (603 zy" 4(sinz)* — «- 
Let z be an infinitely small arc, and let n be infinitely large. Then: 
cos z = 1, sin z =z, n(n — 1) =n’, n(n—1)(n—2) (n—3) = n"’, ete. 
The equation now becomes recognizable: 


n?z7 ~— n*z* 


cosnz=1—-—~- + a -- 


But since z is infinitely small and n infinitely large, Euler concludes that nz is a finite 
quantity. So let nz = v. The modern reader may be left slightly breathless; still, we 
have 


2 4 
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(See [16, sections 133-4] and [32, pp. 348-9.) 

Now that we have worked through one example, we shall be able to appreciate 
some generalizations about the way many eighteenth-century mathematicians worked. 
First, the primary emphasis was on getting results. All mathematicians know many 
of the results from this period, results which bear the names of Leibniz, Bernoulli, 
L’Hospital, Taylor, Euler, and Laplace. But the chances are good that these results 
were originally obtained in ways utterly different from the ways we prove them today. 
It is doubtful that Euler and his contemporaries would have been able to derive 
their results if they had been burdened with our standards of rigor. Here, then, is 
one major difference between the eighteenth-century way of doing mathematics and 
our way. 

What led eighteenth-century mathematicians to think that results might be more 
important than rigorous proofs? One reason is that mathematics participated in the 
great explosion in science known as the Scientific Revolution [19]. Since the 
Renaissance, finding new knowledge had been a major goal of all the sciences. In 
mathematics, ever since the first major new result — the solution to the cubic equation 
published in 1545—Zincreasing mathematical knowledge had meant finding new 
results. The invention of the calculus at the end of the seventeenth century intensified 
the drive for results; here was a powerful new method which promised vast new 
worlds to conquer. One can imagine few more exciting tasks than trying to solve 
the equations of motion for the whole solar system. The calculus was an ideal 
instrument for deriving new results, even though many mathematicians were unable 
to explain exactly why this instrument worked. 

If the overriding goal of most eighteenth-century mathematics was to get 
results, we would expect mathematicians of the period to use those methods which 
produced results. For eighteenth-century mathematicians, the end justified the 
means. And the successes were many. New subjects arose in the eighteenth century, 
each with its own range of methods and its own domain of results: the calculus of 
variations, descriptive geometry, and partial differential equations, for instance. Also, 
much greater sophistication was achieved in existing subjects, like mathematical 
physics and probability theory. 

The second generalization we shall make about eighteenth-century mathematics 
and its drive for results is that mathematicians placed great reliance on the power 
of symbols. Sometimes it seems to have been assumed that if one could just write 
down something which was symbolically coherent, the truth of the statement was 
guaranteed. And this assumption was not applied to finite formulas only. Finite 
methods were routinely extended to infinite processes. Many important facts about 
infinite power series were discovered by treating the series as very long polynomials 
[30]. 

This trust in symbolism in the eighteenth century is somewhat anomalous in the 
history of mathematics, and needs to be accounted for. It came both from the 
success of algebra and the success of the calculus. Let us first consider algebra. 
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General symbolic notation of the type we now take for granted was introduced in 
1591 by the French mathematician Frangois Viéte [6, pp. 59-65] and [32, pp. 74-81]. 
This notation proved to be the greatest instrument of discovery in the history of 
mathematics. Let us illustrate its power by one example. Consider the equation 


(2.1) (x—a)(x— b)\(x-c) = x° —(a+b0+40)x* + (ab +.ac + be)x — abe. 


Symbolic notation lets you discover what dozens of numerical examples may not: 
the relation between the roots and the coefficients of any polynomial equation of any 
degree. Equation (2.1), furthermore, has degree three, and has three roots. Relying 
on results like (2.1), Albert Girard in 1629 stated that an nth degree equation had n 
roots — the first formulation of what Gauss later called the Fundamental Theorem 
of Algebra. 

But why are algebraic formulas like (2.1) considered true by eighteenth-century 
mathematicians? Because, as Newton put it, algebra is just a “‘universal arithmetic’ 
[29]. Equation (2.1) is valid because it is a generalization about valid arithmetical 
statements. What, then, about infinite arguments, like the one of Euler’s we examined 
earlier? The answer is analogous. Just as there is an arithmetic of infinite decimal 
fractions, we may generalize and create an algebra of infinite series [28, p. 6]. Infinite 
processes are like finite ones— except that they take longer. 

The faith in symbolism nourished by algebra was enhanced further by the success 
of the calculus. Leibniz had invented the notations dy/dx and f{ydx expressly to 
help us do our thinking. The notation serves this function well; we owe a debt to 
Leibniz every time we change variables under the integral sign. Or, suppose y is a 
function of x and that x is a function of t; we want to know dy /dt. It is not Leibniz, 
but Leibniz’s notation that discovers the chain rule: 


dy |dt = (dy /dx) (dx /dt). 


The success of Leibniz’s notation for the calculus reinforced mathematicians’ belief 
in the power of symbolic arguments to give true conclusions. 

In the eighteenth century, belief in the power of good notation extended beyond 
mathematics. For instance, it led the chemist Lavoisier to foresee a ‘‘chemical 
algebra,’ in the spirit of which Berzelius in 1813 devised chemical symbols essentially 
like those we use today. Anybody who has balanced chemical equations knows how 
the symbols do some of the thinking for us. The fact that the idea of the validity of 
purely symbolic arguments spread from mathematics to other areas shows us how 
prevalent an idea it must have been. 

What has been said so far should not lead the reader to believe that eighteenth- 
century mathematicians were completely indifferent to the foundations of analysis. 
They certainly discussed the subject, and at length. I shall not here summarize the 
diverse eighteenth-century attempts to explain the nature of dy /dx, of limits, of the 
infinite, and of integrals, during a century that Carl Boyer has rightly called ‘‘the 
period of indecision’’ as far as foundations were concerned [7, Chapter VI]. What 
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must be emphasized for our present purposes is that discussions of foundations were 
not the basic concern of eighteenth-century mathematicians. That is, discussions of 
foundations do not generally appear in research papers in scientific journals; instead, 
they are relegated to Chapter I of textbooks, or found in popularizations. More 
important, the practice of mathematics did not depend on a perfect understanding of 
the basic concepts used. But this was no longer the situation in nineteenth-century 
mathematics, and, of course, is not the situation today. 

Nineteenth-century analysts, beginning with Cauchy and Bolzano, gave rigorous, 
inequality-based treatments of limit, convergence, and continuity, and demanded 
rigorous proofs of the theorems about these concepts. We know what these proofs 
were like; we still use them. This new direction in nineteenth-century analysis is not 
just a matter of differences in technique. It is a major change in the way mathematics 
was looked at and done. Now that we have sketched the eighteenth-century approach, 
we are ready to deal with what are—from the historical point of view —the most 
interesting questions of this paper. What made the change between the old and new 
views occur? How did mathematics get to be the way it is now? 

Two things were necessary for the change. Most obviously, the techniques needed 
for rigorous proofs had to be developed. We shall discuss the history of some major 
techniques in Section 4, below. But also, there had to be a change in attitude. Without 
the techniques, of course, the change in attitude could never have borne fruit. But 
the change in attitude, though not sufficient, was a necessary condition for the 
establishment of rigor. Our next task, accordingly, will be to explain the change in 
attitude toward the foundations of the calculus between the eighteenth and nine- 
teenth centuries. Did the very nature of mathematics force this change? Or was it 
motivated by factors outside of mathematics? Let us investigate various possibilities. 


3. Why did standards of mathematical truth change? The first explanation 
which may occur to us is like the one we use to justify rigor to our students today: 
the calculus was made rigorous to avoid errors, and to correct errors already made. 
But this is not quite what happened. In fact, there are surprisingly few mistakes in 
eighteenth-century mathematics. There are two main reasons for this. First, some 
results could be verified numerically, or even experimentally; thus, their validity 
could be checked without a rigorous basis. Second, and even more important, 
eighteenth-century mathematicians had an almost unerring intuition. Though they 
were not guided by rigorous definitions, they nevertheless had a deep understanding 
of the properties of the basic concepts of analysis. This conclusion is supported by 
the fact that many apparently shaky eighteenth-century arguments can be salvaged, 
and made rigorous by properly specifying hypotheses. Nevertheless, we must point 
out that the need to avoid errors became more important near the end of the eighteenth 
century, when there was increasing interest among mathematicians in complex 
functions, in functions of several variables, and in trigonometric series. In these 
subjects, there are many plausible conjectures whose truth is relatively difficult to 
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evaluate intuitively. Increased interest in such results may have helped draw attention 
to the question of foundations. 

A second possible explanation which may occur to us is that the calculus was 
made rigorous in a spirit of generalization. The eighteenth century had produced a 
mass of results. The need to unify such a mass of results could have led automatically 
to a rigorous, axiomatic basis. But there had been large numbers of results for a 
hundred years before Cauchy’s work. Besides, unifying results does not always make 
them rigorous; moreover, the function of rigor is not just to unify, but to prove. 
Still, there is something to be said for the hypothesis that the calculus became 
rigorous partly to unify the wealth of existing results. At the end of the eighteenth 
century, several mathematicians thought that the pace of getting new results was 
decreasing. This feeling had some basis in fact; most of the results obtainable by the 
routine application of eighteenth-century methods had been obtained. Perhaps, if 
progress was slowing, it was time to sit back and reflect about what had been done 
[31, pp. 136-7]. This feeling helped get some mathematicians interested in the 
question of rigor. 

A third possible explanation depends on the prior existence of rigor in geometry. 
Everybody from the Greeks on knew that mathematics was supposed to be rigorous. 
One might thus assume that mathematicians’ consciences began to trouble them, 
and that as a result analysts returned their new methods to the old standards. In 
fact, Euclidean geometry did provide a model for the new rigor. But the old ideas 
of rigor were not enough in themselves to make mathematicians strive to make the 
calculus rigorous— as the hundred and fifty years from Newton to Cauchy shows. 
This is true even though the discrepancy between Euclidean standards and the 
actual practice of eighteenth-century mathematicians did not go unnoticed. George 
Berkeley, Bishop of Cloyne, attacked the calculus in 1734, on the perfectly valid 
grounds that it was not rigorous the way mathematics was supposed to be. Berkeley 
wanted to defend religion against the attacks of unreasonableness levelled against it 
by eighteenth-century scientists and mathematicians. Berkeley said that his opponents 
did not even reason well about mathematics. He conceded that the results of the 
calculus were valid, but attacked its methods. Berkeley’s attack, The Analyst, is a 
masterpiece of polemics [32, pp. 333-338] and [3]. He said of the ‘‘vanishing in- 
crements’’ that played so crucial a role in Newton’s calculus, ‘‘And what are these 
.. vanishing increments? They are neither finite quantities, nor quantities infinitely 
small, nor yet nothing. May we not call them the ghosts of departed quantities?’’ 
Berkeley’s attack — which included point-by-point mathematical criticisms of some 
basic arguments of Newton’s calculus— provoked a number of mathematicians to 
write refutations. However, neither Berkeley’s attack nor the replies to it produced 
the change in attitude toward rigor which we are trying to explain. First of all, the 
replies are not very convincing [8]. Besides, the subject of foundations was still not 
considered serious mathematics. Berkeley did get people thinking, more than they 
would have without him, about the problem of foundations. The discussions of 
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foundations by Maclaurin, D’Alembert, and Lagrange were all at least somewhat 
influenced by Berkeley’s work. Nevertheless, Berkeley’s attack in itself was not 
enough to cause foundations to become a major mathematical concern. 

In bringing about the change, there is one other factor which, though seldom 
mentioned in this connection, was important: the mathematician’s need to teach. 
Near the end of the eighteenth century, a major social change occurred. Before the 
last decades of the century, mathematicians were often attached to royal courts; 
their job was to do mathematics and thus add to the glory, or edification, of their 
patron. But almost all mathematicians since the French Revolution have made 
their living by teaching [31, p. 140] [2, p. 95,108]. 

This change in the economic circumstances of mathematicians had other causes 
than the decline of particular royal courts. In the eighteenth century, science was 
expanding. This was the ‘‘age of Newton’’ and the success of Newtonian science. 
Governments and businessmen felt that science was important and could be useful; 
scientists encouraged them in these beliefs. So governments founded educational 
institutions to promote science. Military schools were founded to provide prospective 
officers with knowledge of applied science. New scientific chairs were endowed in 
existing universities. By far the most important new institution for scientific in- 
struction, one which served as a model to several nations in the nineteenth century, 
was the Ecole polytechnique in Paris, founded in 1795 by the revolutionary govern- 
ment in France. 

Why might the new economic circumstances of mathematicians—the need to 
teach —have helped promote rigor? Teaching always makes the teacher think care- 
fully about the basis for the subject. A mathematician could understand enough 
about a concept to use it, and could rely on the insight he had gained through his 
experience. But this does not work with freshmen, even in the eighteenth century. 
Beginners will not accept being told, ‘‘After you have worked with this concept for 
three years, you’ ll understand it.”’ 

What is the evidence that teaching helped motivate eighteenth and nineteenth 
century mathematicians to make analysis rigorous? First, until the end of the 
eighteenth century, most work on foundations did not appear in scientific journals, 
apparently because foundations were not considered to pose major mathematical 
(as opposed to philosophical) questions. Instead, such work appeared in courses of 
lectures, in textbooks, or in popularizations. Even in the nineteenth century, when 
foundations had been established as essential to mathematics, their origin was often 
in teaching. The work on foundations of analysis of Lagrange [23,26], of Cauchy 
[10,11], of Weierstrass [21, pp. 283-4] [7, pp. 284-7], and of Dedekind [14, p. 1], 
all originated in courses of lectures. 

Each of the points we have made so far helps explain what motivated mathema- 
ticians to shift from the result-oriented view of the eighteenth century to the more 
rigorous standards of the nineteenth. One more catalyst of the change should be 
identified: Joseph-Louis Lagrange. Lagrange’s own interest in the problem of 
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foundations was first engaged by having to teach the calculus at the military school 
in Turin [24]. In 1784, by proposing the foundations of the calculus as a prize 
problem for the Berlin Academy of Sciences, he stimulated the first major book- 
length contributions to foundations of the calculus written on the Continent. (see 
[27] [9] [7, p. 254-255] and [18, pp. 149-150]). Above all, Lagrange’s lectures at 
the Ecole polytechnique, published in two widely influential books, attempted to 
give a general and algebraic framework for the calculus [26] [23]. Lagrange did not 
correctly solve the problem of foundations —we can no longer accept his definition 
of f’(x) as the coefficient of h in the Taylor series expansion of f(x + h). Nevertheless, 
his vision of reducing the calculus to algebra decisively influenced the work of 
Bolzano [5| and—as we shall see—of Cauchy. 

The change in attitude we have been discussing was not enough in itself to 
establish rigor in the calculus—as the example of Lagrange shows. Having decided 
that we want to make a subject rigorous, what else do we need? Two more things are 
required: the right definitions, and techniques of proof to derive the known results 
from the definitions. We must now answer another question: where did the required 
definitions and proofs come from? 

Eighteenth-century mathematicians themselves had developed many of the 
techniques, and isolated many of the basic defining properties—even though they 
did not know that this is what they were doing. It is amazing that so many of the 
techniques used by Cauchy in rigorous arguments had been around for so long. 
This fact shows that a real change in point of view was required for the rigorization 
of analysis; it was not an automatic development out of eighteenth-century mathe- 
matics. 


4. The eighteenth-century origins of nineteenth-century rigor. We_ shall 
illustrate the eighteenth-century origins of nineteenth-century rigor by giving several 
examples of eighteenth-century work which was transformed into nineteenth-century 
definitions and proofs. The principal area of eighteenth-century mathematics we 
shall investigate is the study of approximations. Eighteenth-century mathematicians, 
whether solving algebraic equations or differential equations, developed many 
useful approximation methods. When the goal is results, an approximate result is 
better than nothing. Paradoxically, eighteenth-century mathematicians were most 
exact when they were being approximate; their work with inequalities in approxi- 
mations later became the basis for rigorous analysis. 

We shall discuss two classes of eighteenth-century approximation work: the 
actual working out of approximation procedures, and the computation of error 
estimates. Let us see what use nineteenth-century analysts made of these. 

One new way in which nineteenth-century mathematicians looked at eighteenth- 
century approximations was to see the approximate solution as a construction of 
that solution, and therefore as a proof of its existence. For instance, Cauchy did this 
in developing what is now called the Cauchy-Lipschitz method of proving the 
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existence of the solution to a differential equation; the proof is based on an approxi- 
mation method developed by Euler [ 15, pp. 424-5] [12, p. 399 ff]. Similarly Cauchy’s 
elegant proof of the intermediate-value theorem for continuous functions was based 
on an eighteenth-century approximation method [22, pp. 260-1 | [25, sections 2,6] 
[10, pp. 378-80]. For a continuous function f(x), Cauchy took f(a) and f(b) of 
opposite sign, divided the interval [a,b] into n parts, and concluded that there were 
at least two values of x on [a, b], differing by (b — a) /n, which yielded opposite sign 
for f(x). He then repeated the procedure on the interval between these two new 
values, on an interval of length (b — a) /n, which gives two more values, differing by 
(b — a)/n?, and so on. Where Lagrange had used this technique to approximate to 
the root € of a polynomial included between x =a and x = b, Cauchy used it to 
argue for the existence of the number € as the common limit of the sequences of 
values of x which gave positive sign for f, and negative sign for f. The origin of 
Cauchy’s proof in algebraic approximations is further demonstrated by the context 
in which he gave it: a ‘‘Note’’ devoted to discussing the approximate solution of 
algebraic equations [10, p. 378 ff]. 

Another example of the conversion of approximations into existence proofs is 
given by Cauchy’s theory of the definite integral. In the eighteenth century, it was 
customary to define the integral as the inverse of the derivative. It was known, 
however, that the value of the integral could be approximated by a sum. Cauchy 
took Euler’s work on approximating the values of definite integrals by sums [15, 
pp. 184-7], and looked at it from an entirely new point of view. Cauchy defined the 
definite integral as the limit of a sum, proved the existence of the definite integral 
of a continuous (actually, uniformly continuous) function, and then used his 
definition to prove the Fundamental Theorem of Calculus [11, pp. 122-5, 151-2]. 

Now let us consider another type of result in eighteenth-century approximations: 
approximations given along with an error estimate. These results took a form like 
this: given some n, the mathematician could compute an upper bound on the error 
made in taking the nth approximation for the true value. Near the end of the eight- 
eenth century, the algebra of inequalities was exploited with great skill in computing 
such error estimates [13, pp. 171-183] and [25, pp. 46-7, p. 163]. Cauchy, Abel, and 
their followers turned the approximating process around. Instead of being given n 
and finding the greatest possible error, we are given what is in effect the ‘‘error’’— 
epsilon — and, provided that the process converges, we can always find n such that 
the error of the nth approximation is less than epsilon. (This seems to be the reason 
for the use of the letter ‘‘epsilon’’ in its usual modern sense by Cauchy | 10, pp. 64-5 
et passim].) [1] [10, pp. 400-415]. Cauchy’s definition of convergence — which is 
essentially ours —is based on this principle [10, Chapter VI]. 

Another way in which nineteenth-century mathematicians changed eighteenth- 
century views of results using inequalities was to take facts known to eighteenth- 
century mathematicians in special cases and to make them legitimate in general. 
For instance, D’Alembert and others had shown that some particular series con- 
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verged by showing that they were, term-by-term, less than a convergent geometric 
progression [13]. Gauss in 1813 used this criterion to investigate, in a rigorous 
manner, the convergence of the hypergeometric series [17]. Cauchy used the 
comparison of a given series with a geometric one to derive and to prove some 
general tests for the convergence of any series; the ratio test, the logarithm test, and 
the root test [10, pp. 121-127]. 

Let us look at one last example — a very important one — of an eighteenth-century 
result which became something different in the nineteenth century: the property of 
the derivative expressed by 


(4.1) f(x +h) = f(x) + hf (x) + hV, 


where V goes to zero with h. As we have remarked, Lagrange had defined f’(x) as 
the coefficient of h in the Taylor expansion of f(x + h). He then ‘‘derived’’ (4.1) 
from that Taylor series expansion, considering V to be a convergent infinite series in 
h. Lagrange used (4.1) to investigate many properties of the derivative. To do this, 
he interpreted ‘‘V goes to zero with h’’ to mean that, for any given quantity D, we 
can find h sufficiently small so that f(x +h) — f(x) ‘“‘will be included between”’ 
hL f'(x) — D] and h[Lf’(x) + D]| [23, p. 87]. First Cauchy, and then Bolzano and 
Weierstrass, made (4.1) and its associated inequalities into the definition of f'(x). 
(Cauchy’s definition was actually verbal, but he translated it into the language of 
inequalities in proofs.) [11, pp. 44-5; 122-3], [4, Chapter 2] and [7, pp. 285-7]. 
This definition made legitimate the results about f'(x) that Lagrange had derived 
from (4.1) — for instance, the mean-value theorem for derivatives. (Except, we must 
note, for a few errors, especially the confusion between convergence and uniform 
convergence, which was not cleared up until the 1840’s.) 

Of course, we do not mean to imply that Gauss, Cauchy, Bolzano, Abel, and 
Weierstrass were not original, creative mathematicians. They were. To show that 
major changes in point of view occur in mathematics, we have concentrated in this 
section on what these men owed to eighteenth-century techniques. But, besides 
transforming what they borrowed, they contributed much of their own that was new. 
Cauchy, in particular, devised beautiful proofs about convergent power series in real 
and complex variables, about real and complex integrals, and, of course, contributed 
to a variety of subjects besides analysis. Nevertheless, for our present purposes, we 
need the biassed sample we have chosen — things accomplished either by taking what 
the eightenth century knew for particular cases and making it general, or by taking 
what the eighteenth century had derived for one purpose and putting it to a more 
profound use. 

Much effort was needed to transform eighteenth-century techniques in the ways 
we have discussed. But it was more than just a matter of effort. It took asking the 
right questions first; and then using — and expanding — the already existing techniques 
to answer them. It took — and was —a major change in point of view. The reawakening 
of interest in rigor was just as necessary as the availability of techniques to produce 
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the point of view of Bolzano and Cauchy—the point of view which has been with 
us ever since. Mathematics requires not only results, but clear definitions and rigorous 
proofs. Individual mathematicians may still concentrate on the creation of fruitful 
methods and ideas to be exploited, but the mathematical community as a whole can 
no longer be indifferent to rigor. 


5. Conclusion. We began by asking whether mathematical truth was time- 
dependent. Perhaps mathematical truth is eternal, but our knowledge of it is not. 
We have now seen an example of how attitudes toward mathematical truth have 
changed in time. After such a revolution in thought, earlier work is re-evaluated. 
Some is considered worth more; some, worth less. 

What should a mathematician do, knowing that such re-evaluations occur? 

Three courses of action suggest themselves. First, we can adopt a sort of relativism 
which has been expressed 1n the phrase ‘‘Sufficient unto the day is the rigor thereof.’’ 
Mathematical truth is just what the editors of the Transactions say it is. This is a 
useful view at times. But this view, if universally adopted, would mean that Cauchy 
and Weierstrass would never have come along. Unless there were the prior appearance 
of major errors, standards could never improve in any important way. So the attitude 
of relativism, which would have counselled Cauchy to leave foundations alone, will 
not suffice for us. | 

Second, we can attempt to set the highest conceivable standard: never use an 
argument in which we do not completely understand what is going on, dotting all 
the i’s and crossing all the t’s. But this is even worse. Euler, after all, knew that 
there were problems in dealing with infinitely large and infinitely small quantities. 
According to this high standard, which textbooks sometimes urge on students, 
Euler would never have written a line. There would have been no mathematical 
structure for Cauchy and Weierstrass to make rigorous. 

So I suggest a third possibility: a recognition that the problem I have raised is 
just the existential situation mathematicians find themselves in. Mathematics grows 
in two ways: not only by successive increments, but also by occasional revolutions. 
Only if we accept the possibility of present error can we hope that the future will 
bring a fundamental improvement in our knowledge. We can be consoled that most 
of the old bricks will find places somewhere in the new structure. Mathematics is 
not the unique science without revolutions. Rather, mathematics is that area of human 
activity which has at once the least destructive and still the most fundamental 
revolutions. | 

This paper was originally delivered at the Mathematical Association of America, Southern 
California Section, March 1972. The author wishes to thank Elmer Tolsted for encouragement and 
suggestions. 
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QUERIES 
EDITED BY A. C. ZITRONENBAUM 


This Department welcomes queries from readers about mathematics at the collegiate level, 
such as sources for exposition of a particular topic from a special point of view, references to 
vaguely remembered articles, descriptions of special kinds of courses or teaching methods, and 
methods for constructing illustrative examples for exercises of particular kinds (questions on 
research topics should, in general, be addressed to the ‘“‘Queries Department” of the Notices 
of the American Mathematical Society). Replies will be forwarded to the questioner and may 
also be edited into a composite answer for publication in this Department. Consequently all 
items submitted for consideration for possible publication should include the name and 
complete mailing address of the person who is to receive the reply. Queries and answers 
should be sent to A. C. Zitronenbaum, Department of Mathematics, Cornell University, 
Ithaca, NY 14850. 


7. D. E. Christie. Are there in print mathematical discussions, suitable for sopho- 
mores who have had a first introduction to linear algebra, of 

i) the lens formulas of Newton and Gauss? 

ii) the circuit theory theorems of Thévenin and Norton? 

iii) the Buckingham pi theorem of dimensional analysis? 


8. D. E. Christie. Teachers of mathematics courses for non-majors need as bait 
expository articles by social scientists using (respectably) simple mathematical models. 
Does anyone have a favorite article of this type in political science, psychology, 
sociology, economics? 


MATHEMATICAL NOTES 
EDITED BY DAVID ROSELLE 


Material for this Department should be sent to David Roselle, Department of Mathematics, 
Louisiana State University, Baton Rouge, LA 708038. 


A PROBABILISTIC PROOF OF STIRLING’S FORMULA 
RASUL A. KHAN 


1. Introduction. The object of this note is to give a probabilistic proof of Stirling’s 
formula using essentially the central limit theorem. It is worthwhile to point out 
the motivation in writing this paper. In order to follow adequate historical develop- 
ments (Bernoulli, DeMoivre and Laplace, etc.), a number of probability texts 
prove Certain limit theorems for coin-tossing random variables by making use of 
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Stirling’s formula. Now that one uses the powerful tools of characteristic functions 
to prove the general limit theorems, one wonders if it is possible to deduce Stirling’s 
formula from any limit theorem. The present note shows this connection. 


2. Two simple theorems. In this section we mention two well-known results (the 
first being the classical central limit theorem and the second a special case of a 
moment convergence theorem), which are easily proved by the methods of charac- 
teristic functions and Helly-Bray lemma, etc. In what follows E denotes the ex- 
pectation operator. 


THEOREM 1. Let X,,X.,-:- be iid (independent and identically distributed) 
random variables with EX, =0, EX? =1, and set S, = X,;,+X,+-"4+ Xn: 
Then 

, S 4 [*  _y2 
lim P(—*- Six) = Qn)? wl du. 
. in (Fg e0) - orf 

A moment convergence theorem (see for example, Loéve: pp. 183-184, or Brei- 

man: pp. 163-164) gives the following special case. 


THEOREM 2. Let {X,, n 21} be a sequence of random variables such that 
X, converges to X in distribution, and that limsup,..,, EX? < 0, then 


(2) lim E|X,\"=E|X|', 0S r<2. 


Hence, under the conditions and notation of Theorem 1 we have 
S 
(3) lim gfe = (2/n)*. 
3. Proof of Stirling’s formula. Stirling’s formula states that 
_ /2nnn"e" 
@ im -“Ta4t) 7 


To deduce (4) from (3) is an easy matter. To this end, consider iid random variables 
X,,X, °*+ having probability density function (with respect to Lebesgue measure) as 


f(x)=e*, x>0 
= 0 otherwise. 


If we set Y, = X;-1, i= 1,2 ---, then Y,, Y,,--- are iid random variables with 
EY, =0, and EY? = 1. Setting S, = X,+X,+-+4+X,, it follows from (3) 
that 


|S, 7] 


(5) lim E = (2/n)*. 


n@® 
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Or equivalently we have 


—_ |s— 
(6) lim /2nE Sa = 2. 
We now evaluate E|S, —n|/,/n. Since the probability density function of S,, is 
given by 
1 n-1_-x 
(7) f(x) = Tin” e”™, x>0 
= 0 otherwise, 
it follows that 
i~ Sia 2 n—-1 -x 
Jonge" | _ v2n |x —n|x *e *dx 
Jn JnI(n) Jo 
J/2nn eo 1x 4 - 
— a | | n-1 x] 
Tin) Jo | n xe ee 
m= y2nn {- *_4 | x" te *dx + [- | —— | | x" *e ‘dx | 
7 I'(n) 0 n n 


Letting x/n = u, we have 


— |S,—n| n"./2nn [ n-1 —nu 
Ver E = r@ i uju" “e "du 


+ | (u — 1)u""*e"™du 
1 
n /A_.. 1 1 
—_— n /2nn | u"—te—™ du - | ue ™du 
0 0 


CO CO 
+ | u"e "du -{ tema, 
1 1 


Integrating by parts the first and the last integral, we obtain 


me | S,—n| _ n"/2nr = 1 7 ute mM! "J 
Jn T(n) n 0 n 1 
—_ 2,/2nn ne" 
Tan+1) © 
Hence it follows from (6) that 
nr no—n 
tim N2nee” 


noo Ln+l) 
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ON THE SELF-DUALITY OF QO, 
LAWRENCE WASHINGTON 


An important result in modern analytic number theory is that the additive group 
Q; of p-adic numbers is isomorphic to its character group (i.¢., the group of all 
continuous homomorphisms from Q} to the circle group). Most authors (for example, 
Goldstein [1, p. 115]) obtain this theorem by resorting to the theory of Pontryagin 
duality, with which many students are unfamiliar. Therefore, it seems desirable to 
give an ‘‘elementary’’ proof, based only on the definition of the character group. The 
purpose of this note is to present such a proof. 

Let x = Lj_,,x,p’ be an arbitrary element of Q,, where x,e {0,1,---,p — 1} for 
all j = k (k possibly negative). We define 


—-1 
A(x) = XX x,p/ (a rational number’). 
jak 


An easy calculation shows that 
A(x + y) = A(x) + A(y) (mod 1), for x, yeQ, 
(by a = b (mod 1) we mean a — bis an integer). Fix y in Q, and let 
Xy(x) = exp(2ziA(xy)) for all x eQ,. 


It is well known (and easily proved) that y, is a character of Q} and that the map 
y > 4, is a topological isomorphism of QF onto its image in the character group (see 
Goldstein [1, pp. 114-116]). The interesting question is the following: Are all 
characters of Q> of the form y,? (Here is where Pontryagin duality theory is nor- 
mally used.) In order to give an answer, we first need the following: 


LEMMA. Let z be a complex number of absolute value 1 and suppose 
lim,..,. 2” = 1. Then z is a p™-th root of 1 for some non-negative integer m. 


noo 


Proof. Since lim z?” = 1, there exists m such that | arg(z?")| < 2/p for all k= m. 
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Suppose c= arg (z?") #0. Let t be the smallest positive integer satisfying | pc 
> n/p. Since |p’ *e| <7/p, it follows that z> | p’c| > n/p. But 
| p'c| = | p'arg(z?”)| = |arg((z?")")| = [arg (2?"*’)|. 

Since m + t > m, this contradicts the choice of m. Therefore arg(z?”) = 0, so z?” = 1, 
which implies the lemma. 

Now let y be an arbitrary character of Q°. We shall construct y in Q, such that 
X = Yy- Since x is a homomorphism from the additive group Q, to the multiplicative 
circle group, ¥(x1 + X2) = x(%1)x(%2) for all x; and x, in Q,. Since x is continuous 
and lim,.,. p" = 0 in the p-adic topology, 

lim 41" = lim 7(p") = x(lim p") = (0) = 1. 


Therefore, by the lemma, there exist non-negative integers b and m, with 0 S b < p” 
such that y(1)=exp(2zibp”'™). Since y(p~*)?= (1), it follows that y(p~*) 
=exp(2zip ‘(bp "+ bo)) for some integer by satisfying 0S by < p. Similarly 
using the fact that y(p-" = x(p “~”), we obtain by induction a sequence {b,}° 5 
of integers, 0 < b, < p for all n, such that 
(1) _x(p"") = exp(2zip “(bp "+ bo + byp +++ +b,-1p" *)) for n> 0. 
We let y= bp ™+ Lr_ob,p" and claim that yx = y,. 
Since p "y= bp" "+ bop "+--+ +5,-;p ‘+b, + da41p + °°, we have 

A(p""y)=p “(bp "+ bo +--+ 5,-1p" *) for n>0. 

Therefore, from equation (1), 
x(p-") = exp(2niA(p"y)) = x,(p-") for n > 0. 
Consequently, 
xp") = x(p1P""* = x,(p- +)?" = x, (p") for n = 0, 

so x(p") = x,(p") for all n. It follows that y(ap") = y,(ap") for all integers a and n 


Now let x = £;2,x,;p’ =lim,.,. Lj=, x;p’ be an arbitrary element of Q,. Then 


y(x) = lim (2 xp! | = lim [|] x@;p’) 
n> oo J=k n>oo j=k 
= lim [Cp = lim x ( & xp!) = 260) 
n— 00 = n- 00 jk 


Therefore y=y,, so the map yx, is actually a topological isomorphism of 
Q* onto its character group, as desired. 

The above considerations may easily be extended to give an elementary proof of 
the self-duality of any finite algebraic extension of Q,, since such a field must have 
the product topology when regarded as a vector space over Q, [1, p. 48]. 
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CATALAN’S EQUATION IN K(t) 
MELVYN B. NATHANSON 


In 1842, Eugéne Catalan [1] conjectured that the only consecutive integral 
powers were 8 and 9, that is, that the only solution in integers x, y,m,n greater than 
one of the equation x” —y"=1lisx =n=3 and y =m =2. Like the Fermat 
conjecture, this conjecture of Catalan has never been proved. Shanks [3] and 
Greenleaf [2] have shown that Fermat’s equation x" + y” + z” = 0, for n> 2, has 
no nontrivial solution in the field C(t) of rational functions with complex coefficients. 
(A trivial solution of Fermat’s equation is a solution in which x, y, z are constant 
multiples of the same rational function.) Indeed, if K is any field whose characteristic 
does not divide n, then Greenleaf’s proof shows that Fermat’s equation has no 
nontrivial solution in the rational function field K(t). In this note we consider 
Catalan’s equation over K(t). 


THEOREM. Let K be a field. If m and n are integers greater than two and not 
divisible by the characteristic of K, then Catalan’s equation 


(1) x" — y= 1 


has no nonconstant solution in the rational function field K(t). If m and n are 
integers greater than one and not divisible by the characteristic of K, then Catalan’s 
equation (1) has no nonconstant solution in the polynomial ring K{[t]. 


Proof. It is enough to consider only algebraically closed fields K. Let m and n 
be integers greater than two and not divisible by the characteristic of K. If Catalan’s 
equation (1) has a nonconstant solution in K(t) then there are polynomials f, g, h, k 
in K[t] such that (f/g)" —(h/k)" = 1, where (f,g) = (h,k) = 1, the polynomials 
f, g, h, k are not all constant, and the denominators g and k are monic. Then 


(2) fk" _ h'g™ — g™k". 


Let Oe K. If g(@) = 0, then f(@)k(@) = 0. Since (f,g) = 1, it follows that f(@) 4 0, 
and so k(@) = 0. Similarly, if k(@) = 0, then g(@) = 0. Therefore, g and k have the 
same zeros in K. The polynomials g and k are both monic, and so g(x) =| [(x — 0)” 
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and k(x) =[[(x — 0)"*, where the m, and n, are positive integers and the products 
range over the zeros of g and k. Since @ is a zero of the polynomials fk", h"g™, and 
gk" of orders ngn, mgm, and ngn + mgm, respectively, it follows from (2) that 
m ym = non. Therefore, g” = k", and so f™ —h" = g”. 

Since K is algebraically closed and the characteristic of K does not divide m, 
there is a primitive mth root of unity ¢ in K. Then 


) =f" — a" = TTF -C 4). 


Because (f,g) = 1, the factors f — ¢'g for i = 0,1,---,m — 1 are pairwise relatively 
prime nonzero polynomials, and at most one of these polynomials is constant. 
Therefore, there are pairwise relatively prime polynomials ho, h,, h, in K[t] not all 
constant and nonzero elements Bo, B;, 8, in K such that f — C‘g = Bh? for i = 0, 1,2. 

Now consider K[t| as a vector space over the field K. The three polynomials 
f-g, f—fg, and f —¢*g are contained in the two-dimensional vector subspace 
of K[t] spanned by f and g, and so are linearly dependent. Therefore, there are 
nonzero constants a, %,, #, in K such that 


al(f —g) + af — Cg) + a(f — 079) 
= UpBoho + a By hy + &2Byh,' 
(03! BS 1/n yp, hoy" 4 (3!" Bt" h,)" 4 (a3 Ing dinp .y" 


= 0. 


But this is a nontrivial solution of Fermat’s theorem in K(t), which is impossible. 
Therefore, Catalan’s equation has no nonconstant solution in K(t) if the exponents 
m and n of equation (1) are greater than two and not divisible by the characteristic 
of K. 

Suppose m = 2 and n>2 in (1). If f and g are nonconstant polynomials in K[t] 
such that f?-—g"=1, then g"=f?-—1=(f+1)\(f—-1). Since (f+1,f—1) = 1, 
there are relatively prime nonconstant polynomials h and k in K[t#] such that 
f+1=h" and f—1 =k". Then h" — k" = 2, and 2°)" + k"+((—1)'"h)" = 0 
which is a nontrivial solution of the Fermat equation in K[t]. But this is impossible. 

Similarly, if m>2 and n = 2, then Catalan’s equation has no nonconstant 
solution in K[t]. 

If m=n=2 and f, g in K[t] satisfy 1 =f? -—g? =(f+g9)\(f—4g), then 
f +g and f—g are both constants, and so f and g are both constants. 


PROBLEM. If m= n = 2, then (1) does have nonconstant solutions in K(t), for 


example, 
pol) (2/-1ty _, 
2+ 1 +1) 7° 
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Is there a nonconstant solution of Catalan’s equation in K(t) if m = 2 and n> 2? 
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TRIANGLES WITH INTEGER-VALUED SIDES 
MARTIN J. MARSDEN 


1. Introduction. We begin with some remarks on the number of factorings of 
an integer as well as some remarks on the smallest integer which can be represented 
as the difference of two squares in a given number of ways. While we do not com- 
pletely develop this theory, we find that our partial results are useful in a discussion 
of triangles having integer-valued sides. 

Our objective in that discussion is to further characterize N(A), the number 
of such triangles whose perimeter equals 4 times their area. Subbarao [1], see also 
[2], has shown that N(A) is finite for each 2. We show that N(A) is larger than any 
integer infinitely often as 4 tends to zero and discuss the cluster points of the sets 
{A: N(A) = L}. 


2. Representing an integer as the difference of squares. Let M = 2%3"15*27*31 1*4 ... 
be the prime factorization of the positive integer M. 


LEMMA 2.1. The number of positive integers which divide M is | |j2o(k; + 1). 


DEFINITION 2.2. Set d(M) equal to the number of ways M can be represented as 
M = K*— J? with K>J = 0 integers. 


LEMMA 2.3. Let Land M be integers with d(M) = L. 

If M is an odd square, then 2L—1 = (k, + 1)(k, + 1)--. 

If M is odd, but not a square, then 2L= (k, + 1)(k, +1). 

If M is an even square, then 2L—1 = (ky—1)(k, + 1)(k, +1)--. 

If M is even, but not a square, then 2L = (ky—1)(k, + 1)(k, +1)-*. 


DEBINITION 2.4. For integer L > 0, set s(L) equal to the smallest integer M such 
that d(M) = L. 


IV 


LEMMA 2.5. Let M = s(L). Then ky 
and kj -12k,4+1. 


k, 2 +++. If M is even, then ky >2 


Proof. That k, 2k, 2--- is clear. If M is even, then ky 22. Since 
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d(8j + 4) = d(2j7 +1), ko = 2 is untenable. Finally, if M is even and i = ky—k, — 2 
then d(M) and d(3'M/2') are equal so that i= 0. 


THEOREM 2.6. If L >3, then s(L) is even and either 2L =(ky —1)(k, +1)(k,+1)--- 
or 2L—1 = (ko—1 (ky + (ky + 1) with ky > 2 and kyn-LEky +1 2k, +1 
> 


Proof. Let M be odd and such that d(M) = L. Then M = 3*'5"... ptm where 
Pm is the mth odd prime. Set the remaining k; equal to zero and consider 
M, = 2*'*?M/p;'. Then d(M,) = d(M) for all i. Suppose that M = s(L) so that 
M <M, for all i. Then 11% <2"*?, implying k, =0 or m < 3. Moreover, 
5k2 =< 2'2*2implies k, < 1. Similarly, k, < 3. Since d(32-3*') = d(35- 3"), k; =0. 


A case-by-case examination of the remaining seven cases completes the proof. 
Since s(7) = 768 and s(8) = 480, s(L) is not an increasing function of L. 


DEFINITION 2.7. For integer L > 0, set o(L) = min{s(L): L’2 L}. 


If we fix N = 2Lor 2L— 1 and also fix m and then permit M and the k,; to assume 
noninteger real values, then M is minimized by the choice 


ky,t1 _ 


eee = Din e hm 


dko- 1 — geiti — 5k2t1 _. 


with (u,,)"** = NIn2In3---Inp,,. This suggests that one should choose the k, as 
integers so that these inequalities are nearly satisfied when seeking s(L). 

While there are still some problems connected with the s(L) and o(L) charac- 
terizations, we now have sufficient material for a useful application to the theory 
of triangles with integer-valued sides. 


3. Triangles having integer-valued sides. 


DEFINITION 3.1. ForO<aSbSXc<a+b, set r(a,b c) = P/A where P and 


A are the perimeter and area, respectively, of the triangle having sides whose lengths 
are a, b, c. 


DEFINITION 3.2. For A4>0, set N(A) equal to the number of triangles having 
integer-valued sides a, b, c for which r(a,b,c) = 2. 


LEMMA 3.3. The number of integer triples (a,b,c) such that 


(3.4) O<axbsc<at+b 

and, 

(3.5) A? = 16(a+b+c)/(at+tb—c\a+c— b)(b+c—a) 

is precisely N(A). If a = K and c—b = J are fixed, then for all integers b 2 K 
(3.6) 1 < (K? — J*)A7/16 = 2Qh4+J+4+KH)/2b+J—K) 3. 


THEOREM 3.7 (Subbarao [1]). For each A, N(A) is finite. 
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Proof. From (3.6), K? — J? < 48/2? so that c—b and a are restricted to a 
finite range. 

One may deduce that N(A) S 24(48 — 47)/A* by counting the pairs c — b and a. 
We now place a lower bound, of sorts, on N(A). 


THEOREM 3.8. Let M be an integer of the form 47, 44+1, 47 +2, or 8) +3 
and let L = d(M). Then, for infinitely many 2 >0 satisfying 16/M < 4? <16/(M—1), 
N(A) = L. For only finitely many of these 4 is N(A) > L. 


Proof. For irrational A*, N(A) = 0 = d(4j + 2). Thus, the first assertion is true 
ifL=0. 

For L>0 let M be represented as 
(3.9) M = Ki-Jj=Ki-Jj=-=Ki-st 


with K;, J; nonnegative integers and all K, distinct. For triangles having sides 
a;, b;, c; with 


(3.10) a; = K; S b,, c; = b; + J;, 5; an integer; 
we have 
(3.11) 1 < Mr?(a,, b;, c;)/16 = (2b; + J; + K,)/(2b; + J; — K)). 
Now, 
(3.12) r(a1, b4,C1) = r(a,,55,C,) = ++ = r(az, by, cz) 
has integer solutions satisfying (3.9) and (3.10) if and only if 
(2b, + J,)/K, = 26, + J,)/K, = + = 2b, 4+ J,)/K, 


has large positive integer solutions b,, b,,-+-,b,. 
If M is of the form 4j, the choice 


(3.13) b, = b(t) = (tK; —J)/2. (i = 1,2, L), 


with t = 3 an odd integer, gives infinitely many integer solutions of (3.9), (3.10), 
and (3.12) since, for these t, the parity of tK; is the same as that of J; for all 
i= 1,2,---,L. 

If M is of the form 4j + 1, the K, are odd and the J; are even since both K; — J; 
and K,+ J; are of the (same) form 47 + 1. Thus, the choice of t = 4 as an even 
integer in (3.13) gives the same result. 

If Mis of the form 87 +3 = (47'— 1)(4j" + Ll) with j’ + j” odd, the choice of 
t = 7/2, 9/2, 11/2,--- forces tK; and J; to have the same parity so that (3.9), (3.10), 
and (3.12) have infinitely many integer solutions. 

In all of these cases, infinitely many values of t produce / in the desired interval 
since the right member of (3.11) decreases to 1 for each i as ¢ increases. 

We have thus far shown that N(A) = Lfor infinitely many 4 > 4/,/M. To show 
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that N(A) > Lonly finitely often in the given interval, it suffices to note that there 
are only finitely many triangles having integer-valued sides a, b, c satisfying 
16/M < r?(a, b,c) < 16/(M—1) which are not of the forms given by (3.9) and (3.10). 
This is vacuously true when M is of the form 4j + 2 as well. Thus, the proof is com- 
plete. 

In this theorem, we have omitted M of the form 8j + 7. For such M satisfying 
d(M) > 1, the first assertion of this theorem is true if and only if each of the K; 
of (3.9) have precisely the same power of two in their prime factorization. The smal- 
lest such M for which this is the case is M = 119. A simple characterization of such 
M eludes the author at the present time. 

Since s(L) is not a strictly decreasing function of L, it is not always true that 
Ay = 4/.,/s(L) is the largest A) for which the statement: “*For infinitely many 2 > do, 
N(A) 2 L,’”’ is valid. However, the following is true: 


THEOREM 3.14. For integer L>0O set Ay = 4/ ./o(L) and let 4, >A 9 be ar- 
bitrary, but fixed. Then, for infinitely many A> 4), NG) 2 L and for only finitely 
many 24> 4, is N(A) 2 L. 


Since, for example, s(5) = o(5) = 144, this theorem says that for infinitely 
many 4 > 1/3, N(A) = Sand that A) = 1/3 is the greatest cluster point of {A: N(A)=5}. 
The largest 4 for which N(A) = 5 is 4 = 4/./7 corresponding to the triangles 
(3, 12,12) (3,22,23) (4,5, 6) (5, 18,22) (6,11, 16). 

A final remark: Subbarao asks in [1] for an extension of the theory to quadri- 
laterals with integer-valued sides. Since the area of a quadrilateral is not specified 
by its sides, there must be an additional restriction. One possible restriction would 
be to ‘‘cyclic’’ quadrilaterals, whose vertices lie on a circle. For such quadrilaterals, 
a formula by the 7th Century Hindu mathematician Brahmagupta yields: For each 
A> 0, the number of integer solutions of 


O<asxsbsScSd<a+t+b+t+e 
and 


1l6(a+b+c+d) 


2 — 
w= (a+b+c—dla+tb+d—clat+ct+d—b\l(b+c+d-—a) 


is the number of cyclic quadrilaterals having integer-valued sides whose perimeter 
is A times their area. For each J, this number is finite. In this enumeration, only one 
permutation is counted for each 4-tuple (a, b, c, d). 


References 


M. V. Subbarao, Perfect triangles, this MONTHLY, 78 (1971) 384—5. 
D. 


1. 
2. Drasin and R. Gilmer, Complements and Comments, this MONTHLY, 78 (1971) 1104-6. 


DEPARTMENT OF MATHEMATICS, UNIVERSITY OF PITTSBURGH, PITTSBURGH, PA 15213. 


1974] MATHEMATICAL NOTES 377 


AN ELEMENTARY PROOF OF SHARP UNIQUENESS THEOREMS 
FOR SECOND-ORDER INITIAL-VALUE PROBLEMS 


RAY REDHEFFER 


On a given interval a < x < b let u and v be real-valued functions satisfying 
(1) u" = f(x,u,u’), vo" = f(x,v,0'), a<x <b, 


together with the initial conditions u(a) = v(a), u’(a) = v'(a). A uniqueness theorem 
asserts that u = v forasx<b. 

If w= u—v then w” = f(x,v+w,v’ + w’) —f(x,v, 0’). Hence, under suitable 
hypotheses on f, 


(2) w(a) = w'(a) = 0, ,a<x<b, 


w" | < p|w’|+aqlw 


where p and gq are nonnegative functions of x, depending on f and perhaps on v, 
and even on w. The condition u = v in (1) is equivalent to w = 0 in (2), and we con- 
sider (2) henceforward. 


LEMMA 1. Let w satisfy (2). For each re|a,b) suppose there exists t>r and 
a function W such that 


Wr) = 0, Wr) >0, W"> pW'+aw, r<x<t. 
Then w(x) =0, aSx<b. 


For proof suppose the conclusion fails and let a < x <r denote the largest 
interval containing a throughout which w(x) = 0. Then for every t >r we have 
| w(x) | > 0 at some point of (7, t); hence | w(x) | > 6W(x) at some point of this inter- 
val, if the positive constant 6 is sufficiently small. It is easily checked that 
w(r) = w’(r) = 0, whereas by hypothesis W(r) = 0, W'(r) > 0. Hence | w(x) | <dW(x) 
for x nearr +, that is, for x > rand x — r sufficiently small. 

Let s denote the first point beyond r where the graph of y = | w(x) | crosses 
the graph of y = dW(x). The above discussion shows s exists, r<s < t. Changing 
the sign of w, if necessary, we can suppose w(s) = 6W(s) rather than —w(s) = dW(s). 

The function w(x) — dW(x) is 0 at r and s but is negative for x near r +. Hence 
it has a minimum at some point x, r< x <s. At that point 


| w(x) | < OW(x), w(x) = 6W'(x), w"(x) = 6dW"(x) 
and hence 
| w” | — p|w’| — q|w| = 0(W" — pW' — qW) > 0. 


This contradiction establishes Lemma 1. 
If p and q are constant we can take W(x) = e** — e” where a” > pa + q. Thus, 
Lemma 1 gives uniqueness when f satisfies a Lipschitz condition. However, Lemma 1 
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applies when neither p nor q is bounded, and even when q is not integrable. Further- 
more, w’(x) can fail to exist on a dense subset of [a, b), such as the set of all rationals. 

We say that (2) holds mod E (for enumerable) if w’(x) exists, a < x < b, and if 
(2) holds except for x in a countable subset of [a, b). Similarly, ‘‘p is continuous 
mod E”’ means that the set of discontinuities of p is countable. The conclusion of 
Lemma 1 remains valid if the differential inequalities are given only mod E, because 
w(x) = 0W'(x) at the minimum point, and the exceptional set can be avoided by 
suitable choice of 6. Upon setting W’ = exp(@) we are led to the following theorem: 


THEOREM 1. Let (2) hold modE and let p and q be continuous modE. For 
each re[a,b) suppose there exists t>r such that 


(3) | p(x) + g(x) (x — r)|dx < 00. 


Then w(x) =0,aSx<b. 

The only use of the two-sided inequality for w” in (2) is to permit replacement 
of w by —w in the proof of Lemma 1. Hence, the conclusion of Theorem 1 remains 
valid if (2) is replaced by 


wa) = w'(a) = 0, w’ S pw’ + qwmodE, w= 0. 
Example 1. Suppose for each re[a, b) there exists a constant 6 <1 such that 


(4) lim sup [(x — r)"p(x) + (x — r)**"q(x)] < 0. 
XOr+t 
Then (3) holds, since (x—r)~° is integrable near r+, and uniqueness follows. 
On the other hand the condition 
(5) limsup [(x — r)p(x) + (x — r)*q(x)|] = 0 
x~rt 


is not sufficient for uniqueness, as seen by taking W(x) = x(logx)-', r=a =0. 


Example 2. If the differential inequalities for w and W hold at the point r in 
Lemma 1 then one can allow W’(r) = 0. (The proof under this new hypothesis 
is virtually unchanged.) The choice W(x) = (x—r)? + (x—r)* shows that (4) can 
be replaced by 


_ )\2 

6) payor +qe)@S <1, rex, 

which is even weaker than (5), if (2) holds at x = r. Considering w = (x—r)’, 

we see that this latter proviso is essential; in other words, the point r itself must 

not belong to the exceptional set E, even if weC’, a<x<b. The example 
w(x) = x?(logx)~' shows that (6) cannot be replaced by 

_ \2 

lim sup | as) (x — r) + q(x) G 5 ) | 


xort 


IIA 
pm 
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Historical note. I have not happened to come across any prior statement of 
Theorem 1, though the result can be deduced (even for nth order equations) from the 
general theory of differential inequalities [1, 3, 6, 7]. Equation (6) is the case n = 2 
of a well-known uniqueness theorem of Nagumo, as extended to nth order equations 
by Hartman [2]. 

The proof here does not follow the pattern [1, 2, 3, 6, 7] but is more akin to 
the familiar proof of Hopf’s maximum principle [5]. (One can consider the interval 
r<x<s to be a one-dimensional Hopf sphere with x =r as the Hopf point.) 
The fact that Hopf’s procedure applies to initial-value problems was suggested to 
me by [4], and the results of this note generalize [4], Theorems 1, 2, 3, 4, 6. 


This paper was written while the author was Guest Professor at the University of Karlsruhe. 
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FOURIER UNIQUENESS VIA COMPLEX VARIABLES 
D. J. NEWMAN 


The uniqueness theorem referred to in our title is the statement that if f(t) is a 
summable function for which feaofe™dt = 0 for all (real) x then f(t) = 0 ae. 
The usual proof relies on the lucky fact that an explicit inversion formula can be 
given which recovers f(t) from its ‘‘transform’’, f°, f(He"*dt. There is, however, 
a pleasant little proof which does not at all need an inversion formula and it is this 
which we should like to give here. This proof has perhaps more than aesthetic value 
in that it allows generalization to some cases of kernels for which there is no explicit 
inverse, but it is mainly interesting as a tour de force in complex variables. 

So suppose, as above, that [°,f (t)e*dt = 0, pick an arbitrary real number a, 
write this as 


| f(per "dt — _ | f(pe™ dt 


and call their common value F(x). 
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The left side may be regarded throughout the entire lower half x-plane, Imx < 0. 
It is easily seen to be continuous, bounded, (by [*,, | f(t) | dt), and analytic through- 
out the interior (Imx <0). Similarly the right side is a function continuous and 
bounded in Imx 2 0 and analytic throughout Imx > 0. 

Thus F(x) 1s analytic in Imx >0 and Imx <0 and continuous everywhere. 
An application of Morera’s theorem shows that F(x) is entire. The aforementioned 
boundedness of F(x) therefore allows an application of Liouville’s theorem and 
permits the conclusion that F(x) is a constant. 

If we now let x go to o along the upper imaginary axis then a glance at the right 
side shows that this constant must be 0. 

Conclusion: f 2, f(ie*“~ dt = 0. Setting x =0 gives [2 f(dt = 0, and, 
this holding for all real a, gives, by differentiation, that f(a) = 0 almost everywhere. 


BELFER GRADUATE SCHOOL OF SCIENCE, YESHIVA UNIVERSITY, 2495 AMSTERDAM AVE, NEw YORK, 
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A NEW CHARACTERIZATION OF THE EXPONENTIAL FUNCTION 
G. P. KAPoor 


A function f: @—@, where @ is the complex plane is said to be entire if it is 
analytic for every z = re’ belonging to @. Besides polynomials, the simplest example 
of an entire function is the exponential function exp(z) defined as 


—~ 1 

(1) exp(z)= 4 — 2". 

n=0 
Various characterizations of the exponential function are known (see, e.g., [1, pp. 
138-142 |). 

Let 

(2) f(@) = & a,z" 

n=0 
be an entire function. For |z| =r set p(r) = max,so{|a,|r"} and v(r) 


= max {n: p(r) = |a,|r"}. We call u(r) the maximum term of f(z) and wr) the 
rank of the maximum term. 

For the entire function f(z), given by (2), Valiron [2, p. 31] has found the fol- 
lowing widely used relation between the maximum term y(r) and its rank v(r): 


(3) log u(r) = log u(ro) + | "Oat; 0O<ro<r< Oo. 


ro 


With the help of this relation we shall show that the rank of the maximum term 
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characterizes the exponential function completely. Using the notation [r] for the 


greatest integer not exceeding r, we have the following theorem: 


THEOREM. Let f(z) = 1+ 2,4,2" be an entire function and v(r) be the rank 
of its maximum term, then v(r) = [r] implies | a,,| = 1/n!. In particular, if a, 20 
for all n, then v(r) = [r], if and only if f(z) = exp(z). 


Proof. Let v(r) = [r]. Then, v(r) = n forn < r <n +1. By (3), we have 


log (r) log u(n) +{ Oa 


= nlogr — logn — (n— 1)log(n — 1) + log p(n — 1) 
= nlogr — logn — log(n — 1) — (n — 2) log(n — 2) + log n(n — 2). 
Continuing this process, we ultimately get 
log u(r) = nlogr — logn — log(n — 1) — --- — log2 + log n(1). 


Since w(1) = 1, we have uw(r) = r"/n! fornSr<n+1. But pr) = |a,|r" for 
n<r<n+41, and therefore |, | = 1/n!. This proves the first part of the theorem. 

Now, let a, 2 0 for all n, so that |a,,| can be replaced by a,. If v(r) = [r], then 
from the first part we get 


ie. 8) 
1 
fj =14+ % 2" = exp(z). 
n=1 n!} 
Conversely, if f(z) = exp(z), then v(r) = [7] is trivially true. 
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If convexity is not required, the constant 4 in Bender’s theorem is no longer 
valid; for example, let G be the unit square lattice and consider the figure bounded by 
semicircular arcs (Figure 2). A simple computation shows that A(F)/P(F) can be 
made arbitrarily close to (1/z)+ (1/4) + 0.56831. 


Fic. 2 


PROBLEM 3: If the condition of convexity is deleted from Bender’s theorem, what 
is the best replacement for the constant 4? 

In a private communication, Professor J. Marik has shown that 7/4 is an upper 
bound. It is conjectured that the ‘‘best possible’’ constant is less than one, perhaps 
even 1/x+1/4. 

In [3], Hadwiger generalized Bender’s theorem to n dimensions. Nothing seems 
to be known about the analogous extremal bodies in higher dimensions. 
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A MATRIX PROBLEM 
E. A. MOLNAR 


First we detour. 

Given an abelian semigroup A, one can associate with A a unique abelian group 
G(A), called the Grothendieck group of A (see [2, p. 58]). Now base-pointed topo- 
logical spaces can be added, where the addition of spaces X and Y is their disjoint 
union with base points identified (called the “‘wedge’’ of X and Y and denoted 
X VY). In particular, the set P of homotopy types of base-pointed finite CW- 
complexes has the structure of an abelian semigroup with zero. Thus one can ask 
about the Grothendieck group G(P), and especially whether or not G(P) has torsion. 
In order to find torsion elements, one needs to find spaces X and Y (in P) so that 
nXVZ=nYvZ for some Z (and n> 1), butt X Vv W~Y Vv W does not hold for 
any space W (where ~ denotes homotopy equivalence). 
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It is not too hard to show that for special types of spaces cancellation sometimes 
holds: that is, if X and Y are “‘special’’, then for certain spaces Z, XVZ~ YvZ 
will imply X ~ Y [3]. This suggests that cancellation may always hold for these 
‘‘special’’ spaces, and if this could be shown, one could get torsion in G(P) simply 
by finding an example of ‘‘specia]’’ spaces where nX¥ ~nY, but X & Y (examples 
of this kind are plentiful for non-special spaces [1, 3}). 

‘*Special’’ spaces are built using spheres; a map between two m-dimensional 
spheres can be characterized by its degree, an integer, and a map between wedges of 
m-dimensional spheres can be described by an integral matrix. Homotopy equiv- 
alences give matrices of determinant +1. Assuming that “‘special’’ spaces would 
not yield a torsion example, one tries to prove that nX¥ ~ nY implies X ~ Y. Using 
a commutative diagram and comparing maps, one can prove the assertion if the 
following is true: there cannot be a unimodular (i.e., determinant = + 1) integral 
matrix (a;;), with no a; = +1, so that (a;;) is also unimodular. Finding such a 
matrix would not only indicate the assertion is false, but it could also be a big step 
in finding a torsion example. 

So now there is a number theoretic problem to solve; it can be restated as follows: 
does there exist an n x n matrix (a,,;) with integral entries, but no a;; = + 1, so that 
the determinant of (a,;) is 1, and the determinant of (a;,) is +1? (Requiring the 
determinant of (a;,) to be 1 instead of +1 does not change the problem; also, 
requiring that no a,; equal +1 is a topological restriction, but it rules out trivial 
cases in the number theoretic problem. This restriction could of course be eased.) 
I know of no previous reference to this kind of problem. For n = 2, there cannot 
be such a matrix since the determinant of (a,,;) divides that of (a;;). However, for 
n> 2, the problem seems to become much harder. 

Number theoretic problems are not rare in algebraic topology. Sieradski [4] 
recently gave an example of spaces X, Y where even products (instead of wedges) 
of X were homotopic to even products of Y, but odd products of X were not homo- 
topic to odd products of Y. The example depended mainly on the lemma: there 
exists an invertible n x n matrix (a,;) over Z with (a;,) = (76,;) mod 12 if and only 
if n is even. Our matrix problem is somewhat diiferent from that of Sieradski, and 
does not guarantee to give any firm topological result, although it could. Even 
without topological applications, the problem is interesting in itself. 
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UPPER BOUNDS ON ARC LENGTH 
RICHARD T, BUMBY 


When we feel rigorous about the subject of arc length, we usually insist that the 
length of a parameterized curve be defined as the least upper bound of the lengths of 
inscribed polygons. One easily argues that the curve must be longer than the inscribed 
polygon, for whatever reasonable notion we take of ‘length’. The question of why 
the least upper bound, and not some larger quantity, is never raised. This definition 
of arc length essentially tells us that we believe that the lengths of curves will be 
measured with some sort of flexible ruler. But if we use such a tool to estimate 
distances on a winding road from a road map, we may be in for a surprise. 

It is easy to write a program which computes the length of the inscribed polygon 
of 2" vertices. Let L, denote the length with 2” points equally spaced with respect to 
the parameter. Then we find that L,,, —L,*4(L, —L,-,) experimentally. This 
suggests that the error in estimating arc length by this method is inversely pro- 
portional to the square of the number of points. In order to prove such a result we 
must find some way of obtaining an upper bound on arc length. Such upper bounds 
also give further philosophical justification of our definition. 

We now consider convex curves and we assert the following axiom: 


If a closed convex curve C, is contained in an arbitrary closed curve C,, then 
the length of C, is less than or equal to the length of C3. 


The intuitive justification of this is given by representing C, by a block of wood 
and C, by a loop of string. If we pull the loop tight, it will fit snugly around the 
block, measuring its perimeter. At the same time, the original loop measured the 
length of C,. It was made shorter in measuring C,, completing the justification. 
From the axiom we easily get that the length of a convex arc is bounded above by 
the length of a circumscribed polygon. This is, in fact, equivalent to our axiom. 

We first assume that we have a convex arc. Even if the arc is not smooth, it can 
be parameterized by the angle of inclination « of the support (tangent) line. Any 
other parameter which moved along the curve without backtracking would be a 
monotonic function of «. We obtain our first upper bounds using the parameterization 
by «. We choose points po, -*:, p, on the arc such that po and p, are the endpoints 
and the remaining points are determined by given increments of a. These points will 
be the vertices of the inscribed polygon. From them we construct pg, ---, p,".1, Which 
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will be the vertices of the circumscribed polygon, by setting p;* equal to the point 
of intersection of the support lines at p; and p;_,, with p> = po, Pr+1 = Pn Note 
that the direction of the support line at p; is given by the value of «, which is our 
basic quantity, and so is well defined here even if there is no well-defined tangent at 
that point of the curve. For use in the arc length formula we also construct the point 
p; on the arc p;_1, p; where the support line is parallel to the chord p;_,, p;. These 
points are illustrated in Figure 1. 


Fic. 1 


The difference between the lengths of the inscribed and circumscribed polygons 
is a sum of quantities of the form a—b = a(1 —cosAa) < ca(Aa)*, for some 
constant c. Thus, the difference between the lengths of the two polygons is bounded 
by c times the length of the circumscribed polygon times the square of the largest 
value of Aw. Note that Aw is the difference in « between p;_, and p;, or between 
p; and p;, each of which is bounded by the difference in « between p;_, and p;. If the 
points are chosen so that the Aw are equal, then the difference between upper and 
lower approximations to arc length is inversely proportional to the square of the 
number of points. More generally, if the points are equally spaced with respect to 
some parameter ¢ such that da/dt is bounded, the same conclusion holds. For any 
C* parameterization, da/dt will be continuous. On an interval on which it is never 
zero, the curve will be (locally) convex. Thus, our empirical observation can be 
verified in this case. 

These upper bounds can also be related to the arc length integral. We illustrate 
with the special case in which x is the parameter. We use x,, x;, x; for the x coordinates 
of D,, P;', p;. The length of the inscribed polygon is then 


LY Jl ty (x)? (%—x;-1); 
and the length of the circumscribed polygon is 
x J1 + y(x)? (Xia — x7). 


Each of these is a Riemann sum for f./1 + y/(x)? dx. The assumption of convexity 
is equivalent to assuming that y’(x), and hence the integrand is a monotonic function 
of x. The convergence of the Riemann sums in this case is easily established. 


1974] CLASSROOM NOTES 387 


There are other related uses of convexity in elementary calculus. In curve sketching, 
we know that tangents lie on one side and chords on the other side of a convex curve. 
The author has used an x — y plotter driven by a desk top computer to draw very 
close inscribed and circumscribed polygons to various curves. The circumscribed 
polygons were obtained by computing the points of intersection of consecutive 
tangents. 

This bracketing of the curve between tangent and chord can also be applied to 
Newton’s method for finding zeroes of functions. The desired value is shown to lie 
in a series of nested intervals. This gives estimates on the rate’of convergence of the 
process as part of the calculation. Of course, prior knowledge of convexity is a strong 
assumption, but one which can frequently be demonstrated. We hope to have shown 
that this information is valuable in analyzing limiting processes in which convergence 
is usually from one side. 
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THE BOUNDED CONVERGENCE THEOREM 
W. R. WADE 


If f is a Lebesgue measurable function defined on a closed, bounded interval 
[a,b] we shall define its L? norm for 0 < p< 0 by 


w Isl, = (lear? ax)” 


and L* norm by 
| flo = ess. sup. {| f(x)|:a Sx SB}. 


The Bounded Convergence Theorem is a useful result from Lebesgue integration 
theory which, using the Z? norm notation, can be stated in the following form, 


THEOREM 1. If f, f,,f,-°: is a sequence of measurable functions and M is a 
positive constant such that 


ll fa leo SM n = 1,2,-- 
and lim,+oS,(x) = f(x) a.e. xe[a,b] then 
lim fn —S |p = 0 


for any p satisfying 0<p<o. 


Stated in this form the Bounded Convergence Theorem can be extended (see 
Theorem 2 or 3) to apply to sequences of functions which are uniformly bounded 
in the ’ norm, 0 <r S o. This result is extremely powerful yet its proof depends 
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upon three well-known results of real variables: Fatou’s lemma, Egoroff’s theorem, 
and Holder’s inequality. 


THEOREM 2. Let M be a fixed positive constant. Suppose 0<rs oo, and 
that f, f1,f2,°:: is a sequence of measurable functions such that 


| <M n=1,2,-- 


(2) lf, 
and lim, f,(x) = f(x) a.e. x€la,b]. Then 
lim |f.—S]p =0 


for any p satisfying 0<p<r. 
Proof. By Theorem 1 we may suppose that r < oo. Using Fatou’s lemma and (2), 


<M. 


(3) | f 


|, = liminf| f, 


We can then conclude that f? is integrable for any O<pXr. 
Fix peé(0,r). Then r/p > 1, so we choose a real number qe€(1, 00) such that 
p/r+1/q = 1. 


Let e > 0, and choose a set E & [a,b] by Egoroff’s theorem so that 


(4) m(E) < Le/(2M)"]* 
and 
(5) f, >f uniformly in [a,b] ~ E. 


In particular, by (5) 
lim |F.(x) —f(x)|Pdx = 0. 
n>o v[ab]-—E 


Hence it suffices to show 
(6) | fx) — F(x) Pdx <s 


for n = 1,2,---. 
We apply Hdlder’s inequality to the integral displayed in (6) obtaining, 


/q 


[ co -F09 Pax 5 | [ Ineo -seotax!”™ [f }1[sax} ss empe- {mc} | 


by (3). By (4) this is < «¢. 
Statement (6) is thereby established and the proof of the theorem is complete. 
Is Theorem 2 true if we replace ([a,b|,m) by a complete finite measure space 
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isle ={f eran)” 


and similarly extend the symbol | f | «o the proof to Theorem 2 goes through without 
a change. 
Is Theorem 2 true if we allow p to equal r? No. Indeed, the sequence 


Jin of 0<x<i/n 


(X,)? Yes. If we define 


fx) = | | 
0 otherwise, 
converges to zero everywhere, satisfies (2) for M = 1, but does not converge to 
zero in the L norm. 
Is Theorem 2 true if we replace ([a,b|,m) with a nonfinite measure space 
(X, »)? No. Indeed, with X = [0, 00) and yw being Lebesgue measure, the sequence 


1 ifn<xsSn+l 
fs) = | | 
QO otherwise 
converges to zero everywhere, is uniformly bounded in the I’ norm but fails to 
converge to zero in the Ll’ norm. 
However, one can modify the conclusion of Theorem 2 to take care of the case 
when wp is not finite. 


THEOREM 3, Let M be a positive constant and (X,p) be a complete measure 
space. Suppose that0 <r oo and that f,f,,f.,°°- is a sequence of u-measurable 
functions, such that 

| fal, SM, n = 1,2,--: 


and 
lim f,(x) = f(x) ae. [uw] xeXx. 


no 


Then lim,+.||f.9 —f9 ||» = for every pe(0,r) and every geLi(X), where 
I/q+p/r =1. 


The proof of Theorem 3 involves retracing the proof of Theorem 2 with g in 
place of 1. It uses two additional consequences of the integrability of | g|?: 


(7), {x:xeX and | g(x)| > 0} is o-finite 
(8) given e > 0 there is an 6 > 0 such that w(E) < 6 implies [| g|?du <e. 
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A PROOF OF THE BINOMIAL THEOREM 
DAVID SHELUPSKY 


Proofs of the binomial theorem for arbitrary real exponents usually given in 
advanced calculus texts depend on Taylor’s theorem, [1, p. 572] or on other compu- 
tations involving the derivatives of the function (1 + x)* with respect to x. The proof 
offered here is elementary in the sense that it uses only ideas actually needed to 
define the two sides of the equation 


(1) (tx = 2 OG 


(where, as usual, (a), = 1 and (a), = a(a—1) (a—2)-+-(a—k + 1) for k = 1,2,3,---). 
The idea of the proof is not new. It is given by Knopp [2, p. 208] and a variation of 
it is an exercise in Hardy [3, p. 432 | however, the treatment of the details given here 
is simplified (in particular the proof of B below). 

To define the left-hand side of (1) we need the properties of the real numbers and 
of continuous functions which permit us to define c*, a real, c > O real, as the extension, 
of the mapping r — c" defined for the rationals; these ideas also permit the discussion 
of logarithms. To define the left hand side we need these facts about infinite series: 
the ratio test for the interval of convergence of a power series, and the fact that two 
real power series about the origin can be multiplied together by Cauchy’s method in 
the interior of the interval of convergence common to both [2, Theorem 91, p. 146]. 

Finally we shall make use of the theorem that the only continuous solution of 
Cauchy’s functional equation 


(2) (a) P(b) = (a + b) 


is of the form ¢(a) = c* for some c 20. This is standard fare in many calculus 
books, usually as a problem, and sometimes for the additive version of (2), 


(3) Y(a) + ‘¥(b) = (a + 5D), 


[1, p. 105, ex. 2,3 and p. 107, ex. 22]. 
To motivate the proof we begin with the binomial theorem for positive integer 
exponents, usually proved by induction on n, 


(4) += 5 (7) 


k=0 


which we assume known, and which is an easy exercise in any case. Since 


(;:] =n! /k!(n—k)! = (n),/k! 


this suggests that we consider the series which is the right-hand side of (1). For x 
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such that — 1 <x < +1 we find by an application of the ratio test that 


©0 xk 
(5) | Z Og 


converges absolutely for any real a. We fix x at such a value and denote (5) by (a). 
If n is a positive integer d(n) = (1 + x)” by (4). To prove the binomial theorem for 
arbitrary real exponent we show that 

(A) (a) satisfies the functional equation (2). 

(B) (a) is a continuous function of a for all real a. It will then follow that 
o(a) = c’, where c = #1) = 14x. 


Proof of A: Because these series are absolutely convergent we can multiply the 
series for (a) and ¢(b) together using Cauchy’s method to get 


(a) $0) = EE (7) enn) > 


n= —_ 


To prove A, we have to prove the identity 


(6) (a+ b), = = (1) (D)n— Ke 


A proof of(6) by induction on n is similar to the corresponding proof of (4). 
Proving (6) was a problem on a Putnam Examination some years ago and the 
published proof, Bush [4], was based on the binomial theorem for arbitrary real 
exponent. 
An induction proof of (6) is as follows: for n = 0, (6) is true by definition. If it is 
true for some n then we have 


(a+ boy = (€+5—n) (a4 5), 


= (@+b—m ¥ (1) @On1 


| 
Ms 


{J @Onalle =) += (= by) 
- = ( (OO METONO En 


= err + Omri E [(L) + (ps) [On 


= (Q)n+1 + (Ong. + x (” , (a) (D)n+1—K 


=F (POO. 


k=0 
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This proves (6) for n + 1 and so in general. 


Proof of B: We remark that from A and (4) we have ¢(a +n) = G(a)g(n) 
= (1+ x)"$(a) if n is a non-negative integer, so that it is sufficient to prove that 
(a) is a continuous function of a fora <0. Ifu >v>0 then 


9) - a9] s Em —Cog| BE 

(7) : 

= ¥ juut+)u+2)--Utk—)-vvt+1w+2)--W+k—1| I 
k=0 : 


To estimate the difference u(u + 1)(u+2)---(u+k— 1) —vWv+1)(+2)>:: 
(v +k —1)ina simple way (without differential calculus in the form of the mean- 
value theorem for example) we remark that any polynomial p(u) of degreed sk 
with non-negative coefficients satisfies the inequalities 


(8) 0S [p) — pe) | (u — v) S$ kp) /u 
if u >v > 0. To prove this we note that for the polynomials, u*, 0<d<k. 
OS (ut — v4) uv) = UE tut 08) 
= dus*< ku Ju 


while for d = 0 the equality holds; thus (8) follows from multiplying these inequalities 
for various d by the non-negative coefficients of p(u) and summation. Applying (8) 
to the polynomial p(u) = u(u + 1)--:(u — k +1) which appears in (7) we get 


| P(— u) — o(— »)| < | th ut DUt2~ (ut kt] Iwo} 


Consider the infinite series in the square brackets on the right hand side of this 
inequality; call it m (uv). An application of the ratio test shows that m(u) converges 
for any u since — 1 <x < +1, and since m(u) is clearly an increasing function of u 
for u positive we have | o(— u) — &(— u) | < M|u — v|, where M = m(w) and w is 
any number larger than u and v. It follows that @(a) is continuous for a < 0 and so 
for all a. Thus we have proved B and so the binomial theorem: (1) is true for all real 
a and all x such that -l1<x< +1. 

Note: It is known (Asplund and Bungart, [3], p. 141, ex. 3, 6.37) that the only 
measurable solution of (3) are linear functions. Using this and elementary measure 
theory, we may dispense with the proof of B; indeed @(a) is the point-wise limit of 
the partial sums of (5), which are polynomials in a and hence continuous, thus @(a) 
is measurable. 
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THE COMPUTER ILLITERACY PROBLEM: A PARTIAL SOLUTION 


PETER G. LYKOS 


1. How the computer is affecting education. The computer is transforming the ways 
in which the problem solvers and the decision makers of our society go about doing 
their jobs. Not only are old problem-solving techniques being speeded up and scaled 
up, but new techniques are being invented and developed which would not have been 
considered seriously before the invention and proliferation of the computer. And 
the proliferation of the computer is being accelerated as a direct consequence of two 
technological developments [1]: 


1. The low cost and increasing flexibility of minicomputers, and 

2. The increasing flexibility and ease of use of tele-communications systems whereby users can 
use a typewriter-like or keyboard plus TV-like terminal to access a variety of computers remotely 
located. 


Although the first widespread use of the computer in education, other than as a 
management tool, was to support graduate research in the hard and soft sciences, 
gradually computer-based elements have come to be developed and incorporated 
into undergraduate curricula as well. Not only have B.S., M.S., and Ph.D. academic 
programs in Computer Science evolved in many of our nation’s universities, but 
a large amount of experimentation and ferment in other disciplines is taking place 
as well, particularly in Accounting, Business, and Management. Indeed, as the major 
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impact of the computer on our society is, and continues for some time to be, in the 
general area of management [2], we can anticipate a large and continuing growth and 
proliferation of new curricular emphases on accounting [3], on management infor- 
mation systems [4], on simulation or modeling [5], and on gaming [6]. 


2. The computer and the curriculum. Three and a half years ago the American 
Institute for Research issued a report on an NSF-supported survey made of all 
23,000 public high schools in the country. At that time 13° of the schools reported 
use of the computer as part of the instructional process, primarily in business and 
accounting, or in mathematics. That percentage has, very likely, increased significant- 
ly since that time. 

The NSF has sponsored numerous efforts in computers-in-education. Computer- 
based curricular material at the college level is being developed. Faculty in the several 
disciplines are being trained inthe use of computer hardware and software. Cost- 
effective systems of delivering computer service are being sought, primarily through 
regional cooperative networks whereby research-oriented university computer centers 
have attempted to provide cost-effective computer service appropriate for classroom 
use in colleges. Approximately 10°% of the nation’s universities and 10% of the 
nation’s colleges have been involved in 30 regional cooperatives. The NSF is also 
supporting major projects attempting to collect and adapt “‘for export’? computer 
programs developed in college environments. A case in point is CONDUIT, a con- 
sortium of five university-based remote terminal-accessible computer services organi- 
zed to study and evaluate the transportability and dissemination of computer related 
curriculum materials. Much of that material will initially prove suitable for use in 
secondary schools in honors courses and will then diffuse into the other programs. 

In addition to the many NSF sponsored efforts, there are other computer-in- 
education activities which are having, or will have, a direct influence on secondary 
schools and community colleges. 

An interesting and revealing example is that of Wilbur F. Pillsbury, Chairman 
of the Department of Economics and Business Administration, Knox College, Gales- 
burg, Illinois. He used a sabbatical leave to learn more about the role of the computer 
in his discipline. Using an elementary subset of a standard computer language, he 
developed about 60 short computer programs to augment the teaching of accounting 
and business. Having had many years of experience in teaching those concepts 
before computer augmentation, by comparison he was able to demonstrate the in- 
creased effectiveness of the computer-augmented approach in the classroom. The 
South-Western Publishing Company worked with Professor Pillsbury to develop 
corresponding textbooks under the title, “Computer Augmented Accounting.” 
As of a year ago, over 200 institutions across the country were using his material 
based on FORTRAN programs running on 10 different computers. Thus, a viable 
approach to the preparation and dissemination of usable computer-based curricular 
materials is one where materials are developed by an experienced teacher, designed to 
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augment teaching in the classroom, based on a number of simple programs in a stan- 
dard language, and edited and distributed by a textbook publisher. 

Gradually Computer Science has come to be recognized as a separate and distinct 
discipline. The publication of the report “Curriculum 68”’ [7] has contributed to the 
design of computer science courses, and graduate programs in Computer Science 
have begun to produce M.S. and Ph.D.’s whose primary training has been in Compu- 
ter Science. Although most professionals who are identified as computer scientists 
have had their formal training and degrees in Electrical Engineering, Physics, or Ap- 
plied Mathematics, gradually the field will be dominated and defined by professionals 
trained as computer scientists just as is the case with other disciplines. The whole 
field of Computer Science, and of its interface with other disciplines, has become 
too important to leave to the ad hoc-ists. 

For those teachers (or those preparing to be teachers) who wish to work at the 
computer science—other discipline interface (or in Computer Science itself) there needs 
to be a coordinated set of courses designed to display and develop what Computer 
Science is. In addition they need to discover the important ways the computer is affect- 
ing what they teach as well as how they teach. 


3. The secondary school: pressure from the computer. Several pressures are coming 
to be felt in the secondary school and community college environments. These include: 


1. Computer awareness and experience on the part of incoming students due to proliferation of 
the computer and ease of its cost-effective use by pre senior high school students. 

2. Substantial and growing computer access at the secondary school and community college 
levels. 

3. Substantial and growing development of computer-based curricular materials in the colleges 
with concomitant developments following at the secondary school level. 

4. Lack of training of teachers and administrators regarding computer hardware, software and 
courseware selection and use. What training there is is usually an elementary computer programming 
experience; i.e. a vocational skill. 

5. Considerable and increasing confusion about the distinction between computer-assisted 
pedagogy, computer-augmented discipline-oriented techniques of problem-solving and decision- 
making, vocational training in data processing, computer science and engineering, and use of the 
computer in the management of the educational enterprise itself. 

6. Difficulty of acquiring computer service as a new expense in the face of cost of education 
rising faster than the gross national product. 


Secondary schools attempting to react to these pressures find the difficulty of the 
task compounded by the layman’s very limited view of the computer as an accounting 
machine on one hand or a super desk calculator on the other. The difficulty is further 
ageravated by a corresponding mistrust and even antagonism on the part of the 
average citizen faced by invasion of privacy on one hand and the irritation of having 
to deal with unresponsive machine-generated billing and accounting statements 
and amazingly individualized mass mailings on the other. 

In the greater Chicago area the pressure of the computer in the secondary schools 
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became particularly acute because of the massive Secondary School Computer 
Science Education program [8] which, over the past 10 years, brought over 15,000 
high school students and over 1200 high school teachers, from over 300 high schools, 
to the IIT campus to take courses and workshops in computer programming and in 
computer applications. That I[T-supported program evolved further when, in 1966, 
IIT installed an IBM 360/40 computer and augmented the IBM operating system 
with the IIT Remote Job Entry system. (A close copy of that system survives on the 
UNIVAC 9400 in use by the Montreal Public School System.) High schools and 
colleges were then able to send computer programs to, and receive computer output 
from, the IIT computer over ordinary telephone lines, from ordinary teletypewriters. 
For $2,000 for the academic year a schoolin Chicago was able to rent a teletypewriter, 
dataphone, and telephone line from [linois Bell Telephone Company, and purchase 
enough computer time on the highly student-oriented IIT computer system so that 50 
students, each submitting three programs per week, could be supported for the entire 
academic year. 

In the Chicago Public School system, for example, extensive computer use began 
when Lane Technical High School and South Shore High School used the IIT compu- 
ter from teletypewriters [9]. The rapid growth was further facilitated as about 200 
Chicago Public High School teachers had received training in the IIT Saturday 
Teacher’s Computer Workshops. By 1971 the Chicago Public School system had instal- 
led its own computer and was supporting terminals in all of its 58 secondary schools, 
as well as in several of its elementary schools. 


4. A master of science for teachers in computer science. As a consequence of all 
the pressures on the secondary school and the community college, particularly in the 
greater Chicago area, it seemed appropriate to design and to implement a degree 
program, ‘‘Master of Science for Teachers in Computer Science.”’ 

Through acquisition of such a degree teachers and administrators could have 
both the training and credibility to provide competent leadership in addressing the 
difficult question of what should be happening with computers in secondary and 
elementary schools. 

The IIT MST/CS provides an integrated and coherent program of professional 
training based on extensive experience in both Computer Science education at the 
university level, and a large and varied program of long standing of computer 
training and computer use in many high schools. In addition, with its inception, the 
IIT MST/CS provided a beginning for the setting of standards of qualification for 
teachers and administrators charged with responsibility in the use of computers in 
their educational programs. 

The primary purpose of the IT MST/CS program is to strengthen the teacher’s 
academic background in the emerging discipline of Computer Science. While flexibi- 
lity is desirable and exists within the program, substantive course work in the core of 
Computer Science is required. 
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The 32 semester hour MST/CS program involves a core curriculum required of all 
degree candidates, complemented by an elective program which is designed and adap- 
ted to meet the needs and career goals of each individual degree candidate. 

As originally conceived, the core curriculum involved 17 semester hours of work 
allocated as follows: 


3 Sem. Hr. Computers and Society — a lecture and term paper discussion course concerned with 
the effect of computer/communications technology on academia, industry, and government on one 
hand, and the life of the individual on the other. 

3 Sem. Hr. Computer Languages — a lecture and laboratory course concerned with a compara- 
tive study of computer languages and applications programs. 

3 Sem Hr. Computer and Curriculum Content — primarily a laboratory course with discussion 
sessions including the preparation and organization of computer-based curricular elements and a 
concern with the problems of incorporating such materials in the educational process. 

3 Sem. Hr. Computer-Assisted Instruction — a lecture and laboratory course concerned with 
techniques such as drill and practice, tutorials, author languages, particular CAI systems, and the 
general problem of computer-assisted pedagogy. 

4 Sem. Hr. Special Project — a unique computer-based project done by the degree candidate with 
a faculty advisor. 

1 Sem. Hr. Computer Science Departmental Seminar. Participation is required by all graduate 
degree candidates. 


The elective program, comprising 15 Sem. Hrs., was made up of a coordinated set 
of courses in Computer Science designed to build on the core program and, where 
appropriate, in other disciplines as well. 

Recently the IT MST/CS core program was revised so that the courses, ‘“‘Com- 
puters and Society,”’ and ““Computer Languages”’ are no longer required; ““Computer- 
Assisted Instruction’’ has become an alternative to “‘Practicum in the Application 
of Computers to Education,’’ a new graduate course ““Computer Science in the Class- 
room’’ has been added, and four regular senior courses in Computer Science dealing 
with the structure of algorithms and with programming languages and translators 
have been added as well. The net result is an increase in the core program (including 
an MST project) to 26 semester hours, leaving 6 semester hours for electives. Thus 
the IIT MST/CS program can accommodate teachers from any discipline, although 
itis expected that the interest will come primarily from teachers of Physics, Chemistry, 
Biology, Mathematics, and Business. 


5. The teacher of mathematics. The teacher of mathematics is in a curious position 
regarding computers. Research in mathematics, as a discipline, has not been affected 
significantly by the advent of the computer [10]. Other than as an aid in exhaustive 
proofs in Number Theory and some work in Group Theory, not much new in 
mathematics has been discovered because of the computer. Thus, insofar as the teacher 
of mathematics 1s preparing students for careers as “‘pure’’ mathematicians, the com- 
puter is not particularly important at this time. However, to the extent that the teacher 
of mathematics, as a service to other disciplines, is preparing students to develop or 
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to use mathematics as a language and as an analytic tool in problem-solving and 
decision-making, considerable attention needs to be given to how the needs of 
problem solvers and decision makers have changed as a consequence of the invention 
and proliferation of the computer. Accordingly, the priorities must be adjusted 
regarding which established areas within mathematics need to be taught. 

Secondly, an unfortunate problem exists to which the teacher of mathematics 
needs to be particularly sensitive. The layman regards the computer as somehow 
“being mathematics.’’ This erroneous concept has an unfortunate consequence in 
that those administrators, faculty, parents, and students who feel they have no aptitude 
for mathematics, and hence avoid it, shy away from the computer in the same way. 
That misconception is probably the single largest factor inhibiting the infusion, and 
diffusion, of informational technology (of which the computer is only a part) through- 
out our society. Yet, that misconception is reinforced again and again in part because 
computer programming courses are usually offered by teachers of mathematics. 


Presented in summary form at the Fiftieth Annual Meeting, National Council of Teachers of 
Mathematics, Section on Teacher Education, April 16-19, 1972. (The opinions expressed here do 
not necessarily reflect NSF policy.) 
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A FOURTH COURSE IN MATHEMATICS FOR 
ELEMENTARY SCHOOL TEACHERS: ANALYTIC GEOMETRY 


D. R. ANDREW 


The purpose of this note is to remind the reader of the fact that one of the most 
exciting mathematics courses in the mathematics curricula of the 1950’s has almost 
completely disappeared from most current mathematics curricula and to show how 
this course can be brought back into the curricula immediately to fill a specific need. 
The course is analytic geometry. 

Any of several analytic geometry textbooks written in the 1950’s would make an 
excellent text for the fourth course in the Level I mathematics four-course sequence 
recommended for elementary school teachers by CUPM in 1961. 

The University of Southwestern Louisiana adopted the four-course sequence in 
1962. Since that time we have tried various textbooks and sets of notes following 
CUPM guidelines for the geometry course. It is the consensus of the faculty that a 
great deal of improvement is needed in this course. 

To date at least six textbooks have been written specifically for a geometry course 
for elementary school teachers. Our experience has shown that these books in the 
main share the following difficulties: (1) They are very boring to both the students 
and the instructors, (2) One would never guess that geometry has anything whatsoever 
to do with arithmetic or algebra from reading one of these books. 

It would serve no purpose to mention the names or authors of these books. For 
the most part, the authors merely followed the CUPM guidelines for the geometry 
course. 

A standard text on analytic geometry offers all of the following advantages to a 
prospective elementary teacher: 


1. The course demands that the student use the algebra he has just learned. 

2. It relates algebra and geometry in an interesting, if not exciting manner. 

3. The teacher can adjust the level of the course over a broad range simply by carefully selecting 
the problems that he assigns and emphasizes. 

4. Thecourse builds nicely on not only the algebra the student has learned but also on his introduc- 
tion to coordinate systems from high school and junior high school mathematics courses. 

5. There are dozens of ways to use the “discovery” approach with analytic geometry problems. 

6. With this course contained in his background, the elementary teacher would be comfortable 
with all geometrical concepts that he is supposed to teach in elementary school. 

7. Having taken this course, those students who decide to continue in mathematics for a teaching 
minor are better prepared for the calculus courses. 

The more challenging and interesting aspects of analytic geometry have almost 
entirely disappeared in most mathematics curricula. Calculus texts have incorporated 
properties of conic sections, but have dropped nearly all of the problems like the 
following: prove algebraically that the line segments joining the mid-points of the 


opposite sides of a quadrilateral bisect each other. There are hundreds of problems 
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of this kind of varying difficulty that really excite large numbers of students. One 
does not have to be a mathematician to appreciate that the following statement under 
appropriate assumptions is obvious when thought of geometrically: two simultaneous 
linear equations in two unknowns have a unique solution. 

It may be possible to write exciting textbooks using a unified approach for the 
four Level I courses within the framework of the CUPM revised recommendations 
of 1971. Until that happens a prospective elementary school teacher would enjoy 
and profit more from a study of analytic geometry than from any of the texts currently 
available as geometry for elementary school teachers. 

Of course the analytic geometry course would also be open to students needing 
a second terminal mathematics course or desiring a mathematics elective. 


DEPARTMENT OF MATHEMATICS, UNIVERSITY OF SOUTHWESTERN LOUISIANA, LAFAYETTE, LA 70501. 


A VISITING LECTURE PROGRAM FOR SECONDARY SCHOOLS IN MAINE 
DONALD B. SMALL 


This is a report of the development and the first eleven weeks of the Maine Visiting 
Lecturers Program for Secondary Schools.* 


1. Formulation of the Program. The idea of a high school lecture program grew 
primarily out of (1)a concern over what the author feels is a widening communications 
gap between the college or university mathematics professor on the one hand and the 
high school teacher and student on the other, and (2) a realization of an opportunity 
to provide an enrichment program for high schools. It seemed that a program similar 
to the Visiting Lecturer Program for Colleges sponsored by the Mathematical Associa- 
tion could be developed on a State basis which would help lessen this communica- 
tions gap and at the same time provide enrichment for the high schools. In particular, 
the envisioned program has four major aims: 

1. To strengthen and stimulate interest in mathematics among high school 
students. 

2. To aid in the motivation of able high school students to continue their formal 
education. 

3. To create and strengthen ties between high school and college programs in 
mathematics. 

4. To provide an opportunity for personal contact between high school students 
and college teachers. 


* Editor’s note. The statewide program in Maine furnishes an illustration of the kind of program 
of secondary school lecturers that has been well received in a number of states and Sections of the 
Association. This Editor, as a member of the Association’s Committee on Secondary School Lectur- 
ers, hopes that additional Section sponsored Lecturer programs as well as additional statewide pro- 
grams will derive encouragement from the success of the program in Maine. (J. G. HARVEY) 
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The challenges in developing a lecture program fell into four categories: (1) organ- 
izing and administering the program, (2) obtaining lecturers, (3) financing the pro- 
gram (money for honorariums, travel, mimeographing, and mailing), (4) getting the 
high schools to take the initiative to request lecturers to speak at their schools. The 
fact that the program was a State program rather than a sectional or national program 
minimized the difficulties in the first three categories considerably. A standardized 
system and form letters for replying to requests, a telephone, and an efficient secretary 
took care of the first category. No difficulty was encountered in obtaining lecturers 
and, again, this was probably due to the program’s being a State program. How 
long the pool of lecturers will last under the type of demand that we had the first 
eleven weeks remains to be seen. The difficulties in the third category were resolved 
by not paying honorariums, by having lecturers pay their own expenses (funds were 
obtained for travel expenses after six weeks of the program), by having Colby College 
and the Maine Department of Education absorb the telephone, mimeographing, and 
mailing expenses. Arnold Johnson, a State Curriculum Consultant (mathematics), 
took care of the fourth category. Mr. Johnson was very enthusiastic about the pro- 
gram and offered to act as the liaison person to the high schools and, as a State 
Consultant, to ‘“‘talk up’’ the program with the high school mathematics teachers. 

The involvement of a liaison person on the State level is very important to the 
success of such a program. 


2. Organization of the Program. During December 1971, the chairmen of the 
Mathematics Departments in the various colleges and universities in the State of 
Maine were asked to ascertain which members of their departments would be interes- 
ted in lecturing in high schools within a fifty mile radius, and furthermore, would be 
willing to forgo an honorarium and to pay their own traveling expenses. The response 
was tremendous. By the middle of February 1972, forty-two faculty members from 
Bates, Bliss, Bowdoin, Colby, and Ricker Colleges, and the University of Maine at 
Farmington, Orono, Portland-Gorham, and Presque Isle had volunteered. There were 
one hundred and four talks listed by these forty-two faculty members with most of the 
faculty submitting two or three titles. 

The next step was to draw up a brochure that would be distributed to the high 
schools. Advice was sought from Arnold Johnson and Arthur Clark, a high school 
mathematics teacher in Winslow, Maine. It was our opinion that simplicity in the 
brochure, ease of requesting a lecturer, immediate response to a request, and empha- 
sis on the State aspect of the program were important factors in obtaining high school 
participation. Because Maine abounds in small schools, an extra effort was made to 
encourage all schools to take advantage of the program regardless of their size. The 
brochure consisted of three parts. The first part describes the program, the second 
part lists the lecturers (grouped by college or university), together with their titles, 
and the third part is a form for requesting a lecturer. The first part appears as follows: 
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**Maine Visiting Mathematics Lectures for Secondary Schools — 1972. 
The major aims of the High School Visiting Lectures Program are: 
1. To strengthen and stimulate interest in mathematics among high school students. 
2. To aid in the motivation of able high school students to continue their formal education. 
3. To create and strengthen ties between high school and college programs in mathematics. 
4. To provide an opportunity for personal contact between high school students and college 


teachers. 
The lecturers are college or university mathematics professors who have volunteered to donate 


their time and energy to this program. Lecturers are available to visit schools from the present time 


through December 1972. 

The program is open to every high school in the State of Maine. Schools are encouraged to make 
aS many requests for lecturers as they choose. Since lecturers are paying their own expenses, schools 
are asked to request lecturers within a fifty mile radius. However, if no lecturer is available within this 
distance, schools are encouraged to request lecturers from farther away. There will be no expense to 


any school. 
In order to encourage all schools to take advantage of this program, the size of the group antici- 


pated at the lecture is of no consequence. 
Requests for a lecturer and the date desired should be sent to Professor Donald Small, Colby 


College, Waterville, Maine 04901. 
Professor Small will contact the lecturer and then contact the school telling them of the availabi- 


lity of the lecturer on the desired date.” 


Arnold Johnson volunteered to have his office print the brochures and distribute 
them to all the high schools in the State. The brochures were mailed on 17 March, 
1972. 

In requesting a lecturer, the high school teacher is asked to list an alternate as 
well as alternative dates and times. Requests are transmitted to the author who then 
calls the requested lecturer to determine his or her availability. This procedure enab- 
les the author to notify the high school teacher by return mail of the availability of 
the lecturer. He also asks the teacher to contact the lecturer directly as to the level of 
the class, the length of the period, etc. Also included in this letter is a new Request 
Form and a Report Form which the teacher is asked to fill out and return to the author 
after the talk. A similar Report Form is sent to the lecturer. These forms ask for the 
title of the talk, name of the lecturer, number of students and faculty in attendance, 
comments on the visit, and solicit suggestions for improving the program. These 
reports provide the feedback for the program. 


3. Results, 17 March — 6 June, 1972. There were forty-five requests for lecturers 
received (including six for the fall of 1972). Thirty-eight lectures were given and re- 
ports were received on thirty-six of these. The following statistics were taken from 


these reports: 


There were 9 lectures given in April, 26 in May, and 3 in June. 
20 high schools requested 1 lecturer each 

4 high schools requested 2 lecturers each 

2 high schools requested 3 lecturers each 
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1 high school requested 4 lecturers 
1 high school requested 6 lecturers 
There were requests for 19 different lecturers. 
7 lecturers gave 1 lecture 
6 lecturers gave 2 lectures 
5 lecturers gave 3 lectures 
1 lecturer gave 4 lectures 
A total of 2166 students and 81 teachers attended the lectures. The total distance traveled by the 
jecturers was 3150 miles. 
An indication of audience sizes is given by the following table: 
Number of Students: 7-20 21-40 41—70 73-90 100-130 300-325 
Numbers of Lecturers Presented: 6 14° 8 4 2 2 


During May two additional guidelines were adopted: (1) lecturers would be limited 
to three requests (although one person did speak four times), (2) schools requesting a 
lecturer outside of their fifty mile neighborhood when there were other lecturers 
available within the neighborhood would be asked to pay the lecturer’s expenses. 
One school made such a request and agreed to pay the expenses. 

On one occasion when the author knew that a lecturer was going to be inan area 
that was outside the neighborhoods of all of the lecturers, he asked Arnold Johnson 
to contact a school in that area and suggest that it invite the lecturer to speak at that 
school. This he did with the result that an additional lecture was given without an 
extended trip. We expect to do more of this type of arranging next year. 

Early in May Arnold Johnson was able to allocate through his office $300 for 
travel expenses. 

The comments from both the high school teachers and lecturers have been very 
favorable. Even when travel funds were available, a number of lecturers did not ask 
to be reimbursed for their expenses saying that they enjoyed the opportunity to speak 
in a high school and were willing to pay their own expenses. 
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A COMMENT ON M. F. DACEY’S “MATHEMATICS FOR 
THE UNDERGRADUATE IN THE SOCIAL SCIENCES” 


WILLIAM D. SPEARS 


In a recent article Dacey [2] reviewed the need for and problems of offering 
satisfactory preparation in mathematics for students in the biological and social 
sciences. He pointed out that the CUPM report [1] which outlined an undergraduate 
program in mathematics for these students has been largely ignored by the social 
scientists. He is correct in stating that this report ‘‘has many fine attributes and 
identifies course contents that are suited to numerous social science programs....’’ 
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However, a question can be raised concerning the general acceptability of the major 
thrusts of the CUPM recommendations. 

Specifically, the CUPM report appears to emphasize mathematics necessary for 
what many biological and social scientists are doing now rather than what at least 
some have done and aspire to in the future. The focus is upon probability, statistics, 
and linear algebra. Basic traditional topics in analysis are included in the recom- 
mendations, but one feels from the discussion that a major reason for their in- 
clusion is to provide a foundation for better statistics courses. 

There is no doubt that we need better statistics courses as well as a more sophis- 
ticated approach to probability and linear algebra. On the other hand, all sciences 
are concerned with change — ‘‘motion’’ to use Frank’s [3] term—and mastery of the 
language of change is essential if causal conceptions are to be developed. 

Many psychologists still prefer the standard analytic approach using differential 
equations that was so common in the nineteenth century [e.g., 4] and still prevalent 
among some experimentalists [e.g., 5,6]. Furthermore, to the extent that biological 
sciences have developed mathematical models, standard analysis has been emphasized 
by a number of them [7,8, 9, 10]. 

There is no assurance that biological and social science data can be treated most 
profitably with analysis. However, it has hardly been tried; but when it has, success 
has been the rule when data were obtained in functional rather than descriptive 
contexts. 

The CUPM report [1] and Dacey’s comments [2] are certainly relevant in view 
of much, perhaps most, present methodology in biological and social sciences. On 
the other hand, some of us retain hope for a different sort of science. 
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All problems (both elementary and advanced) proposed for inclusion in this Department should 
be sent to E. P. Starke, 1000 Kensington Ave., Plainfield, NJ 07060. Proposers of problems 
are urged to enclose any solutions or information that will assist the editors. Ordinarily, prob- 
lems in well-known textbooks and results in generally accessible sources are not appropriate 
for this Department. No solutions (except those accompanying proposals) should be sent to 
Professor Starke. 


ELEMENTARY PROBLEMS 


Solutions of Elementary Problems should be sent to Problems Group, Mathematics Department, 
University of Maine, Orono, ME 04473. To facilitate their consideration, solutions of Elemen- 
tary Problems in this issue should be typed (with double spacing) and should be mailed before 
July 31, 1974. 


An asterisk (*) means neither the proposer nor the editors supplied a solution. 


E2468*. Proposed by Harry Ruderman, Hunter College Campus School 


Suppose that m >n = 0 are integers such that 2”— 2” divides 3"— 3". Show 
that 2” — 2" divides x” — x” for all natural numbers x. 


E 2469. Proposed by David Gale and C. Roger Glassey, University of Cali- 
fornia, Berkeley 
Two players, the Hider and the Seeker, simultaneously choose points in a closed 


disk of unit radius. The Hider escapes if his point is more than 4 unit from that of 
the Seeker. Show that if both players play optimally in the sense of game theory, 


then the Hider will be caught with probability 1/7. 


E 2470. Proposed by G. Tsintsifas, Thessalonika, Greece 


Let A,A,---A, be an n-simplex in R” and let G be its centroid. Let P be any 


point and let M; be the intersection of the line A;G with the hyperplane through P 


parallel to the face opposite A;. Show that 


" GM, 
2 GA, » 
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where GM, /GA;, denotes the directed ratio of the distances from G to M, and G to 4; 
respectively. Show also that this equation characterizes the point G as the centroid; 
i.e., if the sum is 0 for every point P, then necessarily G is the centroid. (Cf. Problem 
E 2394 [1974, 283].) 


E 2471. Proposed by G. Tsintsifas, Thessalonika, Greece 
Let a, b,c denote the sides of a triangle ABC and let m,,w,, h, denote the 
median, angle bisector, and altitude to side a respectively. Show that 
(b+c)*? _m, b*>+c* om 
— < a 
(1) 4be ~*~ w,’ 2) 2be ~ hh, 


a 


When does equality hold? 


E 2472. Proposed by David Shelupsky. City College of New York, and H. W. 
Gould, West Virginia University 
Let n and p be nonnegative integers. Show that 


(7) can fearar 3. ep al _ pat 
b= k (7) (2k+1)2k+3) (2k+2p—1)) 2p—1+42n’ 
k 


where we make the interpretation that when p = 0 the “‘empty product’’ in the curly 
brackets is unity. (The case p = 0 is Formula (4.12) of H. W. Gould’s Combinatorial 
Identities, Morgantown, West Virginia, 1972.) 


E 2473. Proposed by Robert Brooks, Harvard University 

Let f and g be irreducible polynomials with coefficients in a field K. Prove 
that there exists a polynomial which is a rational function of f/g if and only if 
f =ag+b for some a, be K. 


SOLUTIONS OF ELEMENTARY PROBLEMS 


An Interesting Geometric Construction 


E 2407 [1973, 316]. Proposed by A. W. Walker, Toronto, Canada 

Given the circumcenter O, orthocenter H, and incenter I of an unknown triangle 
T, (A) locate by Euclidean construction the Gergonne point and the Lemoine point 
of T (i.e., the centers of perspective of T with the triangles formed respectively by the 
contact points of the sides of T with its incircle and by the tangent lines at the vertices 
of T to its circumcircle). (B) Locate the orthocenters of the pedal triangles of H and I. 


Editorial Note. This problem is interesting because triangle T cannot in general 
be constructed from the given points, but many points related to T, including those 
mentioned in this problem, can be so constructed. The two solutions received are 
quite involved, so we do not take the space here to print either of them. The Problems 
Group will be happy to send to any interested reader a copy of each solution. 


Solved by M. G. Greening, University of New South Wales, Australia, and by the proposer. 
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Colombian Numbers 


E 2408 [1973, 434]. Proposed by Bernardo Recamdn S., Colegio San Carlos, 
Bogotd, Colombia 

A natural number is a decimal Colombian number if it cannot be written as 
m + s(m) for any natural number m, where s(m) denotes the sum of the digits of m 
when m is expressed in decimal notation. For example, 28 is not a decimal Colombian 
number since 28 = 23 + 2+ 3, whereas 9 is a decimal Colombian number. Base n 
Colombian numbers are defined analogously. 

Prove that in any base there are infinitely many Colombian numbers. 


Solution by D. W. Bange, University of Wisconsin, La Crosse. We present 
general formulas that generate infinitely many Colombian numbers. First we shall 
treat the base 10 case. Note that 9 is a Colombian number and that any number of the 
form 


8-1074+8, jHt,2-, 
must be non-Colombian. Consequently the recursion formula 


C,=9, C, = 8-101 4+84+C_3, k =2,3,--, 


will give infinitely many decimal Colombian numbers. Note also that C, is always a 


k-digit number. 
In any base n = 3, we can use similar formulas: 


n — 1, if n is even 
c= | 


n — 2, if n is odd 
C, = (n—2)n*-'+(-24+ Cy, k= 2,3,-% 


Again C, will be a k-digit number. 

With base 2, we can no longer find Colombian numbers with any specified 
number of digits; for example, there are no 2-digit base 2 Colombian numbers. 
However, since numbers of the form 2/ + 1 are non-Colombian (for j = 1) in base 2, 
we can construct the desired numbers by using 


Cy = 1, C,=V+14+C,-4, Kk = 2,3,-+, 
where j denotes the number of digits in C,_,. 


Also solved by D. M. Bloom, D. Z. Djokovié, R. J. Evans, Scott Forrest, M. G. Greening 
(Australia), K.. S. Hanmantrao (India), D. Z. Kilhefner, O. P. Lossers (Netherlands), L. E. Mattics, 
E. H. Merryman, K. Rosen & J. Glauser, Michael Shimshoni (Israel), Alan Stein, Guy Torchinelli, 
Phil Tracy, M. R. Vitale, B. L. Wadha, and the proposer. 

Forrest, Shimshoni, and Torchinelli observe that if the base is odd, then every odd number is 
Colombian. 


408 ELEMENTARY PROBLEMS AND SOLUTIONS [April 
A Binomial Coefficient Summation 


E 2409 [1973, 434]. Proposed by A. V. Boyd, University of the Witwatersrand, 
Johannesburg, South Africa 
Sum the series 


z ( om ) ao" 


I. Solution by M. T. Bird, San Jose, California. The series converges and defines 
the function y(x) for | x | < 1. This function satisfies the differential equation 


A(x — x*)y’ -Qx+)y=-1 


and the initial condition y’(O) = 2. This determines the function y(x) uniquely to be 


(1—x)7' + J/xQl—x)7*7sin7* /x, OSx<1, 
v0) = | 


(l1—x)7' + J—x(1 — x)? log(./1 — x — ./— x), —-1<xs<0. 
II. Solution by V. Linis, University of Ottawa. The series converges for 


| | <1. (The radius of convergence is 1 by the ratio test, and the series diverges at 
x = +1 since the terms do not approach 0 as n> «; this follows from Stirling’s 


formula.—Ed.) Since 


(°") = ai = (2n + 1) fa ~ uy'u"du 


n 


(the integral is a Beta function) it follows that 


oe) 9) —1 00 1 
> ( ” (4x)"= % (2n+1) | [4x0 —u)u]"du. 

n=0 \ 1 n=0 ) 

Interchanging the order of summation and integration and summing the resulting 
series yields 


2 (2n\*. , ft 1+4 —w)ux 
2 ( (4x)" = o [1-401 — w)ux/?? 


fa—x)7 (1 + Jen V5) ifO0sx<1 
(1—x)7? (1 — l= sinh* =] if —1<x<0. 


— XX 


III. Comment by I. I. Kotlarski, Oklahoma State University. This problem 
has an interesting interpretation in probability theory. If the random variable X has 
the distribution given by the density 
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f 0 Ju] 21 


g(u) = 1 


——= -—s Jel <i 
m/1 — u2 


then the moments of X are 


My + (‘r) n= 0, 1,2, ++, 


mn" 4" \ on 


while all the odd moments are 0. Therefore the series is the generating function for 
the reciprocals of the even moments of X. 


Also solved by Giinter Bach (Germany), D. M. Bloom, R. G. Buschman, L. Carlitz, J. Case, 
D.Z. Djokovié, R. J. Evans, Sidney Heller, Margaret J. Hodel, Mourad Ismail, Aleksandar Ivi¢ 
(Yugoslavia), M. J. Knight, I. I. Kotlarski, Charlotte Krauthamer (Austria), O. P. Lossers (Nether- 
lands), L. E. Mattics, M. R. Modak (India), M. R. Murty & V. K. Murty, R. E. Overy (England), 
K. R. Penrose, E. B. Rockower, Kenneth Rosen, O. G. Ruehr, St. Olaf Problem Group, David 
Shelupsky, P. J. Short, Franklin Smith, Phil Tracy, Barry Wolk, L. M. Young, P. H. Young, David 
Zeitlin, and the proposer. 

Editor’s comment: Several solvers note that the series is the hypergeometric function 
oF; (1, 134; x). 


A Sum Related to Chebyshev Polynomials 


E 2410 [1973, 434]. Proposed by Barry Wolk, University of Manitoba 
Evaluate 


(—1)" n+r 
» (n + r)(2r + 1) ( 2r ). 


Solution by R. G. Buschman, University of Victoria, British Columbia. Consider 


n (—1)" n+r r 
g(x) = 2 (n+n(r+1) ( 2r )s 


which is the hypergeometric polynomial g(x) = n71,F,( — n,n; 3/2; x/4). From 
recurrence relations for contiguous functions (see Handbook of Mathematical 
Functions, National Bureau of Standards Applied Mathematics Series Number 55 
(1964), p. 558), we can rewrite this in the form 


g(x) = (n= Dx 4moFil—n, m3 25 4x) + Ana Fi(—n + 1 na 1s 23 a) 
~  nx(4n2 — 1) 


((2n —1)x —4n)T,(1 —4x) + 4nT,_ ,C1 —4x) 
nx(4n? — 1) ‘ 


410 ELEMENTARY PROBLEMS AND SOLUTIONS [April 


where T, represents a Chebyshev polynomial of the first kind (ibid., Formula 15.4.3, 
p. 561). Since the original problem asks for g(1), we substitute x = 1 and evaluate 
the polynomials (ibid., Formula 22.3.15, p. 776) to obtain 


2n ./3 sin (nz /3) — cos (nz /3) 
g(l)= —  W(4n2?~ 12) 


Also solved by M. T. Bird, R. J. Evans, O. P. Lossers (Netherlands), Otto Ruehr, Allen Stenger, 
David Zeitlin, and the proposer. 


Forcing Sets of Exponents in Groups 


E 2411 [1973, 434]. Proposed by F. W. Barnes, University of Michigan 

Let G be a group. Give sufficient conditions on a and b so that (xy)* = x*y’ and 
(xy)? = x°y? for all x, yeG, force G to be commutative. The conditions must be 
general enough to imply the result fora = 8 and b = 11. 


Solution by Walter Stromquist, U.S. Treasury Department. If the greatest 
common divisor of (a* — a) and (b? — b) is 2, we can conclude that the group is 
Abelian. This condition on a and b is both necessary and sufficient, and is also valid in 
the case of more than two integers. A proof can be found in F. W. Levi, Notes on 
group theory IJ, Ul, J. Indian Math. Soc. 8 (1944), 1-9, and the special case of periodic 
groups is treated in J. R. Durbin, Commutativity and n-Abelian groups, Math. Zeit. 
98 (1967), 89-92. 


Also solved by D. Z. Djokovié, R. J. Evans, M. R. Modak (India), Carole Lutz Welch, and the 
proposer. 

Editor’s comment: The generalization to which Stromquist refers is that if x” y” = (xy)" for all 
x, yin a group G and all nin a set S of integers, then G is necessarily Abelian if and only if the greatest 
common divisor of the set {n2 — n:n eS} is 2. Call such a set a forcing set. The result is also true if S 
has but a single element, since in this case the only forcing sets are {— 1} and {2} — both familiar 
results in elementary group theory. Herstein’s well-known problem that {n, n+l1,n+ 2} is a forcing 
set also follows immediately from this result (I. N. Herstein, Topics in Algebra, Xerox, Lexington, 
Mass. 1964, Problem 4, p. 31.) 

The proposer and Djokovié obtain independently the characterization referred to by Stromquist, 
and Lutz refers to Durbin’s paper. Evans obtains the sufficient condition thata +3 =b= 6k +5 
for some integer k, and Modak the sufficient condition thata +3 =b=2:3"+4 S5form=0,1,-:-. 


Minimum Track of a Line Segment 


E 2412 [1973, 434]. Proposed by Michael Goldberg, Washington, D.C. 

If a line segment AB of unit length is rotated 180° about the fixed end B to the 
position BA’, then the end A makes a track of length z. However, if the end B is 
allowed to move also, then the sum of the lengths of the tracks made by A and Bcan 
be shorter. Note that if a portion of the track is retraced, then the motion is increased, 
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but the length of the track is not increased. What is the shortest total length of track 
needed to carry the line AB to BA’? 


Composite solution edited from those submitted by J. D. Hiscocks, University 
of Lethbridge, Alberta, the proposer, and Robert Brooks and Jacob Sturm, 
Weizmann Institute, Israel. From the symmetry of the problem, we can assume that 
the paths of the ends of the segment are symmetric with respect to the perpendicular 
to ABA’ at B. Therefore at some time the ends of the segment are simultaneously on 
this perpendicular. 

Since end B must move and return to its original position, its track is minimized 
if it collapses into a straight line segment BC which, by symmetry, lies along the 
perpendicular. With C as center draw an arc of unit radius and draw tangents AE and 
A'F as shown in the accompanying figure. 


Between E and F, the path of end A cannot lie inside arc EF; if any part of it 
lies outside, then replacing that portion with (part of) arc EF shortens the path. 
Similarly, segments AE and A’F are shorter than any replacement paths. 

Letting x denote the length of BC, the total length of the track is 


2 


—x 
2x ° 


3x + 2 arctan 


which has a minimum at x = 1/ /3. Hence the shortest path has length /3 + 1/3 
= 2.780. 


Also solved by Walter Bluger, and by C. S. Ogilvy. 


Editor’s comment: A related problem, concerned with minimum motion rather than minimum 
track, is posed by S. M. Ulam in his Problems in Modern Mathematics, Interscience, 1964, p. 79. 
For a discussion of these problems, see the proposer’s paper, The minimum path and the minimum 
motion of a moved line segment, Math. Mag. 46 (1973), 31-34. 


ADVANCED PROBLEMS 


All solutions of Advanced Problems should be sent to J. Barlaz, Rutgers —The State University, 
New Brunswick, N. J.08903. Solutions of Advanced Problems in this issue should be typed (with 
double spacing) on separate, signed sheets and should be mailed before July 31, 1974. 

An asterisk (*) means neither the proposer nor the editors supplied a solution. 


5964*. Proposed by C.'W. Anderson, University of California, Berkeley 
Define pow(n) = (a, +02 +-:: +a,)/k, where n = p{'pS?--- pi® pow (n) 
measures the average power of a prime in the decomposition of n. Prove that the 
average value of pow(n) is unity, 1.e., show that 
1 2 c 1 
—_ —-j][4~— oo 
N 7 pow (n) t loglog N + o( ass log N |? ) 
where c = 2,1 /p(p — 1). 
For example, the average power of a prime in the decomposition of all numbers 
less than a ‘‘googol’’, 10'°°, is about 1.2. 


5965. Proposed by D. K. Cohoon, University of Minnesota 

Let x: N—{0$— N x N bea one-to-one correspondence, where N = {0, 1,2, ---}. 
Let P denote the set of positive integers. Let V, denote the functions valued in the 
field F which are defined on P but vanish off a finite subset of P. Let Vo denote the 
F-valued functions defined on N which vanish off a finite subset of N. Define a linear 
transformation B,: V,;— Vo by the rule 


(Be)(0) = E We *(m,m) 


for every n in N. Find all the subspaces U of V; such that 
V, = ker(B,) ®@U (direct sum). 


5966. Proposed by E. F. Schmeichel, Itasca, Illinois 
Does every maximal planar graph have a Hamiltonian circuit? 


5967. Proposed by C. W. Anderson, University of California, Berkeley 
In 1521, Giardus Ruffus conjectured that most odd numbers are deficient. Show 
that the density of odd deficient numbers is at least 
48 — 3x” 
32 — 72 ~~ 0.84. 
5968. Proposed by Michael Golomb, Purdue University 
Is the set of zeros of all entire functions F, for which F“(0) (k = 0,1,-+-) 
are integers, the field of complex numbers? Compare Problem 5898, solution in this 
issue of this MONTHLY. 
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5969*. Proposed by Charles Small, Queen’s University, Canada 

Let R be a ring; for x, yeR define [x, y] = xy — yx; call elements of the form 
[x, y] commutators. Prove or disprove: the subring of R generated by all commu- 
tators is an ideal. Note that “‘ideal’’ is unambiguous because a[x, yb] + ay[b, x] 
= alx,y|b = [ax,y|b+[y,a]xb. For an affirmative solution it would suffice 
for example to show that any element of the form a[x,y] is a sum of products of 
commutators. 


SOLUTIONS OF ADVANCED PROBLEMS 
A Maximal Distribution with Prescribed Marginals 


5894 [1973, 83]. Proposed by J. F. Kemp, Jr., Amoco Research, Tulsa, Okla. 

If F,(x,), F2(*2), +++, F,(X,) are n probability distribution functions, then prove 
that min(F,(x;), F2(x,),--:,F,(%,)) 1S an n-dimensional probability distribution 
function with marginals F,(x,), F(*2), -++, F(X): 


Solution by C. R. Blyth, Queen’s University. If we define 
F}(x) = min {t: F(t) = x}, 
then for a random variable X with uniform (0, 1) distribution we have 
P{F#(X) S xj} = P(X S F(x)} = Fx). 


(Here F* is F;' except for flat stretches and discontinuities of F;; this is the standard 
method of using a table of random digits to generate realizations of a random 
variable with cumulative probability function F;.) We also have 


PL{FU(X) S x4} (F3(X) S x2} + (F(X) S x} 
= Pixs F ,(x,)} {xs F,(x2)} {XS F,(x,)}] = min,F(x;), 


so the function given by min,F(x;) is the cumulative probability function of the 
random vector F*(X), ---, F;(X); that its ith marginal is F; was the first thing noted 
above. This n-dimensional distribution is highly singular—all the probability lies in 
a one-dimensional subset of the n-space. 


Afso solved by B. C. Arnold, C. R. Blyth (a second solution), Mark Brown, L. E. Clarke (Eng- 
land), A. A. Jagers (Netherlands), F. W. Steutel (Netherlands), W. R. Ugolik, J. G. Wendel, P. H. 
Young, and the proposer. 


Editor’s note. Steutel and Clarke note that the problem generalizes a question posed by Fréchet 
for n = 2. See W. Feller, An Introduction to Probability Theory and Its Applications, v. 2, 2nd edition, 
p. 166, ex. 7. If H(x1, X2, °**, Xn) is any n-dimensional distribution function with marginal distribu- 
tions F{x,), then H(X) S F, (x;) or H S min; F; &). 
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Uniformly Locally Compact Metric 


5896 [1973, 209]. Proposed by A. W. Schurle, University of North Carolina 
at Charlotte 

It is easy to show that the metric space (X, d) is complete if it is uniformly locally 
compact, i.e., if there is a positive ¢ such that {y: d(x, y) S e} is compact for all x. 
Is the converse true for the real line, i.e., is every compact metric that yields the 
usual topology on the line uniformly locally compact? 


Solution by D. W. Brown. The answer is no. (We shall use the notation: R for the 
real line and N for the positive integers.) Let S,,S,,--- form a partition of N into 
infinite sets, ic, N = UniiS, where n 4 m implies S,AS,, = @ and each S, 
is infinite. 

Define d: N x N — [0, 00) by 


(O if p=q 
d(p,q)= <1/n if p,qeS, and p¥#q 
1 otherwise. 


It is easy to check that d is a metric that induces the discrete topology on N. Since 
any d-Cauchy sequence in N is eventually constant, d is complete. The counter 
example now depends upon the following theorem: 

Let X be a metrizable topological space and let A < X bea closed set. Then 
for every metric p on A which induces the relative topology on A, there is a metric 
p on X which is an extension of p and is compatible with the topology of X . More- 
over if X is complete metrizable and p is a complete metric on A, then the exten- 
sion p can be obtained as a complete metric on X. 

The first part of the theorem is due to F. Hausdorff (1930) and (independently) 
to R. H. Bing (1947). The completeness result was added by P. Bacon (1968). See, 
e.g., H. Tortnczyk, A short proof of Hausdorff’s theorem on extending metrics, 
Fundamenta Mathematicae, LXXVII, 2 (1972), pp. 191-193. 

Let d:R x R > [0,00) be a complete metric that extends d: N x N = [0, oo) 
and induces the usual topology. Let e > 0. One can choose m,ne N so that 1/n <é 
and meS,. Then S, S {yeR: d(m,y) S e«}. Since S, is an unbounded set under 
the Euclidean metric, {y¢ R: d(m, y) S e} is not compact. Therefore d is not uni- 
formly locally compact. 

Also solved by E. A. Herman, A. A. Jagers (Netherlands), and the proposer. 


The Set of Zeros of Entire Functions with Rational Coefficients 


5898 [1973, 209]. Proposed by Sylvester Reese, Baruch College, New York City 
Is the set of zeros of all entire functions with rational coefficients (for their Mac- 
laurin series) the field of complex numbers? 
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Solution by D, G. Cantor, University of California, at Los Angeles. The answer 
is affirmative and, more generally, let f(z) be any entire function with real coefficients 
satisfying f(0) = 1. Put g(z) = log f(z); g(z) is regular in some neighbourhood of 0. 
Choose h(z) entire with real coefficient such that h(0) = 0 and g(z) + h(z) has rational 
coefficients. Then f(z)e"” = exp{g(z) + h(z)} has rational coefficients and has the 
Same zeros (with the same multiplicities) as f(z). For a given complex number a, 
z =a isa root of (1—6z)(1—4z) (= f(z), b = La. 


Also solved by D. W. Brown, L. J. Dickson (Australia), Michael Golomb, L. Haddad (France), 
P. W. Lindstrom, O. P. Lossers (Netherlands), and Melvin Rosenfeld. 


Irredundant Strongly Connected Directional Graph 


5899 [1973, 209]. Proposed by Joel Spencer, University of California, Los 
Angeles 

Professor Sddre is, once again, unprepared for his Epsilondeltopology class. He 
has prepared the first half of his lecture in which he proves a certain n propositions 
P,,P.,°°:,P, equivalent. He had planned the most efficient proof, by showing 
P, > P, >-+ > P, > P, (The theorems P; > P, take an equal amount of time 
to prove.) Then he notices he may essentially double the length of his proof (from n 
to 2n—2) by showing P, = P,=-+<P,,. This method of proof is irredundant, 
that is, if any implication is deleted we may not deduce that P,,-:-, P,, are equivalent. 
Prove that this is the longest (in terms of number of implications) irredundant 
method of proof. 


Solution by M. J. Hoffman, University of California, Berkeley. A proof scheme 
may be considered as an arrangement of points representing the propositions and 
arrows representing the implications proved. The problem is to show that the maxi- 
mal number of arrows in an irredundant proof of the equivalence of n propositions 
is 2n—2. For n = 1 or n = 2 this is clear. Inductively, suppose it is true for any 
collection of fewer than n propositions. Let S be the irredundant proof scheme 
for n propositions using N arrows. Pick a starting point P,, and let 
P, > P, > +++ > P; be a maximal chain. That is, proceed along arrows in S until 
you can go no farther without encountering a P; already met. This must happen 
eventually since there are finitely many points in S. There must be some arrow out 
of P, since otherwise equivalence could never be proved. Thus there is a loop in S 
which, we may assume, is of the form P, > P,>-+:-=> P; => P,; (j may be as 
little as 2, but this does not matter). Any other arrows among only these points 
would be redundant. Any arrows into or out of the loop from other points of S 
may be moved to P, without changing the total number of arrows or the redun- 
dancy. The scheme now looks like this: 


Py >P,>P3 3+ >P,> Py, > Py > 


416 REVIEWS [April 


The loop may now be considered as a single proposition P’. This gives a new 
proof scheme S’ among n —j + 1 propositions still irredundant and using N —j 
arrows. By the induction hypothesis N —j S 2(n—j+1)—2 so that N S$ 2n —j 
< 2n—2.(N maximal requires always that 7 = 2 no matter where we start.) 

We note that the scheme P, = P,<=.---<P, achieves the maximal number 
of arrows, 2n — 2. However, other schemes may also use 2n — 2 arrows; for example, 
with n = 6, 

G) P,<P,<P,;, Py P5;<P,, P,P; 

G1) P, <= P,, Py > P3,°°:,Py oP. 


Also solved by Anders Bager (Denmark), F. R. Bernhart, David Bienenfeld (Israel), D. G. Cantor, 
Kevin Compton, D. J. Kleitman, O. P. Lossers (Netherlands), R. B. Lumbart, Louis Raymon, 
John H. Smith, R. J. Weber, and the proposer. 


REVIEWS 


EpItTep BY J. ARTHUR SEEBACH, JR. AND LYNN. A. STEEN 


with the assistance of the mathematics departments of St. Olaf and Carleton Colleges — 


COLLABORATING EDITOR FOR FILMS: SEYMOUR SCHUSTER, CARLETON COLLEGE 


We invite readers to submit reviews of significant recent college-level mathematics books. 
We especially encourage reviews based on classroom use, or comparative reviews of several 
related books. Reviews should ordinarily not exceed two pages (per book) typed double spaced. 
Manuscripts of reviews as well as books submitted for review should be sent to: Book Review 
Editor, American Mathematical Monthly, St. Olaf College, Northfield, MN 55057. 


Statistics: A Guide to the Unknown. Edited by: Judith M. Tanur, Frederick Mosteller, 
et al. Holden-Day, San Francisco, California, 1972. xxii + 430 pp. $9.95. 
(Telegraphic Review, January 1973.) 


The Guide is a collection of 44 essays describing applications of statistics intended 
for the audience of non-specialists in probability and statistics, such as people asso- 
ciated with secondary education. Even the editors have noted that these essays are 
useful in university education. I believe the professional statistician will find the Guide 
interesting and challenging. Among the many topics are: can famous people postpone 
their deaths until a birthday (by David P. Phillips); sampling versus auditing of 
waybills to increase profit (by John Neter); and the projection of future populations 


(by Nathan Keyfitz). 
The editors worked very hard to invite outstanding authorities as authors. The 
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essays, which are between five and thirteen pages in length, mostly consist of a state- 
ment of the substantive problem, techniques for finding solutions, data sources, 
conclusions, and key references. 

The table of contents, arranged by subject, includes authors, essay titles, and 
short abstracts. The basic divisions are man in his biological, political, social and 
physical worlds. The essays are classified by data sources: samples, available data, 
Surveys and questionnaires, experiments, and quasi experiments. The essays are 
also classified by their tools: estimation, tables, and probability. 

While reading, I often attempted to fill in technical details. If your students are 
studying these essays they will often wish instant guidance not involving a visit to 
the library. 

The problem is illustrated in the seven pages of D. G. Chapman’s “The Plight of 
the Whales,”’ where he describes the natural history of whales, the whaling industry’s 
‘problems, methods for measuring the whale populations, and policy consequences of 
knowledge of whale population dynamics. He gives vivid descriptions of capture- 
recapture, catch-per-day, and age analysis methods for measuring population sizes. 

From the data Chapman says we can “infer” the population size. His presenta- 
tion does not include sampling errors, so the reader should realize that “infer” 
means the solution for an unknown in a deterministic proportion with three terms 
given. The statistics instructor should be prepared to present simple models with 
sampling errors. 

In speaking of the catch-per-day method Chapman says “the results obtained 
in this way must be combined with estimates obtained in other ways.” The formal 
combining of statistical data (estimates) is a major problem that is seldom carefully 
developed. This might be an area for research. 

The high quality and variety of the essays make them useful sources. Thus, 
I tried to react to the essays from my Bayesian viewpoint of the foundations of sta- 
tistics: all probability statements are summaries of a (corporate) individual’s beliefs 
about acceptable betting odds. Complete problems are in an economic setting and 
are solved by maximizing expected utility. Some of my reactions were the following: 

Mosteller and Wallace use textual analysis for deciding authorship (between 
Hamilton and Madison) of the twelve Federalist essays which had a single but un- 
known author. The economic aspect of the problem is nearly absent; professors 
who draw conclusions which are later counter-indicated might obtain adverse 
(monetary) rewards. “A chief motivation” of the authors was “comparing several 
different statistical approaches.’’ Hence, we have a meta-experiment which I will 
not attempt to analyze. 

The detailed Bayesian work of Mosteller and Wallace was complex but roughly 
they did the following: known writings of Hamilton and Madison were examined 
to detect differences in frequencies in word usages. By trial and error, differences 
were located; for example, Hamilton preferred ‘while’ and Madison preferred 
“whilst.” For the disputed essays the likelihood ratios were astronomically in favor 
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of Madison. Thus, the prior beliefs could not change the conclusions, except under 
some extreme constraint such as the physical impossibility of Hamilton or Madison 
alone doing all of that writing. 

Robert G. Miller’s “The probability of rain” starts with an example of the eco- 
nomic use of probability forecasts. He continues with: “‘Probability distributions may 
be arrived atin various ways. The most common method is to use the human judgment 
of an experienced weather expert. He considers all the evidence and on the basis 
of his experience chooses a number that he thinks expresses the chance of rain. 
Another way of generating a probability distribution is to apply statistical methods 
to weather data stored in government archives. This essay describes a method for 
arriving at such a probability distribution based on the statistical evidence of past 
years.” 

Thus Miller is close to my viewpoint. He starts with the joint distributions of 
cause and effect rather than the more common (but technically equivalent) distribu- 
tion of effect given cause. 

The “‘Drug screening”? essay by Charles W. Dunnett agrees at least formally 
with my viewpoint. Bayesian language appears in the writing of people who may 
not have thought about foundations: ‘“‘thus (smoking) is likely to be its (bronchitis) 
cause”’ (page 82), ““After all, educated opinion is always the weighing of probabilities” 
(page 94). S. James Press in “Police manpower versus crime’”’ talks like a Bayesian: 
“intervals of credibility,” “‘degree of belief,’ “chance was very great (95%) that 
the true decrease...,’ and “‘highly unlikely in the future.’’ Donald T. Campbell 
speaks of “quasi experiments,” where social or other constraints prevent the use 
of randomization and experimental versus control groups. These are situations 
where expert opinion should be placed in a Bayesian framework and it should be 
noted that a pure Bayesian would not pay the price of randomization. Robert Hooke 
considers decision problems with non-monetary utility, for example, runs in baseball. 
Such examples show the catholic nature of decision theory. 

The Guide gives a powerful demonstration that, contrary to folk belief, statistics 
is a lively subject which is instrumental in solving important problems and which 
creates fascinating research areas. 

I. R. SAVAGE, Florida State University 


The Nature and Growth of Modern Mathematics. By Edna E. Kramer. Hawthorn 
Books, New York, 1970. xxiv + 758 pp. $24.95. (Telegraphic Review, April 
1971.) 


Training in most university level subjects, such as economics, biology, and so- 
ciology, usually starts with a first year survey course that is intended to give a more- 
or-less coherent view and at least some orientation to the student who is embarking 
on a Serious study of the field. This has not been the practice in mathematics. Survey 
courses for mathematics majors are more the exception than the rule, and the price 
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paid is the alienation of many students. The reasons advanced for the scarcity of 
survey courses are numerous, one of them being the lack of suitable textbooks. 

Edna Kramer’s book is a possible candidate as text for such a course. Her aim 
is to survey some fairly sophisticated, modern mathematical ideas in the perspective 
of their historical development, to give a clear exposition of these ideas, and to stress 
that mathematics is created by human beings with all their frailties and imaginative 
energy. 

The book succeeds mainly, I think, because the author genuinely believes that 
mathematics at even the highest level can be and should be presented to people 
who would like to hear about it. After all, this is being done in the other sciences. 
The lacuna in mathematics is probably more due to mathematicians’ inability to 
write than to the nature of mathematics. What raises the book above the run-of-the- 
mill exposition 1s not only the richness of its contents, but also its high literary 
quality — very rare in a mathematical work, but all the more appreciated by the 
thoughtful reader. In Kramer’s prose the human element comes through, and mathe- 
maticians appear as biological and social beings. 

The contents are too diverse to list. In addition to the usual topics such as algebra, 
set theory, and logic, there are chapters on calculus, Newtonian mechanics, game 
theory, statistical decision theory, quantum mechanics, differential geometry, rela- 
tivity, number theory, integral equations, topology, and more. The reviewer espe- 
cially enjoyed the chapters on Riemannian geometry, the Erlangen program, and 
functional analysis. The last handles the concepts of integral equations, linear 
operators, eigenvalues, and Hilbert space in a way that would make it possible 
for a bright high school student with some exposure to calculus to appreciate the 
central ideas. Biographies of Felix Klein, Sophus Lie, Tullio Levi-Civita, and Elie 
Cartan are given (amongst others) together with simple, clear explanations of some 
of their work such as infinitesimal parallelism and fiber bundles. The book contains 
much that would be dismissed as mathematical physics by people of excessively 
pure taste, but the inclusion of such material gives the reader a deeper perspective 
and is historically accurate, since physical problems did, in fact, generate much 
mathematical development. Passages on the treatment that women mathematicians 
received in the past illustrate that even in mathematics people are not evaluated 
solely on the basis of ability and work produced. 

In conclusion, it is a pleasure to find an author who can write on such a wide 
range of topics with so much skill, both literary and mathematical. The discouraging 
thing about the book is its price: $25 according to the dust jacket, higher in Canada. 
The book is large. A per page cost of 3.2¢ is not excessive, but is still a handicap 
in using it as a text for a liberal arts course. Issuing in sections and/or in paperback 
might soften the blow. 

STEPHEN REGOCZEI, University of Toronto 
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TELEGRAPHIC REVIEWS 


Telegraphic reviews are designed to give prompt notice of new 
books with sufficient information to assist our readers in deciding 
whether to order an examination copy or to suggest library purchase, 
Possible uses are indicated as follows: 


T = textbook P = professional reading 
S = supplementary reading L = undergraduate library purchase 
13 to 18 = freshman to second year graduate level usage 

1 to 4 = appropriate time in semesters to cover text 


Asterisks (*) or question marks (?) denote special positive or nega- 
tive emphasis, respectively. Publishers are denoted by standard 
abbreviations; complete addresses may be found in Books in Print, 


GENERAL, S, L*, Mathematical Cireles Squared: A Third Collection of 
Mathematteal Stortes and Anecdotes. Howard W. Eves. Prindle, 1972, 
xxi + 186 pp, $10. A third and (tentatively) final installment of 
miscellaneous mathematical memorabilia. A fitting sequel to the 
author's two earlier Mathematical Ctreles. LAS 


GENERAL, S, P, Mathematies Research Center White Paper, R.C. Buck. 
U Wisc, Madison, Jan, 1974, 16 pp, free. A memo to the U. of 
Wisconsin faculty which attempts to refute many of the allegations 
made in The AMRC Papers (TR, March 1974). The style is explanatory, 
in contrast to the high blown rhetoric of "the people." Clear ex- 
amples are given to show the use of half truth and innuendo in The 
AMRC Papers, Each is a political (not a mathematical) document with 
the goal of public persuasion. TAV 


Basic, I(13: 1), Algebra: An Algorithmic Treatment. Kenneth E. 
Iverson. A-W, 1971, 361 pp, $6 (P). Employs APL (a computer pro- 
gramming language) to study elementary functions, with claims of its 
being more natural and pedagogically superior to conventional func- 
tion notation which is often inconsistent. LCL 


BASIC, T(13: 1), 4 Ftrst Course in Mathematics. John Peterson. HR&W, 

3, Xi + 289 pp, $8.50. Number systems, probability and statistics, 
squations. areas and volumes. Practical, computational, intuitive 
development. No prerequisites. LCL 


EDUCATION, P*, Guitdelines for the Preparatton of Teachers of Mathe- 
matites., NCTM, 1973, 32 pp, $.90 (P). Consolidates and expands on 
other sets of guidelines. Makes recommendations in the areas of 
academic and professional knowledge, professional competencies and 
attitudes, and institutional responsibilities. RSK 


FDUCATION, [(15-15: 1), Foundations of Number Systems. Bruce E. 
Meserve, Max A. Sobel P-H, 1973, x + 292 pp, $8.95. Intended for 


prospective elementary school teachers. Sets, logic, modular and 
place value arithmetic, integers, rationals, real line. Style is 
pleasant with many illustrations, numerous exercises. Important 
feature: "Pedagogical Considerations" sprinkled generously through- 
out with suggested aids for classroom presentation. TAV 


EDUCATION, P*, Mathematics Tests Available in the United States. 
James S. Braswell. NCTM, 1972, 32 pp, $1.10 (P). Comprehensive list 
of commercially available tests in the areas of arithmetic, junior 
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high mathematics, K-14 mathematics, general high school mathematics, 
algebra, geometry, trigonometry, and college-related mathematics. In- 
cludes references to reviews appearing in the Mental Measurement Year- 
book series. RSK 


FOUNDATIONS, P, 4 Probabilistic Theory of Causality, Patrick Suppes. 
Acta Phil. Fennica, XXIV. North-Holland, 1970, 130 pp, $10.80 (P). 

A detailed yet admittedly unfinished development of a variation on 
Hume's analysis of causality as the relation of constant conjunction, 
Drawing on recent research in philosophy, physics and social science, 
Suppes explores the hypothesis that one event is the cause of another 
if the second event follows the first with high probability, provided 
that there is no intervening third event which can factor out the 
probability relationship. LAS 


ComBINATORICS, L**, 4 Handbook of Integer Sequences, N.J.A. Sloane. 
Acad Pr, 1973, xiii + 206 pp, $10. Incomparable, eccentric, yet very 
useful. Contains thousands of "well-defined and interesting" infinite 
integer sequences together with references for each. Sequences are 
arranged lexicographically and (to minimize errors) typeset from com- 
puter tape. If you ever wondered what comes after 1, 2, 4, 8, 17, 35, 
71,..., this is the place to look it up. LAS 


LINEAR ALGEBRA, |(15-17: 1), S, P, L, Matrices in Control Theory with 
Applteattons to Linear Programming. S. Barnett. Van N-Rein, 1971, xiv 


+ 221 pp, $19.95. Matrices for applied mathematicians, engineers, and 
systems analysts. Requires general background in matrix theory 
(linear algebra and vector spaces are never mentioned) and some ac- 
quaintance with control theory and linear programming; otherwise the 
material, which has not previously appeared in book form, is self- 
contained, though somewhat condensed. Complete references after each 
chapter; exercises with worked solutions. LCL 


LINEAR ALGEBRA, S(14-15), Linear Mathematics, 25 Vols. Open Univer- 
Sity. Har-Row, 1971, 1392 pp, $77.05 (P). Workbook modules for a 
multi-media self-instructional course in linear algebra and differen- 
tial equations for the Open University of Great Britain. Each module 
is available separately ($2.75-$4.75@), as are 33 films ($125@) and 6 
audio tapes ($7.50@); see Harper-Row catalogue for details. The 
course is based on two texts (Kreider, et al., An Introduction to 
Linear Analysis, Addison Wesley, 1966; and Nering, Linear Algebra and 
Matrtx Theory, Wiley, 1970) and "will not make sense without them." 
Each module supplements the texts with additional commentary, exam- 
ples, exercises and review sections. Topics include canonical forms, 
linear programming, differential equations, Fourier and Laplace trans- 
forms, game theory. LAS 


ALGEBRA, 1*(15-17: 2), S, L, Abstract Algebra: A First Course. Larry 
Joel Goldstein. P-H, 1973, xii + 335 pp, $11.95. A smooth, flowing, 


balanced introduction to groups, rings, fields (suitable for first- 

term only students) followed by more group theory and Galois theory. 
Unity and cohesion are provided by extensive historical perspective, 
exercises, and examples which emphasize concrete computations as the 
ultimate goal of general theories. LCL 


CaLcuLus, [(13: 2), Caleulus and Analytie Geometry. Harold Schachter. 
McGraw, 1972, xii + 307 pp, $8.95. A straightforward one-variable 
Calculus text intended for students of business, social science, etc.SG 
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CaLcucus, 1(15: 2), S, L, Btomathematies, V. 2: Introduetton to 
Mathemattes for Ltfe Scientists, Edward Batschelet. Springer-Verlag, 
1974, xiv + 495 pp, $9.80 (P). New paperback edition; see TR, October 
1972, extended review, Fehruary 1974. LAS 


Caccucus, [(15-14: 1-3), S, Mathematics: A Foundattons Course, 32 
Vols. Open University. Har-Row, 1970, 1580 pp, $87.45 (P). Modules 


for a 36 unit multi-media self-instructional course for the Open Uni-~ 
versity of Great Britain. Each module is available separately for 
$2.50-S$3.25@, as are 42 related films ($125@) and 15 audio tapes 
($7.50@); see Harper-Row catalogue for details. The course covers 
the syllabus of an enriched calculus course, including elementary 
linear algebra, differential equations, and brief introductions to 
logic, groups and topology. The units are well organized and cross- 
referenced so it would be possible to select a subset of the 32 modu- 
les for a course with more restricted purposes. Each module contains 
attractive text material, objectives, glossary, table of notation, 
problems and unit summaries. LAS 


CALCULUS , TC: 2), Cateulus: A Programmed Text. David M. Merriell. 


Benjamin, 1974 VY. I: Techniques and Applications, xii + 489 pp, 
$7.95 (P); V. IT: Theory, xi + 214 pp, $4.95 (P). Could be subtitled 
"How to Read a Mathematics Book." This was to be a revision of A Pro- 


grammed Course tn Caleulus but became a complete reorganization: the 
theory is now in a separate volume, and each section begins with an 
introduction and ends with a summary and review exercises which are 
not programed, Information is presented in small numbered frames 
with short answer responses--answers have been placed between arrows 
(not an improvement). LLK 


ReaL ANALYSIS, 1**(16: 1), S**, P, L**, Convex Funetions. A. Wayne 
Roberts, Dale E. Varberg. Acad Pr, 1973, xx + 300 pp, $19.50. The 


authors have drawn together the central facts about convex functions 
and organized them into a highly readable and informative format 
which can be enjoyed and studied by anyone with linear algebra and 
advanced calculus background. Excellent problem sections and refer- 
ences to the literature make it particularly appropriate for senior 
seminars and undergraduate research and independent study projects.LCL 


CompLEx ANALYSIS, 1(16-18: 1-3), S, P, L, Analytic Funetion Theory, 
Second Editton. Einar Hille. Chelsea, 1973. V. I, xi + 308 pp, 


$9.95; V. II, xii + 496 pp, $9.95. Reprint of a contemporary classic, 
first published in 1959 by Ginn-Blaisdell. An attractive, reasonably 
priced reference which is well suited to classroom use. LAS 


CompLex ANALYSIS, 1*(16: 1, 2), Baste Complex Analysts. Jerrold E. 
Marsden. Freeman, 1973, x + 472 pp, $11.95. For a first course. In 


addition to usual topics, the author covers asymptotic methods and 
the Laplace transform. Treatment is complete and rigorous, Many 
proofs may be omitted without a loss of coherence. Contains many 
mare worked examples and exercises than most other texts. An attract- 
ive choice for a text, TAV 


FUNCTIONAL ANALYSIS, [(18; 1, 2), S(18), P, Banach Algebras: An In- 
troductton, Ronald Larsen, Dekker, 1973, x + 345 pp, $16.75. The 


first half is devoted to the general theory of Banach algebras, the 
second to topics related to harmonic analysis and function algebras. 
LCL 
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PUNGT ONAL Anacysts, T(18: 1, 2), P. L,  Funettonal Analysis, An In- 
troduetton. Ronald Larsen. Dekker, 1973, xi + 497 pp, $19.50. lLec- 


tures given at Wesleyan University 1970-72. Topics include the usual 
thecorems=-~Hahn—Banach, Uniform Boundedness, Qpen Mapping, Closed- 
Graph—-plus theorems of Krein-Mil'man, Markov-Kakutani, Eberlein- 
Smulian. A final chapter on Hilbert space, LCL 


FUNCTIONAL ANALYSIS, P, JInvartant Subspaces. Heydar Radjavi, Peter 
Rosenthal. Ergebnisse der Math., B. 77. Springer-Verlag, 1973, xi + 
219 pp, $20.50. A fairly self-contained exposition of the theory of 
Subspaces invariant under operators defined on a separable Hilbert 
Space, Some topics: normal, compact, and shift operators; analytic 
functions of operators; invariant subspace lattices; von Neumann alge- 
bras; transitive operator algebras; and a discussion of unsolved pro- 
blems. SG 


ANALYSIS, |(16-17: 2), L, eal and Complex Analysts, Second Editton, 
Walter Rudin. McGraw, 1974, xii + 452 pp, $14.50. A minor revision 

of a major text. Changes from the original edition include modifica- 
tion of the chapter on differentiation, a simplification of the proof 
of the global version of Cauchy's theorem, and some new exercises. It 
remains an elegant, concise statement of the core of modern analysis. 
LAS 


TopoLocy, P, Lecture Notes in Mathematics-847: Homotopy Invartant 
Algebrate Structures on Topologtcal Spaces. J.M. Boardman, R.M. Vogt. 
Springer-Verlag, 1973, x + 257 pp, $9.10 (P). An H-space is a topolo- 
gical space xX with a multiplication m: X x X > X which is continu- 
ous. If m is associative, X is an associative H-space. If Y has 
the homotopy type of xX, Y is an H-space, but not necessarily associ- 
ative. These notes investigate structures on spaces which are pre- 
served by homotopies, essentially structures which are as the original 
ones with diagrams commuting only up to homotopy. The results pre- 
sented have been announced earlier but the present exposition is a 
great improvement over previously available materials. PJM 


PROBABILITY, TC13: 1, 2), 4 Guide to Probability Theory and Appliea- 
tton. Cyrus Derman, Leon J. Gleser, Ingram Olkin. HR&W, 1973, xvi + 
750 pp, $14.95. Extensive treatment of basic probability assuming a 
background of college algebra. First third is devoted to fundamental 
concepts, last two-thirds to probability models, particularly special 
distributions. Concludes with two chapters on Markov chains. RSK 


PROBABILITY, P, Zhinning of Renewal Potnt Processes: A Flow Graph 
Study. Lennart Rade. Matematisk Statistik AB, GOteborg, 1972, 178 
pp, $8 (P). After introductory chapters on thinning by binomial and 
Poisson processes, the author concentrates on applications to neuron 
firing and stochastic service systems. Includes a list of open gues- 
tions and unsolved problems. TAV 


Statistics, |**(l), S*, L, Sturdy Stattsties; Nonparametrics and 
Order Stattsties, Frederick Mosteller, Robert E.K. Rourke. A-=W, 
1973, xv + 395 pp, $11.95. Well-written text for a second course in 
elementary statistics emphasizing nonparametric methods, Discusses 
procedures based on signs, counts, ranks and order statistics. This 
is not just a cookbook and demands some sophistication, although for- 
mally requiring only two years of high school algebra and a term of 
Statistics. RSK 
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STATISTICS, TU4: 1), S*C4), 4 Computer-Assisted Approach to Elemen- 
tary Statistics; Pxamples and Problems, William Bulgren. Wadsworth, 


1971, 162 pp, $4.50 (P). To be used ag a supplement to a text in pre- 
calculus statistics. Typical problems are posed, analyzed and pro- 
grams called for (in FORTRAN IV). The goal is to demonstrate useful- 
ness of the computer in statistical analysis. Appendices include an 
introduction to FORTRAN IV programming, generation of pseudorandom 

and normal random numbers and a list of programs (student written) .TAV 


STATISTICS, 12(13), S?, Experiment, Design and Statisttes in Psycho- 
logy. Colin Robson. Penguin, 1973, 174 pp, $3.45 (P). A very brief 
treatment of statistical techniques used by social scientists, Treat- 
ment is decidedly cookbook, with little motivation, Includes t, yx 

F, Mann-Whitney and Wilcoxon tests, and chapters on design, and 
writing up results. Such books aren't likely to improve the social 
scientist's understanding or use of statistics. TAV 


STATISTICS, 1?2(13: 2), Statisties and Calculus: A First Course, James 
Murtha, Earl Willard. P-H, 1973, x + 592 pp, $12. Designed for use 
in an introductory course for social, biological or management science 
students, Textual material (515 pp) is about one-third calculus and 
two-thirds statistics, so the calculus treatment, which includes par- 
tial derivatives and infinite series, is very cursory. Statistical 
topics are given a mixed treatment, with some, e.g., F-test, decidedly 
short-changed. RSK 


Statistics, [(14: 1), Statisties for Business and Feonomies. Jerome 
D. Braverman, William C. Stewart. Ronald Pr, 1973, ix + 482 pp, S$ll. 
Primarily a standard text, requiring some calculus for fullest appre- 
Ciation. Contains chapters on analysis of variance, multiple regres- 
sion and correlation, nonparametric statistics, time series analysis 
and Bayesian decision theory. RSK 


CompuTER SCIENCE, [(16-17: 1), S*, P, Theory and Application of a 
Bottom-Up Syntax-Dtrected Translator, Harvey Abramson. Acad Pr, 1973, 


x + 160 pp, $ll. A smooth development from a brief, fundamental 
theory of context-free languages to syntax analyzers and synthesizers, 
The major application is an ALGOL W program which translates BASIC 
programs into SPS. General enough to be useful for writing similar 
compilers. No explicit exercises. RWN 


ComPUTER SCIENCE, [ (14-16), S, Sehaum's Outline of Theory and Pro- 
blems of Boolean Algebra and Suwttehing Cireutts., Elliott Mendelson. 


McGraw, 1970, 213 pp, $4.95 (P). Standard Schaum Outline format (in- 
cludes 150 solved problems) divided into two independent but related 
topics--the synthesis and simplification of combinational circuits 
(outputs depend only on present value of the inputs), and the theory 
of Boolean algebra, which is quite complete (e.g., includes Stone re- 
presentation theorem and m-completeness). No prerequisites. LCL 


ComPUTER SCIENCE, S, P, L. Computer Models of Thought and Language. 
Ed: Roger C. Schank, Kenneth Mark Colby. Freeman, 1973, vii + 454 


pp, $13.50. A selection of ten essays on the frontier of computer 
science, linguistics, psychology and artificial intelligence with 

the common aim of faithfully representing human cognitive processes. 
Begins with an excellent exposition by Allen Newell of AI and the con- 
cept of mind. LAS 
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APPLICATIONS (BroLocy), SC4-16), P, L, Some Mathematical Problems in 
Btology. Ed; Murray Gerstenhaber. Lect, on Math. in Life Sci., AMS, 
1968, wi + 117 pp, $6.60 (P). First yolume in this series; contains 
three papers (on Volterra's differential equations, on evolution of 
complex genetic systems, on biological clocks) from the first (1966) 
Symposium on Mathematical Biology. The first paper (by &.R. Leigh) 

is an excellent example of mathematical modelling, progressing in con- 
Siderable detail from older, simplified models to more recent, more 
realistic and more complex variations. LAS 


APPLICATIONS (BroLocy), SC14-16), P, L, Some Mathematical Questions 
tn Btology. Ed: Murray Gerstenhaber. Lect. on Math. in Life Sci., 


V. 2. AMS, 1970, vii + 156 pp, $5.50 (P). Proceedings of the second 
(1967) and third (1968) Symposia on Mathematical Biology: statistical 
mechanics of nervous activity, graphical analysis of ecological sys- 
tems, models of extinction, and temporal morphology of biological 
clocks. LAS 


APPLICATIONS (BIOLOGY) , $(16- 18), P, L, Some Mathematical Questions 
tn Brology, II. Ed: Jack D. Cowan. Lect. on Math. in Life Sci., V. 


3. AMS, 1972, vii+ 121 pp, $6 (P). Second volume of Mathematical 
Questions, third in its series, contains proceedings of the fourth 
(1969) Symposium on Mathematical Biology. Two papers examine models 
for the spatial and temporal organization of information (called maps 
and clocks) in developing organisms; a third paper surveys current 
understanding of genetic mechanisms from the viewpoint of network 

and control theory. LAS 


APPLICATIONS (BIoLogy) , S(16-18), P, L, Some Mathematical Questions 
tn Btology, IIl. d: Jack D. Cowan. Lect. on Math. in Life Sci., V. 


4, AMS, 1972, vi ‘A 151 pp, $6.80 (P). Proceedings of fifth (1970) 
Symposium on Mathematical Biology. Three papers continue the analysis 
begun in the preceding volume on the theoretical biology of developing 
organisms; a fourth relates standard problems of statistical mechanics, 
quantum mechanics and noise theory to ecological kinetics as derived 
from the classical Lotka-Volterra equations. LAS 


Ap PLICATIONS (BroLtocy), P, L, Some Mathematical Questions in Biology, 

Ed: Jack D. Cowan. Lect. on Math. in Life Sci., V. 5. AMS, 1973, 
vi “4 150 pp, $11.10 (P). Proceedings of the sixth Symposium on Mathe- 
matical Biology: four expositions on three topics--molecular biology, 
embryology, and neurobiology. LAS 


APPLICATIONS (BloLocy), P, Mathematical Phystology: Blood Flow and 
Electrically Active Cells. H. Melvin Lieberstein. Am Elsev, 1973, 


xiv + 377 pp, $19.50. Studies blood flow and wall tension problems, 
and electrically active cells using the Hodgkin-Huxley system of par- 
tial differential equations with a numerical instability removed. Pro- 
vides discussions of physiological principles, as no background in 
physiology is assumed. Numerical investigations, Suitable for a 
gradaiate seminar in analysis. DFA 


APPLICATIONS (CoNTROL THEORY), P, Optimal Control of Differenttal and 
Functtonal Equattons. J. Warga. Acad Pr, 1972, xiii + 531 pp, $27.50. 
Mathematical “theory of deterministic optimal control. Part I Founda- 
tions: topology, integration, functional analysis, differential, in- 


tegral, functional- -integral equations. Part II Optimal Control: basic 
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problems, concepts of original, approximate, and relaxed solutions, 

control problems defined by equations in Banach spaces, ordinary dif- 
ferential equations, functional-integral equations; conflicting con- 
trol problems with. relaxed and with hyperrelaxed adverse controls.RBK 


AppLicaTrons (ContTRoL THEorY), [(18), P, Dtserete Techniques of Para- 
meter Esttmatton: The Equatton Error Formulation, Jerry M. Mendel, 


Dekker, 1973, xiv + 385 pp, $19.50. Volume 1 in a new series of mono- 
graphs and textbooks on control theory. Presents a unified treatment 
of four estimation techniques: generalized least squares; unbiased 
minimum variance; deterministic gradient; and stochastic gradient. 
Deals mainly with constant parameters, but includes a chapter on ex- 
tensions to time-varying parameters, RSK 


APPLICATIONS (DEMoGRAPHY), T(16-18), P*, L*, Population: Facts and 
Methods of Demography. Nathan Keyfitz, Wilhelm Flieger. Freeman, 
1971, xi + 613 pp, $13.50. Theory and computation (including com- 
puter programs) of fundamental population models, together with 
numerous tables giving data and computer parameters for seventy 
countries based on information from the mid-sixties. A major, in- 
valuable reference for contemporary demography. LAS 


APPLICATIONS (DEMoGRAPHY), T(17-18: 1, 2), P, L, Mathematical Models 
of Conception and Birth, Mindel C. Sheps, Jane A. Menken. U Chicago 


Pr, 1973, xxiii + 428 pp, $18.50. Reaction of natality indices to 
variation in natural and behavioral physiological aspects of human 
reproduction. Sophisticated use of statistics in unified approach 
to deriving existing models for conception risks, family building, 
distribution of interval between births. Some exercises, with 
answers. PdJC 


APPLICATIONS (ECONOMICS), Pp Leeture Notes in EFeonomtes and Mathema- 
tteal Systems-85: Economtes of Involuntary Transfers: A Untfted Ap- 


proach to Pollutton and Congestion Externaltties, T. Page. Springer- 
Verlag, 1973, x + 159 pp, $8.10 (P). Review of economics literature 
on pollution and congestion problems, followed by development of a 
model and its application to air pollution and health data in London. 
Pollution and congestion are analyzed as involuntary transfers, or 
"uncompensated disservices." Evidence presented suggests health ef- 
fects of air pollution decrease more than proportionately with de- 
creases in pollution itself. PJC 


APPLICATIONS (ENGINEERING), P, Wonlinear Elasticity. Ed: R.W. Dickey. 
Acad Pr, 1973, ix + 404 pp, $12.50. Proceedings of an April 1973 sym- 


posium at Madison, Wisconsin: ll research papers, photocopied from 
typed manuscripts. LAS 


APPLICATIONS (ENGINEERING), [(17; 2), Mathematical Methods in Chemi- 


cal Engineertng, V. 38: Process Modeling, Estimation, and Identtfica- 
tion, John H. Seinfeld, Leon Lapidus, P-H, 1974, xiii + 545 pp, $19.95. 
Self-contained introduction to mathematical methods in chemical pro- 
cess modeling. Concerns primarily probability theory, stocastic pro- 
cesses, parameter estimation and (linear and nonlinear) system identi- 
fication. Many examples, exercises and references to recent research 
papers. DFA 
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APPLICATIONS (ENGINEERING), S(15-16), P, L, Units, Dimensional Analy- 
sts and Physteal Similarity. B.S. Massey. Van N-Rein, 1971, wiii + 
140 pp, $11.50. Details of "physical algebra" in which a symbol re- 
presents not just a number but a physical quantity--a number plus a 
unit of measurement. Basic principle is "dimensional homogeneity"; 
units of both sides of an algebraic equation must agree; this princi- 
ple restricts the possible forms of the equation. Useful for checking 
results, designing experiments, solving problems for which a complete 
solution is not available. Includes careful definitions of all phy- 
Sical units of measurement, plus a table of dimensionless constants. 
PJC 


APPLICATIONS (Linguistics), P, Prague Studtes in Mathematical Lin- 
guisttes, V. Ed: Jan Horeck#, et al. U of Alabama Pr, 1972, 254 


pp, $12. 16 oapers (all in English) by Czechoslovak linguists on 
quantitative and algebraic linguistics. LAS 


APPLICATIONS (LINGUISTICS), P, L, Formal Logie and Linguisttes. 
Ernesto Zierer. Mouton, 1972, 92 pp, £1.14 (P). Third book in 


series Mathematical Models tn Lingutsttes, Collection of 87 illustra- 
tions of the use of concepts and framework of mathematical logic in 
linguistics. Examples gathered by topic: sentential logic, predicate 
calculus, logic of relations, deduction in formal logic, sentential 
Calculus. Would be of greater value with more exposition interleaved 
with the examples. PJC 


APPLICATIONS (MANAGEMENT), L, The Algorithm Writer's Guide, S.M. 
Wheatley, A.W. Unwin. Longman, 1972, 130 pp, $5 (P); $9. An elemen- 
tary introduction to management (not computer) algorithms, discussing 
intuitive and formal schemes for converting a set of verbal instruc- 
tions into an efficient, well laid-out flow chart. LAS 


APPLICATIONS (MoDELLING), P, L, Zeeture Notes tn Economies and Mathe- 
matteal Systems-80: International Seminar on Trends tn Mathematteal 
Modelltng. Ed: Nigel Hawkes. Springer-Verlag, 1973, vi + 288 pp, 
$10.80 (P). Proceedings of a UNESCO-CNRS seminar in Venice, 1971, 
with a strong emphasis on futures research. Includes, several contri- 
butions by the authors of Limtts to Growth. A rich source of mathe- 
matical applications to contemporary problems. LAS 


APPLICATIONS (OCEANOGRAPHY), P, Waves on Beaches and Resulting Sedt- 
ment Transport. Ed: R.E. Meyer. Acad Pr, 1972, vii + 462 pp, $16. 
Proceedings of the October 1971 seminar sponsored by the Mathematics 
Research Center and the Coastal Engineering Research Center at 
Madison, Wisconsin. JAS 


APPLICATIONS,.(PHysics), S, P, Ly Practical Quantum _Mechantes, 
Siegfried Flugge. G Grund. math. Wissenschaften, B. 177, 178. Springer- 


Verlag, 1971. V. I: xiv + 341 pp, $22,20; V. If, xii + 287 pp, $19.10. 
A collection of sqlved prohlems exhibiting a wide variety of basic 
quantum mechanics applications. An excellent reference for the stu- 
dent attempting to apply quantum mechanics techniques to his own 

field. JC 


Ns (Puysics), P. Spectral Theory and Problems in Diffrac- 
AEELICATIO M. Sh. Birman. Topics in Math. Physics, V. 2. Consult- 


ants, 1968, vii + 134 pp, $20 (P). Eight papers from the mathema- 
tics and physics departments of Leningrad State University translated 


428 REVIEWS [April 


from the Russian. Semmingly a high price even given the (unneces~- 
Sarily) nice type setting. JAS 


APPLICATIONS (PHYsIcs), P, Speetral Theory. Ed: M. Sh. Birman, 
Topics in Math. Physics, V. 3. Consultants, 1969, vi + 93 pp, $20 


(P). Seven more translations from Leningrad State University. JAS 


APPLICATIONS (PHysics), |(14-15), S, Mechantes and Applied Calculus, 
Vols. Open University. Har-Row, 1972, 664 pp, $31.45 (P). Work- 


hooks for 16 unit course, bound in 8 separate modules for prices from 
92.95-$4.50@, Published as part of a multi-media course for the Open 
University in Great Britain, these modules are designed to be used 
for self-instruction in conjunction with a specific standard text 
(Smith and Smith, Mechantecs, Wiley, 1971) and supplemented by a series 
of 16 films (at $125@) and three audio tapes (at $7@). The course 
covers basic mechanics, work and energy, equilibrium and stability, 
Vibrations, Fourier analysis, variable mass and orbits. Although 
cleverly and artistically prepared, the modules by themselves would 
be relatively useless unless used as intended. Completed details of 
the modules and related films can be found in the Harper-Row cata- 
legue. LAS 


APPLICATIONS (PHysics), P, Interdtsciplinary Mathematies, V. IV-VI. 
Robert Hermann (18 Gibbs St, Brookline, MA, 02146), 1973. V. IV: 


Energy Momentum Tensors, $8 (P); V. V: Toptes in General Relativity, 

$9 (P); V. VI: Toptes in the Mathemattes of Quantum Mechanies, $13 (P). 
Advanced lecture notes on applications of differential geometry; a con- 
tinuation, not of the more basic Interdtscetplinary Mathemattes, V. I- 
III, but of the author's many previous treatises on mathematical phy- 
sics. Rough notes, privately printed. LAS 


APPLICATIONS (PHysics), [(16-17: 1), S*,_L*, General Theory of Rela- 
tivity. C.W. Kilmister. Pergamon Pr, 1973, ix + 365 pp, $6.50 (P); 


$11.50. A valuable and unusual treatise combining a 100 pp. exposi- 
tion of the theory with reprints (or English translations) of eleven 
classic papers by, e.g., Riemann, Einstein, Fock, Oppenheimer. LAS 


APPLICATIONS (PHysics), [*(16-18: 2), P**, L***, Gravitation. Charles 
W. Misner, Kip S. Thorne, John Archibald Wheeler. Freeman, 1973, 


XXVi + 1279 pp, $19.95 (P); $39.50. A definitive, stunning intro- 
duction to geometrodynamics (general relativity) in the crisp modern 
Symbolism of differential geometry. Massive (5.5 lbs, nearly 1300 pp), 
it is written on two tracks: the first is focused on key physical 
ideas, the second (over 80% of the whole) on mathematical enrichment. 
Dozens of distinct essays ("boxes") summarize, accent and extend key 
issues. Exercises, bibliography (nearly 2000 items) and extensive 
index. An unrivalled exposition of one of the supreme theories of 
mathematical physics. LAS 


APPLICAT LONS (PHysics), TC7: 2), 4n Introduction to Fluid Dynamites. 
G.AK. Batchelor. Cambridge U Pr, 1970, xviii + 615 pp, $9.50 (P). A 


reprinting of the 1967 edition (TR, October 1969). Mathematics pre- 
requisites; vector algehra and tensors. After three introductory 
chapters, treats uniform incompressible viscous fluids, effects of 
viscosity, irrotational flow and vorticity in inviscid fluids, TAV 
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APPLICATLONS (PHYSICS), S(19), P, Geometry, Phystes, and Systems. 
Robert Hermann. Dekker, 1973, x + 304 pp, $17.50. An extensive de- 
velopment of the tools of modern differential geqmetry which then pro- 
vides a background for a final chapter on thermodynamics. The author's 
intent seems to be to use this last chapter not ag an end in itself 

but rather as an example of the potential of this sort of geometry 

for a wide variety of physics, engineering and even systems theory.JAS 


APPLICATIONS (PHYSICS), Pp, Lecture Notes in Phystes-20: Statistteal 
Mechanies and Mathematteal Problems. Ed: A. Lenard. Springer-Verlag, 


1973, viii + 247 pp, $8.20 (P). A collection of lecture series from 
the Rencontres in Mathematics and Physics at the Battelle Institute, 
Seattle during the summer of 1971. JAS 


APPLICATIONS (PHYSICS), P, L, Foundattons of Quantum Mechantes. Ed: 
B. d'Espagnat. Acad Pr, 1971, xiv + 480 pp, $32.50. 23 discursive 


lecture series from the 1970 International Summer School of Physics 
at Lake Como, Italy: philosophical foundations, measurement problems, 
hidden variables, interpretations. Lecturers include E. Wigner and 
L. deBroglie. LAS 


APPLICATIONS (PHysics), P, lLeeture Notes in Physies-18 & 19: Pro- 
ceedings of the Third International Conference on Numerical Methods 
tn Flutd Mechanites. Ed: Henri Cabannes, Roger Temam. Springer- 
Verlag, 1973; V. I: General Lectures, Fundamental Numerteal Techni- 
ques, Vil + 186 pp, $6.40 (P); V. II: Problems of Flutd Mechanies, 
Wii + 275 pp, $9.20 (P). Papers from Paris, July, 1972; the three 
survey lectures are in the first volume. LAS 


APPLICATIONS (PHysics), S(16-18), L, Theory of Relativity Based on 
Physteal Reality. L. Janossy. Akademiai Kiado, 1971, 317 pp, $13.20. 


Book has a very personal style--typical of those about relativity. 
Author examines carefully the experimental bases for the theory. He 
arrives at the special and general theories by extending ideas of 
Lorentz. Detailed table of contents but no index. DG 


APPLICATIONS (PHYsiIcs), P, ZLeeture Notes tn Physies-21: Optimization 
and Stability Problems in Continuum Mechantes, Ed: P.K.C. Wang. 


Springer-Verlag, 1973, 94 pp, $6 (P). Papers by: Halkin on the 
method of Dubovitskii-Milyutin; Shield on optimum design of struc- 
tures through variational principles; Wu, Chwang and Wang on optimi- 
zation problems in hydrofoil propulsion; Infante on stability of 
general dynamical systems; Barston on stability of dissipative sys- 
tems. From an August 1971 symposium at USC. DFA 


APPLICATIONS (PHysics), P, ZLeeture Notes in Physics-16: Phaseniiber- 
gang 1. Art bet Gittergasmodellen. Hans-Otto Georgii. Springer- 
Verlag, 1972, ix + 167 pp, $5.80 (P). An account, for specialists, 
of the theory of phase transitions of the first kind in models of a 
lattice gas with pairwise interactions. JD-B 


Revtewers Whose Inittals Appear Above 


David Appleyard, Carleton; Paul J, Campbell, St. Olaf; James Ceder- 
berg, St. Olaf; John Dyer-Bennet, Carleton; Steven Galovich, Carleton; 
David Grimsrud, St. Olaf; Lorraine L. Keller, St. Olaf; Roger B. 
Kirchner, Carleton; Richard S. Kleber, St. Olaf; Loren C. Larson, St. 


Olaf; Pierre J. Malraison, Carleton: R.W. Nau Carleton 
. W. > J. Arthur 
Seebach, St. Olaf; Lynn A. Steen, St. Olaf; T.A, Vessey, St. Olaé. 


NEWS AND NOTICES 
EDITED BY RAOUL HAILPERN, SUNY AT BUFFALO 


Readers are invited to contribute to the general interest of this Department by sending news items 
to Mathematical Association of America, 1225 Connecticut Avenue, NW, Washington, D. C. 
20036. Items must be submitted at least two months before publication can take place. 


PERSONAL ITEMS 


Professor R. V. Hogg, University of Iowa, represented the Association at the inaugura- 
tion of Dr. W. J. Bakrow as President of Saint Ambrose College on October 7, 1973. 

Armstrong State College: Assistant Professor D. Z. Kilhefner, Ashland College, has 
been appointed Assistant Professor; Associate Professor R. M. Summerville, Chairman 
of the Department of Mathematics and Computer Science, has been promoted to Professor. 

Bradley University: Assistant Professor H. W. McCurdy has been promoted to Associate 
Professor; Professor M. G. Moore, Chairman from 1958 to 1970, has retired after being 
at Bradley for 304 years. 

Brooklyn College: Drs. Anthony D’Aristotle, State University at Geneseo, and Kishore 
Marathe, State University at Buffalo, have been appointed Assistant Professors. 

Colorado State University: Associate Professor F.R. DeMeyer has been promoted to 
Professor; Assistant Professors W. E. Brumley, K. F. Klopfenstein, and Bennet Manvel 
have been promoted to Associate Professors. 

Mankato State College: Assistant Professor R. B. Mericle has been promoted to Asso- 
ciate Professor; Professor V. D. Turner has been appointed Chairman of the Mathematics 
Department. 

Marshall University: Dr. H. P. Greenough, Indiana University, has been appointed 
Assistant Professor; Assistant Professors W. C. Sisarcick and W.T. Whitley have been 
promoted to Associate Professors. 

Northern Michigan University: Dr. William Mitchell, University of Wisconsin-Madison, 
has been appointed Assistant Professor; Assistant Professors William Mutch and Robert 
Myers have been promoted to Associate Professors. 

Shippensburg State College: Associate Professor William Gould has been promoted to 
Professor; Assistant Professor W. R. Weller has been promoted to Associate Professor. 

Southern Illinois University: Dr. L. E. Knop, University of Utah, has been appointed 
Lecturer; Assistant Professor R. C. Shock has been promoted to Associate Professor. 

University of Tennessee at Chattanooga: Dr. Edward Rozema, Purdue University, has 
been appointed Assistant Professor; Associate Professor J.G. Ware, Chairman of the 
Mathematics Department, has been promoted to Professor; Guerry Professor Winston 
L. Massey retired on August 31, 1973, after 41 years of service, with the title of Guerry 
Professor Emeritus; Assistant Professor Dorothy C. Martin retired on August 31, 1973, 
with the title of Assistant Professor Emeritus. 


Assistant Professor J. W. Brewer, University of Kansas, has been promoted to Associate 
Professor. 

Assistant Professor D. 8S. Cochran, Lake Forest College, has been appointed Director 
of the Computer Center. 

Assistant Professor James Dombek, State College of Arkansas, has been promoted to 
Associate Professor. 
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Dr. Robert Ducharme, Florida State University, has been appointed Assistant Professor 
at Baldwin Wallace College. 

Dr. R. M. Gravina, Lowell State College, has been promoted from Assistant Professor 
to Associate Professor. 

Associate Professor J. E. Hall, Chairman of the Mathematics Department of the Univ- 
ersity of Wisconsin — Extension, received the Kiekhofer Memorial Teaching Award, for 
Excellency in Teaching, in May 1973. 

Assistant Professor Edward LeCuyer, Western New England College, has been appointed 
Chairman of the Department of Mathematics. 

Assistant Professor John Lucas, University of Wisconsin, Oshkosh, has been promoted 
to Associate Professor. 

Dr. J.T. McLean, Ohio State University, has been appointed Assistant Professor at 
Ohio Northern University. 

Mrs. Alice G. Meissner, University of Delaware, has been appointed Instructor at 
Chatham College. 

Professor Amin Muwafi, American University of Beirut, is on sabbatical leave at the 
University of California, Davis. 

Professor Abba Newton, Vassar College, retired on July 1, 1973, with the title of Pro- 
fessor Emeritus. 

Associate Professor J. C. Nichols, Thiel College, has been appointed Chairman of the 
Department of Mathematics. 

Assistant Professor N. F. Page, University of North Carolina, Greensboro, has been 
appointed Associate Professor and Department Chairman at High Point College. 

Assistant Professor H. H. Suber, Salisbury State College, has been promoted to Asso- 
ciate Professor. 


Professor and Dean Emeritus Arthur E. Gault, Bradley University, died on August 31, 
1973, at the age of 84. He was a member of the Association for fifty years. 

Professor Lloyd L. Lassen, University of Texas at Arlington, died on May 14, 1973, at 
the age of 90. He was a member of the Association for seventeen years. 

Dr. Herman Walton Smith, Professor Emeritus, Oklahoma State University, and Profes- 
sor Emeritus, University of South Carolina, died on September 10, 1973, at the age of 81. He 
was 2 member of the Association for fifty years. 


A COMPANION FOR THE MAA SABBATICAL EXCHANGE SERVICE 


The MONTHLY has received information about an interesting companion to SEIs. It is 
called the FACULTY EXCHANGE CENTER (F. E. C.). Members who participated in SEIs may 
wish to explore the opportunity provided by F. E. C. for coverage beyond mathematics 
faculties. We reproduce below the text of an announcement provided to the MONTHLY 
by Professor John Joseph of F. E. C. 

“The Faculty Exchange Center is entering its second year. Its initial year was successful. 
The first F. E. C. Catalog, to be released this fall, will show a membership representing over 
thirty disciplines from nearly a hundred colleges and universities, including a number of 
institutions from overseas. 

Founded by professors who are of the opinion that teaching and travel are compatible, 
and that their colleagues as well as their ideas should be interchanged among campuses, 
the Faculty Exchange Center aims to make it possible for an interested faculty member to 
exchange position for a year or less with a colleague from another institution, either on 
this continent or abroad where the language of instruction is English. The Center will bring 
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to the attention of its members the names of others interested in an exchange through 
the publication of a catalog containing the names of the instructors and their institutions, 
their field of specialization and the region where they would like to teach. The catalog will 
be made available to registered members only. 

Upon receipt of the catalog, the member will match himself with one or more colleagues 
and initiate correspondence with them to work out the details of exchange. When these 
arrangements have been completed, further efforts of the persons involved working through 
their Departments and Administration, can bring about an agreement regarding their 
mutual interests leading to a two-way exchange. 

The F. E. C. is opening avenues for a new educational experience for faculty as well as 
for students and the institutions themselves. The Center will hopefully fulfill the widespread 
desire to teach in other institutions, a desire that reflects a general awareness of the benefits 
of teaching and study in different geographical and cultural settings. The reciprocal agree- 
ments that the Center encourages should also benefit the students by exposing them to 
ideas of other faculty members who can make available to them a wider range of knowledge 
and experience as well as courses and seminars. 

The increased mobility of the academic manpower generated through the F. E. C. 
seems to be welcomed by college administrators especially during a period of limited insti- 
tutional budget. Through the services of the Center it is possible in some cases to provide 
scholars needed to fill certain specialties in departmental curricula without the need to employ 
them on a regular basis.”’ 

Information may be obtained by writing to F. E. C., Box 1866, Lancaster, Pennsyl- 
vania 17604. 


SABBATICAL LECTURESHIPS AT THE UNIVERSITY OF MASSACHUSETTS 


The Department of Mathematics and Statistics of the University of Massachusetts, 
Amherst, Massachusetts, expects to have available a limited number of Sabbatical Lecture- 
ships for the academic year 1974-75. These lectureships will be open to faculty members 
of four-year colleges, or universities without a Ph. D. program in mathematics, who wish 
to spend their sabbatical leaves at the University of Massachusetts. Normally these indivi- 
duals will be expected to have attained a Master’s degree in mathematics, but not a Ph. D. 
Participants in the program will be half-time lecturers on the University faculty and will 
be required to teach one course per semester. Normally, they will also be expected to enroll 
in two courses and one seminar. Stipends up to $6000 for the academic year are available. 
In addition, tuition will be waived. Interested persons should write to: Professor Robert 
Blattner, Head, Department of Mathematics and Statistics, University of Massachusetts, 
Amherst, Massachusetts 01002. 


, MATHEMATICAL ASSOCIATION OF AMERICA 
Official Reports and Communications 


MARCH MEETING OF THE MISSOURI SECTION 


The annual Spring meeting of the Missouri Section of the MAA was held at Southeast 
Missouri State University, Cape Girardeau, on March 23 and 24, 1973. There were 87 
persons registered of which 11 were students. 
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The officers for the next year are: Chairman: Edward Andalafte, University of Missouri- 
St. Louis; Vice Chairman: Jerry Wilkerson, Missouri Western College; Secretary-Treasurer : 
T. L. Hicks, University of Missouri-Rolla. 

The following presentations were made at the Friday session: 


1. What is a non-Archimedean field?, by Leon Palmer, Southeast Missouri State University. 

2. The 10-adic integers, by Lyle Pursell, University of Missouri-Rolla. 

3. An out-of-date computer program by Dana Nau, Student, University of Missouri-Rolla. 

4, Newton: The man, by Randy Makin, Student, Drury College. 

5. Problems and open questions in mathematics that originate in computer science, by Paul Blackwell, 
University of Missouri-Columbia. 

6. Adaptive statistical inference, by S. K. Katti, University of Missouri-Columbia. 

7. What is an Automaton? Banquet Address by F. E. Hohn, University of Illinois. 


The Saturday session consisted of the Business Meeting and the following one-hour invited 
talks: 

1. Consequences of continuity, by R. P. Boas, Northwestern University, President of the MAA. 

2. The counter-revolution in mathematics education, by Shirley Hill, University of Missouri- 


Kansas City. 
T. L. Hicks, Secretary-Treasurer 


OCTOBER MEETING OF THE NORTH CENTRAL SECTION 


The fall meeting of the North Central Section of the MAA was held at the University 
of Minnesota, Duluth, on October 20, 1973. 
The following papers were presented: 


1. The color problem for knots, by J. F. Detlef, University of Minnesota, Morris. 

2. Generalized Fibonacci sequences and their period modulo m, by G.E. Bergum, Sr., South 
Dakota State University. 

3. A recursiye method for partial fractions, by K. C. Schmidt, Moorhead State College. 

4. Spaces of solvability for operators on metric spaces, by D. K. Cohoon, University of Minnesota, 
Minneapolis. 

5. A project in group theory, by J. A. Gallian, University of Minnesota, Duluth. 


A panel: “Applied Mathematics in the Undergraduate Curriculum’’ was moderated 
by Professor J. L. Nelson, University of Minnesota, Duluth, and presented by Professor 
Charles McLarnan, Macalester College; Professor P. M. Ryan, Gustavus Adolphus College; 
Professor Lynn Steen, St. Olaf College. 

The invited speaker, Professor R. P. Boas, Northwestern University, president of the 
MAA, had as the topic for his address, ““Consequences of Continuity.”’ 

H. M. ANDERSON, Secretary-Treasurer 


1973 CONTRIBUTING MEMBERS AND SPECIAL GIFTS 


The Association expresses its appreciation to 183 of its members who have elected to 
be Contributing Members, Sponsors, or Patrons for 1973. It is particularly gratifying to 
note that this represents an increase of almost 50 per cent from the number of such members 
in 1972. There were 174 Contributing Members in 1973. In addition, the following members 
were 1973 Sponsors and Patrons: 
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Patrons Sponsors 
Leonard Gillman W. E. Deskins 
H. D. Mills W. E. Hartnett 
1 Anonymous Patron P. T. Mielke 

I. J. Schoenberg 
W. B. Temple 


E. D. Weinstock 


In addition, the Association acknowledges with deepest gratitude the following special 
gifts received during 1973: 
Anonymous gifts of $5,000 and $1,000, the former from a member of the 1000 Club, in 
support of the Visiting Lecturers and Consultants Program; 


A gift of $1,000 from H. M. Gehman, a member of the 1000 Club; 

A gift of $1,000 from Leonard Gillman, making him the fourth member of the 1000 Club; 
A gift of $1,000 from R. L. Wilder, making him the fifth member of the 1000 Club; 
A gift of $375 from an anonymous donor; 

A gift of $100 from R. D. Edwards; 

A gift of $100 from W. L. Duren; and 


A gift of $50 from W. S. Loud in support of the Visiting Lecturers and Consultants Pro- 
eram. 


OFFICERS AND COMMITTEES AS OF FEBRUARY 1, 1974 


General Offices: 1225 Connecticut Avenue, N.W., Washington, D. C. 20036 
Executive Director: A. B. WILLCOX 
Executive Director Emeritus: H. M. GEHMAN 
Editorial Director: RAOUL HAILPERN 


OFFICERS 


President, R. P. Boas, Northwestern University (1973-74) 
President-Elect, H. O. PoLLak, Bell Telephone Laboratories (1974) 
First Vice-President, IVAN NIVEN, University of Oregon (1974-75) 
Second Vice-President, JUNE P. WooD, South Texas College (1973-74) 
Editor, ALEX ROSENBERG, Cornell University (1974-78) 

Secretary, H. L. ALDER, University of California, Davis (1970-74) 
Treasurer, LEONARD GILLMAN, University of Texas (1973-77) 


ADDITIONAL MEMBERS OF THE BOARD OF GOVERNORS 


Ex-Presidents 
VicTor KLEE, University of Washington (1973-78) 
E. E. Moise, Queens College (CUNY) (1969-74) 
G.S. Younc, University of Rochester (1971-76) 
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Elected Members of the Finance Committee 
R. D. ANDERSON, Louisiana State University (1974-77) 
G. B. Price, University of Kansas (1972-75) 


Governors-at-Large 
DEBORAH T. HArIMmo, University of Missouri at St. Louis (1974—76) 
SHIRLEY A. HILL, University of Missouri, Kansas City (1972-74) 
P. D. Lax, New York University (1973-75) 
Mary E. RuDIN, University of Wisconsin, Madison (1973-75) 
E. H. SpANiER University of California, Berkeley (1974-76) 
S. K. Sremn, University of California, Davis (1972-74) 


Editor of the MATHEMATICS MAGAZINE 
G. N. WoLLAN, Purdue University (1971-75) 


Sectional Governors (July 1, 1971—June 30, 1974) 
Florida, HERMAN MEYER, University of Miami 
Illinois, ARNOLD WENDT, Western Illinois University 
Iowa, R. V. HoGcc, University of Iowa 
Louisiana-Mississippi, B. E. MITCHELL, Louisiana State University 
Maryland-D, C. -Virginia, S. B. JACKSON, University of Maryland 
Michigan, M.S. KLAMKIN, Ford Motor Company 
North Central, C. M. BRADEN, Macalester College 
Philadelphia, W. E. BAXTER, University of Delaware 
Southern California, T. M. APposToL, California Institute of Technology 
Texas, C.J. Pipes, Southern Methodist University 


Sectional Governors (July 1, 1972—June 30, 1975) 
Allegheny Mountain, R. G. Ayous, Pennsylvania State University 
Indiana, P.T. MIELKE, Wabash College 
Kentucky, R. C. BUEKER, Western Kentucky University 
Metropolitan New York, MEYER JORDAN, Brooklyn College (CUNY) 
Nebraska, P. A. HAEDER, University of Nebraska, Omaha 
Northern California, MARY V. SUNSERI, Stanford University 
Oklahoma-Arkansas, T. W. CArirNS, University of Tulsa 
Rocky Mountain, D. C. BENSON, South Dakota School of Mines and Technology 
Wisconsin, E. F. WILDE, Beloit College 


Sectional Governors (July 1, 1973—June 30, 1976) 
Kansas, H. L. THomaAs, Kansas State College 
Missouri, R. W. FREESE, St. Louis University 
New Jersey, S.L. Greirzer, Rutgers University, Newark 
Northeastern, P. J. DAvis, Brown University 
Ohio, S. E. BOHN, Miami University 
Pacific Northwest, H. E. REINHARDT, University of Montana 
Seaway, M. W. POWNALL, Colgate University 
Southeastern, B. F. BRYANT, Vanderbilt University 
Southwestern, E. L. WALTER, Northern Arizona University 
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COMMITTEES OF THE ASSOCIATION 


Terms of members expire, except where otherwise noted, at the Annual Meeting in January 
following the last year of service listed below. For temporary committees, no terms are listed since 
they are automatically discharged at the expiration of the President’s term of office, which is the 
Annual Meeting in January 1975. 


EXECUTIVE COMMITTEE 


R. P. Boas, Chairman (1973-74); H. L. ALDER (1970-74), LEONARD GILLMAN (1973-77), 
IVAN NIVEN (1974-76), H. O. PoLLAK (1974), ALEX ROSENBERG (1974-78), JUNE P. Woop 
(1973-74), all ex officio. 


FINANCE COMMITTEE 


R. P. Boas, Chairman (1973-74), ex officio; H. L. ALDER (1970-74), ex officio, R. D. 
ANDERSON (1974-77), LEONARD GILLMAN (1973-77), ex officio, G. B. PRICE (1972-75). 


Budget Review Subcommittee: G. B. Price, Chairman (1972-75); R. D. ANDERSON 
(1974-77), all ex officio. 


Investment Committee: LEONARD GILLMAN, Chairman (1973-77), ex officio; H. L. ALDER 
(1973-74), ex officio, E. A. CAMERON (1973-75). 


COMMITTEE ON ADVISEMENT AND PERSONNEL 


J. C. Eaves, Chairman (1972-74); A. T. BAsit (1973-75), F. A. BRooxks, JR. (1972-74), 
CRAIG Comstock (1973-75), BeTTy C. DETWILER (1973-75), G. E. NOgETHER (1972-74), 
R. L. WiLson (1974-76). 


COMMITTEE ON CORPORATE MEMBERS 


R. E. GASKELL, Chairman (1970-74); F. A. Brooks, Jr. (1970-74), R.C. Di PRIMA 
(1974-76), R. L. GRAHAM (1974-76), T. R. JENKINS (1973-75), M.S. KLAMKIN (1970-74), 
T. J. RIVLIN (1973-75), LEONARD TORNHEIM (1973-75), A. B. WILLCOX (1974-76). 


COMMITTEE ON EARLE RAYMOND HEDRICK LECTURES 


R. D. ANDERSON, Chairman (1971-74); DAvip GALE (1972-75), P. D. LAx (1973-76). 


COMMITTEE ON EDUCATIONAL MEDIA 


D. I. SCHNEIDER, Chairman (1974-76); A. A. BLANK (1972-74), ALICE B. DICKINSON 
(1972-74), ROBERT KALIN (1972-74), J.D. E. KONHAUSER (1973-75), D. P. MINASSIAN 
(1973-75), B. B. PETERSON (1973-75), SEYMOUR SCHUSTER (1974-76), J. E. SKELTON (1972-74). 


COMMITTEE ON HiGH SCHOOL CONTESTS 


R. A. ArTINO, Chairman (1973-76); H. M. Cox, Director (1970-74), F. A. Brooks, Jr. 
(1973-75), A. M. GAGLIONE (1973-76), S. L. GREITZER (1972-74), SARAH T. HERRIOT 
(1972-74), ALFRED KALFUS (1973-75), M.S. KLAMKIN (1972-74), N.S. MENDELSOHN 
(1972-74), P. O. PRESLEY (1972-74), NiEL SHILKRET (1973-74), J. R. SMART (1971-74). 
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Subcommittee on the USA Mathematical Olympiad: S. L. GREITZER, Chairman (1974-76); 
R. A. ARTINO (1974), ex officio, ALFRED KALFuSs (1972-75), M.S. KLAMKIN (1974-76), 
P. A. PAIGE (1973-74), C. C. ROUSSEAU (1973-75), NuRA D. TURNER (1973-75). 


COMMITTEE ON INSTITUTES 


W. F. Lucas, Chairman (1973-75); R. V. HoGe (1973-75), J.J. MALONE, JR. (1973-74), 
L. D. MEEKER (1973-75), BARBARA L. Osorsky (1972-74), M. W. POWNALL (1972-74), 
D. P. ROSELLE (1973-75). 

COMMITEE ON NATIONAL AWARDS AND PUBLIC REPRESENTATION 


R. L. WILDER, Chairman (1974-76); B. H. COLVIN (1973-75), MARK Kac (1972-74), 
Mary E. RupIN (1974-76), R. P. Boas (1973-74), ex officio. 


COMMITTEE ON PERFORMANCE CONTRACTING 


R. P. DitwortH, Chairman; V. H. HAAG, E. D. NICHOLS, ISABELLA P. RUCKER, H. J. 
ZASSENHAUS. 


COMMITTEE ON PUBLICATIONS 


E. F. BECKENBACH, Chairman (1974-76); R. P. Boas (1973-75), D. E. CurIsTIE (1972-74), 
D. T. FINKBEINER II (1972-74), IVAN NIVEN (1972-74), GEORGE PIRANIAN (1974-76), L. A. 
STEEN (1973-75), A. C. TuCKER (1973-75), G. L. Weiss (1972-74), LeoONARD GILLMAN 
(1973-77), ex-officio, JOSEPH HASHISAKI(1970-74), ex officio, ALEX ROSENBERG (1974-78), ex 
officio, G. N. WOLLAN (1971-75), ex officio. 


Editorial Committee on Selected Papers at the Precalculus Level: R. V. ANDREE, Chairman; 
JOSEPHINE P. ANDREE, D. G. CHAKERIAN, GERALDINE C. DARDEN, J. D. NEFF. 


Editorial Committee on Selected Papers in Algebra: M. SUSAN MONTGOMERY, ELIZABETH 
W. RALSTON, Co-Chairmen; S.R. GORDON, G. J. JANUSZ, MARTHA K. SMITH. 


Editorial Committee on Selected Papers in Geometry: TILLA K. MiILNor, Chairman; 
JT. F. BANCHOFF, ANN K. STEHNEY. 


Subcommittee on Carus Monographs: D.'T. FINKBEINER II, Chairman (1972-74); R. P. 
Boas (1973-75), D. E. CuristiE (1972-74). ~ 


Subcommittee on Lester R. Ford Awards: E.F. BECKENBACH, Chairman (1974-76), 
ex officio; EmiL GROSSWALD (1974-76), D. E. RICHMOND (1972-74). 


Subcommittee on MAA Studies in Mathematics: IVAN NIvEN, Chairman (1974-76); 
ALEX ROSENBERG (1974-76), G. L. WEISS (1974-76). 


Subcommittee on Miscellaneous Publications: E. F. BECKENBACH, Chairman (1974-76); 
H. L. ALper (1970-74), LEONARD GILLMAN (1973-77), all ex officio. 


Subcommittee on Translations: IZAAK WirszuP, Chairman; 8. H. Goutp, P. J. HILTON, 
BeTTy J. HINMAN, G. K. KALISCH. 
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COMMITTEE ON RELATIONS WITH OFFICE OF EDUCATION 


B. H. CoLivin, Chairman; W.L. DUREN, JR., Berry J. HINMAN, B. E. MESERVE, D. I. 
SCHNEIDER, A. B. WILLCOX. 


COMMITTEE ON SECONDARY SCHOOL LECTURERS 


Mary W. Gray, Chairman (1972-74); MARY-JANE Cross (1973-75), J. R. HANNA 
(1973-75), VIVIENNE M. Mayes (1974-76), S. M. NEWBERGER (1974-76), J.P. SELDIN 
(1974-76), D. B. SMALL (1973-75). 


COMMITTEE ON SECTIONS 


L. E. MEHLENBACHER, Chairman (1971-74); ALFRED AEPPLI (1971-74), S. H. DouGLas 
(1972-75), L. H. LANGE (1973-76), ARNOLD WENDT (1974-77), A. B. WILLCOX, ex officio. 


COMMITTEE ON SPECIAL FUNDS OF THE ASSOCIATION 


R. L. WILDER, Chairman (1972-74); C. B. ALLENDOERFER (1974-76), E. A. CAMERON 
(1973-75), LEONARD GILLMAN (1973-74), W. L. Hart (1973-75), B. W. JONES (1973-75). 


COMMITTEE ON THE AWARD FOR DISTINGUISHED SERVICE TO MATHEMATICS 


C. B. ALLENDOERFER, Chairman (1972-76); R. H. Binc (1974-76), R. L. WILDER 
(1973-75). 
COMMITTEE ON THE CHAUVENET PRIZE 


FRANCOIS TREvES, Chairman (1972-74); P. D. Lax (1974-76), C. D. Oxtps (1973-75). 


COMMITTEE ON THE EXCHANGE OF INFORMATION ON MATHEMATICS 


D. W. Lick, Chairman (1973-75); R. A. Ato (1973-74), L. W. CoHEN (1972~74), 
A. L. HAMMOND (1973-75), C. V. NEwsom (1974-76), F. J. WEYL (1974-76). 


COMMITTEE ON THE MEMBERSHIP OF THE ASSOCIATION 


R. D. ANDERSON, Chairman; E. A. CAMERON, C. V. NEwSom, B. E. RHOADES, R. B. 
WARFIELD, JR., A. M. WEDEL, JUNE P. Woop, H.L. ALDER, ex officio, R. P. BOAS, ex 


officio. 
COMMITTEE ON THE PUTNAM PRIZE COMPETITION 


D. J. NEWMAN, Chairman (1972-74); A. P. HILLMAN, Director (1973-77), G. D. CHAKER- 
IAN (1974-76), J.I. RicHARDS (1973-75). 


COMMITTEE ON THE UNDERGRADUATE PROGRAM IN MATHEMATICS 


D. W. BusHaw, Chairman (1973-75); DEBORAH T. Harmo (1973-75), T. E. Huy 
(1973-75), R. D. LaARsson (1973-75), W. F. Lucas (1974-76), B. J. MARTIN (1973-75), 
A. P. MatTTuck (1974-76), T. A. PoRSCHING (1974-76), R. A. RosBerts (1973-75), ALEX 
ROSENBERG (1969-75), M. D. THOMPSON (1974-76), J. H. WELLS (1972-74), JUNE P. Woop 
(1974-76), R. P. Boas (1973-74), ex officio. 


COMMITTEE ON TWO-YEAR COLLEGES 
W. G. CHINN, Chairman (1971-74); D. J. ALBERS (1974-76), NORMAN BARTON (1974-76), 
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H. E. CHRESTENSON (1973-75), R. A. DEAN (1971-74), JosEPH HASHISAKI (1971-74), ERWIN 
Just (1973-75), C. A. LATHAN (1973-75), G. B. Price (1974-76), K. E. SCHONDELMAIER 
(1974—76), HELEN B. SINER (1973-75), ARNOLD WENDT (1971-74), K. W. WILLIAMS (1974-76), 
JUNE P. Woop (1971-74). 


COMMITTEE ON VISITING LECTURERS AND CONSULTANTS 


M. W. POWNALL, Chairman (1974-76); W.R. BALLARD (1973-74), E. M. BEESLEY 
(1972-74), T. S. CHIHARA (1972-74), BRINDALL HoRELICK (1974-76), W. M. Myers, Jr. 
(1973-75), J. R. WESSON (1974-76), MARy B. WILLIAMS (1972-74). 


COMMITTEE TO EXPLORE THE POSSIBILITY OF MAKING TELEVISION PROGRAMS IN MATHEMATICS 


C. V. Newsom, Chairman; A. A. BLANK, D. W. Lick, D. I. SCHNEIDER. 


FitM PROJECTS ADVISORY COMMITTEE 


A. A. BLANK, Chairman (1973-75); N. L. MAX , Director (1972-74), R. C. Buck (1974-76) 
P. J. Hitton (1973-75), H.B. KELLER (1974-76), Vicror KLEE (1974-76), P. D. Lax 
(1974-76), R. G. LonG (1973-75), EILEEN L. POIANI (1973-75), H. O. PoLLAK (1972-74), 
SEYMOUR SCHUSTER (1974-76). 


JOINT COMMITTEE ON EMPLOYMENT OPPORTUNITIES 
Terms of members of this committee expire on February 28 of the last year of service listed. 
J. I. ROSENBLATT, Chairman (1970-74, AMS), R. D. ANDERSON (1972-76), R.A. 
HANDELSMAN (1971-73, SIAM), W. N. SmirH (1972-76, MAA). 
JOINT COMMITTEE ON PLACES OF MEETINGS 


G. L. WALKER, Chairman; H. L. ALDER, EVERETT PITCHER, A. B. WILLCOX, all ex officio. 


NOMINATING COMMITTEE FOR 1974 


P. A. HAEDER, Chairman; M.W. POWNALL, MARY VY. SUNSERI. 
EDITORIAL BOARDS OF THE ASSOCIATION 


AMERICAN MATHEMATICAL MONTHLY (all terms expire December 31, 1978). 
Editor: ALEX ROSENBERG 


Associate Editors: JOSHUA BARLAZ, JANE W. DI PAoLA, R. K. Guy, RAouL HAILPERN, 
SHIRLEY A. HILL, E. S. LANGFORD, W. F. Lucas, P. T. MIELKE, C. B. MOLER, D. P. ROSELLE, 
SEYMOUR SCHUSTER, J. A. SEEBACH, JR., [VAR STAKGOLD, FE. P. STARKE, L. A. STEEN, J. H. 
WELLS. 


MATHEMATICS MAGAZINE (all terms expire December 31, 1975). 
Editor: G. N. WOLLAN 


Associate Editors: L. C. EGGAN, J. S. FRAME, RAOUL HAILPERN, R. E. Horton, L. M. 
KELLY, ADA PELUSO, B. L. SCHWARTZ, R. A. STRUBLE, WILLIAM WooTon, P. J. ZwiIer. 
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REPRESENTATIVES OF THE ASSOCIATION 


On the Advisory Committee to the Topology Films Project: 
G.S. YounG (1973-75) 
On the Council of the Conference Board of the Mathematical Sciences: 
H. L. ALDER, ex officio, R. P. BOAs, ex officio 
On the Cooperative Committee on the Teaching of Mathematics and Science: 
M. W. POWNALL (1972-74) 
On Sections of the American Association for the Advancement of Science: 
Section A: L.J. PAIGE (1974) 
Section Q: L. J. PAIGE (1974) 
Section T: W.J. LEVECQUE (1974) 
Section U: R. V. Hoce (1974) 
Section X: A.B. Wiitcox (1974) 
On the Editorial Board of the TYC MATHEMATICS JOURNAL: 
JOSEPH HASHISAKI (1974), RALPH MANSFIELD (1974) 
On the Governing Council of Mu Alpha Theta: 
G. B. PrIcE (1973-75) 
On the National Research Council: 
G.S. Younc (July 1, 1971-June 30, 1974) 
On the U.S. Commission on Mathematical Instruction: 
W. G. CHINN (July 1, 1973-June 30, 1977), P. J. HILTon (July 1, 1970—June 30, 1974). 


OFFICERS OF THE SECTIONS 


ALLEGHENY MOUNTAIN SECTION 


Chairman — C. A. CABLE, Allegheny College 

First Vice-Chairman — J. B. DERR, West Virginia University 

Second Vice-Chairman — C. A. HALL, University of Pittsburgh 
Secretary-Treasurer — M. R. WOODARD, Indiana University of Pennsylvania. 


FLORIDA SECTION 


Chairman — P. E. MCDOUGLE, University of Miami 
Vice-Chairmen — J. F. GO.LIiGHTLy, Jacksonville University 

W.R. Ric, St Petersburg Junior College _ 
Chairman-Elect — R. D. McWILLIAMS, Florida State University 
Secretary-Treasurer — F. L. CLEAVER, University of South Florida. 


ILLINOIS SECTION 


Chairman — N. E. FOLAND, Southern Illinois University 

First Vice-Chairman — DALE WILLIAMS, Illinois Central College 

Second Vice-Chairman — P. A. McGIL1, Illinois Central College 
‘Chairman-Elect — R. E. BRYAN, Knox College 

Secretary-Treasurer — H. C. SAAR, 2601 Glasgow Street, Joliet, Illinois 60455. 


INDIANA SECTION 


Chairman — E. H. McCKInney, Ball State University 
Vice-Chairman — M.D. THOMPSON, Indiana University 
Secretary-Treasurer — R. T. Hoop, Franklin College. 
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TowA SECTION 


Chairman — D. F. BAILEY, Cornell College 
Chairman-Elect — D. H. PILGrim, Luther College 
Secretary-Treasurer — B. E. GILLAM, Drake University. 


KANSAS SECTION 


Chairman — J. M. MARR, Kansas State University 

Vice-Chairman — P. R. FLUSSER, Ottawa University 

Associate Chairman for Junior Colleges —G. A. KRAusE, Butler County Community 
College 

Secretary-Treasurer — ELLEN C. VEED, Ft. Hays Kansas State College. 


KENTUCKY SECTION 


Chairman — J. E. MAck, University of Kentucky 
Vice-Chairman — P. E. BLAND, Eastern Kentucky University 
Secretary-Treasurer — WALTER FEIBES, Western Kentucky University. 


LOUISIANA- MISSISSIPPI SECTION 


Chairman — ELEANOR B. WALTERS, Delta State College 

Vice-Chairman (Louisiana) —L.S. HAw, Nicholls State University 
Vice-Chairman (Mississippi) — D. J. CAVENY, University of Southern Mississippi 
Secretary-Treasurer — P. L. ForD, McNEESE State University. 


MARYLAND-DC-VIRGINIA SECTION 


Chairman — GERALDINE A. COON, Goucher College 

Vice-Chairman (Membership) — O. M. THomas, U.S. Naval Academy 

Vice-Chairman (Programs) —R.M. Davis, Northern Virginia Community College 
Secretary — J. M. SMITH, George Mason University 

Treasurer — HEWITT KENYON, George Washington University. 


METROPOLITAN NEw YorK SECTION 


Chairman — M. J. HELLMAN, Long Island University 

Vice-Chairman (Two-Year Colleges) — HOWARD KLEIMAN, Queensborough Community 
College 

Vice-Chairman (Colleges) — I. H. Rose, Herbert H. Lehman College of CUNY 

Secretary — RorA F. Tacopaccl, St. John’s University 

Treasurer — AARON SHAPIRO, Brooklyn College. 


MICHIGAN SECTION 


Chairman — G. F. FEEMAN, Oakland University 
Vicé-Chairman — A. V. MARTIN, Grand Valley State College 
Secretary- Treasurer — YOUSEF ALAVI, Western Michigan University. 


MISSOURI SECTION 


Chairman — E. Z. ANDALAFTE, University of Missouri at St. Louis 
Vice-Chairman — J. M. WILKERSON, Missouri Western College 
Secretary-Treasurer —T.L. Hicks, University of Missouri, Rolla. 
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NEBRASKA SECTION 


Chairman — W. W. GUTZMAN, University of South Dakota 
Chairman-Elect — G. W. JOHNSON, University of Nebraska, Lincoln 
Past Chairman — M. C. THORNTON, University of Nebraska, Lincoln 
Vice-Chairman — P. A. HAEDER, University of Nebraska, Omaha 
Secretary-Treasurer — H. M. Cox, University of Nebraska, Lincoln. 


NEW JERSEY SECTION 


Chairman — F. J. ALMGREN, JR., Princeton University 

Vice-Chairman — F. E. CLARK, Rutgers University, New Brunswick 
Secretary-Treasurer — M. E. WHITE, Stevens Institute of Technology 
Associate Secretary-Treasurer — EILEEN L. POIANI, St. Peter’s College. 


NORTH CENTRAL SECTION 


Chairman — SISTER RITA JEAN TAUER, College of St. Catherine 
Chairman-Elect — SYLVAN BURGSTAHLER, University of Minnesota, Duluth 
Secretary-Treasurer — H. M. ANDERSON, Gustavus Adolphus College. 


NORTHEASTERN SECTION 


Chairman — L. AILEEN HOSTINSKy, Connecticut College 
Vice-Chairman — ANNE F. O’NEILL, Wheaton College 
Secretary — G. W. Best, Phillips Academy. 


NORTHERN CALIFORNIA SECTION 


Chairman — D. J. ALBERS, Menlo College 
Vice-Chairman — K. R. REBMAN, California State University, Hayward 
Secretary-Treasurer — N. H. FisHer, California State University, San Francisco. 


OHIO SECTION 


Chairman — J. F. LEETCH, Bowling Green State University 
Chairman-Elect — L. J. GREEN, Case-Western Reserve University 
Secretary-Treasurer — R. H. ROLWING, University of Cincinnati 


OKLAHOMA-ARKANSAS SECTION 


Chairman — BILL SPICER, Seminole Junior College 

First Vice-Chairman — J. R. HopGEs, University of Arkansas at Little Rock 
Second Vice-Chairman — R. D. REYNOLDS, Claremore Junior College 
Secretary-Treasurer — E. K. MCLACHLAN, Oklahoma State University. 


PAcIFIC NORTHWEST SECTION 


Chairman — J. R. REAy, Western Washington State College 

First Vice-Chairman — J. H. JORDAN, Washington State University 
Chairman-Elect — THEODORE WHITE, Everett Community College 
Secretary-Treasurer — J. E. CALVERT, University of Idaho 

Second Vice-Chairman — NORMAN BARTON, Vancouver City College. 
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PHILADELPHIA SECTION 


Chairman — W. J. PERVIN, Drexel University 
Vice-Chairman — J. W.P. MAyeER, Lebanon Valley College 
Secretary-Treasurer — A. E. FILANO, West Chester State University. 


Rocky MOUNTAIN SECTION 


Chairman — F. N. FiscuH, University of Northern Colorado 
Meeting Chairman — R. R. Gutzman, Colorado School of Mines 
Vice-Chairman — J. C. Davis, Mesa College 
Secretary-Treasurer — D. J. STERLING, Colorado College. 


SEAWAY SECTION 


Chairman — W. C. STONE, Union College 

First Vice-Chairman — D. O. McKay, University of Western Ontario 
Second Vice-Chairman — C. A. LATHAN, Monroe Community College 
Secretary-Treasurer — E. C. STOPHER, State University College at Oswego. 


SOUTHEASTERN SECTION 


Chairman — H. V. PARK, North Carolina State University 
Vice-Chairman — D. L. HUNTER, Central Piedmont Community College 
Chairman-Elect — J. H. WAHAB, University of South Carolina 
Secretary-Treasurer — J.D. Nerr, Georgia Institute of Technology. 


SOUTHERN CALIFORNIA SECTION 
Chairman — D. L. OUTCALT, University of California, Santa Barbara 
Vice-Chairman — D. H. Potts, California State University at Northridge 
Secretary-Treasurer — JOHN GREEVER, Harvey Mudd College. 


SOUTHWESTERN SECTION 


Chairman — E. D. GAUGHAN, New Mexico State University 
Vice-Chairman — R. D. MEYER, Northern Arizona University 
Secretary-Treasurer — ALVIN SWIMMER, Arizona State University. 


TEXAS SECTION 


Chairman — B. L. SANDERS, Texas Christian University 
Vice-Chairman — D. E. EDMONDSON, University of Texas at Austin 
Level I Director — JUNE P. Woop, South Texas Junior College 
Level If Director — GEORGE Copp, North Texas State University 
Director-at-Large — VIVIENNE M. MaAy Es, Baylor University 
Secretary-Treasurer — J. C. BRADFORD, Abilene Christian College 
Past Chairman — R. A. NorTHCUTT, Southwest Texes University. 


WISCONSIN SECTION 


Chairman — P.R. BENDER, Marquette University 
Vice-Chairman — C. E. JOHNSON, University of Wisconsin, Madison 


Secretary-Treasurer — R. D. WAGNER, University of Wisconsin, Madison. 
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CALENDAR OF FUTURE MEETINGS 


Summer Meeting 1974: There will be no joint summer meeting in 1974, in order that 
mathematicians may attend the International Congress of Mathematicians to be held in 
Vancouver, British Columbia, August 21-29, 1974. 

Fifty-eighth Annual Meeting, Washington, D. C., January 25~27, 1975. 

The following is a list of the Sections of the Association with dates of future meetings 
so far as they have been reported to the Editorial Director. 


ALLEGHENY MOounTAIN, Allegheny College, 
Meadville, Pennsylvania, May 3-4, 1974. 

FLORIDA 

ILLINOIS, Knox College, Galesburg, May 10-11, 
1974. 

INDIANA 

Iowa 

KAnsas, Ottawa University, Ottawa, Spring 1974. 

KENTUCKY 

LOUISIANA- MISSISSIPPI 

MARYLAND-DISTRICT OF COLUMBIA-VIRGINIA 

METROPOLITAN NEw York, College of Mount 
St. Vincent, Riverdale, April 28, 1974. 

MICHIGAN, Central Michigan University, Mount 
Pleasant, May 3-4, 1974. 

MISSOURI 

NEBRASKA 

New JERSEY, Princeton University, Princeton, 
October 12, 1974. 

NorRTH CENTRAL 


NORTHEASTERN, Lowell Technical Institute, 
Lowell, Massachusetts, November 30, 1974. 

NORTHERN CALIFORNIA, Chabot College, Hay- 
ward, February 1975. 

OHIO, Muskingum College, 
May 3-4, 1974. 

OKLAHOMA-ARKANSAS 

PaciFIC NORTHWEST, University of British 
Columbia, Vancouver, August 21-24, 1974 
(business meeting only — no general meet- 
ing). 

PHILADELPHIA 

Rocky MOUNTAIN 

SEAWAY, St. John Fisher College, Rochester, 
N. Y., November 1-2, 1974. 

SOUTHEASTERN 

SOUTHERN CALIFORNIA 

SOUTHWESTERN 

TEXAS 

WISCONSIN, Marquette University, Milwaukee, 
May 3-4, 1974. 


New Concord, 


FUTURE MEETINGS OF OTHER ORGANIZATIONS 


AMERICAN ASSOCIATION FOR THE ADVANCE- 
MENT OF SCIENCE 

AMERICAN MATHEMATICAL SOCIETY, Washington, 
D.C., January 23-26, 1975. 

AMERICAN SOCIETY FOR ENGINEERING EDUCA- 
CATION, Rensselaer Polytechnic Institute, 
Troy, New York, June 17-20, 1974. 

ASSOCIATION FOR COMPUTING MACHINERY, San 
Diego, California, November 11-13, 1974. 

ASSOCIATION FOR SYMBOLIC LOGIC 

FIBONACCI ASSOCIATION 

INSTITUTE OF MATHEMATICAL STATISTICS 

Mu ApHa TuHera, University of Arkansas, 
Fayetteville, August 4-7, 1974. 


NATIONAL COUNCIL OF TEACHERS OF MATHE- 
MATICS, Washington, D.C., January 25-26, 
1975. Joint meeting with MAA.) 

OPERATIONS RESEARCH SOCIETY OF AMERICA, 
San Juan, Puerto Rico, October 16-18, 1974. 

Pr Mu EpsILon, Western Michigan University, 
Kalamazoo, August 19-20, 1975. 

SCHOOL SCIENCE AND MATHEMATICS ASSOCIA- 
TION, Sheraton-Gibson Hotel, Cincinnati, 
Ohio, November 7-9, 1974. 

SOCIETY FOR INDUSTRIAL AND APPLIED MATHE- 
MATICS, Montana State University, Boze- 
man, June 24-26, 1974. 
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ELEMENTARY FUNCTIONS 


An Algorithmic Approach 


THEODORE C. BURROWES, THE COLLEGE OF WOOSTER 
AND SHARON K. BURROWES 


A flexible and contemporary presentation of precalculus mathematics. The 
algorithmic approach refers primarily to the use of flowcharts as a teaching— 
learning tool. It does not presume any knowledge of computers or program- 
ming, nor does it require any computer involvement, although flowcharting 
exercises are provided for those who desire them and programs that can be 
used as computational tools are included in an appendix. There are three types 
of exercises, practice exercises” that provide drill on specific types of prob- 
lems, “problems” that vary in difficulty and length and require more creative 
thought or formal proof, and “projects” that give students guided experience 


with a mathematical idea. Fall, 1974. about 430pages about $11.50 


ELEMENTARY NUMBER THEORY 


A Computer Approach 
ALLAN M. KIRCH, MACALESTER COLLEGE 


An introduction to elementary number theory and the computer applications 
the subject suggests. Each unit in the text presents a problem that can be 
investigated with a computer. For every problem, definitions, theorems, 
examples, formulas, and references are provided along with at least one 
applicable program. A set of exercises follows each unit. Here the student 
may be asked to perform calculations, prove theorems, construct flowcharts, 
run or modify a given computer program, or write an original program. 
Solutions to most of the exercises are provided. 


March, 1974 about 336 pages about $11.25 


FUNCTIONAL ANALYSIS 


A Short Course 
EDWARD W. PACKEL, LAKE FOREST COLLEGE 


Designed for a one semester course at the advanced undergraduate or intro- 
ductory graduate level, this brief text covers all the major topics in functional 
analysis. It begins with general topological linear spaces, demonstrating the 
considerable interplay between topology and algebra, and progresses towards 
increasingly specialized spaces. Outstanding features include a treatment of 
distribution theory, a linear functional approach to integration and measure 
theory, and a section on the use of Hilbert space in quantum mechanics. 
Carefully selected exercises are interspersed throughout. 


February, 1974. about176 pages about $10.00 
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AN ELEMENTARY APPROACH TO FUNCTIONS 
Henry R. Korn and Albert W. Liberi, both of Westchester Community College 
1974, 480 pages, (035339-5), $9.95; Solutions Manual, (035341-7), $2.50 


Following a classical, intuitive approach, this class-tested book prepares students 
for an introductory-level calculus course. The material is developed through problems and 
applications rather than through set theory. Graphing techniques are used extensively. 
Including over 300 examples with step-by-step solutions and over 1600 exercises, the 
book provides a strong background in algebraic techniques and a thorough treatment of 
analytic geometry. 


FUNDAMENTAL MATHEMATICS, F ourth Edition 
Thomas L. Wade, Florida State University, and Howard E. Taylor, West Georgia College 
1974, 608 pages, (067652-6), $11.50; Instructor’s Manual, (067657-7), $2.50 

This revision of a popular freshman-level text begins with a combined study of 
the basic structures of arithmetic and algebra and leads into functions, graphs, elements 
of trigonometry, logarithms, compound interest and annuities, probability and elements 
of statistics. Maintaining the conversational style of the third edition, some of the revi- 
sions include: an expanded and new chapter on graphing, a completely rewritten chapter 
on probability and a brief introduction to linear programming with some updating to 
business applications. This text is suitable for a one- or two-term elementary algebra 
course for non-majors. 


INTRODUCTION TO LINEAR ALGEBRA 


AND DIFFERENTIAL EQUATIONS 
John W. Dettman, Oakland University 
1974, 419 pages, (016588-2), $11.95; Instructor’s Manual, (016603-x), $2.25 

This text presents a balanced and unified treatment of linear algebra and 
differential equations using examples, problems and applications to stress their interac- 
tion and interrelationship. With carefully-selected worked-out examples in every 
section, the book proceeds gradually from elementary and familiar concepts to the 
more advanced and abstract ideas. 


COLLEGE ALGEBRA WITH TRIGONOMETRY 
Raymond A. Barnett, Merritt College 
1974, 480 pages, (003787-6), $10.95; Instructor’s Manual, (003767-1), $2.25 
Designed for first-year students with varied mathematics backgrounds and 
abilities, this college algebra text includes a review of intermediate algebra and provides 
a natural development of trigonometric functions. There are about 4,000 problems 
graded according to level of difficulty. The subject matter is related to the real world 
through many current, realistic applications from the social, natural, and physical 
sciences. An informal style is used for exposition, statements of definitions, and proofs 
of theorems. The third in a sequence of texts by this author, this book is preceded by 
his ELEMENTARY ALGEBRA and INTERMEDIATE ALGEBRA. 


PLANE TRIGONOMETRY WITH TABLES, Fourth Edition 
E. Richard Heineman, Texas Tech University 
1974, 352 pages, (027931-4), $10.50; Instructor’s Manual (028054-1) 

This is a revision of a popular college text that emphasizes the analytical 
aspects of trigonometry. There are approximately 1,450 new problems which are 
graded according to level of difficulty. Students are required to give valid arguments in 
the 120 “‘prove or disprove” problems. A balanced coverage of topics is achieved by 
assigning every fourth problem in an exercise. Answers to three-fourths of the questions 
are included. 
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| 
e A N. Talbott (Dept. MM)/College Division, 27 
“Hy ty McGRAW-HILL BOOK COMPANY 
a 1221 Avenue of the Americas/New York, New York 10020 


[] Heineman (027931-4) L] Barnett (003787-6) LJ Korn-Liberi 
(] Wade-Taylor (067652-6) C] Dettman (016588-2) (035339-5) 
Within ten (10) days of 

receipt of book(s) I will 

remit full price of Name 

book(s) plus local sales 

tax, postage, and hand- Affiliation 


ling. (McGraw-Hill pays 
postage and handlingif | Address 
[remit in full with this 


coupon.) J will return City 

unwanted book(s) 

postpaid. State__ CZ 

Prices subject to change without notice. Offer good in USA only. MM 2010762 


APPLICATIONS OF UNDERGRADUATE 
MATHEMATICS IN ENGINEERING 


written and edited by Ben Noble 
Mathematics Research Center, U. S. Army, University of Wisconsin 


Based on 45 contributions submitted by engineers in universities and indus- 
tries to the Committee on Engineering Education and the Panel on Physical 
Sciences and Engineering of CUPM. About 400 pages. 

Each member of the Association may purchase one copy of this book for 
$4.50. Orders with remittance should be addressed to: 


MATHEMATICAL ASSOCIATION OF AMERICA 
1225 Connecticut Avenue, NW 
Washington, D.C. 20036 


Additional copies and copies for nonmembers may be purchased at $9.00 
per volume from: 


Macmillan Publishing Co., Inc. 
Faculty Service Desk 

100A Brown Street 

Riverside, New Jersey 08075 


Just published—the new 


MAA STUDIES IN MATHEMATICS 
Volume 8. Studies in Model Theory 


Edited by M. D. Morley 


Introduction and Guide to the Reader M. D. Morley 
Back and Forth Through Infinitary Logic Jon Barwise 
Non-Standard Analysis A. R. Bernstein 
What’s so Special About Saturated Models? C. C. Chang 
Forcing and the Omitting Types Theorem H. J. Keisler 
Model Theory as a Framework for Algebra Abraham Robinson 
The Bearing of Large Cardinals on Constructibility J. H. Silver 
Appendix I—The Predicate Calculus; Appendix I]—Ultrafilters 

and Ultrapowers; Appendix []]—Zermelo-Fraenkel Set Theory. 


One copy of each volume in this series may be purchased by individual mem- 
bers of the Association for $4.00 each; additional copies and copies for non- 
members are priced at $8.00. 


Orders with remittance should be sent to: 


MATHEMATICAL ASSOCIATION OF AMERICA 
1225 Connecticut Avenue, N.W. 
Washington, D.C. 20036 


BACK-TO-BASICS BOOKS FROM PWS 


elements of algebra (a worktext), 


second edition 


Jon M. Plachy and Orason L. Brinker, Metropolitan State College 


A back-to-basics worktext for a review course in 
introductory algebra. This new edition includes 
self-evaluation tests at the end of every two 
chapters covering comprehensively the material 
already explained in the text; new exercises and 
word problems related to business, science and 
social sciences. 


7 x 10, 274 pages, paper, punched and perforated, 1973. 


intermediate algebra 


Contents: 1 THE REAL NUMBER SYSTEM 

2 OPERATIONS WITH SIGNED NUMBERS 

3 FUNDAMENTAL OPERATIONS 4 EQUATIONS AND 
THEIR SOLUTIONS 5 FRACTIONS 6 THE FUNCTION 
CONCEPT AND GRAPHS 7 SYSTEMS OF EQUATIONS 
8 SPECIAL PRODUCTS AND FACTORING 

9 EXPONENTS AND RADICALS 10 QUADRATIC 
EQUATIONS 11 INEQUALITIES 


John M. Peterson and Floyd E. Haupt, Brigham Young University 


This text features a brief review of introductory 
algebra, discussion of concepts before their ac- 
tual use or application, and numerous examples 
and exercises. Each chapter concludes with a 
section on common errors and their cures, a test 
on that section, and a chapter review test. 

A separate workbook keyed to the text features 
many worked-out solutions in the examples and 
problems. 


text: 6 3/8 x 9 1/4, 390 pages, two-color, clothbound, 1973. 


workbook: 6 3/8 x 9 1/4, 258 pages, paper, 1973. 


Contents: 1 SETS AND NUMBERS 2 EXPONENTS, 
ROOTS, AND RADICALS 3 POLYNOMIALS AND FAC- 
TORING 4 RATIONAL ALGEBRAIC EXPRESSIONS 

5 FIRST-DEGREE EQUATIONS AND INEQUALITIES 

6 HIGHER DEGREE EQUATIONS AND INEQUALITIES 
7 RELATIONS, FUNCTIONS, AND GRAPHS 

8 SYSTEMS OF EQUATIONS 9 EXPONENTIAL AND 
LOGARITHMIC FUNCTIONS 10 SEQUENCES, SERIES, 
AND THE BINOMIAL THEOREM 


algebra: a course for college students 


Alfonse Gobran, Los Angeles Harbor College 


From a review of sets and simple algebraic ex- 
pressions, this comprehensive developmental 
algebra text goes on to cover in depth topics 
through quadratic equations and complex num- 
bers. The author introduces elementary concepts 
of analytic geometry and uses geometric intui- 
tion to help speed understanding of the subject. 
Nearly 5000 different problems highlight this text. 


6 3/8 x 9 1/4, 428 pages, two-color, clothbound, 1973. 


W 


Contents: 1 SETS AND REAL NUMBERS 

2 EXPONENTS AND RADICALS 3 FUNCTIONS 

4 LINEAR EQUATIONS IN ONE AND TWO VARIABLES 
5 LINEAR EQUATIONS IN MORE THAN TWO VARI- 
ABLES 6 LINEAR INEQUALITIES AND ABSOLUTE 
VALUES 7 FACTORING AND APPLICATIONS 

8 COMPLEX NUMBERS 9 QUADRATIC EQUATIONS 
AND INEQUALITIES IN ONE VARIABLE 

10 QUADRATIC EQUATIONS IN TWO VARIABLES 

11 EXPONENTIAL AND LOGARITHMIC FUNCTIONS 
12 PROGRESSIONS 


S Examination copies are available for adoption consideration. 
Please write Box BAJ, Prindle, Weber & Schmidt, Inc. 
20 Newbury Street, Boston, Massachusetts 02116. 


To Cauchy, 
cutting it short a 2 
meant | | 
cutting it out. 


Augustin-Louis Cauchy never used one word when 
twenty would do. Which created quite a problem for 
the weekly bulletin of France’s Academy of Sciences. 


They almost went broke keeping up with Cauchy’s out- 
pout. Until they limited all articles to four pages maxi- 


mum. Then Cauchy quit contributing. 
That limitation, by 
the way, still applies. 


What’s the point? 


At Addison- 
Wesley we know 
math inside and out. 
Its ideas and the 
personalities be- 
hind those ideas. 
And we know how to get the 
message across. We publish 
college texts that blend theory 
and application, so students 
come to understand mathe- 
matics. Thoroughly. And 
that makes math a whole 

new numbers game. 


Calculus, by Lynn Loomis, 
shows exactly what we mean. 
Using an intuitive approach, Loomis 
reveals the basic simplicity of cal- 
culus. He develops his subject 
carefully and clearly, stressing 
computational aspects in which 
theoretical roots are implied. In a way 

that doesn’t intimidate students. As one reviewer 


said, “It’s one of the few intelligent calculus books 


on the market.” 


Willard Baxter and Clifford Sloyer have also gen- 
erated excellent reviews with their Calculus with 
Probability: for the Life and Management Sci- 


ences. An example from the American Mathemat- 


ical Monthly: ‘‘Emphasizes mathematical model- 
ing... The book is mathematically precise but 

not rigorous, and merits careful scrutiny; it seems 
to be well written and potentially very popular.” 


Single variable calculus gets a fresh treatment in 
Lectures on Freshman Calculus, by Allan Cruse 
and Millianne Granberg. The calculations are per- 
formed with derivatives and integrals. Demon- 
strated in a real-world context too. Said one re- 
viewer: ‘Cruse and Granberg offer a bold and 
largely successful attempt at a readable first-year 
calculus text .. . unusually conversational with 
direct and effective appeal to the student’s geo- 
metrical and physical intuition.” 


Charles Fleenor, Merrill Shanks and Charles 
Brumfiel have written The Elementary Func- 
tions, Second Edition to provide the necessary 
foundation for a standard calculus course. This 
latest edition is an even stronger version of the 
popular first edition. 


Differential Equations: Theory and Use in Time 
and Motion is one of those rare, genuinely ex- 
citing math books. Written by Alice Dickinson. 
“A more intriguing and colorful textbook for 
differential equations is not likely to exist... 
Content is most acceptable for a first course in 
differential equations. . .’’ That’s one im- 
pressed reviewer. 


Of course, it’s really the students you have to 
impress. That’s what Addison-Wesley math 
books do best. 
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WHERE MATH WARMS UP. 


| NEW BOOKS BY POLISH 
IC \| MATHEMATICIANS 


Oeuvres Choisies 
by Waclaw Sierpinski (In French) 


Vol. I: Travaux en Théorie des Nombres et en Analyse Mathématique. Publié 
par les soins de S. Hartman et A. Schinzel. Selected papers covering 
Sierpinski’s work in number theory and analysis. Includes a short 
biography by C. Kuratowski and a complete bibliography. To be pub- 
lished in July 1974 by Polish Scientific Publishers for the Institute of 
Mathematics of the Polish Academy of Sciences. 360 pp. ca $18.00 


Vol. If: Papers on set theory and its applications. To be published during 1974. 
ca $35.00 


Vol. I: Continuation of volume 2. To be published at the beginning of 1975. 
(Price not yet established ) 


Elementary and Analytical Theory of Algebraic Numbers 
by Wladyslaw Narkitewicz (In English) 

A contemporary survey of the theory of algebraic numbers including 
the class-field theory. The algebraic part uses the classical ideal- 
theoretical approach; the analytical part applies the local approach. To 
be published in April 1974 by Polish Scientific Publishers for the 
Institute of Mathematics of the Polish Academy of Sciences’ series of 
Mathematical Monographs. $30.00 


The following recently published titles (In English) in the series of 
Mathematical Monographs are also available: 
H. Rasiowa, R. Sikorski: The Mathematics of Metamathematics. $17.80 
Z. Semadenti: Banach Spaces of Continuous Functions Vol. I. $25.00 
S. Rolewicz: Metric Linear Spaces $15.00 


M. Krzyzanski: Partial Differential Equations of Second Order 
Vol. I. $18.00, Vol. IT. $12.00 


Address orders, inquiries and requests for free catalogues to: 


ARS POLONA-RUCH Foreign Trade Enterprise 


7 Krakowskie Przedmiescie ¢ 00-068 Warsaw, Poland 
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Paul W. Murrill and Cecil L. Smith, 
Louisiana State University, Baton Rouge 


AN INTRODUCTION TO COBOL 
PROGRAMMING, 2nd Ed. 
March, 1974 304 pages paper, about $8.50 


FORTRAN IV PROGRAMMING 


FOR ENGINEERS AND SCIENTISTS, 2nd Ed. 
1973 322 pages paper, $7.50 


BASIC PROGRAMMING 
1971 154 pages paper, $4.75 


AN INTRODUCTION TO FORTRAN 
IV PROGRAMMING 


A General Approach 
1970 276 pages paper, $6.50 


PL/1 PROGRAMMING 
1973 399 pages paper, $7.50 


INTRODUCTION TO COMPUTER SCIENCE 
1973 622 pages $11.50 


Richard A. Mann, University of New Haven 


AN IBM 1130 FORTRAN PRIMER, 2nd Ed. 
March, 1974 288 pages paper, about $6.95 


A FORTRAN IV PRIMER 
1972 207 pages paper, $5.95 


Richard G. Hamlet, University of Maryland 
INTRODUCTION TO COMPUTATION THEORY 


March, 1974 192 pages about $11.25 


Allen Durling, University of Florida 


= COMPUTATIONAL TECHNIQUES 
Analog, Digital and Hybrid Systems 
March, 1974 416 pages about $12.50 
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ALGEBRAIC TILING 
S. K. STEIN 


A variety of problems concerning number theory, tiling Euclidean space by 
cubes or by cross-shaped clusters of cubes, coding theory, and gambling, have led to 
questions in group theory, usually involving finite, or at least finitely generated, 
abelian groups. We shall discuss some of these problems, their history, and, when 
convenient, some details of their algebraic solutions. A reader who is familiar with 
vector spaces and with the quotient groups and homomorphisms of abelian groups 
will be able to follow the presentation without trouble. It is hoped, in particular, 
that the discussion will be accessible to upper-division students. 


1. Preliminaries. The words “‘tiling’’ or “‘tesselation’’ usually call to mind con- 
gruent copies of a triangle or of a convex quadrilateral tiling the plane. Perhaps 
‘‘tiling’’ may remind us of the herringbone pattern composed of translates of an 
L-shaped set in brick pavements. In any case, copies of some set by some collection 
of motions fill up another set without overlap (except perhaps along common 
borders). 

Several types of tiling will concern us. In one case, we consider tilings of Euclidean 
n-space R” by translates of a cube or by translates of a certain union of a finite 
number of cubes. The union of these translates will be R” and the interiors of distinct 
translates will not intersect. 

Secondly, we shall be involved with a group G and two subsets of G: A and B, 
such that each element of G is uniquely expressible in the form ab, ae A, be B. We 
may think of G as being tiled by copies of B or, symmetrically, by copies of A. We 
shall write G = (A, B), and speak of a factoring of G by subsets A and B. 

Another important type of tiling is the following: Let G be an abelian group 
written additively, and {s,,52,---,S,} a set of integers. Each s, determines a function 
§;:: G>G by 5(g) = sg =g +gt+-:: +4, s; times if s; is positive, and (—g) + (—g) 
+++ +(— 4g), | 5; times if s; 1s negative. If each non-zero element of G is uniquely 
expressible in the form §;b for b in some fixed set B& G and some i, we write 


G _- {0} = {54,525 very Sy ht B 


and say “‘{s,,5,--:,5,} splits G — {0}’’. In this case, G — {0} is tiled by k copies of B. 

In special cases, the splitting of a group is equivalent to the factoring of a different 
group. To be specific, let p be a positive prime integer and let C(p) be the additive 
grotip of the integers modulo p. Assume that {s,,5,,---,s,} splits C(p) — {0}. Let 
Z, be the field of integers modulo p and let G, be its multiplicative group. Then we 
have the factoring 


G, = ({51,S2, +s Suhs B). 
For instance, since C(13) — {0$ = {+1, +2}: {1,3,4}, we have 
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G43 = ({ + 1, + 2}, {1, 3, 4}). 


Before going on to the tilings that we shall treat in detail (all of which concern 
commutative structures), let us illustrate the notion of a tiling by showing how a 
purely combinatorial problem can lead to a problem concerning the tiling of a 
nonabelian group. 

Consider the set of n! linear arrangements of the integers 1, 2, ---,. Call two such 
arrangements adjacent if one is obtainable from the other by a single transposition. 
The question is: 

Is there a set Bof arrangements of 1,2, ---,n such that each of then! arrangements 
is in B or adjacent to precisely one member of B? 

The case n = 2 is the only one for which the answer is known to be “‘yes’’. Since 
there are n(n — 1)/2 arrangements adjacent to a given one, the set B, if it exists, 
would have 

n! 
1+ n(n —1)/2 


elements. So, it is necessary that 1+n(n—1)/2 divide n!. Consequently, if 
1 + n(n — 1)/2 is divisible by a prime that is larger than n, then the answer is ‘‘no’’. 
Rothaus and Thompson [1] obtained this stronger result: 


THEOREM. If 1 + n(n — 1)/2 is divisible by a prime that is larger than 2 + /n, 
then there does not exist a set B of arrangements of 1,2,---,n such that each of the n! 
arrangements of 1,2,---,n is either in B or adjacent to precisely one member of B. 


As stated, the theorem is purely combinatorial. To obtain their result, Rothaus 
and Thompson rephrased the problem in terms of factoring the symmetric group S,: 

Let T be the set of transpositions, together with the identity permutation, in the 
symmetric group S,. Is there a subset B of S,, such that (T, B) is a factoring of S,? 

Rothaus and Thompson used the theory of group representations to obtain their 
result. The original question has still not been completely answered. 


/ 
THE MINKOWSKI-HAJOS PROBLEM 


The next five sections follow the evolution of a problem of Minkowski, from its 
origins in number theory, through its resolution in abelian groups, and then describes 
the problems that grew out of the solution. 


2. Minkowski’s conjecture. The most dramatic work in factoring, that of 
Hajés [7] in 1942, solved a problem that Minkowski [12] raised in 1907. Minkowski 
first considered a question in number theory, quickly transformed it to one about 
vectors, and this to a problem about tiling space with congruent cubes. Hajés ex- 
pressed this problem in terms of factoring a finite abelian group and solved it. Let us 
follow these transitions in detail, which in total are almost as startling as the 
metamorphosis of a caterpillar to a butterfly. 
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The original problem concerns the simultaneous approximation of several real 
numbers by rational numbers: 

Let a1, 4,°*:,a,-, andt > 1 be real numbers. Do there exist integers X1,X4,°°°,X 
such that 0< x, <t" ' and 


1 | Xo 
, |a2 ~— 
Xy 


n 


1 
<—,: 
Xt 


1 
X,t 


X4 
x 


Xn—-1| 


Xn 


? 


(2.1) 


a, — 


The case n = 2, for instance, concerns the approximation of a single real number 
a, by a rational number x, /x, such that | a4 — x4 /x2 | <1/x,t and 0< x, <t. 
(Note that these two inequalities imply that ay — xX, [x2 | <1/x3.) If t = 2, and 
a, = 4, then x, would have to be 1 and the inequality | ay —X, [x2 | < 1/x,t could 
not be satisfied. However, as will be shown later, if t is not an integer (2.1) can be 
satisfied. 

We shall follow the evolution of the problem in terms of the specific case n = 3, 
for it illustrates the essentials for arbitrary n and is easier to describe. 

Minkowski’s question for n = 3 may be rephrased, after the clearing of denomina- 
tors, as follows: 

Let a,, a2, and t > 1 be real numbers. Do there exist integers x1, x,,X3, not all 0, 


such that 
| x4 + Ox, — aytx3| <1 
(2.2) | Ox, + tx. — aytx3 | <1 
|Ox, + Ox, + (1/t?)x3| <1? 


The determinant of the 3-by-3 matrix formed from (2.2) by removing x,, x, x3 has 
the value 1. So, Minkowski raised this more general question: 


Let 
(boi, bin by 
(2.3) | b>, b> b53 
La bs, -b33.J 


be a real matrix with determinant 1. When do there exist integers x,, X2, X3, not 
all 0, such that 


| bax + byX. + by 3X3 | <1 
(2.4) | boixy + ba2Xq + b93x3| <1 
| b34X1 + b32X2 + b33x3| <1? 


Such integers x,, X,, x; do not always exist. For example, the only integral 
solution of 
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| 1x, + by 2X2 + b13x3| <1 
| Ox, + 1x,+ by3X3| <1 
| Ox, + Ox, + 1x3|<1 


is (0,0,0). Clearly, x; must be 0, then x, = 0, finally x, = 0. To find the extra 

condition on the matrix (2.3) that would guarantee a nontrivial solution for the 

inequalities (2.4), Minkowski transformed the question into a geometric one. 
Observe that the three column vectors 


[ bit ( by2 f by3 
y= v2 = bz» v3 = " 
b31J b3,J b33J 
span a parallelepiped whose volume is 1. For convenience we shall identify a vector 
with the point whose coordinates are the components of the vector. The question now 
reads: 


Let v1, V2, and v3 be three vectors in R® that span a parallelepiped of volume 1. 
When are there integers x1, X2, X3, not all 0, such that the vector 


(2.5) X10, + X2V2 + X303 


lies in the interior of the 2 by 2 by 2 cube C whose edges are parallel to the axes 
and whose center is the origin? 

If, instead of demanding that x,v, + xv, + X30; lie in the interior of C, we ask 
only that it lie in C—perhaps on the surface of C—-then Minkowski showed that the 
answer is ‘‘always’’. His argument goes like this: Let D be the 1 by 1 by 1 cube whose 
edges are parallel to the axes and whose center is the origin. Form the set of all 
translates of D by vectors of the form (2.5). (Note that x,, x,, x3 are integers.) Such 
a set of translates, we shall call a lattice of translates. 

Pair off each point of the form (2.5) with the parallelepiped obtained by translating 
by that vector the parallelepiped P spanned by v,, v2, v3. Since the volume of P is 1, 
the number of points of the form (2.5) in a large region of volume V (say, similar to P) 
is approximately V. Thus there are approximately V translates of the unit cube C in 
that region. Since C has volume 1, these translates cannot be disjoint —they must 
overlap, perhaps only at their surface. Hence there are two vectors v and v* of the 
form (2.5) such that 

(v+C)N(v*+ CO) # @, 


hence also two points c and c* in C such that v +c = v* 4+ c*, or 
(2.6) v—v* = c* —¢, 


Now c* — c is in the cube D and v — v* is a non-zero vector of the form (2.5). Thus 
inequalities (2.4), with < replaced by S, do have a non-trivial solution. 
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As observed above, if 


( 1 ( By. ( 543 
v= a Vv, = 1 v3 = os , 
OJ 0 1 J 


inequalities (2.4) have only the trivial solution. More generally, if the vectors 


(Cu ( Cro ( C13 
| 
(2.7) uy C21 uz = C22 uz = & 


¢3, J c3, J C33 J 


are simply another basis for the lattice spanned by 


( ! (Piz) oo 


(2.8) v, = 0 | = L v,= | db; 
0 J 0 J J 


then the inequalities 


Kore + C49X_ + C133 | <1 
(2.9) | Cory + Co9X_ + C23X3 | <1 
| C31%4 + €39X_ + C33X3 | <1 


have no non-zero integer solution. This leads to Minkowski’s conjecture, which we 
state for dimension 3. 


Minkowski’s Conjecture. Let (c;;) be a three-by-three matrix whose determinant 
is 1. If the only integral solution of inequalities (2.9) is (0,0,0), then the lattice 
spanned by (2.7) can also be spanned by vectors of the form (2.8) (or vectors differing 
from (2.8) only by changing the role of the three axes). 

The validity of this conjecture would imply that all entries in at least one row of 
the matrix (c,;;) would have to be integers. In particular, if ¢ is not an integer, 
inequalities (2.2) would have a non-zero solution. In other words, Equations (2.4) 
have only the trivial solution (0, 0, 0) if and only if the real matrix (2.3) of determinant 
1 is unimodularly equivalent to a triangular matrix with ones on the diagonal. (For 
the case where t is an integer see [11] pp. 109-110.) 

Minkowski also expressed his conjecture geometrically. The assertion that a 
lattice of translates of the unit cube C has a basis of, say, the form 
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( 1 (12 ( 13 


y= 0 v2 = 1 03> bo3 | , 
oJ oJ 1 J 


implies, first of all, that the unit cube whose center is (1,0, 0) is present in the lattice 
of translates. This means that the two unit cubes whose centers are (0, 0, 0) and (1, 0, 0) 
share a complete two-dimensional face. Since a lattice is homogeneous — every cube 
in it playing the same role—the lattice must be composed of files of cubes, parallel 
to the x, axis: one such (endless) file is shown in this figure: 


X3 
x2 
; a 
The presence of the vector 
( 5x2 
Vo = 1 
0) 


is then equivalent to the existence of another file of cubes at the same height, tangent 
to the first array, but perhaps slid along the x, direction. Hence the tiling of R° 
includes a tiling of the slab | x3 | < 4, as shown in the figure on page 451. 

Translates of this slab make up the original tiling of R°. In other words, the 
tiling of R° can be built step by step, cubes forming files, then files forming slabs. 
This is how Minkowski’s conjecture for general n reads in geometric terms: 


MINKOWSKI’S CONJECTURE (geometric form): If a lattice of unit cubes tiles R", 
then some pair of cubes share a complete (n — 1)-dimensional face. 
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X3 


Yo 


X4 


This formulation appears in [12, p. 74]. The problem, in arithmetic form, was 
raised eleven years earlier [11, §37]. 


3. Hajos’ confirmation of Minkowski’s conjecture. Minkowski easily settled his 
conjecture for n = 2 or 3. Jansen in 1909 [9] took care of n = 4, 5, and 6. In 1930, 
Keller [10] generalized the conjecture by removing the assumption that the cubes 
form a lattice. Using only the assumption that parallel unit cubes tile R”, he proved 
that for any two of the cubes there is a coordinate axis such that along that axis 
the coordinates of their midpoints differ by an integer. Reviewing the work done up 
to 1940, Perron [13] remarked, ‘‘I must confess that in most of the papers I came to 
one or more places where I could not follow the line of reasoning. So I do not really 
know how far the assertions are in fact proved. Partly, but not completely, this may 
be because I lack the slightest intuitive picture of n-dimensional space, an insight 
with which the other authors seem to be endowed.’’ In this paper, Perron verifies 
Keller’s version of Minkowski’s conjecture for n <6 and reduces the problem 
for any dimension n to a finite one concerning 2” parallel unit cubes whose centers 
are located in a special way in the 2” unit cubes that compose a cube of side 2. And 
there he left the problem, whose complexity grows rapidly with the dimension. 

Soon after, in 1942, Hajés [7] settled Minkowski’s conjecture, where it is assumed 
that the cubes form a lattice, after first casting it into the form of an equivalent 
conjecture about finite abelian groups. We shall describe this final formulation, but 
refer the reader to Fuchs [6, pp. 318-323] for the simplest exposition of Hajés’ 
proof, which depends on the group ring of a finite abelian group with integer 
coefficients. 

Let us consider only the case n = 2, the plane, for it illustrates the general idea 
and is easy to draw. Imagine, then, that the plane is tiled by a lattice of unit squares 
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parallel to the coordinate axes. Describe the location of each square by its lower 
left corner. These points form a group L*. 


First of all, Hajés reduced the general case to that in which the points in L* have 
rational coordinates. A linear transformation of the form (x, y) > (m,x, m,y), where 
m, and m, are positive integers, distorts L* to a subgroup L whose points have 
integer coordinates and simultaneously transforms the unit squares to m, by m, 
rectangles, still parallel to the axes. 

This is now the situation. We have the group H of all points with integer coordi- 
nates anda subgroup L, which consists of the lower left corners of a family of m, by m, 
rectangles that tile the plane. Hajés then expressed Minkowski’s conjecture in terms 
of the quotient group G = H/L. 

Letu, = (1,0) and u, = (0,1) be the standard unit vectors in H. Leta, =u,+L 
and a, = u, + L be the corresponding elements in G = H /L. (We write the elements 
of G multiplicatively and those of H additively.) 

The assumption that the rectangles tile the plane is composed of two conditions: 
that they cover the plane and that they do not overlap (except at their borders). 

The assumption that the m, by m, rectangles cover the plane reads, in terms of 
the group H, as follows: 

For any element heH, there are an element /e€L and integers e, and e,, 
OsSe<m, i= 1,2, such that 


h=[+e,u, + eytp. 
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In terms of the quotient group, this reads: Every element g € G can be written in the 
form 
g=ayiay, OSe<m, i=1,2. 


The assumption that the m, by m, rectangles do not overlap reads, in terms of 
H: If 1,¢€L and 1l,€L, and 0 Se,, e; < m,, i = 1,2, and 


l, + C,u, + C5U2 = l, + eu, + CrUy, 
then e, = e; and e, = e9. In terms of G this condition reads: 
If asias? — astas?, 0 < e., e; <m,, i= 1,2, then e= e/, i= 1,2. 


The assumptions of Minkowski’s conjecture are now expressed completely in 
terms of the group G (which, incidentally, has m,m, elements). How does the 
conclusion read? 

Imagine that two rectangles share a complete edge parallel, say, to the x,-axis. 
There is no loss of generality in assuming that the common edge is the right edge of 
the rectangle whose lower left corner is at the origin. Thus 


m,u,eL. 
In terms of G, this assertion is expressed in the equation 
ay’ = 1. 


This suggests Hajés’ translation of Minkowski’s conjecture in n-space: 

(3.1) Let G be a finite abelian group and let a,, a,,-::,a, be n elements of G. 
Let the order of a; be at least m;, i = 1,2,---,n. Assume that each element of G is 
uniquely expressible in the form 


en 
n? 


ayia’: a 
0OSe,<m,, i = 1,2,---,n. Then there is at least one integer i such that a;"'= 1. 
This theorem concerns the factorization of the group G into n sets, 


G = ({1,a,,-,a7' *}, {1, Ay,°11, 03? "hy, Lays, ann"), 


and asserts that at least one of the factors is a group. It was in this form that 
Minkowsk1’s problem was finally solved. 


4, Hajos generalized. With Hajés’ solution of Minkowski’s problem, interest in 
tiling‘by congruent cubes disappeared. No one seems to have pursued Keller’s 
conjecture which removes the “‘lattice’’ assumption nor his problem concerning 2” 
cubes in n-space. 

But Hajos’ theorem did inspire new questions and new work. Perhaps the most 
interesting is Rédei’s generalization [15] in 1965 of Hajés’ theorem, where the 
factors are no longer required to be “‘front ends’’ of cyclic groups. 
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REDEI’S THEOREM. Let G be a finite abelian group and let A,,A,,---,A,, be 
subsets of G, each of which contains the identity element and each has prime order. 
Assume that G is factored 


G = (Aq, A, °**, An) 
in the sense that each element of G is uniquely expressible as a product 
14> *** App 
a;€A;. Then at least one A; is a group. 


(It is not hard to reduce Hajos’ theorem to the case where each m, is prime. So 
Rédei’s is indeed a generalization of Hajds’.) 

Wittman [22] in 1969 simplified part of Rédei’s proof, the important case where 
G = C(p) x C(p), the square of a cyclic group of prime order. Both Rédei and 
Wittman used characters of abelian groups, the factorization of polynomials, and, 
as did Hajos, the group ring. 

Moving in another direction, Bernstein [2] generalized Hajds’ theorem to finite 
nonabelian groups in which every cyclic subgroup of composite order is normal. 


5. Good groups. Hajés’ theorem also raised questions about the form of fac- 
torizations. Let us look at just one of them, which was answered over a period of 
fifteen years in a series of papers by Hajés [8], Rédei [14], Sands [18, 19, 20, 21], 
and de Bruijn [4, 5]. 

Hajos calls a subset A of a finite abelian group G periodic if there is an element g 
in G, other than the identity element, such that gA = A. (The conclusion of Hajés’ 
theorem is equivalent to the assertion that one of the sets 


{1, Ais az, mes api} 


is periodic.) Observe that a subset A is periodic if and only if there is a subgroup H of 
G, | H| > 1, such that A has a factorization, A = (H, B). 

In [8] Hajdés proved that if G is a cyclic group of prime power order, C(p”), and 
G = (A,B), then at least one of the subsets A and B is periodic. Rédei [14] obtained 
the same conclusion when G is of the form C(p) x C(p). These papers helped initiate 
the search for ‘“‘good’’ groups. A finite abelian group G is good if in each factorization 
G = (A,B), at least one of A and B is periodic. Sands [20], summarizing the efforts 
of several mathematicians, provided this complete list of the good groups: 


(p", 4) (D7, 47), (D7, 451)s (Ds 9,755) 

(p°, 2,2), (p?,2,2,2), (p, 27,2), (p, 2, 2, 2,2) 
(p, 4,2, 2), (p, 3, 3), (37, 3), (2”, 2) 

(27, 27), (p, P); 
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and their subgroups. Here, p, g, r, s denote distinct primes; in each case p may equal 2. 
The notation (a, b,--:,c) is short for the direct product C(a) x C(b) x --- x C(c). 

Along the way, many side results were obtained. For instance, Sands [18] proved 
that if a finite cyclic group G is factored, G = (A, B), and | A | is a power of a prime, 
then A or B is periodic. In [19], Sands proved that if the finite abelian group G is 
factored, G = (A, B), A| is a power of a prime, and if (| A|, |B !) = 1, then there isa 
subgroup H in G such that G = (A, H). It is not known whether the assumption that 
the order of A is a prime power is necessary. 


6. Another relation to geometric tiling problems. The preceding section was con- 
cerned with the relation of a factor of G to scme subgroup H of G. The first such 
theorem is Lagrange’s, which asserts that any subgroup H of G is a factor of G. 
Similar questions and results are to be found in the theory of convex bodies. For 
instance, for any convex body in the plane a densest packing by translates is provided 
by a lattice packing. 

Zassenhaus in [23] remarked, concerning a different geometric problem, “‘It is 
highly interesting to observe that one of the densest X-admissible point sets turns 
out to be a ‘lattice with a base’, i.e., a point set which is the union of a finite number 
of translates of a geometric lattice...the fact that (vaguely formulated) optimal 
discrete distributions tend to be lattices with a base has been known to every scientist 
interested in solid state physics since Bragg’s and von Laue’s discoveries. ...Is it reason- 
able to assume that lattices with a base form a pattern of optimal packings?’ 
Zassenhaus was presumably referring to the fact that when a liquid solidifies it tends 
to form a crystal which usually is the configuration that minimizes the total internal 
energy. 

One algebraic analog of this expectation, for tilings rather than for packings in 
general, runs as follows. Let G = Z x Z x ::: x Z, the free abelian group with n 
generators (the analog of n-dimensional Euclidean space) with addition coordinate- 
wise. Let A be a finite subset of G. Assume that there is a set B such that G = (A, B). 
Is there then a subgroup H of G and a finite set S in G such that G = (A,H,S)? 
The set H + S is the analog of “‘a lattice with a base’’. The answer is not known. 
In [33] is an example of a symmetric star body that tiles R‘° as a lattice with a 
base but not as a lattice. Robinson [17] exhibited 32 finite subsets of Z x Z whose 
translates tile Z x Z but do not tile Z x Z in any way that resembles a lattice with a 
base. The general question for translates of a single finite subset of Z x Z remains 
Open. 


TILING BY CERTAIN STAR BODIES 


The theory of convexity contains many results on tiling, packing, and covering 
by translates of a convex body. If the interiors of a family of convex bodies in 
Euclidean space are pairwise disjoint, the family 1s called a packing; if the union of 
the family is all of the space, the family is called a covering. Thus a tiling by convex 
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bodies is simultaneously a packing and a covering. We will also speak of lattice 
tilings. First of all, a family of vectors form a lattice if they are a group under ad- 
dition and have no accumulation point. In a lattice tiling, the tiling family consists 
of the translates of a fixed convex body by the vectors of a lattice. The body is said 
to tile in a lattice manner. These definitions extend from convex bodies to star 
bodies. (A star body contains a point from which the entire body is “‘visible’’.) Two 
types of star bodies, called “‘crosses’’ and “‘semi-crosses’’, are of special iterest, in 
part because their tiling problems, though fairly general, can be treated algebraically, 
and in part because of their appearance in combinatorial and coding theory. The 
next two sections concerns these star bodies. 


7. Tiling Euclidean space by crosses or semi-crosses. Let k and 7 be positive 
integers. Any translate of the kn +1 unit n-dimensional cubes whose edges are 
parallel to the coordinate axes and whose centers are the kn + 1 points specified by 
the n-tuples 


(0, 0, “++, Q), (j, 9, --+,0), --+, (0,0, J), 


j = 1,2,---,k, is called a (k, n)-semi-cross. A (k,n)-semi-cross consists of n arms of 
length k attached at facets of a “‘corner’’ cube. 

A (k, n)-cross is any translate of the 2kn + 1 unit cubes whose centers are at the 
2kn + 1 points specified by the n-tuples 


(0, 0, ---, 0), ( +j,0,---,0), °°, (0,0, ++, +j), 


j = 1,2,---,k. The (k,)-cross is centrally symmetric. 

We shall assume, unless otherwise stated, that in the tilings by crosses or semi- 
crosses, the centers of the cubes have integer coordinates. Essentially we are replacing 
R" by Z”. The next few theorems, which suggest the type of algebraic problems such 
tilings raise, are taken from Stein [32]. 


Theorems 7.1 and 7.3 show why lattice tilings by semi-crosses or crosses are 
specially amenable to algebraic treatment. 


THEOREM 7.1. The (k,n)-semi-cross tiles R" in a lattice manner if and only if 
the set {1,2,---,k} splits an abelian group G of order kn + 1, that is 


(7.2) G— {0} = {1,2,---,k}: {915J29°'*s Int 
where {91992 In} cG. 


Proof. Let Z” be the free abelian group with n generators. If the (k, n)-semi-cross 
tiles Z” in a lattice manner, let H be the subgroup of Z” occupied by the centers of the 
corners of the semi-crosses. Let G be the quotient group Z"/H. Let f: Z" > G be the 
natural homomorphism and let g; = f(E,) where E, is the basic unit vector in the jth 
direction, E,;= (0,---,0,1,0,---,0), a 1 in the jth coordinate. Note that Z” is the union 
of the kn + 1 cosets of the form c + H, where c is a center of a cube in the semi-cross 
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whose corner is at the origin. Thus, as c runs through the kn +1 points iE,, 
1<isk,1<j <n, together with the origin, f(c) runs through the elements of G. 
Thus we have the splitting, 


G — {0} = {1,2,++-,k}: {915929°*"sGn}- 


Conversely, assume that G is an abelian group of order kn + 1 and that each 
non-zero element is of the form ig;,,1 <i<k,1<j <n. Define f: Z" > G to be the 
unique homomorphism such that f(E;) = g; and let H be the kernel of f. Then, as 
may be checked directly, the set of semi-crosses whose corner cubes have their center 
in H constitute a tiling of R”. 

In a similar manner, it can be shown that the (k,n)-cross tiles R” in a lattice 
manner if and only if the set {+1, +2,---, +k} splits an abelian group of order 
2kn + 1. In both these results, call G “‘the quotient group of the tiling’’. In particular, 
since C(13) — {0} = { +1, +2}: {1,3, 4}, the (2, 3)-cross tiles R°. 

So the question, “‘when does a (k, n)-semi-cross or cross tile R" in a lattice manner,”’ 
is reduced to a question concerning the splitting of finite abelian groups. Either 
question is far from being answered. The following two theorems represent only the 
first steps toward a complete solution. 


THEOREM 7.3. ([32, Theorem 4.8]). If p is a prime, then the (p — 1, n)-semi-cross 
tiles R" in a lattice manner for an infinitude of n such that (p — 1)n + 1 is prime. 


The next theorem shows that a semi-cross or cross can tile a given space in many 
geometrically distinct ways. Preprints are available from the authors. 


THEOREM 7.4. (W. Hamaker-S.K. Stein). Let p be an odd prime, b an integer 
greater than 1, andn = (p’ — 1)/(p — 1). Then the (p — 1, n)-semi-cross tiles R" and 
the ((p — 1)/2, 2n)-cross tiles R*" in a lattice manner. Moreover, any abelian group 
of order p’ can be prescribed as the quotient group of either tiling. 


Theorem 7.4 shows, for instance, that the (2, 4)-semi-cross tiles R* with quotient 
group C(9) and also C(3) x C(3). There are in fact at least two geometrically 
inequivalent lattice tilings with quotient group C(9). One has its corners at 


{(X1, %2,%3, X4) | x4 + 4x, + 7x3 + 3x4, = 0(9)} 
and the other at 
{(X1, X25 %3, X4) |X, + 4x, + 7x3 — 3x4 = 0(9)}. 


With the aid of Theorem 7.1 and its companion for crosses, it is easy to show that 
the (1,7)-semi-cross tiles R” with any abelian group of order n +1 as quotient 
group and that the (1,7)-cross tiles R” with any abelian group of order 2n + 1 as 
quotient group. 

Among the many questions suggested by these theorems, we state just two. In a 
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geometric tiling of R” by crosses (parallel to the axes), one of which has its center at 
the origin, must the centers of all the crosses have integer coordinates? (For the 
(1, 3)-semi-cross in R*, the answer is ‘‘no”’. 

Secondly, if a (k,)-semi-cross tiles R", n 2 3, is k bounded in terms of n? In [32] 
it was Shown that in the case of a lattice tiling, where kn + 1 is prime, then k < 2n — 2. 
Hamaker [26] removed the assumption that kn + 1 is prime. For crosses, a bound is 
known for any tiling, [32, Theorem 3.2]. 


8. Combinatorial and coding problems. Problems in packing, covering, or tiling 
by figures closely related to semi-crosses or crosses have appeared independently in 
such separate fields as combinatorics and coding theory. 

The combinatorial case goes back to a gambling problem first investigated by 
Taussky and Todd [34] in 1948. This is their description of the problem: ‘‘A bettor 
tries to forecast the results of 13 games (win, loss, or tie). He ‘knows’ the results of 9, 
say. But the remaining 4 are uncertain. To make sure of getting the remaining 4 right, 
he would have to make 3* entries. But if he thinks 12 right will be the best submitted, 
he asks what is the smallest number of entries which will ensure that no matter what 
happens he will have at least 3 right out of 4.”’ 

This question suggested a general combinatorial problem: 


Let X be a set with q elements and let n be a positive integer. Let S be the n-fold 
cartesian product, X x X x +++ x X. How small a subset B &S can be found such 
that each element of S differs from some element of B in at most one coordinate? 

(The gambler’s problem is the case gq = 3 and n = 4.) The minimal size of B is 
usually denoted o(n,q). Since a given point in S differs in exactly one coordinate 
from n(g — 1) points, clearly 


n 


q 


a(n,q) 2 n@-D+1° 


If S is pictured as an n-dimensional chess board of side qg, then the set B can be 
interpreted as a minimal set of castles that attack or occupy every cube of the board. 
At the outset, the combinatorial question was cast in algebraic terms. Let 


G = C(q) x C(q) x -*: x C(q), n times. 
Let A&G be the n(g — 1) + 1 elements 
(8.1) (0,0, -:-,0), (i,0,--:,0), (0, 7, 0, ---,0), ---, (0, «++, 0, i) 


1<i<q-—1. Then the combinatorial question now reads: 
How small a subset B can be found in G such that 4+ B = G? 
The symbol A + B denotes the set of elements of the form a + b, ain A and b inB. 
Since it is not assumed that each element of G is uniquely of the form a + b, this 
question concerns covering, not tiling. However, most of the early work was devoted 
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to the special case of finding a factoring; in this case n(q — 1) + 1 must divide q”. 
The first general result in this direction is due independently to Zaremba [35] and 
Mauldon [31] in 1951: 


THEOREM 8.2. Let p be a prime number, let a be an integer larger than 1, and 
let n = (p*—1)/(p—1). Then the group G =[C(p)]|" has a tiling G = (A,B), 
where A is prescribed in (8.1). 


Proof. Each non-zero element of H = [C(p)]* has order p. Select a non-zero 
element g,. It generates a group G, of order p. Select g, not in G,. It generates a 
group G, of order p that meets G, only in the element 0. Continuing in this way, 
select elements g,, g2,°°:,g, Such that 


H — {0} = {1,2, +++, p _ 1}: {4 1,F20°* Int: 
Next define a homomorphism 
f: LC)" > [CPI 


by mapping (0, ---,1,---,0)— where 1 is the ith place—onto g,. Then (A, f~ 1(0)) is 
a factoring of G = [C(p)]”. 

Theorem 8.2 includes the particular problem of the gambler when p = 3, a = 2, 
and n= (p*—1)/(p—1)=4, showing that 3*/[4(3-—1)+1] =9 forecasts 
suffice. 

Zaremba [36] also treated the case where q is a power of a prime. For con- 
venience, we include the short proof published in 1969 by Losey [30]. 


THEOREM 8.3. Let g be a power of a prime p, let a be an integer larger than 1, 
and let n = (q*—1)/(q—1). Then the group G =[C(q)|”" has a tiling (A,B) 
where A is prescribed in (8.1). 


Proof. The vector space V* of dimension a over the Galois field GF(q) is the 
union of n = (q* — 1)/(q — 1) lines through the origin. On each line, select a point 
g; other than the origin. Let V” be the vector space of dimension n over GF(q) and 
define a linear map 


T:V"3~ VY" 
by setting 
T(0, +++, 1,°++,0) = g,, 
(where a I is in the ith place and 0’s elsewhere). Then it can be shown directly that 
G = (A, T~1(0)), 


where G 1s considered as the additive group of V”. 
Note that G in the preceding proof is not [ C(q) |". The additive structure of V” is 
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the n-fold sum of the additive group of GF(q), hence the sum of copies of C(p). 
The set T~1(0) is not a subgroup of [C(q)]" (unless q is itself a prime). This is a 
consequence of the following theorem, due to Zaremba [36]. 


THEOREM 8.4. If q is composite, the group G = [C(q)}" has no factoring of the 
type (A,B), where A is prescribed in (8.1) and B is a group. 


Proof. Assume that in such a factorization B is a group. Let 
f:G->G/B 
be the natural homomorphism. The ith axis of G, 
(0, --,x,---,0)|xeC(q), x in the ith place}, 


is a subgroup of G. Let H; < G/B be the image of the ith axis under the homomor- 
phism f. Then 


G/B = H,UHA,VU UAL, 


and any pair of the H,’s meet only at the element 0 in G/B. Each H, is isomorphic 
to C(q). 

As Baer observes in [24, p. 337], if a finite abelian group H is expressed as the 
union of at least two subgroups, any two of which meet only at {0}, then every non- 
zero element of H has the same order. 

[To show this, assume H = AUBUCU---. Let ae A — {0} and be B — {0}. 
Assume mb = 0. We shall show ma = 0. Clearly, a+ b¢A UB, hence is in a 
subgroup C that meets A and B only at {0}. Hence m(a+ b)eEC. But m(a+ b) 
= maeéA. Thus ma = 0. From this it follows that all non-zero elements of A and of 
B have the same order, which, being non-zero, must be a prime. | 


The factorings of | C(q) |" in Theorems 8.2 and 8.3 provide tilings of R” by (q—1, n)- 
semi-crosses and, if g is odd, by ((q — 1) /2, 2n)-crosses). If g is prime the tiling is by 
a lattice. If g is a power of a prime, but not prime, the tiling is by a lattice with a base. 

The problem of tiling [C(q)]” arose, as we saw, from a combinatorial covering 
problem. The same problem is of importance in coding theory, where it grew out of a 
packing, rather than covering, problem. 

In the coding case, X is a Set of g “‘symbols’’ and X” is the set of gq” ‘‘messages”’ of 
length n that can be written with those symbols. Assume that when a message of 
length n is transmitted, at most one of the n symbols is received erroneously. There- 
fore, when a message m is sent, any of 1 + n(q — 1) sequences can be received. Call 
this set of possibilities A(m). Because of the possible ambiguity, the sender and the 
receiver must agree in advance on a list of possible messages, called ‘‘code words,”’ 
M1, M2,°*-,m, Such that for i #j, A(m,;) and A(m,) are disjoint. When each m; is 
again interpreted as the position of a castle, no two of the k castles must attack the 
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same point. Instead of a (minimal) covering problem, we have come to a (maximal) 
packing problem. The two problems become identical if we insist that the covering 
have no overlap and the packing fill X”. Codes that meet this stringent demand are 
called “‘perfect single-error correcting codes.’’ For a survey of the construction of such 
codes, see van Lint [28, 29]. 
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FOLIATIONS OF 3-MANIFOLDS 
MAURICE COHEN 


The theory of foliations has its roots in the study of differential equations in the 
nineteenth century and has recently been a very active area of topology. The modern 
theory started in 1944 and until 1969 the most striking examples and theorems 
were all concerning foliations of codimension one on the 3-sphere and other 3-mani- 
folds. The statements of these results of G. Reeb, A. Haefliger, S. Novikov and 
J. Wood, all of which will be discussed, are very geometric and within reach of the 
imagination and our usual 3-dimensional intuition (together with a few drawings). 
The definition of foliation will be vague at first and made gradually precise. We 
shall begin with a few words about ordinary differential equations in the plane 
and the statement of the Poincaré-Bendixson theorem, so that it later becomes 
clear how foliations generalize differential equations and how questions about 
foliations arise naturally from the study of the qualitative behavior of solutions 
of ordinary differential equations. 

For our purposes, a differential equation in the plane is given by a system 
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fax _ 
\a f(y) 


dy 
| dt _ g(x,y); 


where f and g have continuous partial derivatives and are not both zero at the same 
point. Through each point P in the plane we then have a line Lp with direction 
numbers 


dx dy 
dt’ dt ~ 


A solution —or integral—curve of the equation is a curve C, such that for each 
P on C, Lp is tangent to C at P. The existence and uniqueness theorem for solutions 
of differential equations then says that maximal integral curves provide a partition 
of the plane by disjoint lines: a foliation of the plane by curves. Suppose now that 
D is a closed disk in the plane, and that C is an integral curve of the given system 
which crosses the boundary of D and then stays in the interior of D. The Poincaré- 
Bendixson theorem then asserts that C spirals towards a closed integral curve I 
in D (Figure 0). Note that the theorem states the existence of a closed integral curve 
and describes the behavior of nearby integral curves. 


C 


CNS 


Fic. 0 «Fig. 1 


Let R* denote 3-space. In a cartesian coordinate system, a point P in R° will 
have coordinates (x, y,z) and then R® = {(X, ys z) | x,y,z are real numbers} (Figure 
1). The simplest foliation of R® is given by the collection of all planes of equation 
Z= c, where the constant c is any real number (Figure 2). This decomposition of 
R? by disjoint surfaces is called the trivial foliation of R*®. For each c, the plane 
z = c is called a leaf of the foliation. Notice that each point of R° is on a leaf and 
that the leaves are disjoint. 

Consider in the yz-plane the collection of all lines y = k, for each k = 1, and 
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for each constant h (Figure 3). Notice that the line y = 1 is an asymptote for each 
of the curves given by (*) and that each point in the half plane y 2 0 is on exactly 
one curve of either of the two collections defined above. Now rotate the yz-plane 
about the z-axis. Each curve of each collection generates a surface of revolution in 
R° (Figure 4). We obtain a foliation of R*. Each leaf of this foliation is either a 
cylinder of equation x* + y? = k*, with k= 1, or a test-tube like surface inside 
the cylinder x? + y* = 1, asymptotic to that cylinder. 

In the example of Figure 4 let us think of the leaves as being made of rubber. 
Then, given any point P in R°®, we can cut out a small enough solid ball centered 
at P, deform the pieces of leaves making up this ball and then stretch them inde- 
finitely transforming the ball into R*, but this time with the trivial foliation (Figure 
5). This is always the case: every foliation locally looks like (in the above sense) 
the trivial foliation of R°. 


Fic. 5 


Each leaf L of a foliation of R° is a surface which we require to have a tangent 
plane at each point. We can then choose at each point P on L aunit vector np normal 
to the leaf. Since each point of R® is on exactly one leaf, we have determined a vector 
field n = {np | P in R°}, which is said to be normal to the foliation. We ask that np 
can be chosen to vary smoothly (1.e., differentiably of all orders) with P (Figure 6). 


Fic. 6 
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In other words, if P has coordinates (x,y,z), then componentwise 
np = (fi(X, VY, Z)> f2(X; Ys Z), £3(%, Y, Z)) can be chosen such that f,, f,, f, have con- 
tinuous partial derivatives of all orders. This is asking the foliation to be smooth. 
The foliation of R°* in Figure 4 is smooth. We could have obtained a very similar 
foliation by rotating about the z-axis the curves in the yz-plane given by 


y=k,k21 
and those given by 


z= +h 
l—y 

for 0 < y <1, and each constant h. The resulting foliation of R* (which looks so 
much like the one in Figure 4, that the reference is again Figure 4) fails to be smooth. 
The trouble occurs at each point on the cylinder x* + y* = 1: the surfaces inside 
the cylinder do not approach the cylinder steeply enough. We shall come back to 
the question of smoothness in connection with Haefliger’s theorem. 

Consider the foliation of R° in Figure 4, discard all the leaves outside the cylinder 
x? + y* = 1 (keeping the cylinder), cut the cylinder with the planes z = 0 and 
z = 1 and retain only the part of it for which O S$ z S$ 1. We obtain a solid can, 
the interior of which is decomposed in disjoint surfaces, these surfaces intersecting 
the top and the bottom of the can in two sets of concentric circles (Figure 7(i)). 
Bend the can and glue its top to its bottom, matching concentric circle with concentric 
circle of same radius. It can be done in a way to make the wall of the can into a smooth 
empty torus while the surfaces inside the can become smooth surfaces inside the 
torus (Figure 7(ii)). The result is a foliation of the solid torus called the Reeb com- 
ponent. The empty torus is a leaf of this foliation. The other leaves look like snakes 
winding indefinitely around the torus, eating each other and themselves up and 
tending towards the empty torus (Figure 7(ii)). Figure 8 shows a section of the torus 
leaf and of one inside leaf of the Reeb component. 

The 3-sphere S° is the set of points at distance one from the origin in R*, 4-di- 
mensional euclidean space; Le., 


SF = {(x,y,Z,t)|x?+y? +27 +0? = [}. 


One can visualize S* in many different ways. One possibility is to consider two solid 
tori T,;, JT, and to attach T, on the outside of T, by glueing the empty torus boun- 
dary of T, to the empty torus boundary of T,, matching the meridian circles of 
one to the parallel circles of the other and vice-versa. The resulting space is S°. 
Figure 9 shows two solid tori with some meridian and parallel circles drawn on their 
boundaries; the glueing is done so that C; is matched with C; for i = 1,2,3,4. 
Another way to picture S* is to think of R? with a point adjoined at infinity. 
S? minus a point is R°® in very much the same manner as S? minus a point is topo- 
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logically R*: think of stereographic projection or stretching a punctured rubber 
balloon as in Figure 10. Figure 11 shows a combination of the two ways of looking 


Fic. 10 


Fic. 11 (ii) 


at S?: in (i) we have T, and T, before glueing while in (ii) we have S° minus the 
point P of T, which has been thrown to infinity after the glueing. 

If we foliate T; and T, each as the Reeb component and then attach T, to T, 
as above, we obtain a foliation of the resulting S° called the Reeb foliation of S°. 
One leaf of this foliation is an empty torus. All other leaves look like snakes winding 
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one way on one side of the empty torus leaf, perpendicularly on the other side of 
it. Picturing S° as in Figure 11, Figure 12 shows the empty torus leaf and parts of 
two leaves, one On either side of it. Reeb described this foliation in the 1940’s. 

The Reeb foliation of S* is smooth. By that we mean that if we remove any one 
point of S*, we obtain R* and a foliation of R* which is smooth, i.e., it is possible 
to choose a unit normal vector field to it with components f,(x, yz), f,(x, y,Z), 
f3(x, y, Zz) Which have continuous partial derivatives of all orders. Can a foliation 
of S* be even smoother, in the sense that the functions f,,f, and f, are analytic, 
i.e., are equal to their Taylor series? (A function with continuous partial derivatives 
may have a Taylor series which diverges or converges to a different function.) Such 
a foliation is said to be analytic. For example, the trivial foliation of R° is analytic 
and the Reeb foliation of S° is not analytic. In 1958 A. Haefliger proved in his thesis 
that no foliation of S° is analytic. Let us introduce the notion of holonomy of a leaf 
and indicate how it is involved in Haefliger’s proof. 


Fic. 12 Fic. 13 


Let Lbe a fixed leaf of a foliation and let C be a closed curve on L. Pick a point 
P on C and let I be a small segment of midpoint P, perpendicular to L at P. Imagine 
moving P around C returning it to its original position in one unit of time, while 
keeping I perpendicular to L. At time t = 0a point x of 11s on some leaf L’ of the 
foliation and as P describes C, the point of intersection of L’ with the moving seg- 
ment I varies along the line carrying J. Let g(x) be the position of this point at time 
t = 1 (Figure 13). Let I' be a small enough subsegment of J such that if x is on 
I’, then g(x) is on I (rather than on the line carrying J or at infinity on that line). 
Representing I’ as the interval of real numbers (—1,1) and J as some larger subset 
of the set of real numbers R, this procedure defines a function g:(—1,1) > R. 
The collection of all these functions for a fixed leaf L(and various curves C), modulo 
an appropriate equivalence relation, is called the holonomy of the leaf L. 
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A little thought will convince the reader that the holonomy of L describes the 
behavior of leaves near L. It also turns out that the functions in the holonomy 
of any leaf of a foliation are just as smooth as the foliation. For example, if the 
foliation is analytic then each function g is analytic. In the case of the trivial foliation 
of R°, it is geometrically clear (Figure 14) that the holonomy of any leaf consists 
of only the identity function g(x) = x, which is indeed analytic. 

R? 


Fic. 14 


Let us return to S° and suppose we have an arbitrary foliation of it. Haefliger 
proceeds by locating a leaf Lof the foliation, a closed curve C on Land a point P 
on C such that the associated function g:(—1,1) > R is given by g(x) = x for 
x <0 and such that g(x) < x for x > 0. In other words, g is the identity function 
for x < 0 and is different from the identity function for x > 0. This behavior is im- 
possible for an analytic function. Hence g is not analytic and the given foliation 
must not have been analytic. The procedure used to locate the leaf Lrelies heavily 
on the qualitative theory of differential equations in the plane and in particular 
the Poincaré-Bendixson theorem. 

In 1964 S. Novikov proved that any foliation of S* contains a Reeb component. 
In other words, no matter how you foliate S° you must use a leaf which is an empty 
torus, which may be knotted, and inside this torus the leaves are self-eating snakes. 
The difficult proof uses ideas involved in the proof of Haefliger’s theorem and the 
concept of a closed transversal to a foliation. A closed transversal to a foliation is 
a smooth closed curve which is never tangent to, nor lies in, a leaf of the foliation: 
it must intersect transversally each leaf it touches (but does not necessarily meet 
every leaf). For example, there is no closed transversal to the trivial foliation of 
R*®: Any smooth closed curve C in R* contains a point P whose height, say z), above 
the xy-plane is maximal. The curve C, being smooth, must be tangent to the plane 
Z = Zg which is a leaf of the foliation and hence C is not a closed transversal (Fi- 
gure 15). On the other hand, the curve running down the middle of a solid torus 
is a closed transversal to the Reeb component (Figure 16). To prove his theorem, 
given any foliation of S*, Novikov exhibits a leaf Lsuch that no closed transversal 
of the foliation intersects L. He then proceeds to show that L has to be an empty 
torus which is the boundary leaf of a Reeb component. 

Actually, Novikov proves the same result not just for S° but for a class of mani- 
folds including any simply connected compact 3-manifold. A 3-manifold is a subset 
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Fic. 15 Fic. 16 


of some euclidean space R“, which around each of its points looks topologically 
and smoothly like R°. A 3-manifold is simply connected if any closed curve con- 
tained in it can be continuously deformed to a point while remaining in the mani- 
fold. A 3-manifold is compact if it is a bounded subset of RX (i.e., contained in some 
sphere centered at the origin of R“) and if moreover, whenever a sequence of its points 
approaches a limit in R“, that limit has to be a point of the manifold. For example, 
S? is a simply connected compact manifold, R* is a simply connected manifold 
which is not compact and the interior of a solid torus (i.e., the space occupied by 
the air in a tire) is a 3-manifold which fails to be simply-connected. Let us mention 
in this connection the famous unsolved Poincaré conjecture, which states that any 
compact simply connected 3-manifold is topologically equivalent, i.e., homeomorphic, 
to S°. 

Given a 3-manifold M, a smooth foliation of M is a decomposition of M by 
surfaces, called the leaves of the foliation, such that, in each neighborhood of each 
point of M which “looks like’’ R*, the decomposition gives rise to a smooth foli- 
ation of R°. 

Lickorish, Novikov, Zeischang and Wood have proved that any compact 3-mani- 
fold M can be foliated. The theorem of Novikov then states that when M is simply 
connected, a Reeb component has to be used. 

Let us return to S°, considering it as the sphere of unit radius centered at the 
origin O in R*. For each point P on S° let Tp be the three dimensional hyperplane 
in R* perpendicular to the radius OP at P. Tp is called the tangent plane to S° 
at P.4n each Tp pick a unit vector vp in such a way that vp varies smoothly with P: 
that is, if P in S* has coordinates (x, y, z, tf) with x? + y? +z? +t? = 1 and if com- 
ponentwise 

Vp = (F(X, YZ, t), fo(X, y, Z, t), f3(X, y, Z, t), fa(x, y, Z, t)), 


then f,, f,, f3, f4 have continuous partial derivatives of all orders. The collection v 
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of all vectors vp, v = {vp}, is then called a smooth unit tangent vector field to S°. 
Figure 17 depicts a two dimensional representation. It is well known that a two 
dimensional analogue, that is, a smooth unit vector field on S*, (considered as the 
sphere of unit radius at the origin in R°), does not exist: one cannot comb the hair 


on a billiard ball. 


Fic. 17 


Given a smooth foliation of S* and a smooth unit tangent vector field v on 
S3, we shall say that v is tangent to the foliation at a point P of S° if vp is tangent 
to the leaf of the foliation on which P is. If there isno point of S* at which vis tangent 
to the foliation, we say that v is transverse to the foliation. For example, ifn = {np} 
a vector field normal to a foliation then n is transverse to that same foliation. 

If the vector field v is given, there does not necessarily exist a foliation to which 
v is transverse. One example is constructed as follows. Define a function H which 
assigns to each point P of coordinates (x, y, z,t) of S° (ie., x7 + y? +27 +0? = 1) 
the point Q = H(P) of S? of coordinates (2(xz + yt), 2(yz — xt), x? + y? — 2? — 17). 
It is easy to verify that the sum of the squares of the coordinates of Q equals 1 and 
therefore Q is on S”, the sphere of radius one at the origin in R*. This function is 
called the Hopf map and has the following property: the points of S* which are sent 
by H to the same point of S? all lie on a great circle of S* (exercise for the reader: 
draw a picture!). For each P on S° we let vp be a unit tangent vector at P to the 
great circle through P on which H is constant. The function H being smooth, one 
can choose (at each P there are two possible choices) vp to vary smoothly with P. 
The smooth unit tangent vector field v to S° thus obtained is not transverse to a 
fojiation. 

Even though an arbitrary smooth unit tangent vector field to S* need not be 
transverse to a foliation, it has been proved by J. Wood, in 1968, that it can be 
deformed into one which is transverse to a foliation. Let us define more precisely 
what we mean by deformation. Let v = {vp} be the vector field; vp is a vector 
of origin P in the tangent plane Tp to S* at the point P of S*. Think of vp as the 
position at time t = 0 of a vector which rotates about P in Tp. Denote by 
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Tp 
0) 
Vp = Up 
1 
Up = Wp t 
Up 
P 
Fic. 18 


v, the position of the vector at time t. To say vp rotates means that its length is 
constant in t. Put wp = vp. We have a vector field v‘ at each time t with v° = v 
and v'! = w. If P has coordinates (x, y,z,u) with x* + y* + z7+u? = 1 and com- 
ponentwise 


vp = (filX, Vy Zs U)> fo(X, YZ, 4), f3(X, Vs ZU), falX, Ys Z,U)), 


where fi, f3, f; and f;, have continuous partial derivatives of all orders with respect 
to x, y,z,u and t, then we say that v' is a smooth deformation or smooth homotopy 
of v into w. Wood’s theorem states that any vector field tangent to S° is smoothly 
homotopic to one which is transverse to a foliation (Wood states and proves the 
theorem for arbitrary compact 3-manifolds). 

Since 1968 the subject of foliations of 3-manifolds has flourished. The knowledge 
about foliations has increased to the point where one uses algebraic topology and 
its huge machinery to study questions of existence and classification of foliations. 
The field is still young enough though to have retained all its geometric appeal. 
These new developments are surveyed in the article of H. B. Lawson listed in the 
references. 


References 


1. A. Haefliger, Structures feuilletées et cohomologie a valeur dans un faisceau de groupoides, 
Comm. Math. Helv., 32 (1958) 248-329. 

2. A. Haefliger, Variétés feuilletées, Ann. Scuola Norm. Sup. Pisa (3), 16 (1962) 367-397. 

3. H. B. Lawson, Jr., Foliations, to appear in Bulletin of the American Math. Soc. 

4. S. P. Novikov, The Topology of Foliations (in Russian), Trudy Moskov. Mat. Ob., 14 (1965) 
248-278. 

5. G. Reeb, Sur certaines propriétés topologiques des variétés feuilletées, Act. Sci. Ind., no. 1183, 
Hermann, Paris, 1952. 

6.°J. Wood, Foliations on 3-manifolds, Ann. of Math., 89 (1969) 336-358. 


DEPARTMENT OF MATHEMATICS, SIR GEORGE WILLIAMS UNIVERSITY, MONTREAL 107, QUEBEC, 
CANADA. 


OPTIMAL VELOCITY IN A RACE 
JOSEPH B. KELLER 


1. Formulation. We wish to determine how a runner should vary his speed v(¢) 
during a race of distance D in order to run it in the shortest time. Previously we 
formulated this problem in the following way [1]: 

The time T to run the race is related to v(t) and D by 


T 
(1.1) D= I v(t) dt. 
0 
The velocity v satisfies the equation of motion 
dv v 
(1.2) Wh + 7 = f(t). 


Here u/t is a resistive force per unit mass and 7 is a given constant, while f(t) is the 
propulsive force per unit mass. Initially 


(1.3) v(0) = 0. 
The force f(t) is controlled by the runner, but it cannot exceed the maximum yalue F, 


(1.4) f(t) SF. 


The force also affects the quantity E(t) of available oxygen in the muscles per 
unit mass, since Oxygen is consumed in reactions which release the energy used in 
running. Energy is used at the rate fv, and we assume that oxygen is supplied by 
breathing and circulation at the rate o in excess of that supplied in the non-running 
state. Then the oxygen balance equation is 
(1.5) _ =o-—fv. 


In (1.5) and elsewhere we measure oxygen in units of the amount of energy it would 
yield in a reaction. Initially 


(1.6) E(O) = Epo. 

Since E(t) can never be negative, we have 

(1.7) E(t) 2 0. 
The problem now is this: 


PROBLEM. Find v(t), f(t), and E(t) satisfying (1.2)-(1.7) so that T, defined by (1.1) 
is minimized. The four physiological constants t, F, o, and E, and the distance D 
are given. 
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This is a problem in the calculus of variations with differential equations and 
inequalities as constraints. Since there are two differential equations and three 
unknown functions, it is called a problem of optimal control theory. The force f(t) 
may be thought of as the control variable, and it is at the disposal of the runner. 

We shall reformulate this problem in Section 2 and solve it in Section 3. Then we 
shall compare the predictions of the theory with the world records at distances D 
from 50 yards to 10,000 meters. 


2. Reformulation. It is convenient to eliminate both f(t) and E(t) from the 
problem by expressing them in terms of v(t). To do so we first note that (1.2) gives f 
directly in terms of v. When we use (1.2) to eliminate f from (1.4), we obtain 


(2.1) a+ = <F. 


Next we use (1.2) to eliminate f from (1.5). Then we can integrate the resulting 
equation and utilize (1.6) to get 
v(t) i f', 
(2.2) E(t) = Ey) + ot —- — —- — | v%*(s)ds. 
2 T Jo 
This equation gives E in terms of v, so we can use it to eliminate E from (1.7) with the 
result 


2 
(2.3) E,+ot — ae _1 


t 
— | oasz0 
Tt Jo 


Now that f and E have been eliminated, the problem is to find v(t) satisfying 
(1.3), (2.1), and (2.3) so that T, defined by (1.1), is minimized. Instead of minimizing T 
for given D, we shall consider the equivalent problem of maximizing D with T given. 
It is easy to see that these two problems yield the same relation between T and D. 


3. Solution. Since v(0) = 0, the rate of doing work fv is zero initially no matter 
what value f has. Therefore initially f can be as large as possible without energy 
consumption, so we may set f(0) = F. We assume that f(t) remains equal to F during 
some initial interval 0 < t S t, where ft, 1s to be determined. If it turns out that t; = 0 
then this assumption is vacuous. Upon using this assumption in (2.1) we obtain 


(3.1) <+—=F, O<t<t,. 


The solution of (3.1) satisfying (1.3) is 
(3.2) v(t) = Fri-e’), OStSt,. 
Upon using (3.2) in (2.3) we obtain 


(3.3) Ey + ot — F*1? [pte i = 0, OStSt,. 
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If o > Ft, (3.3) is satisfied for all t 2 0 and then (3.2) is the optimal velocity for all t. 
However, this is unrealistic, so we shall ignore it and consider only the case o < Ft. 
Then (3.3) holds only for OS tS T, where T, is the unique positive root of (3.3) 
with the equality holding. 

Now if TS T. we set t; = T and (3.2) yields the optimal velocity throughout the 
race. We shall call such races ‘‘short sprints’’ or ‘‘dashes.’’ For them (3.2) and (1.1) 
yield 


(3.4) D = Fr? (-+ e- Tit _ 1), O<TST. 


The length of the longest dash we shall call D,, which is given by (3.4) with T= T,. 

If T> T, then we must have t, < T, and it remains to find t, and the function 
v(t) for t; < t S T. It is clear that the solution must satisfy E(T) = 0, 1.e., the oxygen 
supply must be used up at the end of the race. We shall assume that E(t) = 0 through- 
out an intervalt, < t < T at the end of the race, the length of which is to be determined. 
If it turns out that t, = T, this assumption is also vacuous. Thus we suppose that for 
some t, = t, we have 


(3.5) E(t) = 0, t, St<T. 
We now use (2.2) for E in (3.5) and differentiate with respect to t to obtain 


~2 2 Le <t< 
(3.6) oa 7 0, t,Stsv. 


This is an ordinary differential equation for v* which has the solution 
(3.7) v(t) = ot + [v7(t2) — ot] e727", tr <t<T. 


The value v(t,) has not yet been determined, nor has condition (3.5) been satisfied. 
Instead we have set dE /dt = 0, so (3.5) will hold if we make E(t,) = 0. 

We have now found v(t) to be given by (3.2) in the interval 0<tS<t, and by 
(3.7) in the interval t, <t S T. To find v in the remaining interval t; St < t, we use 
these results in (1.1) to write D in the form 


ty t2 
D -| Fri - edt | v(t) dt 
(3.8) ° 1 


T 
+ | {ot + [v7°(tz) — ot] edt, 
t2 


We must choose v to maximize D subject to the constraint E(t,) = 0, which was 
mentioned above. Therefore we consider the functional D + 4 E(t,)/2 where 4 is a 
Lagrange multiplier, E(t) is given by (2.2) and D is given by (3.8). We equate to zero 
the first variation of this functional and obtain 
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(3.9) | du(t) dt + v(tz) Bult) | for + [v%(t,) — ot]: e224 92(t2—O/t yy 
ty to 


A [? 
_ Sots) dv(t,) — a | 2u(t) dv(t) dt = 0. 


In order that (3.9) hold for arbitrary dv(t), the coefficient of dv in the integrand 
must vanish and so must the coefficient of dv(t,). This yields the two equations 


(3.10) Ut)=t/h, tStSty, 


T 

(3.11) A= 2 | for + [v*(tz) — ote? 2/4972 Ol gg, 

t2 

From (3.10) we obtain the interesting result that v(t) is constant from ¢, to fy. 
Now by equating v(t,) given by (3.2) to v(t,) given by (3.10) we obtain 


(3.12) Fi-e™)=1/4. 

Next we rewrite (3.11), using (3.10) for v(t,) and evaluating the integral. This yields 
ne t aea-T/t| _ 

(3.13) i=2(0-5) [lor + (ja-er)e | - 4] 


Then we set E(t,) = 0, using (2.2) for E and in it using (3.2) and (3.10) for v(t). 
This gives 
2 3 7 7 
Eo + ol, — =F — Ft (- = + ty + 2Te t/t se ai") 
(3.14) . 
— ay (te — t1) = 0. 


The three equations (3.12)-(3.14) determine ¢,, t,, and A, provided that t, <?t, S T. 
If the equations yield t, > t,, then the maximum occurs at the endpoint t, = t, and 
(3.14) shows that t; = t, = T.. 

To find when the latter case occurs, we view (3.13) as a biquadratic for A and solve 
it to obtain the four roots +(t/o)* and +(t/o)*[1 — 4exp2(t, — T)/t]*. The 
negative roots are not consistent with (3.12), and (t/o)* violates (3.11), so the only 
admissible root is 


(3.15) A = (t/o)*[1 — 4e0 728, 


We now use (3.15) for A in (3.12), set t; = t, = T., and solve the resulting equation 
for T. The solution is T* defined by 


(3.16) T* = T, + t{log2 —4log[1 —oF 77 ‘(1 —e 7") 77}. 


For T2 T*, the equations (3.12), (3.13) or (3.15), and (3.14) yield t,, t, and 4. For 
T. S TS T* we have instead t, = t, = T, and (3.12) yields 4. 
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Once t,, t,, and 4 have been found, v(t) is given by the three expressions (3.2), 
(3.7), and (3.10). When these expressions for v(t) are used in (3.8), it yields the 
following result for D: 


D = Fr? (pew 4 Maat) 
T A 


\ 


(3.17) 
_ Tt _ \ -@arer=ty) * 
+ (5-1) ¢ | 


+ tanh + (550 — 1} earoroh T= T.. 
A*6 
For T< T,, D is given by (3.4). 

In obtaining the optimal solution v(t), we assumed that the inequality (1.4) is an 
equality in the initial interval 0 < t < t,. We also assumed that the inequality (1.7) is 
an equality in the final interval t, <t< T. These two assumptions were based on 
physical reasoning. They could have been avoided by using the following fact from 
the general theory of optimal control, which is nearly obvious: An optimal solution 
consists of a finite number of arcs each satisfying one or more of the equalities in the 
constraints, together with a finite number of arcs satisfying none of the equalities. To 
use this fact we would have had to consider an arbitrary number of intervals, instead 
of just three. Then we would have had to show that the optimal solution is the one 
with just three intervals located as we assumed them to be. Instead of that we could 
try to show directly that our solution yields the minimum value of T. Since we shall 
do neither of these two things, we have shown only that our solution yields a stationary 
value of T rather than a minimum. 


4. Determination of the constants from the world records. The four constants 
t, F, o, and E, can be found by comparing the predictions of the theory with the 
world records. To find them we consider first the results for 50 yds., 50 m., 60 yds., 
60m., 100 yds., 100m., 200 yds., and 200 m., which we assume to be dashes. Then T is 
related to D by (3.4), which involves only t and F. We choose, t and F to minimize 
the sum of the squares for these eight dashes of the relative errors, 


2 2 
2X Trecord _ Tealculated) / T record: 


This minimization is carried out on a computer by varying t and F and searching for 
the minimum. Once t and F are found in this way, we determine o and E, to minimize 
the sum of the squares of the relative errors for 14 records at distances from 400 m. 
to 10,000 m. In doing so we calculate T from (3.17) after solving (3.12)-(3.14) for 
t,, tz, and 4. Finally we calculate T., from (3.3) and use it in (3.4) to get D, = 291 m. 
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Since D, is greater than 200 m. and less than 400 m., our assumption that the eight 
shortest distance races are dashes is confirmed and the calculation of the constants is 
consistent. The values of the constants and the calculated values of T, t,, and T—t, 
are given in [1]. 

In Figure 1, a curve of the calculated value of the average velocity D/T is shown 
for D < 2000 m., together with points based on the world records. 

It is to be noted that the theory yields no final ‘‘kick,’’ which runners often use. 
Instead it yields a slowing down in the last one or two seconds—a negative kick — which 
can be understood by thinking about driving a car a fixed distance in the shortest 
time with a limited amount of fuel. Primarily the theory confirms the accepted view 
that for distances greater than one half mile, a constant speed is best, and it refines 
that view by specifying the best initial and final velocity variations. 


10 


D/T (m/sec) 


0 200 400 600 800 1000 1200 1400 1600 1800 2000 
D (meters) 
Fic. 1. The average speed D/T for a race of distance D. Points represent the world records and 


the curve is based upon the theory. For D < 291 meters, D and Tare related by (3.4) while for D > 
291 meters they are related by (3.17). The constants are those determined by least squares. 


A simple energy balance theory to explain the world records was proposed by 
A. V. Hill in 1928, (see Lloyd [2]). His theory is simply that v(t) is constant, and its 
value is determined by setting E(T) = 0. We shall show now that for D> D., our 
theory yields the same result for D/T as his does. In this case we can replace t, by T 
and t, by 0 with an error that tends to zero as D tends to infinity, and we can neglect 
the kinetic energy term F*r7(t, /t + e ‘/* — 1) compared to the other terms in (3.14). 
Then (3.14) becomes Ey + oT = v*(t,)T/t, which is just Hill’s equation for the case 
of our resistive force — v/t. Solving this equation for v(t,) and noting that v(t) 
= D/T when the end intervals are neglected, we obtain 


D TEo 2 
(4.1) 7 (“+ or] , D> D.. 
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This is just Hill’s result when the power usage is v?/t, which it is in our case, (see 
Lloyd [2], eq. (5)). From (4.1) we see that the square of ihe average speed is a linear 
function of 1/T. Onthe other hand, for the short sprints, which are not covered by 
Hill’s theory, T/t is large so we can omit e~7/* from (3.4). Then (3.4) yields D as a 
linear function of T, which is in fair agreement with the data. 


This work was supported in part by NSF Grant No. NSF—-GP-32996 x2. 
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AN ELEMENTARY PROOF OF KOLMOGOROVW’S THEOREM 
A. S. CAVARETTA, Jr. 


Recently in this MONTHLY I. J. Schoenberg [2] has written a detailed and elemen- 
tary account of the Landau problem concerning sharp inequalities between the 
supremum norms of derivatives. Professor Schoenberg there suggests a method of 
proof which offers many new insights; in particular, he presents an elegant discussion 
of the uniqueness of the extremizing functions and an extension of the problem to 
complex valued functions. Consistent with his purpose of presenting material 
accessible to, say, a calculus student, Professor Schoenberg proves only the theorems 
involving low order derivatives; the method he has developed, though completely 
general, requires appropriate differentiation formulae and, when high order de- 
rivatives are involved, these formulae become quite complicated. 

The present paper is written in the same spirit as Professor Schoenberg’s and 
indeed can be considered as an appendix to his paper. Our concern is the Landau 
problem on ( — ©, 00), which was first completely solved by Kolmogorov. We prove 
the theorem for all values of n in an elementary way, using only Rolle’s theorem 
and the Leibniz formula for differentiation of a product. The approach is first to 
prove the result for functions having an integral period; the general result follows 
from the special case by an elementary approximation argument. 


1. The Euler spline functions and statement of Kolmogcroy’s theorem. In this 
section we review briefly the background of our problem as it is developed in Professor 
Schoenberg’s paper. Throughout we use the notations set forth in his paper, and 
for details concerning this section the reader should consult the earlier paper. 
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Let n = 2. Weconsider the class of real valued functions f(x) defined on R which 
are bounded and have a bounded nth derivative f(x). More precisely, we assume 
that 


(1.1) f(x)eC"-Y(R), 
(1.2) f“—» is piecewise continuously differentiable for all real x, 
(1.3) both f(x) and f(x) are bounded. 


We define the norm of this class by || = SUP, -R f(x) | , 

Among such functions there is one which is of particular importance and has 
appeared in connection with several different problems. It is the Euler spline &,(x). 
Schoenberg’s paper contains an elementary construction of @,(x) for each n, and so 
we only recall those properties relevant to our problem. In particular, @,(x) is 
characterized by the following properties: 


(1.4) é(v) = (—1)’ for all integers v, 
(1.5) |, || = 1 

(1.6) | E(x) | is constant, 

and 


( for n even, &\”(x) changes sign precisely at the 
half integer points v + 4; 
(1.7) 
for n odd, &(x) changes sign precisely at the 


integers vy. 


In addition, we observe that 


(1.8) 6 (xX) 1S periodic with period 2 
and 
(1.9) on each interval &,,(x) 1s strictly monotone. 


For the most part, these properties have simple geometric interpretations; for 
example (1.4), (1.5), and (1.9) say, that &,(x) equioscillates between the values 1 and 
— 1 at the integers. Following Professor Schoenberg, we set 


(1.10) Yny = | On 


,(v = 0,1,--+,2), yy oo = 1. 
We can now state the 
THEOREM OF KOLMOGOROV. If f(x) is such that 


tt suo 


=<) 


= on 
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then 


(1.12) |f 


The constants y,,, are best constants because the Euler spline @&,(x) satisfies 
(1.11) and furnishes the equality sign in (1.12) simultaneously for all values of v. 
For a more general statement of Kolmogorov’s theorem let F(x) be chosen in our 
class and set 


<y,y for v=1,2,--,n—-1. 


(1.13) M, = | F” 


v = 0,---,n. 

Then Kolmogoroy’s theorem can be stated as 

(1.14) M, = C,,,: Mo °’M*" where 
Coy = Ynv Uma» (O<¥ <n). 


That (1.14) follows from (1.12) is immediately seen by setting f(x) = aF(bx) and 
determining a and b so that f(x) satisfies the conditions 


(1.15) If}=h 0 ee 


2. Proof of the theorem for functions having an integral period. Let v be fixed, 
1<vsn-—1. Weassume ff is given, satisfying (1.11) and having integral period k. 
Without loss of generality, we assume that k is even. Thus 


2.) f(x +k) =f) 
E(x+k) = E(x), 


= Yan ° 


So we can think of these functions as defined for x taken modulo k; thus for example, 
the zeros of these functions are to be counted per period k, and &,(x) exhibits pre- 
cisely k points of equioscillation per period k. 

Now define « > 0 by the equality 


(2.2) If | = aay - 

We assume that « > 1 and derive a contradiction. Choose x, and x, so that 
(2.3) IF" Co) | = | F™| 

and 

(2.4) ab (Xo — X4) = f (Xo). 

Finally set 

2.5) h(x) = (x ~ x4) - —f(). 


From the hypothesis (1.11) and 1/« <1, h(x) surely has k distinct zeros, due to the 
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equioscillation of &,(x — x,). Hence by repeated use of Rolle’s theorem h(x) also 
has at least k distinct zeros. 

We first consider the case vy < n — 1. Then by (2.2), (2.3) and (2.4) x9 is a local 
extreme point for both f(x) and &(x — x,), and so 


(2.6) fF PX) = EY (Xo — X1) = 0; 


hence h(x.) = h%*"(x,) = 0. So on taking to account the k zeros of h(x) and 
the double zero of h(x) at x), we conclude that h*” has at least k + 1 distinct 
zeros. It follows by Rolle’s theorem that 


(2.7) A (x) = ER? (x — x4) — A) f(x) 
must have at least k + 1 sign changes. But by (1.11) and 1/« < 1, 


(2.8) 609) <| EP — x) 


and so h(x) has exactly k sign changes. Hence a contradiction and so « <1, 
which proves the theorem by (2.2). 

For the case v = n — 1, we observe that by (1.11) and 1/a <1, h(x) exhibits k 
zeros where the function actually changes sign; hence by Rolle’s theorem h~ !?(x) 
also has k zeros where h“"~1)(x) changes sign. Moreover, from (2.4) h"-?(x,) = 0. 
But X, is also a local extreme point of h~1(x) since by (2.2), (2.3), and (2.4) we 
see that &”(x — x,) must change sign at x9. Therefore h~1(x) has at least k + 1 
distinct zeros. Hence h(x) has at least k + 1 changes of sign, and this is a contra- 
diction, as before. 


3. Proof of the general result. In the previous section we have proved the 
normalized Kolmogorov theorem under the restriction that f have integral period. 
We now prove the general result using this special case. Let f be an arbitrary function 
in our Class and as before set 


(3.1) M, = M,(f) = |f™ 
We assume conditions (1.11) and prove (1.12). 


, v = O,-+-,n. 


It is easy to see that M,, v = 1,-:-,n —1, must be finite. While there are many 
proofs of this, we prefer the following which is in the spirit of our previous arguments. 
Consider for example M,. We define the oscillating polynomial 


(3.2) P(x) = a(x — 1)(x — 2) ++ (x — nn) 
where « is chosen so large that 

(3.3) an! > M,, 

and 


(3.4) a(t)" > Mo. 
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Define a < 1 by 


+ Mo, n even 
(3.5) p(a) = 
and b > n by 
(3.6) p(b) = Mo. 
Finally set 
(3.7) m, = max |p’(x)/. 

x E€[a>b] 


We claim that M, < m,. For if not, there is a point x, such that 


(3.8) |f’ (Xo) | > my. 


Now by (3.2) and (3.4), p(x) is oscillating between + My) and — Mo, and so we can 
surely find x, €(a, b) such that 


(3.9) P(X1) = f (Xo). 

Translating f by t = x, — Xo, we have 

(3.10) F(X, — t) = p(%4) 

and 

(3.11) [f' (x1 —D| >| p'(x.)). 

Geometric considerations together with (3.10) and (3.11) show that 
(3.12) h(x) = p(x) — f(x — t) 


has at least n + 1 zeros in [a,b]. So by Rolle’s theorem h(x) has at least 1 zero 
which is impossible by (3.3). So our claim is established for /,, and thus for M,, 
ve=1,--,n—-1. 

Our next goal is to associate with f a periodic function F in such a way that 
M,(F) will be close to M,(f). To do this, we need the following auxiliary function: 


(1 —-1<x<1 
n-1 
(—re— ar ("Fy l<x<2 
k=0 
g(x) = _ 
(—1)"(x +2)" & ("* Jorn —-2<x<-l 
k=0 
0 | x| = 2. 


By construction g is in our Class and has bounded derivatives up to order n. Now let 
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k be a positive integer and define F,(x) by the relations 


(3.14) F(x) = f(x)g (=) —2k <x < 2k 
and 
(3.15) F(x + 4k) = F,(x) for all x. 


Thus F,(x) has period 4k and F,(x) is in our class since g(x/k) has zeros of multi- 


plicity n at + 2k. 
To compute M,(F,,) we apply the Leibniz formula to the product f(x)g(x/k). 
According to our first argument in this section and the construction of g, we can 


choose a constant A such that 

Mi(f)<A v=0,-,n, 
(3.16) M,g)<A v=0O0,--,n. 
Then for any v = 0,---,n, and — 2k < x < 2k, 


(F(x) = (Fx)g@x/k))™ 


- 0on() + fr)mnogen(&) 


We observe that for each x 


(3.17) 


(3.18) g(x/k) +1 as k> 00, 
and so 
(3.19) f(x)9(x/k) > f(x) as k > 0. 
As for the finite sum appearing in (3.17), we have that 
d' x 1 w/x 
3.20 —— —_—}j = — ) *) , i 1,-:: 
(3.20) “r9(-] 9° (7 4 Vv), 
and so 
i _; dé’ (x 1 
3.21 = (7) wo) Kr9(=)| S24 
(3.21) ZORA G)| SE 
Hence’ from (3.17), (3.19), and (3.21) we conclude that 
(3.22) lim M,(F,) = M,(/S), yv=OQ,-,n. 
k> 


Now the desired result is immediate. Let « < 1 and consider «f. Then 


(3.23) laf] <sa<1 
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and 

(3.24) | of |S an < Yon 

Now 

(3.25) lim M,(aF,) = M,(af), v=0O0,1,--,n 


k~> 00 


and hence, for sufficiently large k, we have 


(3.26) M,(aF,) <1 
and 
(3.27) M,(aF;,) Ss Vane 


So by section 2 


MOF.) Stny O=1-n-1), 
whence it follows by (3.25) that 
(3.28) M\Cf) Svny W=1-,n— I). 
Letting a tend to 1, we conclude that 
(3.29) Mf) Sy  V= Lyn). 


4. One final remark. The geometric arguments used in Section 2 will also give 
a solution of the Landau problem for the half line [1]. Nevertheless, the construction 
of the extremal function for the half line case [3] requires various compactness 
arguments and fixed point arguments, and so the Landau problem for the half line 
remains far from elementary. 
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A NEW LOOK AT THE THREE CIRCLES THEOREM 
H. S. BEAR 


1. Introduction. The setting for the Hadamard three circles theorem (see, e.g., 
[4], p. 120) is a plane annulus, Ryo S | z| < R,. Let f be analytic on the annulus 
and let My, M,, M, be the maximum values of | f | onthethree circles of radii Ry, R,, 
and r, where Rp Sr R,. The theorem is then the assertion that if logr = 


(1—@)logR, + dlogR,, forO0 < 0 <1, then 
(1) log M, < (1 — 0)log My, + dlogM,. 


In words, log M, is a convex function of logr. 

The Three Circles Theorem is remarkable for its lack of obvious intuitive content. 
However, the statement can be clarified substantially by noticing that it is not 
really a theorem about analytic functions, but a theorem about subharmonic func- 
tions. (Definitions follow in section 2; the critical fact is that log | f | is subharmonic.) 
If v is a subharmonic real valued function, and My, M,, M, denote its maximum 
values on the circles of radius Rp, R,, r, then 


M, < (1—0)My + 0M, 


where, as before, logr = (1 — @)log Ro + log R,. 

Our aim in this note is to reexamine the Three Circles Theorem and to reformu- 
late it so that among other things it has rememberable content. This reformulation 
also has the virtue that it admits straightforward generalizations which are of interest 
in themselves. 


2. Definitions and relevant facts. We assemble in this section the facts we shall 
need. The reader will find very clear expositions in the text by Ahlfors [1]. The infor- 
mation about non-continuous subharmonic functions can be found, for example, 
in [5]. 

A real valued function u(z) = u(x, y) is harmonic in a domain D, provided it 
satisfies the Laplace Equation identically in D: u,, + u,, = 0. A linear combination 
of harmonic functions is again harmonic. 

A function v is subharmonic in D if —0oo < v(z) < ©, v iS upper semicontinuous 
(given A > v(X9, Yo), there is 6 > 0 such that v(x, y) < A if (x—X9)* + (yv—yo)” < 5”), 
and v satisfies the condition that whenever v is dominated by some harmonic function 
u on the boundary of a subdomain D' c D, then v S u on D’. A harmonic function 
is clearly also subharmonic. 

Any upper semicontinuous function (and hence any subharmonic function) 
attains a maximum value on any compact set. 

Every harmonic function is uniquely determined by its boundary values, and a 
nonconstant harmonic function takes its maximum and minimum values only on 
the boundary of a domain. 

If fis analytic, then Re fis harmonic and | f | is subharmonic; log | f | is harmonic 
if f # 0, and subharmonic in any case. 
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The Dirichlet problem is solvable for any plane domain D whose complement 
has no components which are single points. This means that for any given continu- 
ous real function g on OD (the boundary of D) there is a continuous function u 
on D (the closure of D) so that u agrees with g on OD. 


3. A proof of the theorem. We shall consider instead of the annulus a doubly 
connected domain bounded by two curves Cy and C,, with Co inside C,. Thus 
D=DUC,UC,. This setting provides a mild generalization of the standard 
theorem, but more important, frees us from some irrelevant information we have 
in the special case. 

Let u be the function which is continuous on D, harmonic on D, equal to 0 on 
Cy and 1 on C,. Such a function exists because the Dirichlet problem is solvable 
on D; it is unique because a harmonic function is determined by its boundary values. 
Since a nonconstant harmonic function assumes its maximum and minimum values 
only on the boundary, 0 < u(z)<1 for zEeD. 

Clearly, u assumes every value between 0 and 1 by the intermediate value theorem. 
Let Cy = {z: u(z) = 0}, for 0 S$ 6 <1. Then the sets C, are disjoint closed sets 
whose union is D. (Actually, the sets C, are disjoint curves.) 

Now consider any function w which is continuous on D, harmonic on D, and 
constant on each of the curves Cy and C,. To be specific, suppose w = a on Co, 
and w= bon C,. Then we claim that w is a linear function of 0; that is, for zéC,, 


(2) w(z) = (1—O)a + Ob. 


oct 


Since u = 0 on Cy and u = 1 on C,, on Cy UC, we have the identity 


(3) w(z) = (l—u(z))a + u(z)b. 


Since (3) holds on the boundary of D and both sides are harmonic functions, (3) 
is an identity on D. On the curve Cy, u = 0, which gives (2). 

The function u furnishes a single “‘coordinate,’’ 0, for the domain such that any 
harmonic function constant on each of the curves Cy and C, is a linear function of 6. 

Now let u be as before (0 on Cy, 1 on C,, and harmonic), and let v be any har- 
monic or subharmonic function on D, without the assumption that v is constant 
on Cy and on C,. If My and M, are the maximum values of v on Cy and C,, then 
on Cy UC, we have 


(4) v(z) S (1 — u(z))My + u(z)My. 


Since (4) holds on the boundary of D, it holds on all of D, because v is subharmonic 
and the right side of (4) is harmonic. If ze C,, u(z) = 0, and (4) becomes 


(5) viz) $A—-—O8)M,+0M, (zEC,). 
If M, denotes the maximum value of v on C,, then clearly from (5) we also have 


(6) M, S$ (1-—9M,+90M,. 
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We shall regard (6) as our reformulation of the Three Circles Theorem; that is, 
the maximum value of a subharmonic function is a convex function of 0. 
For the annulus Ro S |z| < R,, the function log | z | is harmonic and constant 
on circles. The function 
log|z| — log Ro 
u(z) = ————_—— 
log R, — log Ro 


is the harmonic function 0 on Ry and 1 on R,, which accounts for the messy but 
explicit classical formulation of the theorem. 


4. Generalization to multiply connected domains. The Three Circles Theorem 
as formulated above generalizes naturally to domains of higher connectivity. We 
illustrate with a domain D bounded by three curves C,,C,,C3. 

Let u, be the continuous function on D = DUC, UC, UC; which is 1 on C, 
and 0 on C, UC,, and harmonic in D. Let u, and u; be defined similarly, so that 
u; is 1 on C; and zero on the remainder of the boundary. For each i, O0<u;<1 
on D, and since u, tu, +u3;=1 on C,UC,UC3, uy, +u,+u3 = 1 on D. 

For any triple « = (¢,,0,,03) with Oa, and a, +a,+a;, =1, let 
D, = {ze€D:u,(z) = «,;\. The sets D, are closed disjoint sets whose union is D; 
in particular, Diy.o,.0) = Czy, Do.1,0) = C2, and Dio,o,1) = C3. Some sets D, are 
necessarily empty. For example, Di4,3,0) = @, since if u3(z) = 0, then ze C, UC), 
and hence, u,(z) = 1 or u,(z) = 1. We think of the triple « as a kind of convexity 
coordinate which expresses the “‘distance’’ of a point of D from each boundary 
curve. 

Let w be harmonic on D and constant on each C;;:u = aonC,,u=bonC,, 
u=c on C3. Then w= au, + bu, + cuz on the boundary of D (because of the 
definition of the u;), and hence, on all of D. If zeED,, a = (a, 0,03), then 


w(z) = aa, + ba, + ca3. 


That is, w is a linear function of « on D if w is harmonic and constant on each C;. 
If v is subharmonic on D, and M,, M,, M; are the maximum values of v on 
C,, Cz, C3, then for zEC, UC, UC,, 


(7) v(z) S uyM, +u,M,+u3M3. 


Since v is subharmonic and the right side of (7) is harmonic, the inequality (7) holds 
for all zeD. Hence, if ze D,, u,(z) = «; and 


v(z) S a,M, +a,M, + 43M3. 


If M, denotes the maximum of the subharmonic function v on the compact set D,, 
then 


(8) M, S 0M, + a,M, + 43M3, 


and M, is a convex function of « on D. 
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For a function f analytic on D and continuous on D, let us write } ft li for the 
maximum of | /| on C;, and || f||,, for the maximum of |f| on D,. Then since | f| 
and log | f | are subharmonic, we have 


[Fle S ol + e2[ Fl +l ils 
log | fz S a log | fs + e2log | F|2 + a3 log | | s- 


Exponentiating both sides of the last inequality gives 
(9) [Fle S Fo FAT a. 


Inequalities like (9) have been used by Bishop [2] and Creese [3] to introduce new 
norms into function algebras and to study their maximal ideal spaces. 

As a final comment, we remark that these ideas have immediate and obvious 
extensions. One can consider, for example, boundaries more complicated than 
curves, or plane domains of higher connectivity. The development above also applies 
to arbitrary linear spaces of continuous functions on a compact space (in place of 
the harmonic functions), and thereby also to complex function algebras. 


IA 


a2 
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THE DERIVATIVE SONG 
Words by Tom Lehrer — Tune: “‘There’ll be Some Changes Made” 


You take a function of x and you call it y, 

Take any x-nought that you care to try, 

You make a little change and call it delta x, 

The corresponding change in y is what you find nex’, 
And then you take the quotient and now carefully 
Send delta x to zero, and I think you’ll see 

That what the limit gives us, if our work all checks, 
Is what we call dy/dx, 

It’s just dy/dx. 


QUERIES 
EDITED By A. C, ZITRONENBAUM 


This Department welcomes queries from readers about mathematics at the collegiate level, 
such as sources for exposition of a particular topic from a special point of view, references to 
vaguely remembered articles, descriptions of special kinds of courses or teaching methods, and 
methods for constructing illustrative examples for exercises of particular kinds (questions on 
research topics should, in general, be addressed to the “‘Queries Department” ofthe Notices of 
the American Mathematical Society). Replies will be forwarded to the questioner and may also be 
edited into a composite answer for publication in this Department. Consequently all items sub- 
mitted for consideration for possible publication should include the name and complete mailing 
address of the person who is to receive the reply. Queries and answers should be sent to A. C. 
Zitronenbaum, Department of Mathematics, Cornell University, Ithaca, NY 148850. 


9. D. B. Small. I would appreciate receiving ideas for alternatives to the “‘stand- 
ard’’ class-lecture format for teaching mathematics. 


10. H. W. Vayo and C. Payne. We are interested in sources of information on 
finite matrices whose elements are operators; particularly the relationships between 
the operator entries and the matrix itself regarded as another operator. We have been 
told that this area is mostly folklore, is this so? 


MATHEMATICAL NOTES 
EDITED BY DAVID ROSELLE 


Material for this Department should be sent to David Roselle, Department of Mathematics, 
Louisiana State University, Baton Rouge, LA 70808. 


RELATIVE COLORINGS AND THE FOUR-COLOR CONJECTURE 
Roy B. LEvow 


The four-color conjecture (FCC) claims that the vertices of any planar graph 
may be colored with four colors in such a way that no two adjacent vertices are 
colored with the same color, or dually that any planar map can be colored with four 
colors in such a way that no two adjacent regions are colored with the same color. 

Kainen and Saaty [2] have considered the relation between relative coloring 
and FCC. A section subgraph G’ of a graph G is the subgraph of G containing all 
edges of G which connect vertices of G’. If G is a planar graph and G’ is a section 
subgraph of G with a given fixed coloring, then a coloring of G whose restriction 
to G’ is the same as the given coloring of G’ is a relative coloring of (G,G’). The 
relative chromatic number y(G, G’) of (G, G’) is the maximum number of new colors 
needed in any relative coloring of (G,G’), where the maximum is taken over all 
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colorings of G’. Kainen and Saaty have shown that FCC is equivalent to the con- 
jecture: For any pair (G, G’) with G planar and G’ a (possibly empty) section sub- 
graph of G, we have y(G, G’) S$ 4. They also posed the question of whether FCC 
is equivalent to the following statement, noting that it clearly implies FCC. 


CONJECTURE. For any pair (G,G’) with G planar and G’ a non-null connected 
section subgraph of G, we have x(G,G') S 3. 


Before proving that the above conjecture is equivalent to FCC, we first establish 
the following equivalence: 


LEMMA 1. Let G be a planar graph. FCC is equivalent to the statement: 
For each planar drawing of G there is a four-coloration in which the boundary 
of each region (face) contains vertices of at most three colors. 


Proof. Given a drawing of G, augment the drawing by adding a new vertex 
in each region and connecting it with new edges to each of the vertices on the 
boundary of the region in which it is located. The resulting graph is planar, and thus 
four-colorable by hypothesis. The restriction of the resulting coloration to the orig- 
inal graph is as required. 

The converse is trivial. 


LEMMA 1’. Let G be a plane map. FCC is equivalent to the statement: There 


is a four-coloration of G in which the regions adjacent to each vertex are colored 
in at most three colors. 


Proof. This is the dual of Lemma 1. 
We are now prepared to prove 


THEOREM 1. Let G be a planar graph. FCC is equivalent to the statement: 
For any pair(G, G’) with G’a non-null connected section subgraph of G, ¥(G, G’) S 3. 


Proof. In any drawing of G the vertices of G— G'‘ adjacent to vertices of G’ 
must lie on the boundary of a single region of that drawing restricted to G — G’ 
because'G’ is connected. Thus by Lemma 1, there is a four-coloring of G— G’ in 
which the vertices of G — G’ adjacent to vertices of G are colored with at most 3 
colors. A relative coloring of (G,G') may, therefore, be produced by using new 
colors only for these vertices. At most three such new colors, one for each old color, 
are required, so y(G,G’) < 3. 
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DIFFERENTIABILITY IN BANACH ALGEBRAS 
J. J. BUONI 


In the literature there are many ways of defining a derivative in a Banach space; 
all of which are generalizations of the ordinary quotient 


lim F(x + t) — F(x) _ dE (x) 
0 { dt 


In this note a definition from the finite dimensional setting [see 3] is generalized 
to the infinite dimensional setting and a class of functions is exhibited which have 
this property. Although these results appear in [2], the use of the right and left 
multiplication operator and the theory of several commuting operators is avoided 
and only elementary techniques are employed. 

Let W be a Banach algebra with an identity 1, and let F be defined on a domain J, 
an open connected set, of W, with range in W. Fundamental in the theory of differ- 
entiation on W is the Frechet derivative. The function F is said to be Frechet differ- 
entiable at a point x ¢ Gif there exists a continuous linear function of t, say dF(x, - ), 
such that 


(1) | F(x + 2) — F(x) — dF(x,d|| S o(|t]). 


The process of extending analytic functions of a complex variable to Banach 
algebras is well known [1, p. 118]. This motivates the first definition. 


DEFINITION A. The function F is said to be differentiable at a point x e@ if for 
all y in some neighborhood V of x the function can be represented in the form 


(2) F(y) = (2ni)"! [ f)(AL — yd 


for a suitable analytic function f, where C consists of a finite number of rectifiable 
Jordan curves which are contained in the domain of analyticity of f, and encloses 
o(y), for Vy € V where o(y) denotes the spectrum of y. 

The next definition can be found in [1, p. 114] where W is a commutative al- 
gebra or in [3| where W is a finite dimensional algebra. 


DEFINITION B. The function F is said to be differentiable at xe @ ifit is Frechet 
differentiable at x and if dF(x, -) is an element of the enveloping algebra of W, 
the smallest (norm) closed subalgebra of B(W) containing the left and right multi- 
plication operators, where B(W) is the algebra of bounded linear operators on W 
equipped with the usual norm. 

We shall show that Definition A implies Definition B; however, we need the 
following 


LEMMA. Let U be an open set containing o(x) and I a compact subset of C, 
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the complex plane, whose intersection with U is empty. Then there exists a sphere 
about x of radius 6 >0, S;(x), and a constant depending on x, M(x), such that 
for all A4€T, and for all yeS,(x), || A—y)-'| S M(x). 


Proof. Since || (A — x)~*|| is a continuous mapping from I’, a compact subset 
of the resolyent of x, into the positive reals, there exist positive constants N and M 
such that for all AeT, M < ! (A—x)7*| <N. 

Let U be any open set containing o(x). By the upper semi-continuity of the 
spectrum there exists 6 > 0 such that 6 <(N +1) ° and that forall y € S;(x), o(y) cU. 
Now for all AeI, A is in the resolvent of both x and y, where yeS;(x), and by 
the second resolvent equation, we have 


(A-y)' ~ Gxt = Ax) "(x y)A—y)~* OL, p. 115). 
This leads to the inequality 
|Q-y*]} Ss 1@-9-*] [1 +6-nG-y)"*] 
|Q-x)* a +5] G-y-*). 
Since 1 — 06 | (A—x)7* | =1—o6N>0, the above inequality yields that 
|G-y* | s 1-6] G-x) "ht G-9)-*| 
= {(]G—x)* ot — 53-8 s (G/M) — 5}-*. 
This yields the result with M(x) set equal to {(1/M) — 6}-*. 


IA IA 


THEOREM. Definition A implies Definition B. 


Proof. If F(x) satisfies Definition A then F(x) = (2ni)~* [cf(A)(Al — x)7 da. 
With Cauchy’s formula in mind, we note that a reasonable candidate for dF(x, t) 
is (27i)~* [¢(Q1—x)~*tAl—x)~*f(Ajdi. Let V be an open set containing o(x) 
such that C encloses V. Then by the upper semi-continuity of the spectrum there 
exists 6 > 0 such that | t | <6 implies o(x + t) c V. Now 


F(x + t) — F(x) — dF (x,t) 


= ni | {(al—x—t)-! — (AL—x)7! — (AL — x) AL —x) FAA 


= Qniy-* | {AQi—x—1)-*\(1—x)(Al—x)7* — Ai-x—)7 (a1 - x2) 
c 
(i —x)-! — (A) WA — x) Ff (aaa 
= Qniy-* | {Ai—x—1)7'[Q1—x) — (Q1-x—t] Ai-—x)7* 
c 


~ (AL—x)~ AL —x)- Bf (A)dA 
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(2ni)~* [. [Al—x—t)-*tAl—x)7* — Al—x)7 tal —x)-*] f(ada 


= (2ni)-} [ {(Al—x—1)~* — (AL—x)7}L — x) f(A) 


Qniy-* | (x= Mal =x) MAL =~ PADMA, 


where the last equation follows by the same preceding steps. So, 
(3) | F(x + t) — F(x) — dF(x, 1) | 
S Qn)" | (A1—x--*| [ef ]@1-2)?* PF] WO, 


where ! f | indicates the sup norm of f(A) and /(C), the length of C. 

With y = x +t, and C a compact set, find 6 and M(x) as in the Lemma. Set 
K = (22)7 (M(x)? || f | (C). Then for any e>0, set 5, = min(e,6,2e/K). Thus 
for any e > 0, if we select t such that | t | <0,, we find that 


G) < Kl? < off). 


It remains to show that t — dF(x,t) belongs to the closed enveloping algebra 
of W. This follows immediately, because the integral 1/2ni [(¢(A1l—x)~'t(A1—x)~! 
-f(A)d1, is the limit, in the norm of B(W), of Riemann sums 


ee (Ayl —x)7*t(Ay 1 — x) * F(A) An — Ans) - 


This completes the proof. 

Set W = C @C with the usual norm and operations. Then W is a Banach algebra 
with an identity. Define F: W— W by F(a, B) = (8,«) for all (a, B)e W, then F is 
Frechet differentiable but does not satisfy Definition B [1, 115]. On the other hand, 
if we define F: W—> W by F(a, 6) = (0,1) for all («,6)e W, then F satisfies Defi- 
nition B but not A. 


Note: I would like to thank the referee for some helpful comments concerning this manuscript. 
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POINT SEPARATING ALGEBRAS OF POLYNOMIALS 
D. J. NEWMAN 


For a given collection of polynomials one would like to know whether all other 
polynomials are obtainable from them by polynomial operations. For this to hold 
it is clearly necessary that the collection separate points (including ‘“‘infinitely 
close’’ points). Very often in approximation problems this separation condition is 
also sufficient, see e.g., [1], and it is natural to ask whether it is in our case. 

There is quite a different answer to this question depending on whether we 
construe ‘‘polynomial’’ to mean a polynomial in 1-variable or in several variables. 
In several variables polynomials have a complicated behavior at oo (unlike the 
situation for 1-variable) and one can give counter-examples based on this behavior. 
This will be shown below where we shall also obtain the affirmative result in the 
case of 1-variable. Our proof of this is fairly elementary, but we must mention that 
a much shorter proof is possible, based on local rings and a theorem of Nakayama. 

Before turning to the precise statements and proofs, however, allow us to make 
one curious obseryation. If our collection consisted of two polynomials, p(x) and 
g(x) say, then the point separation condition would amount to the fact that the 
system 


px) — PW) _— 9@)-40) _ 4 


x—-y x—-y 


9 


has no solutions. Similarly, if our collection consisted of three polynomials p(x), 
q(x), v(x), then we would require that 


Px) —~ PY) 9 =I =I) _ 9 = XD =) _ 9 
x—-y ‘ x—-y , x-y 


have no solutions. ‘‘In general’? two equations in two unknowns have a solution, 
but three equations in two unknowns do not. We conclude that “‘in general,’’ two 
polynomials do not generate everything but that three polynomials do! 

In what follows the underlying field will be understood to be the complex numbers, 
C, although the results extend to any algebraically closed field. We say that a sub- 
algebra A of C[x,,X2,-+:,X,] is ‘‘point separating’ if 

(a) LEA, 

Ab) For «,feC", a 4 B, JPEA with P(x) # P(p), 

(c) For veC", dE€C", 6 40, 43P €A with 6 -V P(x) 4 O. 


(Here 6 - V is a shorthand for the differential operator 


0 0 
°1 Fy, 1 O25, $7? 


é , Where 6 = (04,03, ---,0,).) 


"OXn 
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We can now produce our several variable counter example. Consider, namely, 
the algebra A in C [x,y] of all polynomials of the form p(x) + M(x, y) (xy — 1). 
This algebra is certainly proper since it only contains polynomials which remain 
bounded as yoo on the hyperbola xy = 1. On the other hand, A is point se- 
parating as the following shows: 

Clearly 1¢ A. Now let («,,0,) ¥ (;, B82) if w, A B, then the choice P = x works 
for (b), if a, = 6, #0 then P= xy-—1 works, and if «, = 6, = 0, then 
P = y(xy —1) does the job. Finally let (0,,6,) 4 0. If 6, #0 then the choice 
P =x satisfies (c). If 6, = 0, «, #0 then the choice P = xy—1 works, and if 
6, = 0,a, = Othen P = y (xy — 1) satisfies (c) and the verification is complete. 

We can now turn to the I|-variable case, and we first prove a simple consequence 
of the property of point separation. This is the fact that any interpolation problem 


is solvable. 


Lemma 1. Let A be point separating in C[x| and let p(x), q(x) be any poly- 
nomials with q(x) not identically 0. There is a polynomial M(x) such that 


M(x) q(x) + p(x) € A. 


Proof. We first observe that for any A there is always an M,(x) with M,(A) 4 0, 
and M, qéA. It suffices to consider q which are linear since the general result will 
then follow by multiplication. If q(x) = x — «, where « ¥ A, we use (a) and (b) to 
produce a polynomial in A which vanishes at « but not at 4. If q(x) = x — 4, on the 
other hand, we use (a) and (c) to produce a polynomial in A which vanishes simply 
at A. In either case the desired M,(x) is produced. 

We now proceed by induction on deg q(x). The result is trivial for deg g(x) = 0 
and we show that its truth for q(x) implies its truth for (x — A) q(x). So determine 
M(x) such that p(x) + M(x) q(x)¢A. By our previous remark we may choose 
M,(x) q(x) €A with M,(A) = M(A). This tells us, however, that 


p(x) + MO MOD (nae 


X 


and the induction is complete. 
It is necessary, at this point, to shift our attention to subfields of the field of 


rational functions, C(x) rather than subalgebras of C[x]. We cite namely the theorem 
of Liiroth [2]. 


LEMMA 2. The only possible subfields of C(x) which contain C are the fields 
C(r(x)), where r(x) is a rational function. If in addition the subfield contains a 
non-constant polynomial then r(x) can be chosen as a polynomial. 


As for the second part, let p(x) € C(r(x)) where p(x) is a non-constant polynomial. 
This means that, for some rational function R, R(r(x)) = p(x). If 00 is a pole of R 
then r(x) can not equal oo for any finite x and r(x) is itself a polynomial. If, on the 
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other hand, «€C is a pole of R then the range of r(x) misses the value « so that 
1/r(x) — «is a polynomial and of course 


Using this result we next obtain 


LemMA 3. Let A be any subalgebra of C[x]. Either A<CI[p(x)| for some 
polynomial p(x) of degree > 1 or else A contains a non-trivial ideal in C[x]. 


Proof: We may assume that A # C. If we form the quotient field of A we may 
apply Lemma 2, and conclude that this quotient field is C(p(x)), p(x) a non-constant 
polynomial. If deg p(x) > 1 then we are done, so let us assume that deg p(x) = 1. 
This means of course that the quotient field of A consists of all rational functions. 
In particular, x itself lies in the quotient field and this means that there exists a 
P(x)éA with x P(x)e€A. Suppose deg P(x) = k > 0, we claim then that A contains 
the principal ideal generated by P*~ *(x). 

Namely, it follows easily that every polynomial may be expressed as a sum of 
terms x'P4(x) where 0<i<k—1,0<j. Thus every multiple of P*~*(x) is 
expressible as a sum of terms x'P'(x) where OS iS k-1 1. But x'P{(x) 
= (xP)'P'~‘ and since xP, P € A it follows that these terms alllie in A. Thus it follows 
that every multiple of P“~*(x) does indeed lie in A and the proof is complete. 


It is now easy to prove our 
THEOREM. If A is a point separating algebra in C[x] then A = C[x]. 


Proof: Observe, first of all, that if deg p(x) > 1 then the algebra C[p(x)] is not 
point separating. Indeed there is a point « where p’(~) = 0 [and at this point all the 
P’(a) = 0 for PeC[p]. Since A is point separating, then it follows by Lemma 3 
that A contains a non-trivial ideal, say (q(x)). If p(x) is any polynomial, however, 
p(x) + M(x)q(x)¢A by Lemma 1. Combining these two facts tells us that p(x) ¢A 
and we conclude that A = C[x], as required. 
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THE LARGEST GRACEFUL SUBGRAPH OF THE COMPLETE GRAPH 
SOLOMON W. GOLOMB 


1. Introduction. A graceful numbering for a graph with n nodes and e edges 
has been defined [1] as an assignment of a subset of the numbers {0, 1, ---, e} to the 
n nodes in such a way that the edges receive all the numbers from 1 to e, where the 
number of an edge is computed to be the absolute value of the difference between 
the node numbers at its endpoints. (This has also been termed a f-valuation for a 
graph in [2] and [3].) Any graph which admits a graceful numbering is called a 
graceful graph. In [1] it is proved that the complete graph K, is never graceful 
for n = 5, and it is natural to inquire as to the size (measured by the number of 
edges) of the largest graceful subgraph of K,,. Since it is known (see [1] or [3]) 
that the complete bipartite graph K,,, is always graceful, we have the example of 
Knj2ptint 19/21» Which is a graceful subgraph of K,, having [n7/4] edges. In this paper, 
we exhibit graceful subgraphs of K,,, for all n, having [n?/4] + n—2 edges. For 
n <7, this size is known by exhaustive search to be best possible. For n 2 8, no 
larger examples are known, so that it becomes a reasonable conjecture, to be either 
proved or disproved, that this is truly the maximum size. 


2. The Construction. Given the n nodes, we partition them into two sets, A and 
B, of [(n + 1)/2] and [n/2] nodes respectively. We form the complete bipartite 
graph connecting all nodes of A to all nodes of B, which has [n?/4] edges. More- 
over, we connect one of the nodes of A to all the other nodes of A, and one of the 
nodes of B to all of the other nodes of B. The total number of edges is then 


fi] (8-9 + (CH=) - Eros 


for all n= 2. 

The node numbers are assigned as follows: In the set A, the special node which 
is joined to all the others is numbered ‘‘0’’, and the others are numbered 
1,2,3,-+-,[(n—1)/2]. In the set B, the special node which is joined to all the others 
is numbered e = [n*/4] + (n — 2), and the others are numbered e + 1 — j[(n + 3)/2] 
forj = 1,2,---,[(m—2)/2]. These numbers may also be represented as h[(n+3)/2] — 2 
for h = 2,3,-+-,[n/2]. 
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From this numbering, it is readily seen that the edges in set A have the numbers 
1,2, ---,[(n + 1)/2] while the edges in set B have the numbers j[(n + 3)/2] — 1 for 
j = 1,2,-+:,[(n—2)/2]. Moreover, the edges connecting set A to set B have all the 
numbers on the range from h[(n + 3)/2] —2 down to 


[a b- Fe ]-oo Fe) 


for every h = 2,3,---,[n/2]. This gives every edge number from 1 to e once and 
only once in the entire graph. 


3. Examples. The following illustrations portray the constructions just described 
for n = 2,3,-+:, 10. 


While no larger graceful graphs are known for any of these values of n, the 
examples presented here are not necessarily unique. There is, first of all, the trivial 
renumbering which replaces each node number m by e—m, but leaves all edge 
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numbers unchanged. In the following illustration, we see an essential renumbering, 
for n = 5, of what is abstractly the same graph, using an obvious modification of 
the original construction. We also show another example for n = 6 which achieves 
the maximum number of edges by an entirely different method. (The two examples 
for n = 6 involve non-isomorphic graphs, since the first uses Kg with two disjoint 
edges deleted, while the second uses K, with two adjacent edges deleted.) 


0 


Ih 13 


This research was supported in part by the U.S. Army Research Office under Grant 
No. DA-ARO-D-31-124-173-G167. 
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A NOTE ON THE WELL ORDERING OF CARDINALS 
C. METELLI AND L. SALCE 


In a naive approach to cardinals, not requiring a previous introduction of ordinals, 
it may be interesting to give a direct proof of the fact that cardinals are well ordered 
by their natural order. 

We recall that, if is a non-void set of cardinals, and for each ye TI, X, is a set 
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of cardinality y, an order relation < is given in I by letting y $6 (y,6e€T) if there 
exists an injection $,;: X,— X5. (The antisymmetric property is provided by the 
Schroeder-Bernstein theorem.) The fact that I’ is well ordered (in particular, totally 
ordered) by S is an immediate consequence of the following, purely set-theoretical 
proposition: 


THEOREM. Let A be a non-empty set, {X,\424 @ family of sets. Then for a con- 
venient XE A there exists an injection o;,: Xz X, for every aE A. 


The proof is based on the Axiom of Choice, in its following (equivalent) forms: 

THE Propuct Axiom: The direct product of a non-empty family of non-empty 
sets is non-empty, and ZORN’S LEMMA: Any partially ordered set which is inductive, 
(i.e., in which every totally ordered subset has an upper bound), has at least one 
maximal element. 


Proof. The statement is trivial if X, = @ for some ac A. Assume then X, 4 @ 
for each «: let X = | ],-4 X, be the cartesian product of the X,, and 2,: X > X, the 
a-projection of X. Consider the set @ = {BCX | Ty | B is injective for each ae A}. 
Then X is non-empty by the Product Axiom, and if xe X, then {x}¢@. Thus @ is 
non-empty. # is partially ordered by inclusion, and is inductive, because, if ¢ is a 
totally ordered subset of #, U,-,4B is an upper bound of @; thus Zorn’s Lemma 
applies, and Z hasa maximalelement M. Then fora suitable « € A, 2, |M is surjective: 
for otherwise, again by the Product Axiom, Y = | ],.4 (X, — 7,(M)) would be non- 
empty, and ye Y implies MU {y}e@; but y ¢ M, thus contradicting the maximality 
of M. Hence, for some “EA, 7 |M is a bijection, so that, for each ae A, the map 
Pix = Tr_0 (1tz| M)~*: X,—2 X, is the required injection. 

The interested reader may now wonder whether the preceding statement is in 
fact equivalent to the Axiom of Choice. (We are grateful to the referee for having 
brought this to our attention.) The answer is affirmative: Assuming our statement as a 
starting point, the Product Axiom follows. Suppose our theorem is true, and let 
{X,}.¢4 be a non-empty family of non-empty sets. To prove that the set X = ||, - 4X, 
is non-empty, we shall point out an element of X, ic., a map ¢:A—> U,.,X,, 
such that, for every «¢ A, d(a)€ X, (Dugundji [1, p. 22]). We know that, for a 
conyenient %¢ A, there exists a map ¢3,: Xz; > X, for every aE A. Fix an xe X;, 
and let 6: A> U,.,4 X, be the map such that ¢(«) = ¢;,(x). Then @eEX. 


Lavoro eseguito nell’ambito dell’attivita dei Gruppi di Ricerca Matematici del Consiglio Nazio- 
nale delle Ricerche. 
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KRASNOSELSKI’S THEOREM ON THE REAL LINE 
D. F. BAILEY 


In [2] Krasnoselski established the following result. (See page 30 of [1] for a 
discussion in English.) 


THEOREM. If K is a convex, closed, bounded subset of a uniformly convex 
Banach space and if f is a mapping of K into a compact subset of K such that 
| f(x) -—fY) | | x —y||, then the sequence obtained by choosing x, in K and 
defining Xn+1 = 4[X, + f(x,)] converges to some z in K and f(z) =z. 


IA 


Below we give a proof for the special case in which K is a closed interval of the 
real line, which is sufficiently simple for presentation to students enrolled in a class 
in advanced calculus. We restate this special case of Krasnoselski’s theorem as 
follows. 


THEOREM. If f takes [a,b] into itself and | f(x) — f(y)| < | x — yl, then the 
sequence obtained by choosing x, in [a,b| and defining xX,., = 4[x, + f(x,)] 
converges to some z in [a,b] and f(z) =z. 


Proof. We assume that the sequence {x,} does not converge to a fixed point 
of f and arrive at a contradiction. There follow several initial observations: 

(1) The sequence {x,,} does not converge. For if {x,} converges to z, then so does 
{x,41}- But {x,4,} converges to 4[z+f(z)]. Thus z = 3[z + f(z)] which in turn 
implies f(z) = z. 

(2) There is no subsequential limit of {x,} which is fixed under f. For if z is a 
subsequential limit which is fixed under f, it follows that 


| z — Xn41| = |4[z + f(z)] — 4[x, +f (Xq)]| S4/z-x,| +4 f(z) — f (xq) | S |z—x,|. 


This inequality implies there is only one subsequential limit contrary to (1). 

(3) Since [a,b] is compact it follows that {x,} has at least one subsequential 
limit. Furthermore, there exists some subsequential limit w such that f(w) >w. 
For if f(p) S p for all subsequential limits p, let z denote the greatest lower bound 
of the set of subsequential limits. Then z is itself a subsequential limit and if f(z) < z, 
it follows that 4[z + f(z)] is a subsequential limit smaller than z. Hence f(z) = z 
contrary to (2). 
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(4) There exists ¢ > 0 such that | f(z) -2z | = é for all subsequential limits z. 
For if not designate by w, that subsequential limit such that | Wn —f (w,,) | <I1/n. 
Now note that any subsequential limit of {w,} is fixed under f and is also a subse- 
quential limit of {x,}. This contradicts (2). 

Finally, to complete the proof observe that there exists (by (3) and (4)) a largest 
subsequential limit satisfying f(y)>y; call this subsequential limit W. Let 
OQ =4[W+f(W)] and note that f(W) > Q> Wand f(Q)< Q. By (4) there exists 
a smallest subsequential limit greater than W satisfying f(x) < x; call this limit R. 
It follows that W < R < f(W). Next note that f(R) < W; for, ifnot, A = 4[R + f(R)] 
satisfies W < A < R and by definition of Wand R, f(A) = A, contrary to (2). Thus 
f(R) < W< R</f(W). It then follows that | f(R) — f(W)| > |R — W|. This contra- 
dicts the hypothesis of the theorem and establishes the result. 


REMARK: To see that the iteration scheme described in the theorem does not 
apply to arbitrary continuous mappings of a closed interval into itself, consider the 
following example. Define f, taking the closed unit interval into itself by 


(3/4ifO<x< 1/4 
f(x) = 4 —3x + (3/2) if 1/4<x <1/2. 
0 if 1/2<x<1. 


Note that x, = 1/4 yields x, = 1/2, x3 = 1/4, ete. 
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A QUICK PROOF FOR A ONE-DIMENSIONAL VERSION 
OF LIAPOUNOFF’S THEOREM 


R. E. JAMISON 


A remarkable and important result of Liapounoff asserts that if py, M2, °°, Lt, 
are finite non-atomic measures on a measure space X, then, as A ranges over all 
measurable subsets of X, the points (u,(A), u,(A),---,u,(A)) determine a closed 
convex set in R"” [2]. The proof of this is rather difficult, although short (but not 
elementary) arguments exist [3]. In simpler, one-dimensional versions, however 
this result often makes an appearance in beginning graduate courses in analysis. 
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This note presents a quick proof of one such version by using a Zorn’s lemma 
argument —a technique too often left unexploited in measure theory courses. The 
notation and terminology established in [1] will be used. 


THEOREM. Suppose that p is a regular measure defined on the Borel subsets 
of a compact Hausdorff space X. If the measure of any singleton subset of X 
is 0, then for each B in [0, u(X)) there is a compact subset D of X with wW(D)=fB. 


Proof. We claim first that if (D,);. ; is a decreasing family (not necessarily count- 
able) of compact sets in X, then 


uf) Di) = inf uD). 
ie] ie 


Since the measure is monotone, the measure of the intersection is clearly less than 
or equal to the infimum. Suppose that the infimum is J and that / is strictly larger 
than the measure of the intersection. Then we can choose, by regularity, an open 
set U such that (),;.;D;c U and p(U) <4. The sets D;A U’ form a decreasing 
family of compact sets whose intersection is empty; thus for some i, D; A U’ is empty. 
Whence D; < U, so n(D;) S w(U) < A for that i, contradicting the infimal definition 
of A. 

Now let £ be a positive number less than w(X). We assert that by Zorn’s lemma 
there is a minimal compact subset D of X with w(D) = Pf. For if (D;);.1 is any de- 
creasing chain of such sets, we have 


B < inf w(D,) = (QD). 


That is, () D; is a lower bound for the chain. Suppose that w(D) > 6. Then D must 
be nonvoid, so let x be any point of D. Then u(x) = 0, by hypothesis. By regularity, 
there is then an open set U with xe U and “(U) < w(D) — f. Thus 


WD) S hDAU') + WU) < DOU") + (uD) — 8). 


So B<uDQU'). But DOU’ is compact and properly contained in D since 
x€D QU’; this is contrary to the minimality of D. Therefore we must have had 


uD) = fp. 
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A SEMESTER OF MATHEMATICS EACH MONTH 


W. C. RAMALEY 


The past three years Colorado College has offered practically all courses in blocks 
of time 34 weeks in length. The college calendar consists of 9 such blocks, four com- 
prising an autumn semester and the other five a spring semester. Blocks within a se- 
mester are separated by 44 day weekends. With this calendar, called The Colorado 
College Plan or more simply the Plan, a student normally takes one course during 
each of the nine blocks. Block-long courses are intended to cover as much material 
as normal 3-semester-hour courses. When we speak of a “‘course”’ in the following 
discussion, such a course is meant. 

A very few courses are offered at a half-time rate over more than one block and 
sometimes a student can pair two such courses over a period of several blocks. How- 
ever, no student can take more than two academic courses concurrently. The De- 
partment of Mathematics attempted some of these “‘extended half-courses’’ in the 
first year of the Plan, but offered none the next two years. 

At the start of the Plan, there was essentially no change in our course offerings. 
For example, the calculus sequence, which had been four semesters long (with the 
last being differential equations), became four blocks long. No longer would students 
take mathematics all the time, but by the end of the sophomore year the typical math 
or science major would have taken at least these four courses and perhaps the course 
in linear algebra. 

Experience with the Plan has caused us to change some course content and method 
of presentation. The close working relationship possible with students under the 
Plan lends itself to direct dialogue. Thus we may lecture less. Furthermore, we offer 
more courses now in an independent-directed study mode than before. Also, there is 
more flexibility in the course content. For example, in 1972-73 we did not offer a 
course in advanced calculus, but rather, offered a special topics course in complex 
variables which could, in part, cover some of the traditional material of advanced 
calculus. 

This should not be taken to mean that we can teach courses successfully in a man- 
ner lacking rather strict internal structure. Indeed, if we allow a student to proceed 
gradually into a problem or area, then he is likely to waste the entire block. There is 
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almost no time left to accomplish anything if a week has been spent deciding what is 
to be done. Those students unwilling or unable to submerge themselves in intensive 
study for a month do not profit from their course to a very great extent. In fact, some 
faculty argue that the haste they find made necessary by the Plan completely pre- 
cludes mathematics as a civilized activity suited to undergraduates or to their faculty. 

Whereas in advanced courses you can sometimes feel your way along with your 
class, at the elementary level pressure can develop at a frightening rate. With 20 to 
25 students, all of whom have different backgrounds, the first course in calculus is 
apt to be the worst of all. In part, courses further along in the sequence assume that 
the first course teaches manipulative skills and problem-solving abilities that enable 
the student to successfully continue the sequence. Furthermore, other departments 
have their own expectation of a student who has taken a calculus course. These 
problems are not unique to beginning calculus, but they seem greatest there. 

Think about what you might like to get done in your own first calculus course. 
Then realize that if you spend two days reviewing at the start of the course, there will 
be only 15 class days left, including the day for the final. Of course, technically the 
students are ‘‘yours”’ all day long, but whether there exists a one-to-one correlation 
between time spent and material mastered is at least questionable. 

By the second year of the Plan it was apparent that the content in the calculus 
courses would have to be changed. All work on series was postponed until the course 
on differential equations. Thus, that course could cover its own material for only 8 
or 9 days. Now we plan to have the calculus be 4 blocks long and introduce a fifth 
course for differential equations. In all courses, content is constantly being examined 
closely to see whether it can be omitted. 

It rapidly became obvious that none of our courses, elementary or advanced, 
could humanely cover as much material as could be covered in a 3-hour semester 
course. The fraction may be 4/5, 2/3, or some other number, but no one in the Math- 
ematics Department seriously argues for a fraction close to one. This may not be 
bad in itself, but it should be taken into consideration when the role of mathematics 
as a service-department is discussed. It must be considered in school transfers and 
graduate study. 

Most classes meet twice a day and most faculty hold both meetings in either the 
morning or the afternoon. Usually one session is for problems and one for new ma- 
terial, although of course some mixing occurs—as it should. Almost any combina- 
tion of times and meetings is possible, but the students usually feel that they are 
unduly worked if class meets formally for much more than two hours during the day. 

A common teaching pattern is to have many quizzes, possibly some hour exams, 
and a final examination. Frequent tests insure that students quickly know what they 
don’t understand. To get behind by more than a day or two is a very serious thing. 
To fall behind a whole week is almost certain disaster. This is true for faculty as well 
since no one can teach classes other than his own except under really extraordinary 
circumstances. There just is not time for meeting classes and students other than your 
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own. Thus, sickness or any other serious interruption of the course is more hazardous 
than under other calendars. 

An advantage that the Plan does offer to a student whose education is disrupted 
for more than a few days is that generally only one course need be lost. Should 
someone break a leg or take a month off, he loses only one course. 

Having courses start and stop abruptly and with little continuity from block to 
block is a serious problem. It is difficult for a student suddenly to quit one full-time 
topic and start on a new, usually unrelated, subject. The same is somewhat true for 
the faculty, but at least we are usually in the same area each block. 

Sequences of courses that build upon each other are harder to take and harder to 
teach and there is a tendency for more “‘one-shot” or “‘side-track”’ courses that delve 
into a non-standard, but worthwhile, subject on an ad hoc basis. Sequence courses 
are harder to take, in part, because there is time needed for “‘review” and the “‘review”’ 
often seems completely new to the students. Such courses are harder to teach because, 
as in first year calculus, there exist such definite expectations of the students. 

There is the danger that ‘‘one-shot’’ coutses, no matter how successful, may 
reduce the student’s mastery of a well-defined body of mathematical knowledge 
that is thought of as comprising a major. Some of our faculty feel this has already 
happened. 

The Plan here is operated by a college for undergraduates and where the entire 
faculty teaches all the time. There is essentially no time whatsoever for any other 
work. Members of the Natural Science Division report they spend an average of 
36 hours/week directly on class work [1, p. 44]. The students feel they own their 
instructor and his time under the Plan since they do not have to share him with 
another class concurrently taught. It is hard to get time to do anything other than 
help students on a daily basis. Time for personal research and development is a major 
problem for 3/4 of the faculty [1, p. 48]. Even at a teaching college time is needed to 
prepare courses and to keep up personal skills and interests. Our administration 
realizes this and in an attempt to correct the difficulty is considering a plan to give 
each faculty member one block off each year. 

A departmental colleague wrote [2, p. 59]: ““For me, the greatest failing (of the 
Plan) has been the inability to teach courses without giving up tremendous amounts 
of my time. ... I envisioned students doing reading outside of class and coming to 
class with questions, complaints, and comments which would generate a good dis- 
cussion On the subject matter. I envisioned doing away with lectures, with the stu- 
dents having responsibility for obtaining some kind of overall view of the subject, as 
we proceeded through it. This overall view would give them a meaningful framework 
to work in, and provide a basis for formulating their questions and stimulating dis- 
cussion. Only one course in my years here has worked that way. Generally, most 
students, even in upper division courses, simply can’t read 10 pages of mathematics 
without getting stumped on page 1 and getting almost nothing out of the last 9 pages. 
They need the material broken up into smaller bits; they need to be led through 
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numerous examples; they need to see solutions to problems; they need to have their 
own work criticized carefully, etc.” 

Hindsight more often finds missed opportunities and drawbacks than it finds 
fortuitous choices and advantages. Conversely, advantages are more clearly seen 
than disadvantages before a change occurs. Certainly at the Plan’s inception the 
advantages seemed obvious to a majority of the general faculty (and an overwhelm- 
ing majority of them still supports the Plan). 

Many of the advantages of the Plan are difficult to test, but nonetheless seem very 
real. Foremost among these advantages is the intensive submergence in the course. 
The class, its size limited to 25, often develops a cohesive nature where the instructor 
is working on the material with students he comes to know personally and who know 
and help each other. Students appear to like the Plan and work diligently to make it 
work. A class going well for them can be worked on full-time and one going poorly 
will soon be over. Class attendance is essentially 100%. Last, the flexibility of class 
scheduling and the class’s informality are advantages to instructor and student 
alike. Thus, the entire academic atmosphere is more pleasant. 

It was hoped that the breadth and depth of academic material would be increased 
with this intensive study. We lack an objective measure of this. We rather doubt it 
for most of our students in most mathematics courses. In fact, as I have indicated, 
the students probably know less material. However, perhaps the intensive nature of 
the Plan causes them to grasp more firmly the material that is covered and better 
prepares them for the independent work envisaged by my hopeful colleague. 

There are no simple answers to the problems that the Plan creates. Calendar 
changes, like textbook changes, are not a panacea. Anyone considering the Plan, or 
a modification, must decide whether the problems are worse than the ones faced 
under his present calendar. 
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A STRUCTURE FOR UNSTRUCTURED LECTURES 


D. FERGUSON 


The single element of the classroom situation which is most opposed to reality 
is its “‘structure.’’ Nowhere else in his life does a student so often find himself (1) 
enclosed by walls that meet in right angles, (2) seated in a chair nailed to the floor, 
(3) facing a rectangular green mask, (4) looking to the only individual without a 
seat, whose task it is to teach him something. As a result of all of this, a student is 
consciously, and often painfully, aware of the full duration of the class period. 
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During the past quarter, the author was involved in the teaching of an elementary 
algebra course to students with deficiencies in basic mathematics. (The course was 
offered, as a part of the program of the Council on Educational Development, to 
college students at UCLA.) The class was composed largely of minorities with Chi- 
canos, Blacks, and American Indians being the major representatives. 

During the first week of class, it became quite apparent that the usual lecture 
style would be completely inadequate, or a total disaster. 

Suggestions for improving student-teacher relationships were solicited from the 
students in open discussions. Several suggestions were made; including having stu- 
dents present problems from the homework, having students discuss topics that 
interest them, and allowing for any special projects that any creative student might 
suggest. 

In an effort to remove some of the structured nature of the classroom situation, 
the author proposed a type of intellectual game that was met with favorable responses 
by the students. In considering what type of game should be used, the author immedi- 
ately eliminated all previous “‘well structured’? mathematical games. It was his opinion 
that the game should possess an element of chance, while yet being intellectually 
stimulating. The game should be flexible enough to allow the most simple problems 
along with the “almost’’ impossible. The game items should be related to the material 
under discussion, and should have a self-contained review that would eliminate the 
long boring conventional pre-test review sessions. 

After some consideration, the author arrived at the following: 


Rules for Contest 


1. Each team will be determined at random by selecting slips from an envelope. 

2. The quizitems will consist of algebra problems. Some problems will be taken from the text, 
some problems will be taken from other algebra books, others will be constructed by the teacher. 

3. The captains of the teams will rotate, so that each player will at one time serve as captain. 

4, There will be two envelopes. One envelope will contain the regular quiz items; worth | point, 2 
points, 3 points, lose your turn, lose 1 point, 1 point free or take another turn. The other envelope 
will contain the bonus items. The bonus questions will be considerably more difficult than the others. 
Each bonus item is worth 5 points. 

5. Teams will alternate in selecting items from the envelope of their choice. The point value 
of each question and the amount of time allotted will be stated on each slip. 

6. If the team that selects the question cannot answer in the allotted time, then the other team 
may respond, provided the question is not of a true-false or multiple choice nature. 

7. A winner is determined each day. During the following class meeting new teams may be 
formed. 


In selecting their own items, the students are actively involved. When they miss 
a problem they tend to remember why. 

This method may be used to expand on various topics, as well as to present a 
limited amount of new material. The author usually discusses new material during 
the first part of the hour, and serves as quiz master the rest of the hour. 
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The author was quite pleased with the results. Some unusually difficult problems 
for this class were perceived and solved. Students immediately learned to find counter- 
examples to false statements, and plausible reasons (if not rigorous proofs) for those 
statements that they believed to be true. 

The game served three major functions: (1) It retained the interest of students 
for long periods. (2) It helped to imprint the basic facts in the students’ minds. 
(3) It provided an avenue for stimulating discussions on mathemetical topics. 

It is the belief of the author that exercises similar to the one in this brief article 
would be extremely useful to any instructor teaching a similar course. The flexibility 
is immense, since the instructor possesses the sole power to determine the difficulty 
and scope of the items. The game is no more limited than the limitations on the 
instructor’s own creativity! 


691 LENERING Ave. No. 15, Los ANGELES, CA 90024. 


LECTURER PROGRAM AS PUBLIC RELATIONS 


MARY GRAY 


Part of the explanation of the current job crisis lies in the public’s anti-mathema- 
tical bias. Many students do not take math courses because they feel that they are not 
relevant. The mathematical community is partly responsible, for in the days of 
abundance some of us assumed an elitist, unresponsive attitude towards the public, 
towards students, towards other disciplines and towards society’s problems. Now we 
need to work on changing our image. 

There exists at least one project which can be used for this purpose: the MAA 
Secondary School Lecture Program. In many Sections there is a lively exchange 
between high schools and colleges with the lecturers serving as ambassadors for their 
discipline and their schools. A good lecturer can turn on many of the students turned- 
off mathematics and stimulate interest in studying mathematics — with a career in 
mind, for general cultural enrichment or for the uses to which mathematics can be 
put. The lectures are becoming increasingly application-oriented as participants have 
been formulating responses to the frequently asked question: What can I do with 
mathematics? 

Not only can lecturers interest the students in general in the study of mathematics, 
but another purpose which can be served by the lectures is to draw into the various 
fields of mathematics the groups which have traditionally been excluded: women and 
minority groups. They have more than the usual share of anti-mathematical bias, due 
to conditioning and due to their treatment in the profession. Attracting them to the 
study of mathematics can be accomplished by the selection of lecturers — to present 
working mathematicians from these groups as models, topics — to highlight some of 


1974] ELEMENTARY PROBLEMS AND SOLUTIONS S15 


the contributions made by women and minorities in mathematics and to study the 
phenomenon of their small numbers in the field, and audiences — to reach women 
and minority students, teachers and parents, both for lectures on special topics and 
for the talks on pure and applied mathematics. 

Lecturers are also taking on the role of consultants on curriculum and related 
matters and in many cases speaking to groups of parents, a particularly beneficial 
activity as far as public relations are concerned. Anything that can be done to bring 
to a wider audience more understanding and appreciation for mathematics is a useful 
exercise. 

The program needs wider support as it is now operating in only a few sections of 
the country, leaving high schools in many areas without these valuable contacts. The 
existing programs are funded in many cases with small amounts from MAA contest 
funds or from contributions from local businesses; in a few states the state board of 
education or analogous agency has provided support. Efforts are being made to 
secure some national funding. 

Meanwhile, each Section might view the program as part of the desperately needed 
public relations campaign that the mathematics community must conduct and 
accordingly bolster its program or initiate oneif there is none in existence. Brochures 
describing existing programs and offering suggestions to MAA Sections are available 
from the MAA, 1225 Connecticut Ave., N. W., Washington, D. C. 20036. 
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ELEMENTARY PROBLEMS 


Solutions of Elementary Problems should be sent to Problems Group, Mathematics Department, 
University of Maine, Orono, ME 04478. To facilitate their consideration, solutions of Elemen- 
tary Problems in this issue should be typed (with double spacing) and should be mailed before 
August 31, 1974. 


An asterisk (*) means neither the proposer nor the editors supplied a solution. 


E 2474. Proposed by Paul Abad and David Friedman, San Francisco Unified 
School District 

Let X,,---,X, be independent random variables such that each X, is uniformly 
distributed over the interval [0, a,;| withO < a, <--- <a,. Let Y= Max[X,,---, X,]. 
Find a formula for the probability that Y= X; in terms of i and the a,. (Cf. Problem 
71-14, S.1.A.M. Review 13 (1971), p. 378.) 


E2475. Proposed by W. J. Berger, District of Columbia Teachers College 
Under what conditions can the four tritangent circles of a triangle be rearranged 
so as to be mutually tangent? 


E2476*. Proposed by W. J. Berger, D.C. Teachers College 
Under what conditions can the five tetratangent spheres of a tetrahedron be 
rearranged so as to be mutually tangent? 


E2477. Proposed by A. W. Walker, Toronto, Canada 

A straight line Lmeets the sides BC, CA, AB of a triangle ABC with orthocenter 
H at X, Y,Z; DE is a diameter of the circle ABC. Through X, Y, Z lines B’C’, C’A’, 
A’B’ are drawn parallel to AE, BE, CE to form a triangle A’B’C’ oppositely similar 
to ABC. If D’, E’, H’ are the images of D, E, H for this similarity, prove that in 
general 

(a) The lines AA’, BB’, CC’, DD’, HH’ concur, so that ABCD and A’B’C’D' 
(ABCH and A’B’C’H’) are oppositely similar perspective cyclic (orthocentric) 
quadrangles; 

(b) The lines DH’ and HD’ meet at the invariant point of the similarity, and 
DHD’'H’ is a cyclic quadrangle; 

(c) The axis Lis perpendicular to DD’ and bisects EE’. 


E2478. Proposed by Charles Wells, Case Western Reserve University 

All functions map the reals to the reals. Call f and g similar if f = h~'gh for 
some bijective h. 

(a) Are sin and cos similar? 

(b) Characterize those a,b such that f(x) = x? and g(x) = x? +ax +b) are 
similar. 
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E2479. Proposed by J. H. Blau, Antioch College 
Let n be a fixed natural number. It is well known that the functional equation 


f(x + y") = f(x) + GQ)" 


has many discontinuous solutions if n = 1. Discuss the situation for other values 
of n. (The function f is a real-valued function of a real variable.) 


SOLUTIONS OF ELEMENTARY PROBLEMS 
Reflecting Property of an Oblate Spheroid 


E 2413 [1973, 435]. Proposed by C. B. Grosch, Control Data Corporation, 
Minneapolis 

Consider an oblate spheroid and the circle in its equatorial plane which is the 
locus of the foci of meridian ellipses. Show that any ray that originates on the circle 
will be reflected to the circle after a reflection from the interior of the spheroid. (On 
the spheroid, the angle of incidence equals the angle of reflection.) 


I Composite solution edited from those submitted by L. Kuipers, Southern 
Illinois University, and E. Trost, Technikum Winterthur, Switzerland. Let S bea 
point on the spheroid at which we are to reflect a ray. Assume that S is not a pole 
and does not lie in the equatorial plane, since the theorem is obvious if either of these 
conditions is true. Since the spheroid is a surface of revolution, the normal to the 
surface at S passes through the axis of the spheroid, so these two lines determine a 
plane I. Since I’ intersects the spheroid in an ellipse, the theorem is true for a ray 
lying inI’, and the normal to the spheroid at S bisects the angle between the ray and 
its reflection. 

Consider the oblique circular cone with vertex at S and having as base = the 
circle of foci for the spheroid. The stated problem then follows from the proof of the 
following theorem: 


THEOREM. Let S be the vertex and X the base of an oblique circular cone. Let T 
denote a point in the interior of & and coplanar with S and the normal to & at its 
center. Consider the pencil of planes passing through ST. If ST is a bisector in two 
of the resulting plane sections of the cone, then all sections have this property. 


Proof. Let M and r denote the center and radius of circle X, and let A be a plane 
of the pencil cutting & at A and B. Let d < 2/2 be the angle between MT and AB. 
With AT = u, BT = v, and MT = t, we easily find that 
(1) u,v= Jr? — t2 sin? + tcos ¢. 


Letting x MTS =a, x ATS = 0, and ST=™m, we have, since plane SMT is 
normal to plane X, 
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(2) cos @ = cosacos ¢, 

(3) SA? = m* + u? —2umcos0, SB* = m? +0? + 2vumcos 6. 
The assumption that x AST = x BST is equivalent to 

(4) SA? /SB? = u? /v?. 

Combining (3) and (4) we get 

(5) 2uvcos@ = m(v — u). 

Using (1) and (2), (5) becomes 

(6) [mt + (r? — t*)cosa]cosd¢ = 0. 


By assumption, (6) holds for at least one angle 6 #4 7/2 (for the plane T in the 
spheroid, @ = 0), whence (6) holds for every @¢. 

We have actually proved that if the property of the hypothesis of this theorem 
holds for just one plane section where ¢ 4 7/2, then it holds for all plane sections. 


II. Solution by the proposer. Let a denote the equatorial radius of the spheroid, 
b the polar radius, and c the radius of the circle of foci; then a? = b? + c?. Choose 
a coordinate system such that the coordinates of the point of reflection on the 
spheroid are (0, a cos 0, b sin 0) and let the ray originate at (c cos ¢, c sin ¢, 0). The 
unit vector in the direction of the incident ray is then 


(1) x = p '(—ccos di + (acos@ —csing)j + bsin@k), 


where p = ./a? + c? cos?6 — 2accos @sin@. The unit normal at the point of reflec- 
tion on the spheroid is 


n = q~‘(bcos0j + asin®@k), 
where g = Ja? — c2cos2@. The unit vector in the direction of the reflected ray is now 
y=x—2x-n)n. 


Let z denote the vector from the center of the spheroid to the point at which the 
reflected ray pierces the equatorial plane. Then 


z= acos@j + bsinOk + sr, 


for an appropriate scalar multiple s of r; s is determined by the fact that the k- 
component of z must be 0. Substituting (1), (2), and (3) in this equation and simpli- 
fying shows that s = q*/p and thus 


z= —cp~*(q*cos di + (p* sind — 2accos O6cos ¢)j). 


Since z-z = c?, it follows that the reflected ray passes through the circle of foci. 
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Also solved by Michael Goldberg. Only the proposer’s solution was complete and correct. 


Editor’s comment. This result extends to three dimensions the well-known property of the ellipse 
that all rays emanating from one focus are reflected through the other focus. This property generalizes 
immediately to a prolate spheroid, and present problem shows how it applies to an oblate spheroid. 
It is not clear what can be said about an arbitrary ellipsoid. 


Chess Champ’s Chances 


E2414 [1973, 559]. Proposed by J. G. Wendel, University of Michigan 

In one form of chess match 2n games fare played, wins count 1 point each, 
draws 4, losses are worth 0. In order to win the match, the defender needs only score 
at least n, while the challenger must achieve at least n +4. Suppose that the two 
players are of equal strength, and that the probability of a draw is a constant 6. 
Prove or disprove: the defender’s chance of keeping his title is an increasing function 
of o. 


I. Solution by K. Alam and K. Seo, Clemson University. Since the players 
are of equal strength, and the probability of a draw is 6, the probability of a win 
by either player is 4(1 — 6). Also, the probability that the defender’s score exceeds n 
equals the probability that the challenger’s score exceeds n. If A, = A,(6) is the 
probability that both players score n points, the probability that a player scores 
more than n points is $(1 — A,). Therefore, the probability of the defender’s keeping 
his title is 


Thus P,(6) is an increasing function of 6 if and only if A,(6) is an increasing function 
of o. 

The probability that there will be k wins by the champion, k wins by the chal- 
lenger, and 2n — 2k draws is a multinomial probability 


(2n)! j2n- 2k ( _ ‘y" 


(k!)2(2n — 2k)! 2 


so the probability A, can be written as 


_ kf (2n)! n-2x(1 — 6\** 
” 40 2 aera “(Z) 


Differentiating A, with respect to 6, we see that the (continuous) derivative 
A'(d) satisfies 


A‘(0) = = nanan (7%) < 0, 


so that A,(O) and hence P,(6) are decreasing functions of 6 for 6 near 0. Therefore 
the assertion that P,(6) is increasing on [0,1] is false. 
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Il. Solution by E. M. Klimko and M. F. Neuts, SUNY at Binghamton. The 
proposed statement is false. Consider the case n = 1. The defender can lose the 
title only if he either loses both games or draws one game and loses the other. The 
probability of the champion’s keeping the title is therefore given by 

— §\2 1— 
P,(6) =1- (=) — 26 (-) = 1(36* — 26 + 3), 
which is concave upwards in 6 and achieves its minimum for 6 = 4. 

The following theorem holds: The probability that the defender keeps his title 
is, for general n, a strictly concave upwards function of 6 in [0,1] which reaches 
its unique minimum inside the interval (0,4). 


Also solved by D. M. Bloom, L. J. Dickson (Australia), D. Z. Djokovié, Jordi Dou (Spain), 
E. S. Eby, R. J. Evans, Ann Goodsell & N.J. Kuenzi & J. Oman, S. H. Greene, F. A. Hacker, Ellen 
Hertz, G. A. Heuer and K. Heuer (Germany), N. L. Johnson, E. F. Knapp, J. R. Kuttler, Harry 
Lass, Joel Levy, Carolyn MacDonald, W. D. Markel, J. Noailles & J. Choné (France), Larry Olson, 
G.S. Rogers, Steven Russ, Bruce Schatz, Paul Smith, W. N. Smith, Wolfe Snow, P. K. Stockmeyer, 
Walt Stromquist, E. T. H. Wang, P. H. Young, and the proposer. 


Editor’s comment. Alam and Seo note that A, is the solution to the differential equation 
(26 — 1) (1 — 6) A, -- [4n — 2 — (4n — 3)6] A, + 2nA, = 0 


with the boundary conditions A, (0) = 2° 2" @") and A, (1) = 1. 

Let 6, be the value of 6 that minimizes P,, (6) in the interval [0,1]; as Solution II shows, 6; = 1/3. 
Numerical calculations suggest that 6, decreases monotonically as n— co and apparently ap- 
proaches 0, although no analytic proof of this has been found. 

Notice that the model of the match is probabilistically equivalent to the way such a match is 
really played, viz., the match goes to a maximum of 2n games, but is terminated as soon as the cham- 
pion amasses at least points or the challenger amasses at least n + 4 points. (The reader may remem- 
ber that in the recent Fischer-Spassky match, n = 12.) A reasonable estimate for 6 for two strong, 
equally matched players might be 2/3, a figure much greater than any 6,. It appears that in real life 
anyway, the champion should play conservatively in order to keep his title. 


A Curious Property of 10 


E2415 [1973, 559]. Proposed by C. D. H. Cooper, Macquarie University, 
Australia 

Find all positive integers n having the property that each positive divisor (> 1) 
of n has the form a’ + 1 where a, r are integers and r> 1. 


Solution by the proposer. Let S be the set of all positive integers all of whose 
divisors haye the above form. Clearly every positive divisor of an element of S is 
itself in S. 

Let n = a" +1¢eS. We can suppose that a is taken to be as small as possible 
and hence cannot be expressed as b* for s>1. If ris odd, then a + 1 is a positive 
divisor of n whence a + 1 = b* + 1 for some b,s with s > 1, a contradiction. Hence 
ris even and so every element of S can be expressed in the form a? +1. 
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An odd number meS must clearly have the form 4a” +1. Let p,q be odd 
prime numbers in S where.p S q, p = 4a* +1, q = 4b” +1 and suppose that 
pq = 4c? + 16S. Clearly a $ b <c. Then q(p—1) = 4(c? — b?) whence q|(c + b) 
or q|(c — b). In either case, p < q < 2c and so pq < 4c’, a contradiction. Hence 
every composite element of S is even. 

Let p = a* +1 be a prime element of S and suppose that 2p = b* +1 eS. 
Then p = b*—a* =(b—a)(b+a) so that b—a=1, b+az=p and thus 
p—1= 2a. But p—1 =a’. Hence a = 2 and p=5. 

The only composite element of S which is a product of two primes is thus 10. 
Hence there can be no product of three primes in S and so no other composite 
elements in S. The only positive integers with the stated property are therefore 1, 10, 
and all primes of the form n? +1. 


Also solved by M. G. Greening (Australia), L. E. Mattics, David Spear, Guy Torchinelli, Phil 
Tracy, R. H. Warren, and Charles Wexler. 


Editor’s comment. Spear notes that the question of whether there are infinitely many numbers of 
the stated type, is in essence one of the famous unsolved problems of number theory. 


Zabek, Kummer, and Divisibility of (”) 


E2416 [1973, 559]. Proposed by F. T. Howard, Wake Forest University 

Let p,,°::,p, be distinct primes, e,,---,e, arbitrary nonnegative integers, and r 
a fixed positive integer. Prove that there are infinitely many positive integers n with 
the property that p;' (i = 1,2,---,k) is the highest power of p; which divides the 
binomial coefficient (/). 


Solution by David Singmaster, Istituto di Matematica, Pisa, Italy, and Poly- 
technic of the South Bank, London, England. This problem is an extension of the 
note of Simmons [4]. It is most easily attacked by use of the following theorem and 
its corollary of Zabek [7]; see also [6], [2], and [5], Theorem 38. 


THEOREM. Let p be a prime. For r>0, suppose p"<r<p™**. Then the 
sequence of residues (;) (mod p*), forn =r, r+1,-:-, is periodic with minimal 
period p™*®. 


CorOLLary. Let d =[[p{'. For r>0 and each i, suppose 
m; mi+1 
Pir <P; 


Then the sequence of residues (") (modd), forn =r,r+1,-:-, is periodic with 
e;+tm; 


minimal period | |p; 


Write p* | m to mean p‘|m but p**' 4m. To show that there are infinitely 
many n such that p§‘|| (*), we consider the sequence (*) (mod | [p;'**). Then we need 


only find one such n, for everything in its residue class (mod [[p7"'****) will have 


i 


the same property. (Indeed, this will show that the set of such n has positive density.) 
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Further, since the periods for the prime power factors p{‘** are pairwise relatively 


prime, it suffices to show this result for prime powers; i.e., to show for r > 0 and 
for any prime power p*, there is an n such that p’| (,)- 

To show this result for prime powers, we use the following theorem due to 
Kummer [3]; see also [1] and [5], Theorem 6. 


THEOREM. For any prime p, we have p’| (,) if and only if e is the number 
of carries in the addition r + (n—r) when done in p-ary arithmetic, or equivalently, 
the number of borrows in the p-ary subtraction n—r. 


1 mte 


Again suppose p” < r< _p™*’ and let n = p”™*° + r— p™. One easily sees that 
the p-ary subtraction n — r has exactly e borrows, so we have found an n such that 
p’| (;) and we are done. 


References 
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Also solved by Jeanne Agnew, Harry Lass, W. F. Trench, Charles Wexler, and the proposer. 


Covering 3 < 2m Checkerboards 


E2417 [1973, 559]. Proposed by Ioan Tomescu, University of Bucharest, 
Rumania 

The number of ways of filling a 2 x n rectangle with dominoes (i.e., with 1 x 2 
rectangles) is well known (see Problem E 1470 [1962, 61]). On page 139 of his book 
Polyominoes, S. W. Golomb asks for the corresponding result for 3 x n rectangles. 

Let U(n) be the number of ways of covering a 3 x n rectangle with dominoes. 
Obviously U(n) = 0 if n is odd. Show that 


Um) = x al/3 +1) 2+ V3) "+ (V3 -NQ- Jd". 


Solution by D. Z. Djokovié, University of Waterloo, Canada. We look at the 
rectangle of size 3 x 2m and consider the sides of length 3 as vertical. Let a,, be the 
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number of coverings of this rectangle such that the domino in the lower right corner 
is vertical and let b,, be the number of coverings such that three dominoes touch the 
right side of length 3. Then we have the recurrence relations 


(1) Amt1 = 34m + Om, Ont = 24m + by (m 2 1). 


Since a, = b, = 1, we find a, = 4, b, = 3. Using U(2m) = 2a,,+),,, we get 
U(2) = 3, U(4) = 11. Replacing m by m+1 in (1) and eliminating a’s or b’s, 
we get the fact that the a,,’s as well as the b,,’s satisfy 


(2) Xm+2 ~4Xme1, tX%m =O (mM Zl). 
It follows that U(2m) also satisfies (2) and consequently we have 
U(2m) = A(2 + ,/3)" + w(2 — ./3)” 
for suitable A and pw. Using the known values of U(2) and U(4) we find 


1 oo. lo. 
A= 5 RW3+D, b= xR V3- 0. 


Also solved by M. T. Bird, Dan Bump, J. Choné (France), George Dahir, L. J. Dickson (Austra- 
lia), R. A. Gibbs, S. H. Greene, M. G. Greening (Australia), M.S. Klamkin, M. J. Knight, Harry 
Lass, O. P. Lossers (Netherlands), Jacob Strum & Michael Steiner (Israel), Phil Tracy, J. B. van 
Rongen (Netherlands), Aleksandras Zujus, and the proposer. 


Subsemigroups of Composite Natural Numbers 


E2418 [1973, 560]. Proposed by C. A. Nicol, University of South Carolina 
Characterize those subsets S of the natural numbers with the property that every 
sum of elements taken from S (repetitions allowed) is composite. 


I. Solution by John Christopher, California State University at Sacramento, 
and M. J. Knight, California Institute of Technology. (Editor’s Composite). Let 
S be a set of natural numbers and let S* be the set of all sums of elements taken 
from S. (Le., S* is the subsemigroup generated by S.) Then every element of S* 
is composite if and only if the elements of S have a common prime factor p which 
does not lie in S. 

The condition is clearly sufficient. To see that it is also necessary, suppose the 
greatest common divisor (GCD) of Sis 1. Then S has a finite subset T= {c,,6,,---,¢,} 
with GCD(T) = 1. Hence there exist integers x,,x2,---,x, such that cx, + c,x,+ 
4+ ¢,X, = 1. Collecting terms of like sign, we have an equation of the form 
a—b=1, where a,beS*. Since (a, b) = 1 it follows by Dirichlet’s Theorem that 
the sequence {a+kb:k = 1,2,---$ contains (infinitely many) primes. But 
a + kb e S* for every natural number k, implying that S* contains primes, a contra- 
diction. Thus GCD(S) > 1 so that there exists a prime p such that p | x for allxeS. 
Obviously, however, p¢S since S ¢ S* (one element sums are allowed). 
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II. Solution by Leon Mattics, University of South Alabama. Suppose 
GCD(S) = 1. Let ae S have prime factorization a = p{'p>’--- p,”. Choose c;e S$ 
such that (p,;,c;) = 1, i= 1,2,---,n. Let 


b = ¥ (I p,) Cj. 


i=1\j#i 
Then be S* and (a,b) = 1. Hence (as above) S* contains primes. 


Also solved by W. E. Bolton, S. D. Bronn, Jordi Dou (Spain), R. J. Evans, G. F. Feissner, P. K. 
Garlick, M. G. Greening (Australia), David Grinstein, D. Z. Kilhefner, Joel Levy, T. E. Moore, H. 
Niederreiter, Lothar Redlin, Kenneth Rosen, Steven Russ, Paul Smith, Joel Spencer, Walter Strom- 
quist, Phil Tracy, J. B. van Rongen (Netherlands), and the proposer. 


Editor’s note. If single element “sums” are disallowed, then the common prime factor may be 
an element of S. About half of the solvers so interpreted the problem. 

The key to the result is that if GCD (S) = 1, then S* contains primes. It is known, however, that 
if GCD (S) = 1, then the subsemigroup S* generated by S must contain all but a finite number of 
natural numbers. Levy refers to Theorem 1.4.1 of Kemeny and Snell, Finite Markov Chains, Van 
Nostrand, Princeton, 1959, and Moore refers to John C. Higgins, Subsemigroups of the additive 
natural numbers, Fibonacci Quart. 10 (1972), 225-230. 


ADVANCED PROBLEMS 


All solutions of Advanced Problems should be sent to J. Barlaz, Rutgers — The State University, 
New Brunswick, N. J. 08908. Solutions of Advanced Problems in this issue should be typed (with 
double spacing) on separate, signed sheets and should be mailed before August 31, 1974. 


An asterisk (*) means neither the proposer nor the editors supplied a solution. 


5970. Proposed by Albert Wilansky, Lehigh University 

Let A be an algebra with identity and let J, J be two distinct ideals of co-dimen- 
sion 1. Show that IJ UJI spans IQ J. (That is, every member of IQ J is a linear 
combination with scalar coefficients of members of IJ UJI.) Show also that IJ 
need not span IQ J. 


5971. Proposed by William Sdnchez and David Spear, New York City 
Can the positive reals R, be partitioned into two sets both of which are closed 
under addition? Can these sets be Lebesgue-measurable? 


5972. Proposed by Gregory Wene, University of Iowa 

Let R be a ring and let * be the statement: There exists a positive integer n 
such that a” = a for each aeR. 

For each ring R satisfying *, define the u-value of R to be w= min{m = 2 | m 
a positive integer and a” = a for each ae R}. It is easily shown that 18 is not the 
p-value for any ring. Find all positive integers k such that k is the u-value for some 
ring and show that there are infinitely many positive integers which are not p-values 
for any ring. 


= 2 
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5973. Proposed by G. Tsintsifas, Thessalonika, Greece 
Let G = {A,,A2,--:,A,} be a bounded set of points in the plane. If any three 
of these points can be covered by a strip of breadth d, show that G can be covered 


by a strip of breadth 2d. 
Find also the minimum real number k so that any point set G with the given 


property can be covered by a strip of breadth kd. 
5974. Proposed by M. S. Klamkin, Ford Motor Company 


Prove that aside from a polynomial of integration of degree 2n — 1, 


ert ff PL pe tacoax = ff f ronan” 


where there are 2n integrals on each side. 


5975. Proposed by Richard Rado, University of Reading, England, and Albert 
Wilansky, Lehigh University 


An ordinal type A is called thick if there exists a family (S,: «¢€ A) of sets with 
S,< S, properly for « < B and card U {S,: «e A} < card A. Show that R (the reals) 
is thick and that any well ordered type (1.e., ordinal number) is thin ( = not thick). 

«x Determine other thick and thin ordinal types. 


SOLUTIONS OF ADVANCED PROBLEMS 
Free Abelian Groups 


5900 [1973, 324]. Proposed by E. R. Gentile, University of Buenos Aires, 
Argentina 

Let A and B be abelian groups (or modules over a principal ideal domain) such 
that A ® B is a nonzero free abelian group (module). Prove that A and B are free. 


Solution by D. F. Anderson, University of Chicago. First we assume that A 
and B are torsion-free and hence flat (J. Rotman, Notes on Homological Algebra, 
Theorem 4.23). Since B is torsion-free we have the exact sequence 0 > Z > B; 
and thus 0 > A — A®@B is exact since A is flat. Hence A is a subgroup of 4 @ B 
and thus free. Similarly B is free. 

Now the general case. By P. A. Griffith, Infinite Abelian Group Theory, Theo- 
rem 39, we have 


(A ® B)|1(A @ B) = (A/tA) ® (BItB). 


A® B is free, hence t(A ® B) = 0. It follows that A/tA and B/tB are free; thus the 
exact sequence 0 -tA—>A- A/tA >0 splits, so that A =tA@A*, where 
A* x A/tA 4 0, is free. Similarly B = tB ® B*, where B* ¥ 0, is free. 


A®B x (tA @ tB) ® (tA @ B*) © (tB © A*) @ (A* © B*). 
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Now A@B # 0 is free and we must also have td © B* = 0. But B* is free, hence 
tA = 0 and A is free. Similarly B is free. 


Also solved by S. D. Brown & J. K. Cooper, D. L. Costa, Sam Cox (Puerto Rico), Tom Head, 
A. A. Jagers (Netherlands), R. E. Johnson, F. A. Oliva I, D. B. Shapiro, and the proposer. 

Cox observes that a solution appears in Mark Ramas, Free Exterior Powers, J. of Algebra 19 
(1971), 110-115. Head notes that the problem may be found in Laslo Fuchs, Jnfinite Abelian Groups, 
Vol. I (1972), Ex. 5, p. 265. Head also offers a proof of a broader version of the problem for modules 
over an arbitrary commutative ring with identity. 


The Ring Operation ax — xa 


5901 [1973, 324]. Proposed by E. D. Dixon, Tennessee Technological University 

If a and x are elements of a ring R we denote [a,x| = [a,x], = ax — xa and, 
in general, [a,[a,x],] = [a,x],+, for all positive integers h. Show that if P is a 
polynomial with coefficients which are integers or coefficients which are in the 
center of R, then 

(1) [a,[P(@),x],] = LP@), [a,x] ], and 

(2) if [a,x], = 0 then [P(a),x], = 0. 

Solution by D. L. Costa, University of Kansas. We prove (1) by induction on h. 
Since the coefficients of P are central we get the following chain of equalities in the 
case h = 1. 


La, [P(a),x]] = al P(a), x] — LP(a), xJa 
= a(P(a)x — xP(a)) — (P(a)x — xP(a))a 
= (P(a)ax — P(a)xa) — (axP(a) — xaP(a)) 
LP(), La, x]]. 
Next, if (1) holds for a particular integer h we have 
La, [P(a), X n+ iJ La, [P(a), [P(a), x|,1] [P(a), La, [P(a), x|,]] 
[ P(a), [P(a), La, x | Th [ P(a), La, XTn+ 1> 
where we have used our knowledge of the case h = 1 to obtain the second equality. 
We will now use (1) and induction to obtain (2). [a,x] = 0 if and only if x 
commutes with a, in which case x commutes with every power of a. But then x 
commutes with P(a), i.e., [P(a),x] = 0. So (2) holds when h = 1. 
Now suppose (2) holds for a particular integer h and that [a,x],,, = 0. Then 
[a,[a,x]|, = [a,[a,x],] = [a,x],4, = 0, using (1) with P(a)=a. This im- 
plies that 0 = [P(a),[a,x]|, = [a,[P(@,x],], using (1), which by the case h = 1 


implies 0 = [ P(a), | P(a), x|,| = [-P(a),x],+,. Therefore (2) holds for h+1 and 
the proof is complete. 
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Also solved by S. D. Bronn, E. W. Ewing, E. A. Herman, A. A. Jagers (Netherlands), Fumio 
Kubo (Japan), H. S. Lieberman, Gary McDonald & Merry McDonald, Paul Milnes, Wanda J. 
Mourant, L. A. Oldroyd, David Spear, Tae-il Suh, E. J. Taft, E. S. Tsai, E. T. Wong, and the 
proposer. 

Bronn, Spear and Wong show that (1) holds if P (a) is replaced by an element c which commutes 
with a. Bronn also establishes the formula [a, [c, X]nlm = [c, [@, X]mJn- 


‘‘Balancing’’ a Polynomial in R”; 


5902 [1973, 324]. Proposed by John H. Hubbard 

Integration is with respect to Lebesgue measure. Let X < R” be a measurable 
set of finite measure. For any function f: R” > R, call X; = {xeX: f(x) = 0}, 
X;, = (xeX: f(x) S 0}. Prove that for any whole number n 2 1, there exists a 
polynomial function p: R” > R of degree at most n such that for any polynomial 
function gq: R” — R of degree at most n satisfying q(0) = 0, 


Jet dest 
Xp Xp 


Solution by the proposer. Call P, the vector space of polynomial functions on 
R” of degree at most n, and give P,, the norm } q | = fx | q . This norm is of class 
C! on P,, — {0}, in fact 


a _ { 4 
dt | ay + ta || 0) _ ae: 


Let H c P, be the hyperplane of functions vanishing at 0, and choose any fe P, 
such that f¢ H. Since P,, is finite-dimensional, the norm function restricted to H + f 
reaches its minimum at some function p. For any q €H, the function || p + tq || 
of t has a minimum at t = 0, and hence 


rite deed 
QO = — @) = ——. = _— . 
Aletta Lip? ws! a! 


The following further questions may be of interest: 

(1) Give necessary and sufficient conditions on X and n for p to be unique up 
to multiplication by a constant. 

(2) For fixed X, one gets as n increases a sequence of polynomials of increasing 
degree. Do the coefficients tend to stabilize (either become fixed, or converge to some 
limit)? 

(3) Is the problem still true in the space of real-analytic functions on X? (For 
this problem to be reasonable, one must assume X open and 0e€X.) 


528 ADVANCED PROBLEMS AND SOLUTIONS [May 
The Associative Ring R? 


5903 [1973, 325]. Proposed by G. A. Heuer, Concordia College, and Albert 
Wilansky, Lehigh University 


If B is a two-dimensional noncommutative algebra over R (the real numbers) it is 
known that the multiplication in B is given by ab = f(a)b or by ab = f(b)a for 
some linear functional f on B. (Cf. Wilansky, Functional Analysis, problem 40, p. 
258.) Is there a noncommutative multiplication in the set R* which, together with 
the usual vector addition makes R? into an associative ring which is not an algebra? 


Solution by Jtirg Rdtz, University of Bern, Switzerland. The answer is 
affirmative as can be seen from the following theorem. 


THEOREM. Let M bea real vector space of dimension = 2. Then there exists 
a noncommutative multiplication *: M x M—M< such that (a) <M, +,*> is an 
associative ring, and (b) for any subfield S of R different from Q (the rational 
numbers), M is not an S-algebra; specifically, M is not an R-algebra. 


Proof. Let H = {y,: ie I} be a Hamel basis of R over Q satisfying 1 € H. If we 
define the additive function f: R->R by f(y, = 1 for alli in J, then f(R) = Q 
and {AeR: f(Ax) = Af(x) for every xe R} = Q. Let B be a Hamel basis of M 
over R, say d, e€ B, d # e. Define the linear functional g : M—R by g(d) = 1 and 
g(c) = 0 for every ceB\{d}. Now the multiplication * is constructed by 
a* b= f[g(a)|- 5 for all a, bin M. g(d) = 1, fC) = 1, g(e) = 0, and f(0) = 0 
imply that d*e =e,e*d = 0, 1e., the noncommutativity of « . From the vector 
space structure of M and the Q-homogeneity of f and f(R) = Q we deduce the 
associativity of * . It is easily seen that the expression f[g(a)]- b is biadditive with 
respect to a and b, so is distributive over +, i.e., our assertion (a) holds. 

Let A € R\Q be arbitrary. Then there exists z€ R with the property f(Az) 4 Af(z). 
It follows from the vector space rules in M that [A(z- d)]* d= f(Az)-d and 
A-[(z: d)* d] = [Af(@]- 4d, Le, [Az : d)| «d 4 2- [(z- d) * d]. Therefore M is 
not an S-algebra as soon as S contains elements R\Q, which proves assertion (b). 


REMARK. (b) cannot be improved in the following sense: If M is a real vector 
space with ring structure, then M is a Q-algebra. 


Also solved by A. A. Jagers (Netherlands) and by the proposers. 


Semigroup with aba = a 


5904 [1973, 325]. Proposed by S. Y. Chen and S. C. Hsieh, National Tsing 
Hua University, Taiwan 


Consider a semigroup S in which each pair of elements a, b satisfy aba = a. 
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For such a in S let T, be the set of elements b such that ab = a. Show that if, for 
any a, T,, contains more than half the elements of S then T, = S for all bin S. 


Solution by J. R. Gilbert, University of New Mexico. First note that for all p 
in S, ppp = p, and so p* = p?. Also p* = p(pp)p = p, and so p? = p. 

Now let a be an element of S such that T, contains more than half the elements 
of S. If xeT, and yeT, then a = ax, and so xa = xax = x. Similarly ya = y. 
Then xy = (xa)(ya) = x(aya) = xa = x. Thus ye T,, for any x and y in T,. There- 
fore we need only show that T, = S. 

Assume, for the sake of contradiction, that there exists fe S with f¢ T,. If xe T,, 
consider x f. If x fe T,, then by definition of T,, a(x f) = a. But a(xf) = (ax)f = af, 
and so we have af =a and feT,. Since this cannot be, we must have xf ¢ T, for 
every x in T,. Since T, contains more than half the elements of S there must be 
distinct x and y in T, with yf = xf. But then yfx = xfx =x, so that yx = 
yy fx) = yfx = x since p* = p for all pin S. But also yx = y since x and y are 
in T,. Thus y = x. This contradiction denies the existence of f and completes the 
proof. 

We note that although we have assumed S to be finite, the above proof works 
perfectly well for infinite S if by “‘7, contains more than half the elements of S’’ 
we mean T,, has greater cardinality than S\T,, the complement of T, with respect 
to S. 


Also solved by Shaggi Aggi, J. T. Arnold, E. T. Beasley, Jr., S. D. Bronn, J. H. Carruth, D. L. 
Costa, S. C. Currier, Jr., Hugo D’Alarcao, Ronald Davis, E. W. Ewing, M. G. Greening (Australia), 
Kit Hanes, E. A. Herman, Craig Huneke, A. A. Jagers (Netherlands), H. F. Kennison, D. J. Kleit- 
man, Charlotte Krauthamer (Austria), T. G. Kucera, Eric Lofgren, Gary McDonald & Merry Mc- 
Donald, H. L. Miller, Wanda J. Mourant, G. M. Reekie, Eugene Sadowski, David Spear, D. P. 
Sumner, R. J. Weber, E. T. Wong, John Woods, and the proposers. 


UNSOLVED PROBLEMS 


This list supplements lists printed on p. 711 of the June-July, 1969 issue of this 
MONTHLY and on p. 1033 of the November 1971 issue. 
Any comments or solutions will be welcomed by the editors. 


5715 [1970, 197] Free R-module 

5723 [1970, 313] Maximum expectation 

5749 [1970, 775] Inequality in a set of integers 
5773 [1971, 84] Complete linear space 

5777 [1971, 202] Divisors of (77) 

5790 [1971, 410] Maps preserving linearity 
5794 [1971, 411] Bessel function 

5808 [1971, 798] Arithmetic progression 

5819 [1971, 912] h( f(x), g (x) =x 
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5860 [1972, 667] Mean value property 
5861 [1972, 667] Rolle’s theorem 
E2289 [1971, 405] Problem in logic 


In response to several requests, we include the following list of problems for 
which notes or partial solutions have been printed, but for which complete so- 
lutions are still solicited. 


5020 [1963, 574] Diophantine equation 
5027 [1964, 441; 1966, 206] Maximal nonsingular subspaces 
5052 [1964, 328] Multiplicative seminorm 
5125 [1964, 806] Addition chains of vectors 
5217 [1965, 681] Uniform polynomial approximations 
5364 [1967, 214] Arrays of lattice points 
5415 [1969, 948] Differential equation. 
5479 [1968, 1018] Dissection 
5485 [1968, 419] Covering with squares 
5499 [1968, 1019] Rational triangles 
5529 [1970, 657] Definite integral 
5609, [1969, 571] Cardinality 
5634 [1969, 952] Diophantine equation 
5648 [1969, 1156] Set of squares in a group 
5650 [1970, 314] Rational distances on a conic 
5827 [1973, 326] Automorphism of p-groups 
5849 [1973, 701] Approximations for z 
5867 [1973, 1148] Copositive quadratic forms 
E1782 [1966, 670] Coloring a chessboard 
E1910 [1968, 80] Special sequence of integers 
E 1978 [1968, 781] Minimum number of intersections 
E 2056 [1969, 195] A three circle configuration 
E 2112 [1969, 699] Arranging odd squares in even groups 
E 2303 [1972, 664] Wilsonian numbers 
E 2308 [1972, 774] Weird numbers 
E 2384 [1974, 170] Binomial coefficient summation 


Editorial Note. The editors regret to announce that several contributions regard- 
ing problem E2344 (below) seem to have been misplaced. We request all solvers to 
resubmit their solutions. 


E 2344 [1972, 303]. Proposed by Jordi Dou, Barcelona, Spain 


Consider a square array of red dots and blue dots with 50 rows and 50 columns. 
Whenever two dots of the same color are adjacent in the same row or column, connect 
them with a segment of that color; if they are adjacent of different color, connect them 
with a black segment. There are 1269 red dots, among them 99 on the border, none 
of them at the corners. There are 1035 black segments. Find the number of red 
segments and the number of blue segments. 
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EDITED By J. ARTHUR SEEBACH, JR. AND LYNN A. STEEN 


with the assistance of the mathematics departments of St. Olaf and Carleton Colleges 
COLLABORATING EDITOR FOR FILMS: SEYMOUR SCHUSTER, CARLETON COLLEGE 


We invite readers to submit reviews of significant recent college-level mathematics books. 
We especially encourage reviews based on classroom use, or comparative reviews of several 
related books. Reviews should ordinarily not exceed two pages (per book) typed double spaced. 
Manuscripts of reviews as well as books submitted for review should be sent to: Book Review 
Editor, American Mathematical Monthly, St. Olaf College, Northfield, MN 55057. 


Why Johnny Can’t Add: The Failure of the New Math. By Morris Kline. St. Martin’s 
Press, New York, 1973. ii + 173 pp. $6.95. (Telegraphic Review, May 1973.) 


The other day I was explaining the new math to my 81-year-old mother. Results 
that used to be handed down as rules to be memorized, I told her, are now presented 
as theorems, derived from axioms: for example, the result that zero times any number 
is zero. She snorted. “‘What’s the problem? If you add up nothing any number of 
times, you still have nothing.” ““Gosh, Mom, you’ll never remember the rule that 
way.” “Let’s see, I learned it in 1901. Today is Wednesday, the...’ “Yes, yes. But 
if you just knew the distributive property and some simple facts about addition, 
and could remember a few artificial steps that graduate students usually forget,...”’ 
“But how do I know the distributive property always works?” “Well, you see, we 
adopt it as an axiom.” 

Morris Kline has for many years been the acknowledged champ of the critics 
of the new math. In Why Johnny Can’t Add he collects his criticisms under one 
cover. His writing is clear and simple, though somewhat repetitious. It can be good- 
humored, and it is frequently biting. His personal opinions are expressed in strong 
terms, he is unafraid of going out on a limb, and he quotes thinkers such as Poincaré 
and Felix Klein to back him up. 

The major innovation of the new math is a rigorous, deductive approach, and 
the author advances many reasons why this is contrary to pedagogy — for example, 
utility determines logic, rather than the other way around: we make multiplication 
commutative for complex numbers but not for matrices. Sometimes, though, what 
he criticizes as underlying philosophy is really just lack of judgement on the part 
of individual writers — for example, the insistence that a student justify each tedious 
step. (My mother hasn’t regrouped since 1902.) 

Incidentally, could Johnny add before? According to the author himself, no 
tests have yet shown a win for either side. 


531 
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Professor Kline deplores the development of mathematics for its own sake, 
structure as a guiding theme, and pedantic precision of language. Here he gives 
the new math too much credit: surely, much of its writing is sloppier than the old 
math, what with multiplying by a numeral or a minus sign, total confusion about 
quotation marks, and unbelievable bloopers with sets — e.g., the set of all animals 
on this farm is the set {chickens, cows, dogs} and therefore has exactly three members. 

As for the new subjects taken up in the new math, Professor Kline considers 
them either too specialized to be worth while, or pointless novelties, or necessarily 
insignificant. “Oh, see, Johnny has a set of marbles. Look, look, Billy has a set of 
marbles. See Billy’s set. Here comes Mary. Mary gets all the marbles. Mary gets 
the union of Johnny’s set and Billy’s set. See Mary’s union.” (Attributed to an 
anonymous critic.) But surely some topics, such as inequalities, can be taught early 
with profit: just teach them sensibly. 

In a stinging chapter on the deeper reasons for the new math, the author exco- 
riates the pure mathematicians for their mathematical narrowness, ignorance of 
science, and lack of interest in the psychology of learning. This chapter will stimulate 
thought and raise hackles. 

The author concludes with his own recommendations for reform. Briefly, 
mathematical education should be broad rather than deep, and the basic approach 
at all levels should be intuitive, and motivated by applicatons. The author would 
make a stronger case if he came up with some suggestions in detail, such as an 
actual course outline or some sample pages of text, including applications that the 
student can understand. 

As far as I can tell, neither Professor Kline nor those he is criticizing ever 
consider the psychology of mathematical thinking. For instance, perhaps the 
associative and commutative laws should be withheld from children in favor of 
a combined “‘grouping” law, according to which the sum (or product) of a collec- 
tion of numbers can be found by grouping and adding (or multiplying) in any order. 
Intelligent research into such questions would seem highly worth while. 

LEONARD GILLMAN, The University of Texas at Austin 


Polynomials, Power Series, and Calculus. By Howard Levi. Van Nostrand, Princeton, 
New Jersey, 1968. viit + 158 pp. $6.95. 


In this very interesting book, the author proposes to replace the usual beginning 
calculus course by one geared more directly to the students’ needs. Minutiae about 
continuous functions, discontinuities, and the Riemann integral are abandoned. 
Most students will need to be able to handle only the relatively simple class of 
piecewise analytic functions. And the problems they encounter involving integrals 
can be cast in the first place in terms of antiderivatives: ‘‘to take up the definite 
integral --- would amount to preparing the way for introducing certain complica- 
tions and then taking additional steps to avoid them.” 
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The book begins with a study of polynomial functions and approximations 
by them, leading to a discussion of derivatives and their properties. Then comes 
a chapter on applications of derivatives and antiderivatives, after which the author 
moves on to a careful and detailed treatment of power series and analytic functions. 

The most interesting part of the book is the chapter on applications of 
derivatives and antiderivatives, based on the author’s article, Integration, Anti- 
Differentiation and a Converse to the Mean Value Theorem, this MONTHLY, 74 
(1967), 585-586. The converse in question is the following seemingly innocuous 
observation about a function f continuous on an interval J: suppose there is a func- 
tion F on J such that F(v) — F(u) lies between (v — u) min,,,,; f and (v — u) max,,,,,f 
Whenever u <v; then F is differentiable and F’ =f. To decide that linear 
velocity should be defined as the derivative of distance, for example, the author 
does not refer to average velocities over ever-smaller distances and then appeal 
to the student’s blurred feeling for limits. Instead he appeals to our resolute convic- 
tion that a greater velocity yields a greater distance, puts this down as an axiom, 
and then derives the result from the above lemma. Similar reasoning would lead 
to the definition of density as the derivative of mass, etc. 

The same lemma is applied to obtain formulas for area, volume, arc length, 
and gravitational attraction. In these formulas, the symbol f?f stands for 
F(b) — F(a), where F’ = f. In essence, the lemma allows one to set up the integral 
and prove the Fundamental Theorem at the same time. Thus, integrals are set up 
without reference to infinitesimals, least upper bounds, or other limiting processes. 
Textbooks from Granville on have argued particular applications this way, but 
to the reviewer’s knowledge, this is the first text where the argument is systematic. 
(For the information of the reader, the Riemann integral is defined in an appendix.) 

The elementary transcendental functions f = exp, sin, cos are introduced via the 
functional equations for f(x + y), which lead to formulas for the derivatives and 
thence to the power series. 

The author is eloquent when it comes to talking about his subject, but his 
presentation of the subject tends to be brief. There are not nearly enough exercises. 
All in all, the style seems more like that of an article for the MONTHLY, suggesting 
what should or could be done and how, than of a textbook for actual classroom use 
(although the author reports having used the book successfully). In any case, the 
book certainly belongs on the reference shelf of every thoughtful teacher of 
calculus. 

LEONARD GILLMAN, University of Texas at Austin 
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Can You Hear the Shape of a Drum? A lecture by Mark Kac. Produced by the 

Individual Lecturers Project of the Committee on Educational Media, supported 

by a grant from N.S. F.to the Mathematical Association of America; A. N. 

Feldzamen, Executive Producer. Distributor: Modern Learning Aids. 16 mm, 

color and sound, 67 minutes. 

A clear and well-presented lecture is an enjoyable experience. It is what one 
hopes for but too rarely finds at colloquium talks and meetings. It is becoming 
rarer as travel funds become scarcer. So it may well be worthwhile from time to 
time to forego the obvious advantages of a live lecture in return for a first-rate 
presentation by a first-rate mathematician and expositor in the form of a moving 
picture. 

The material presented by Professor Kac may well be too technical for most 
undergraduates to absorb. But it is important for both students and faculty members 
to learn that quite technical material can be presented with wit, with clarity, and 
above all, with enthusiasm. 

The following mathematical problem is considered: if all the eigenvalues 
A, SA, <-+:: of the membrane problem 

d7u 07u 


bya + jpn + =O in Q 


u=0 on the boundary, 


are known, what can one say about the region Q? While the original question is 
Whether Q is completely determined by its eigenvalues, Professor Kac confines 
himself to showing that certain of its properties are determined. 

The most important c oncept conveyed by this lecture is what applied mathematics 
is (or at least ought to be) all about. Professor Kac begins with an interesting 
question concerning a physical system. By using a known mathematical model of 
the physical system, he converts the question into a mathematical question of 
mathematical interest. Professor Kac’s knowledge of related mathematical models for 
quite different physical systems then permits him to bring his physical intuition to bear 
in formulating a plausible conjecture and in constructing first a heuristic proof and 
then a mathematical proof of this conjecture. The process evolves before one’s eyes. 

Seeing this movie ought to be a part of the education of every student, and 
certainly of every graduate student of mathematics. 

The technical quality of the movie is excellent. It is clearly made by professionals 
to professional standards. The writing on the whiteboard is almost always clearly 
visible when it is needed. 
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The only change I could suggest would be to abridge a somewhat lengthy 
introduction of Professsor Kac at the beginning. 
H. F. WEINBERGER, University of Minnesota 


Editor’s Note. Another version of the film ‘““Can You Hear the Shape of a Drum?” deletes some 
of the highly technical details of the so-called ““complete version”’ that Professor Weinberger reviewed. 
The shorter version, which is regarded as the primary one for advanced undergraduates, is 49 minutes 
in length; it, also, is available to buy or rent from Modern Learning Aids. 


Calculus in Motion. Eight computer-generated films. Produced by Bruce and 
Katherine Cornwell in collaboration with Duane Bailey. Animated, silent, 
in color, with each film three to four-and-a-half minutes. Available in super 
8mm Technicolor Magicartridges or Kodak Cassettes. Distributor: Houghton 
Mifflin Company. 


This series of film loops is for use in the beginning calculus sequence. Its 
emphasis is on developing geometric intuition rather than presenting rigorous 
definitions and proofs. With the appropriate projection equipment, the films can 
be shown without darkening the classroom. Absence of a sound track coupled with 
stopmotion capabilities enable the instructor to state definitions, fill in proofs, 
ask questions and present other details to whatever extent is desired. Each film will 
now be discussed separately. 


1. Functions. A function is presented as a series of arrows from one copy of the 
real numbers to another. No formulas are given. After several examples, the range 
line is rotated 90 degrees to exhibit the usual graph of a function. I would have 
preferred that the film state the formulas for the examples, but the class and instructor 
may learn by trying to determine what functions are shown. 


2. Limits. The two methods used in the first film for presenting a function are 
now employed to describe the limit concept. There is a definite and explicit emphasis 
on the fact that lim,_,, f(x) does not depend on f(a). Unfortunately, no examples 
of undefined limits are given. 


3. Derivatives. This film contains an excellent presentation of the derivative 
using a mobile differential triangle to graph the derivative. There is strong emphasis 
on the derivative as a derived function. The discussion is in terms of rectangular 
coordinates; the derivative is given as slope of the tangent with no explicit definition. 
While no examples of non-differentiable functions are treated explicitly, one such 
function appears in the later film on Rolle’s Theorem and the Mean Value Theorem. 
The second derivative is also treated. 


4. Concavity and Points of Inflection. The film states that a function is concave 
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up if it lies above the tangent and concave down if it lies below the tangent. (These 
definitions should be ‘‘a function is concave up at a if it lies above the tangent to 
the graph at a.) Concavity is also defined in terms of the direction of rotation 
of the tangent as a point moves along the graph. Then the second derivative is 
computed to indicate the relation between zeros of the second derivative and points 
of inflection. 


5. Rolle’s Theorem and the Mean Value Theorem. This film, which I judge to 
be very good, begins with an arbitrary function (discontinuous, with unequal values 
at endpoints) and changes it into one satisfying the hypothesis of Rolle’s theorem. 
The knowledge of Rolle’s Theorem is then applied to obtain the Mean Value Theorem. 
The film concludes with a function which fails to have a derivative at some point 
(with different left and right hand derivatives) and asks why the Mean Value Theorem 
fails to apply. 


6. The Definite Integral. Inner and outer rectangular approximations of area 
are discussed. Areas are converted to a 1 by A rectangle. 


7. The Fundamental Theorem. The graph of f(x) and the derivative of the 
integral are compared for several examples. Use is made of the same differential 
triangle method as was introduced in the film on Derivatives. This film and the 
preceding one are both straightforward and standard, except for the method of 
graphing the derivative. 


8. Taylor Polynomials. Graphs of Taylor polynomials up to degree 16 are 
exhibited for sin x, exp(x), and a linear combination of sine and cosine. The 
graphical descriptions are very effective, with the intervals of convergence clearly 
illustrated. 


The series is of uniform technical quality, but if budgetary considerations 
limited my choice to three films, I would pick Functions, Derivatives, and Taylor 
Polynomials as the three which deal most effectively with topics that seem to give 
some students difficulty. 

PIERRE J. MALRAISON, JR., Carleton College 
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TELEGRAPHIC REVIEWS 


Telegraphic reviews are designed to give prompt notice of new 
books with sufficient infarmation to assist our readers in deciding 
whether to order an examination copy or to suggest library purchase. 
Possible uses are indicated as follows: 


T = texthook P = professional reading 
S supplementary reading L undergraduate library purchase 
13 to 18 = freshman to second year graduate level usage 
1 to 4 = appropriate time in semesters to cover text 
Asterisks (*) or question marks (?) denote special positive or nega- 
tive emphasis, respectively. Publishers are denoted by standard 
abbreviations; complete addresses may be found in Books in Print. 


WoW 
Nos 


GENERAL, S, P, L**, 4 Btbliography of Recreational Mathematics, V. 38. 
William L. Schaaf: NCTM, 1973, x + 175 pp, $5 (P). Continues with 
works published since mid-1969, plus a few repeats. Overall organi-~ 
zation remains largely the same. New features include chapter on 
classroom games and recreational activities, chronological synopsis 
of Martin Gardner's "Mathematical Games" column in Setentifte Amert- 
ean, and a 500-entry glossary of terms in recreational math. A valu- 
able bibliography resource for student projects. PJC 


GENERAL, 1(15: 1), Mathematics as A Second Language. Joseph Newmark, 
Frances Lake. A-W, 1974, xiv + 482 pp, $10.95. A book which lives 
up to the expectations of the title. Written for the. liberal-arts 
student with little or no mathematical preparation, it has put such 
topics as game theory, linear programming, probability and statistics 
at a level easily handled by a large cross-section of students. There 
are many examples directly related to most students' own experience, 
LLK 


GENERAL, |(13: 1), Fundamentals of Fintte Mathematics. Benjamin W. 
Volker, Andrew S. Wargo. Intext, 1972, xi + 368 pp, $9.95. Aimed 

at students with virtually no mathematical background or maturity. 
First 100 pages on logic and sets. Then probability, statistics, 
linear equations. Finally, a very elementary reference to linear 
programming. A reasonable number of problems with answers to some.LH 


GENERAL, P, Z#ducation tn Applied Mathematics. SIAM, 122 pp, $5 (P). 
Essays (with discussion) by C.C. Lin, P.D. Lax, E.W. Montroll, G.F. 
Carrier, J.B. Rosser, and R.E. Gomory from a 1966 S.I.A.M. conference, 
Reprinted from Stam Review 9 (1967) 289-415, Still a timely and use- 
ful document, although nearly a decade old. LAS 


GENERAL, S, L, Zest Your Logie: 50 Pusales tn Deductive Reasoning. 
George J. Summers. Dover, 1972, vi + 100 pp, $1.50 (P). The clues 
are given, either explicitly or implicitly, in story form for a master 
detective. Junior high algebra is helpful in ten of them; otherwise 
clear, constructive reasoning suffices. Hints at the bottom of the 
page offer fresh insight when needed. Very complete solutions. LCL 


GENERAL, S, Puszles for Pleasure. E.R. Emmet. Emerson, 1972, x + 
310 pp, $6.95. 102 logical brain teasers, more than half of which 


"have not previously appeared in print." Complete solutions comprise 
half the volume. LAS 
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GENERAL, P, Matematikken % Samfundet. Else og Jeng Hgyrup, 
Gyldendals, 1973, 184 pp, KR32,30 (Py. An analysis of the social 

(as distinct from the technical) role of mathematics in society. Ex= 
amples and exhortation concerning such suhtle factors as the effect 
of memorizing abstract concepts qn the student's susceptibility to 
ideological manipulation, or the effect of school textbook illustra- 
tions on the development of a student's self-image. A pioneering ef- 
fort; interesting, but not yet very profound. LAS 


GENERAL, S(13), Toptes in Modern Mathematies, V. I. T.D.H. Baber. 
Pitman, 1972, ix + 178 pp, £1.40 (P). Elementary but brief intro- 
duction to the real number system, set theory, inequalities, rela- 
tions and functions, non-decimal arithmetic, digital computers, 
linear programming, matrices and vectors. Exercises. JNC 


BASIC, Ts 1), Baste Mathematies. Richard L, Steinhoff. McGraw, 

3, x + 308 pp, $5.95 (P). Prealgebra workbook concerning arith- 
netic and its applications. Substantial portion deals with formu- 
las. LCL 


Basic, 1(15: 1), Pre-Algebra Mathematies. Gerald S. Lieblich, 
Charles Leake. Merrill, 1973, xiv + 318 pp, $8.95. A response to 
an Open admissions program at Bronx Community College. The text to- 
gether with the student manual (exercise book) provide a behaviorist 
Oriented review of mathematics through arithmetic. Clearly done but 
very basic. JAS 


Basic, I(13: 1), Applied Mathematies for Technical Programs: Algebra. 
Robert G. Moon. Merrill, 1973, ix + 337 pp, $7.95 (P). Blocked out 
text (almost a programmed text) designed for use with taped explana- 
tions of examples illustrating each idea. Algebra through quadra- 
tics, fractions and graphing. JAS 


Basic, $(13), Modern Mathemattes for Managers. K. Williams. Long- 
man, 1972, viii + 112 wp, $3.50 (P). Directed to business managers 
with little mathematical skills. Hence, topics include sets, logic, 
Boolean algebra, group theory. Does discuss Bayes theorem, matrices. 
Can be read quickly--good exmaples, no problems, clear, lively, con- 
versational style. LH 


Basic, [?€13: 1, 2), Mathematics for Industrial Technicians. Chester 
Pachucki. P-H, 1974, xvi + 457 pp, $9.95. Arithmetic, algebra and 
"advanced topics"--logarithms, geometry, trigonometry and complex 
numbers. A cookbook approach. For example, least common divisors 
are found by looking at prime factorizations with no mention of 
Euclidean algorithm. If one wishes to be competent in basic mathe- 
matical techniques this is an acceptable book. Examples and exer- 
cises are taken from real gituations. The question is, do industrial 
technicians (or biologists, etc.) need their own special texts in ma- 
thematics? PJM 


PRECALCULUS, T*(13; 2), 4 Second Courge in Algebra, David L. 
Outcalt, J.P. Wood. Merrill, 1974, xii+ 708 pp, $12.95. Wery large, 


but a good selection of topics. Exceptional because it is well- 
written and readable. Also contains many examples, good problems, 
and emphasis onimpertant statements with shading and blocking. LLK 
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PRECALCULUS, T(13: 1, 2), Preeateulug Mathematics: An Elementary 
Funettone Approach. pavid A. Sprecher. Har~Row, 1974, x + 363 pp, 
$10.95. A gaod pre-calculus hook. Mathematically sound, hut not tag 
rigorous, the only flaw in my mind being too much introductory mate~ 
rial on functions and graphing before the student gets to work with 
polynomials. Irrational exponents are done via Cantor's postulate 
and nested intervals, very neatly. Chapters on.-real numbers, be- 
ginning coordinate geometry, sets and functions, polynomial and 
rational functions, exponential, logarithmic and trigonometric func- 
tions, complex numbers and more coordinate geometry (graphing quad- 
ratics). PJM 


PRECALCULUS, 1(]15: 1), Fesenttials of Algebra and Elementary Fune- 
ttons. H.S. Bear. Freel, 1973, xi + 493 pp, $8.50 (P). An exact 
copy of Algebra and Elementary Funetions (TR, March 1973) with the 
deletion of chapters 14 and 15 (3-dimensional geometry). LLK 


PRECALCULUS, 1(15: 2), Precalculus Mathematies: An Introduetton. 
Basil M. Wall, Charles R. Wall. Merrill, 1974, xii + 428 pp, $10.95. 
A large number of precalculus topics presented in "plane English" in- 
cluding matrices and determinants, analytic geometry, conic sections, 
and complex numbers. LLK 


PRECALCULUS, [(15: 1), Preealeulus Mathemattes: A Funetional Ap- 
proach, Earl Swokowski. Prindle, 1973, viii + 514 pp, $12.95. A 
straightforward presentation of precalculus topics from algebra, 
trigonometry and analytic geometry. Good collections of word pro- 
blems for this level. Also review exercises, both oral and written, 
at the end of each chapter. LLK 


PREcALCULUS, 1(13: 1), 4 Precaleulus Course in Algebra and Trigono- 
metry. Earl W. Swokowski, et aZ. Prindle, 1973, 715 pp, $14.95 (P). 
The first ten chapters of his book Precateulus Mathematics: A Fune- 
ttonal Approach each followed by sections entitled Homework Problems; 
Things to Study; Sample Test; and Programmed Supplement. LLK 


EnUCATION, 1(135-16: 1, 2), Introduetton to Modern Mathematics, Second 
Edttton, Dora McFarland, Eunice M. Lewis. Heath, 1973, xi + 478 pp, 
$9.50. Aimed at future elementary teachers and parents of grade 
school children. Topics: sets, numbers, numeration, natural numbers, 
whole numbers, arithmetic of whole numbers, integers, rational 
numbers, arithmetic of nonnegative rational numbers, real numbers, 
metric geometry, relations and fucntions, mathematical systems, prob- 
ability. Scores of examples and exercises; some interesting histori-~ 
cal notes. Designed for a two semester course. SG 


EpucaTIoN, [(]5-15: 1), Mathematics for the Elementary School 
Teacher. Eugene D. Nichols, Robert L. Swain. HR&W, 1971, xii + 518 


pp, $9.95. Topics chosen to help an elementary school teacher under- 
stand arithmetic processes beginning with logic. Includes geometry 
and probability. LLK 


EDUCATION, P, L, Mathematics Education: The Sixty-ninth Yearbook of 
the National Soetety for the Study of Education, Part I. Ed; Edward 
G. Begle. U of Chicago Pr,. 1970, xi+ 474 pp, $7. 14 reflections 
on the status and future of school mathematics, prepared following 
the curricular "shock. wave of radical change" of the sixties. Con- 
tributors include R.L. Wilder, J.L. Kelley, H.O. Pollak. LAS 
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EDUCATION, S*(16), P**, 4 Guide to Teaching Akout Computers in Secons 
dary Schoola. Donald’D. Spencer. Abacug, 1973, xii + 138 pp, $12.95. 
Cemprehensive handhook' for inexperienced teachers showing how compu- 
terg may be uged in secondary school education. Excellent reference 
source for textbooks, films and other teaching aidg. Can also be used 
as a supplementary text in a methodg course. RSK 


EpucATION, P, L, The Use of Computers tn Secondary School Mathema- 
tres. Ed: Dudley L. Post. Entelek, 1970, xii + 252 pp, (P). This 
is a hook for the administrator and the teacher planning to use the 
computer in the classroom. Time-sharing is exclusively stressed and 
BASIC is used in the examples. Includes extensive discussion of 
Computer Aided Instruction (CAI) of elementary mathematics in the 
classroom. The last chapter gives a good review of some recent re- 
sults. RB 


History, P, L, Funettonal Analysis in Histortcal Perspective. A.F. 
Monna. Wiley, 1973, viii + 167 pp, $16.50. A pastiche of quotations 
(untranslated, except for some of Peano's Italian) from the creators 
of functional analysis, held together with brief, informative com- 
mentary by the author. Requires real fluency in French and German 
(e.g., to read several verbatim pages of Grassmann) and costs 10¢ a 
(small) page. Otherwise would be a valuable resource for all mathe- 
matics majors. LAS 


HISTORY, P, Demotie Mathematical Papyrit. Richard A. Parker. Brown 

U Pr, 1972, xiv + 86 pp, and 25 plates, $25. Analysis of papyri con- 
taining 72 mathematical problems in arithmetic of fractions, plane 

and solid geometry, trigonometry, and arithmetic progressions. Sur- 
prising occurrence of use of fractions with numerators other than l-- 
earliest known use in Egypt (3rd century B.C.). Papyri are repro- 
duced almost full-size: 11 fragments from Cairo Museum, 3 from British 
Museum, 1 from U. of Copenhagen, all from 3rd century B.C. to 2nd 
century A.D. Demottie (also called enchortial) was the popular and sim- 
plified form of later Egyptian writing, the formal form being htieratie. 
Both were cursive, distinguishing them from the earlier hteroglyphics. 
PJC 


FOUNDATIONS, S(14-16), P, L*, Philosophy and Mathematics: From Plato 
to the Present. Robert J. Baum. Freeman, Cooper, 1973, x + 320 pp, 


$9.95; $6.95 (P). Brief introduction to and extensive excerpts from 
the writings of 12 classical and 3 contemporary philosophers that bear 
on the nature of mathematical truth and on the existence of mathema- 
tical objects. Designed to fill a gap in existing literature; de- 
liberately avoids overlap with the existing anthologies concerned 

with foundations of mathematics and mathematical logic. A handy 
volume that collects in one place many pertinent passages. LAS 


FOUNDATIONS, P*, Lecture Notes in Mathematics-328; Decidable Theortes 
I The Monadte Seeond Order Theory of Att Countable Ordinals. J. 
Richard Buchi, Dirk Siefkes. Springer-Verlag, 1973, vi+ 217 pp, $9 
(P). Let MTf[a] and Mf{co] denote the monadic second order theories 
of a and of all countable orders respectively, Btichi shows that 
MT(co] and MT(a] for a < w, are decidahle. The proofs are quite 
general and ingtructive. “Siéfkes and Btichi then characterize MT (coJ 
and MIf[a] for a¢<w, by axiom systems, LCL 
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FOUNDATIONS, P, Leeture Notea in Mathemattes-344; Metamathematical 
Investigation of Intuittoniatte Artthmette and Analysts, Eds A,S. 
Troelstra. Springer-Verlag, 1973, xvii + 485 pp, $13.10 (P). Un- 
polished notes (largely by Troelstra with contributions by C. 
Smorynski, J.I. Zucker and W.A. Howard) based on courses at U. 
Utrecht and U. Amsterdam. Purpose is to give a “coherent presenta- 
tion" of methods (not necessarily of results) in the metamathematical 
study of intuitionistic formal systems. LAS 


ComBINAToRIcs, S(15-18), P, L, Toptes in Combinatorial Mathematics, 
C.L. Liu, MAA, 1972, ii + 265 pp, $2.35 (P). Lecture notes (photo- 


offset from typescript) from 1972 MAA Cooperative Summer Seminar at 
Williams College. Some topics of purely mathematical interest, others 
of an applied nature; all involve recent results. Ramsey's theorem, 
matching theory, colorability, Pdélya's theory of counting, sorting 
and scheduling algorithms, and more. PJC 


NUMBER THEORY, P, [*  Rtemann's Zeta Funetton. H.M. Edwards. Acad 
Pr, 1974, xiii + 315 pp, $21.50. A valuable addition to the litera- 
ture. A study of Riemann's famous paper on the distribution of primes 


(a translation of that paper is included). The book is concerned with 
the Riemann hypothesis, the prime number theorem, the number of zeroes 
on Re(s) = 1/2 and other problems raised by Riemann in that paper. 


Also covered thoroughly is the Riemann-Siegel formula. Well-written. 
Should become the standard reference. SG 


NUMBER THEORY, S*(15-17), P, L*, wo Papers on Number Theory. L.J. 
Mordell. VEB Deutscher Verlag, 1972, 75 pp, (P). Reprints of two 


works originally published by Cambridge U Pr: "Three lectures on 
Fermat's last theorem" (1921), and "A Chapter in the theory of 
numbers" (1947), inaugural lecture regarging on ene and integer 
solutions of the Diophantine equation y= +k. LCL 


NUMBER THEoRY, |(]4-]5), #lementary Theory of Numbers. Harriet 
Griffin. McGraw, 1954, ix + 203 pp, $2.45 (P). A paperback version 
of a text first published in 1954. Contains the standard material 
covered in an elementary number theory course. The writing is quite 
clear; some historical remarks are worked into the text; almost all 
of the problems are routine. SG 


LINEAR ALGEBRA, I(14: 1), Introduction to Linear Algebra and Dtffer- 
enttal Equations. John W. Dettman. McGraw, 1974, xi + 404 pp, $11.95. 


After a first chapter on complex numbers, the book is evenly divided 
between linear algebra and differential equations. Good format--an 
introduction to each chapter states the contents of the chapter, then 
the author procedes to carefully follow this outline. Each chapter 
ends with a starred section which deals with more advanced topics.LLK 


LINEAR ALGEBRA, 1(14: 1), Hlemente of Linear Algebra, Seeond Editton. 
Lowell J. Paige, J. Dean Swift, Thomas A. Slohko, Xerox, 1974, ix + 


287 pp, $10.95. Intended as a text for a one-semester course for 
students with a year of calculus. Topics: vectorsand vector spaces; 
linear transformations and matrices, determinants, bilinear mappings 
and quadratic forms, complex numbers and polynomial rings, character- 
istic values and vectors, canonical forms, applications (simplex 
method, least-squares). Exercises have a wide range of difficulty. 
Illustrative examples used throughqut. Clearly written. SG 
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LINEAR ALGEBRA, 1(13-14: 1), Linear Algebra; An Introduetton. Paul 
J. Knopp. Wiley, 1974, xvi + 435 pp, $10.95. Written to be used at 
either freshman or sophomore level. Not intended to teach methods of 
proof writing. Many examples and exercises, LLK 


[rneEaR ALGEBRA, 1 (16-18; 1, 2), Li Fintte Dimensional Multilinear 
Algebra, Part I. Marvin Marcus. Dekker, 1973, x + 292 pp, $14.50. 
This first volume presents tensors and their transformations followed 
by tensor algebras, the latter emphasizing Grassmann and symmetric 
algebras and derivations. A no-nonsense definition-theorem-proof pre- 
sentation in typescript. The unusual point of this book is its mass 
of problems with each section; the last exercise set is 31 pages long! 
A rather small subject ‘index is supplemented by a very necessary and 
extensive notation index. JAS 


ALGEBRA, 1(17-18), S, P, L, Zeetures on Numerical Algebra. A.S. 
Householder. MAA, 1972, iii + 257 pp, $3 (P). Notes based on lec- 
tures delivered at Williams College, summer 1972. The aim is to de- 
velop algorithms for solving systems of linear and non-linear equa- 
tions, for inverting matrices, for finding eigenvalues and eigen- 
vectors, and to derive error estimates. Familiarity with elementary 
linear algebra and complex variables is assumed. Can provide the 
basis for an undergraduate seminar. No exercises. SG 


ALGEBRA, P, Report of Algebra Group. Queen's Papers in Pure and 
Appl. Math., No. 36. Queen's U, 1973, ii + 352 pp, $6.50 (P). Ab- 
stracts, preprints and occasional papers from the informal 1972-73 
algebra group at Queen's U., Kingston, Ontario. LAS 


ALGEBRA, |(15-17: 1), L, Blementary Rings and Modules. Iain T. 
Adamson. BéN, 1972, 136 pp, $6 (P). Straightforward presentation 

of modules--content parallels the elementary sections of the author's 
Rings, Modules and Algebra. The final third is concerned with com- 
mutative rings, primarily UFD's and Dedekind domains. LCL 


ALGEBRA, 1 (1/-18), P, Rings wtth Polynomtal Identtittes. Claudio 
Procesi. Dekker, 1973, viii + 190 pp, $15.50. Systematic presenta- 
tion of PI-rings: categorical properties, structure theorems, applica- 
tion to irreducible representations of rings, special topics. Em- 
phasis on recent results; includes several open problems. LCL 


ALGEBRA, P, Leeture Notes tn Mathematics-351: Quasi-Frobentus Rings 
and Generalizattons QF-8 and QF-1 Rings. Hiroyuki Tachikawa. Springer- 
Verlag, 1973, xi +172 pp, $7.40 (P). An account of recent (last 25 
years) results in the theory of quasi-Frobenius rings. The author 
proves the structure theorem for QF-3 rings; discusses dominent di- 
mension, Nakayama's lemma, rings of finite representation type, and 
the double centralizer condition. SG 


AcceBRA, [(15-17), S, Interdisciplinary Mathematies, V. I-III. 
Robert Hermann (18 Gibbs St, Brookline, MA 02146), 1973. V.I: Gen- 
eral Algebraie Ideas, $7.50 (P); V. II; Linear and Tensor Algebra, 
$6.50 (Pj; V. ILL: Algebraic Topics in Systema Theory, $10 (P). In=- 
formal, privately printed lecture notes which comprise an introduc- 
tion to algebra strongly flavored with applications to physics and 
Optimal cqntrol theory. The first two volumes are more or less stan- 
dard algebra; the third is essentially applications of systems of 
linear differential equations. LAS 
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ALGEBRA, P, Lecture Notes in Mathematica-853; Proceedings of the Con- 
ference on Orders, Group Rings and Related Toptes, Ed; Thomas G. 
Ralley. Springer-Verlag, 1973, x + 224 pp, $8.20 (P). From Ohio 
State U., May 1972, in honor of Hans Zassenhaus, LAS 


ALGEBRA, 1(15-16), L. #lementary Modern Algebra, Robert C. Thompson. 
Scott F, 1974, 472 pp, $10.95. An interesting approach to abstract 
algebra. The definitions of groups, rings and fields are given in 

the first fifty pages. The remainder of the book is devoted to ex- 
amples: the complex field, the integers, polynomial rings, fields of 
fractions, mappings of rings. A final chapter on special topics in- 
cludes valuations, p-adic representations, and continued fractions. 
The use of optional sections and subsections (e.g., proof of irration- 
ality of e, roots of the derivative of a complex polynomial) makes the 
book suitable for students with a wide range of abilities. Problems 
are also divided into three types: computational, easy-theoretical, 
and hard-theoretical. This is convenient for the instructor, but 
sometimes upsets students ("I can't do that, it's a type III"). In- 
dex and supplementary readings. PJM 


ALGEBRA, P, Zhe Arithmeties of Quadratic Jordan Algebras. Michel L. 
Racine. Memoirs No. 136. AMS, 1973, vi +125 pp, $3.20 (P). Study 
of the arithmetic of a quadratic Jordan algebra over the quotient 
field of a Dedekind domain. The author considers maximal orders of 
special and exceptional Jordan algebras, and determines the number 
of isomorphism classes of maximal orders over a local field. SG 


ALGEBRA, P, Ring Theory: Proceedings of the Oklahoma Conference, Ed: 
Bernard R. McDonald, Andy R. Magid, Kirby C. Smith. Lect. Notes in 
Pure and Appl. Math., V. 7. Dekker, 1974, xvi + 295 pp, $7.75 (P). 
Fifteen survey papers "designed to inform mathematicians about cur- 
rent trends in ring theory." From a March 1973 conference at U. 
Oklahoma. LAS 


ALGEBRA, P, Lecture Notes tn Mathematics-841, 842, 843: Algebrate K- 
Theory I-III. Ed: H. Bass. Springer-Verlag, 1973. V. I: Higher kK- 
Theortes, xv + 335 pp, $10.70 (P); V. II: "Classteat" Algebraic k- 
Theory, and Connections wtth Artthmetie, xv + 527 pp, $14.80 (P); 

V. III: Hermtttan K-Theory and Geometric Applteattons, xv + 572 pp, 
$15.60 (P). Proceedings of the conference held at the Battelle In- 
stitute in Seattle, August 28-September 8, 1972. A comprehensive, 
coherent presentation of current research. LAS 


ALGEBRA, 1(18: 1), P, The Structure of Linear Groups. John D. Dixon. 
Van-N-Rein, 1971, iv + 183 pp, $6.95 (P). Finite and infinite groups 
having faithful linear representations. Chapters on primitive ir- 
reducible, finite non-modular, solvable, nilpotent, p-solvable, alge- 
braic and periodic groups and one on the method of finite approxima- 
tion follow a substantial general introduction. Many exercises and 
references. Well-suited either for a seminar or for self-study. DFA 


CaLcuLus, TCU4: 1), Cateulus with Analytte Geometry. Ralph Crouch, 
bert Herr, Borothy B, Sasin. Prindle, 1972, 234 pp, $11.95 (P). 
Topics in series and multivariable calculus to be used with Caleulus 
with Analytte Geometry (TR, February 1972). Inexplicably, these two 

volumes have identical titles. LLK 
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CaccuLus, |C13-14: 1-3), Introductory Mathematical Anglysis; For 
Students of Bustneag and Econome~es, Ernest F. Haeussler, Jr., 
Richard S, Paul. Reston, 1973, xxxix + 600 pp, $13.95. Hlementary 
functions, calculus, and matrix algebra with emphasis on applications 
to economics. Many examples, At a well-chosen level of rigor. FLW 


CaccuLus, [(13-14: 4), L, Mathematical Methods for Setence Students, 
Second Edttton. G. Stephenson. Longman, 1973, ix + 528 pp, $4.50 
(P). First half covers the standard topics of elementary and ad- 
vanced calculus; the second half is concerned with basic linear alge- 
bra and applications to differential and integral equations. JJ 


CALCULUS, 1(15-14: 1-5), S, 4n Introduction to Cateulus and Algebra, 
3 Volumes. Open University. Har-Row. V..1: Background to Cateulus, 
1971, x + 245 pp, $4.95 (P); V. 2: Caleulus Applied, 1971, x + 242 
pp, $4.95 (P); V. 3: Algebra, 1972, xii + 480 pp, $6.95 (P). A text- 
book covering a typical calculus-linear algebra-differential equations 
syllabus, extracted from the Open University's more comprehensive 
Foundattons Course (TR, April 1974). This abridged version is de- 
signed for students more interested in science and technology than 
in mathematics per se. Some exercises are scattered throughout the 
text with more or less complete solutions given at the chapter ends. 
Additional exercises and supplementary material are provided by the 
coordinated series of workbook-modules Elementary Mathematics for 
Setence and Technology (TR below). Although few proofs are given 
(reasonable, in view of the intended audience) these volumes retain 
the rather high level of definitional rigor present in the Founda- 
tions Course from which they are derived (e.g., functions nearly al- 
ways denoted by f:x > 2x+l; strong discussion of morphisms in the 
algebra sections). LAS 


CaLcuLus, |(15-14: 1-5), S, Blementary Mathemattes for Setence and 
Technology, 9 Volumes. Open University. Har-Row, 1972, 574 pp, 


$28.65 (P). Modular workbooks for a multi-media self-instructional 
course designed by the Open University of Great Britain. This course 
is a stripped down version of the comprehensive Foundattons Course 
(TR, April 1974) designed for students of science and technology. It 
is based on the three volume text An Introductton to Caleulus and 
Algebra (TR above) which is itself a modified version of the Founda- 
ttons Course material. Each workbook is available separately at 
prices of $2.25-$4.25, as are 17 coordinated films ($125@) and 4 audio 
tapes ($7.50@). Syllabus covers sets, calculus, optimization, Taylor 
series, vectors, matrices, differential equations. LAS 


ComPpLEX ANALYSIS, P, Lecture Notes in Mathemattes-382: Séminatre 
Pterre Lelong (Analyse) Année 1971-1972, Ed: Pierre Lelong. Springer- 
Verlag, 1973, 131 pp, $7.30 (P). From Institut Henri Poincaré. JAS 


DIFFERENTIAL Equations, P, Théorie dea Perturbations et Méthodes 
Asymptottques, V.P. Maslov. Dunod, 1972, xvi+ 384 pp. Contents; 
perturbation theqry; regularization prohlem, equations with operator 
coefficients, strong convergence of operational equations, one-para-~ 
meter semi-groups; asymptotic methods; equations of quantum mechanics, 
partial differential equations, local characteristic representation 
for certain equations, local and global asymptotic properties of 
Solutions to various equations, quasi-classical formulas for solu- 
tions to quantum mechanical equations. Appendices by Arnol'd and 
Bouslaev. SG 
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DIFFERENTIAL Equations, [TC4-l6: 1), Li 4 Short Course in Differen-~ 
ttal Equattons, Fifth Edittor, Earl D. Rainville, Phillip E. Bedient. 
Macmillan, 1974, xi+ 320 pp, $10.95, Only one major change from the 
4th edition (TR, June 1969); the inclusion of a matrix approach to 
systems of linear equations (the elimination method is still used). 
Otherwise, the text remains clearly written with plenty of exercises, 
plenty of applications. SG 


DIFFERENTIAL EquaTions, | (14-16), 2¢fferential Equations, Second Edt~ 
tton, Shepley L. Ross. Xerox, 1974, xi + 712 pp, $12.50. A well- 


written text. The first nine chapters are intended for a one semester 
introductory course: first and second order equations; series methods; 
linear systems; approximations; Laplace transform. The last five 
chapters present existence and uniqueness theory; Sturm-Liouville 
problems; nonlinear and partial differential equations. The exposi- 
tion is very complete; definitions, theorems, and methods are always 
illustrated with examples. The problems are plentiful, although most 
of them are routine. SG 


NUMERICAL ANALYSIS, P, Dtophantine Approximatton and Its Appliea- 
tions. Ed: Charles F. Osgood. Acad Pr, 1973, ix + 356 pp, $12.50. 


Fourteen papers presented at the conference held at the Naval Re- 
search Laboratory, Washington, D.C., June 1972. JAS 


FUNCTIONAL ANALYSIS, P, Mintmum Prinetple and Maxtmality. Gunter 
Ritter. Lect. Notes Series, No. 37. Aarhus U, 1973, i+ 53 pp, $4 
(P). Fairly technical lectures on constructions of a harmonic space 
from a system with the minimum principle and maximality. A harmonic 
space is (roughly) a sheaf of harmonic functions on a subset of RR’. 
PJM 


FUNCTIONAL ANALYSIS, P, JZeeture Notes tn Mathematics-346: Spectral 
Analysis of Nonlinear Operators. Svatopluk Fu&ik, et al. Springer- 
Verlag, 1973, 287 pp, $10.10 (P). Let S, T be nonlinear operators 
between Banach spaces. X is an eigenvalue if (AT - S)(x) = 0 has 
a nontrivial solution. Main questions are the solvability of 

(AT -— S)(u) = £ and the structure of the set of all eigenvalues. 
Chapters: Preliminaries, Fredholm alternative for nonlinear opera- 
tors, Ljusternik-Schnirelmann theory, Morse~-Sard theorem, the con- 
verse of L-S theory. Appendices on applications to integral and 
differential equations. 107 references. RBK 


FUNCTIONAL ANALYSIS, P, Zopotogteal Riesz Spaces and Measure Theory. 
D.H. Fremlin. Cambridge U Pr, 1974, xiv + 266 pp, $17.50. Measure 


theory has provided examples and representation results for linear 
functionals in functional analysis, but the author feels that measure 
theoretic techniques are foreign to the spirit of functional analysis. 
He proposes an alternative development of these results by means of 
Riesz spaces, or vector lattices. RBK 


FUNETIONAL ANALYSIS, P, Leeture Notes in Mathematties-345; Proceedings 
of a Conference on Operator Theory. Ed: P.A. Fillmore. Springer- 
Verlag, 1973, 228 pp, $8.20 (P). Seven papers from an informal "mini- 
conference" at Dalhousie U., Halifax, N.S., April 1973. LAS 


OPTIMIZATION, SC17~18), P, Leeture Notes in Eeonomtes qnd Mathemati~ 
eal Systeme~8 8: Guterstrome tn Netzen,. H, Steckhan. Springer-Verlag, 
1973, vii + 134 pp, $4.60 (P). Develops four new algorithms for opti- 


mizing flows in networks. Closely related to the work of Ford and 
Fulkerson. JD-B 
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OPTIMIZATION, [(17~18: 1, 2), S. Py Ls MWonserial Dynamie Programming. 
Umberto Bertelé, Francesco Brioschi. Acad Pr, 1972, xii + 235 pp, 
$13.95. Considers discrete deterministic optimization problems, 
suggests standard formulations for them, defines three applicable 
classes of dynamic programming pracedures, provides criteria for 
measuring the computatiqnal efforts involved, and constructs appro- 
priate algorithms. No problem sets. FLW 


OPTIMIZATION» poets 2), S*, vartattonal Methoda in Optimtaattion, 
Donald R. Pp- 1974, xw + 378 pp, $14.95. Exceptionally clear 


introduction,» *puilds directly on min-max of calculus to abstraction 
of Euler-Lagrange theorem for functionals. Applied emphasis. Con- 
cepts introduced through application to non-trivial problems from 
mechanics, control theory, production and investment planning. Clear 
movement from problem to theory and back. Very readable style for 
student with 2 years of calculus. LH 


OPTIMIZATION, S(15-16), Opttmizsation Techniques with Fortran. James 
L. Kuester, Joe H. Mize, McGraw, 1973, 500 pp, $5.95 (P). A list 

of optimization algorithms. The computer implementations of these 
methods are presented in great detail, including FORTRAN source list- 
ings, input/output specifications, and sample solutions. However, 
the supporting analytic bases for the algorithms are not included, 
The primary roles of the book should be those of a supplementary text 
and a user's reference, JJ 


OPTIMIZATION, P, Lecture Notes tn Economies and Mathematical Systems- 
86: Sympostum on the Theory of Seheduling and Its Appltecattons. Ed: 
S.E. Elmaghraby. Springer-Verlag, 1973, viii + 437 pp, $13.20 (P). 
26 papers on applications, theory and models from a May, 1972 ONR 
sponsored conference at North Carolina State U. at Raleigh. LAS 


ANALYSIS, P, ZLeeture Notes tn Mathemattes-822: Nonlinear Problems in 
The Physteal Setenees and Btology. Ed: Ivar Stakgold, Daniel D. 
Joseph, David H. Sattinger. Springer-Verlag, 1973, viii + 357 pp, 
$9.70 (P). The lecture series and individual talks from the July 
1972 summer institute at Battelle, Seattle. JAS 


ANALYSIS, P, Vartattonal Analysis: Critical Extremals and Sturmtan 
Extenstons. Marston Morse. Wiley, 1973, xi + 260 pp, $17.50. An 
exposition of the calculus of variations, as developed by Morse and 
others, in sufficient generality to support the known applications 
to differential topology, optimal control theory, and mathematical 
physics. The first of two volumes; the proposed second volume is 
Vartattonal Topology. JAS 


ANALYSIS, P, Veetor and Operator Valued Meagures and Appltcattons, 
Ed: Don H. Tucker, Hugh B. Maynard. Acad Pr, 1973, xvi + 458 pp, 
$18.50. Papers presented at a symposium held at Alta, Utah, August 
1972. Includes an 835 item bibliography developed by participants 
at the symposium. LAS 


ANALYSIS, P, Approximation Theory, Ed; G.G, Lorentz, Acad Pr, 
1973, xv + 525 pp, $16. Proceedings of an international symposium 
held at U. Texas, January 1973. Includes seven long invited survey 
papers, and 50 short research notes. LAS 


ANALY gis, P Amertecan Mathemattcal Soctety [ransltattons, Series 2, 
0 en "Papers tn Analysts. AMS, 1973, iv + 252 pp, $19.10. 
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APPLICATIONS, 1*(15-17: 2), S*, P, L*, Mathematical Models and Ap- 
plications wtth Emphasts on the Social, Life, and Management Setences. 
Daniel P. Maki, Maynard Thompson. P-H, 1973, xv + 492 pp, $14.95. A 
wide choice of stimulating and interesting real life situations in 
which mathematical ideas can be introduced to provide precision of 
understanding. Exercises and open-ended projects having many "solu- 
tions" will keep the student actively invalved in model building. 
Computer work is not integrated into the text, but opportunities for 
its use abound. The text can be used for a variety of courses--survey, 
in-depth, teacher preparation, LCL 


APPLICATIONS (AcRicuLTuRE), T(16-17: 1), S, L, Linear Programming Ap- 
plteattons to Agriculture. Raymond R. Beneke, Ronald Winterboer. 


Iowa State U Pr, 1973, vii + 244 pp, $9.95. A large number and variety 
of linear programming models requiring a thorough knowledge of agri- 
culture, in addition to modest background in algebra, economics and 
computer science (programs for data processing are written in MPS for 
the IBM 360). The authors are very careful to draw attention to 
special features of each model. LCL 


APPLICATIONS (BroLocy), T(16-18), P, L**, Foundations of Mathematical 
Biology. Ed: Robert Rosen. Acad Pr. V. I: Subcellular Systems, 1972, 


XxViii + 287 pp, $15; V. II: Cellular Systems, 1972, xxviii + 330 pp, 
$16; V. III: Supercellular Systems, 1973, xvii + 412 pp, $26. A mas- 
Sive text whose lengthy chapters are written by individuals with dif- 
ferent expertise (e.g., Michael Arbib, N. Rashevsky, Robert Rosen). 
Intended to complement (not duplicate) existing texts, it is never- 
theless a definitive, comprehensive, accessible survey of contemporary 
theoretical biology. A good place to begin for mathematicians un- 
trained in this area. LAS 


APPLICATIONS (DEMoGRAPHY), T*(16-17: 1), P, L, Mathematical Models 
for the Growth of Human Populattons. J.H. Pollard. Cambridge U Pr, 


1973, xii + 186 pp, $17.50. Concise exposition of the major deter- 
ministic and stochastic models of population growth with final chap- 
ters on special problems: two-sex models, extinction of surnames, 
analysis of organizations. Omits consideration of numerical data 
analysis. Presumes thorough knowledge of probability and linear 
algebra. Exercises (with solutions in back), good bibliography and 
author and subject indices. LAS 


APPLICATIONS (Economics), T(15-17: 1), S, L, #lementary Mathematical 
Macroeconomics. David A. Bowers, Robert N. Baird. P-H, 1971, xv + 


304 pp, $10.75. Puts aggregate supply and demand into mathematical 
language (i.e., derivatives, partial derivatives, difference equa- 
tions). Develops several models to compute equilibrium levels of 
output, prices, wages, unemployment and effects of monetary and 
fiscal policy on these levels. Madels of economic growth. Very 
clear exposition but could use more exercises. LH 


APPLICATIONS CENGINEERING), 1(13-16: 1), S, P, Logie Design and Algo~ 
rithms. D. Zissos. Oxford U PX, 1972, x + 458 pp, $29. A collection 


of explicit algorithms for circuit design, Requires no previous de- 
Sign work, very little math or electronics background. Techniques 
are based on Boolean algebra of first chapter. Technical, practical 
rather than theoretical. Many fully solved model problems, many il- 
lustrations. LH 
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APPLICATLONS PHYSICS) ¢ TU7-18; 1), L, 4 Pedestrian Approach to 
Quantum Fteld Theory. Edward G. Harris. Wiley, 1972, xii + 167 pp, 
$11.95. Lean notes intended for non=theoretically minded physics 
graduate students. Begins with a concise treatment of the Hilbert 
space formalism and concludes with a "facing up" to the “distressing" 
fact that throughout quantum electrodynamics “some quantities that 
are presumed to be small...turn out in fact to be infinite." Con- 
tains some problems with solutions. LAS 


AppLicatirons (Puysics), T(14: 1), An Introduction to the Theory of 
Mechantes, Etght th Editton. K.E. Bullen. Cambridge U Pr, 1971, xvi + 


365 pp, $14, 50. For the first undergraduate course. Assumes con- 
current study of calculus, provides vector analysis. A multitude 

of exercises. Little different from the seventh edition, which made 
the change from cgs to S.I. units. DFA 


APPLICATIONS (PHYsics), S, L, B, Cotleetton of Problems tn Classical 
Mechanics. G.L. Kotkin, V.G. Serbo. Transl: D. ter Haar. Pergamon 


Pr, 1971, viii + 278 pp, $8.50. 289 problems corresponding to mate- 
rial in standard textbooks on mechanics. Complete solutions consume 
three-fourths of the volume, and many study limiting cases and sug- 
gest variations and generalizations. Pleasing style. Valuable to the 
physics student. DFA 


APPLICATIONS (PHysics), P, Applications of the Theory of Distribu- 
ttons, Romulus Cristescu, Gheorghe Marinescu. Transl: Silviu 


Teleman. Wiley, 1973, 227 pp, $11.95. An exposition of the theory 
of distributions with concrete examples of applications to ordinary 
and partial differential equations, physics, probability and linear 
dynamical systems. Translation of Romanian edition. References, no 
index. RBK 


APPLICATIONS (PHYSICS), P, Graphteal Methods of Sptn Algebras tn 
Atomte, Nuclear, and Particle Phystes. E. El Baz, B. Castel. Dekker, 


1972, x + 428 pp, $19.50. Visual mnemonics for quantum mechanics: 
bra and ket vectors, 3jm and 3nj symbols, tensors, spherical harmo- 
nics. Second half applies these schemata to various topics in nu- 
clear and atomic physics. LAS 


APPLICATIONS (SOCIAL SCIENCE), L, The Study of Games, Elliott M. 
Avedon, Brian Sutton-Smith. Wiley, 1971, xiv + 539 pp, $11.50. 


Selected readings and topical bibliographies on all aspects of 
games--in history, anthropology, folklore, social science; for re- 
creative, military, business, educational, therapeutic purposes. A 
valuable reference to supplement standard mathematical sources. LAS 


Revtewers Whose Intttialea Appear Above 


David F. Appleyard, Carleton; Ralph Bjork, St. Olaf; Paul J. Campbell, 
St. Olaf; Judith N. Cederberg, St. Olaf; John Dyer-Bennet, Carleton; 
Steven Galovich, Carleton; Loren Haskins, Carleton; James Johnson, St. 
O¥af; Lorraine L. Keller, St. Olaf; Roger B. Kirchner, Carleton; 
Richard S. Kleber, St. Olaf; Loren C. Larson, St. Qlaf; Pierre J, 
Malraison, Carleton; J. Arthur Seebach, Jr., St. Olaf; Lynn A. Steen, 
St. Olaf; Frank L. Wolf, Carleton. 


NEWS AND NOTICES 
EDITED BY RAOUL HAILPERN, SUNY at Buffalo 


Readers are invited to contribute to the general interest of this department by sending news 
items to Mathematical Association of America, 1225 Connecticut Avenue, NW, Washington, 
D. C. 20036. Items must be submitted at least two months before publication can take place. 


PERSONAL ITEMS 


University of Alaska: Assistant Professors Barbara M. Lando and C. A. Lando have 
been promoted to Associate Professors. 

University of Connecticut: Assistant Professor Manuel Lerman, Yale University, has been 
appointed Associate Professor; Mr. Robert Weber, Cornell University, has been appointed 
Instructor; Associate Professor J. H. Neuwirth has been promoted to Professor. 

Dickinson College: Associate Professors L. W. Baric and P. E. Martin have been pro- 
moted to Professors. 

East Texas State University: Dr. Marian Joan Kelterborn, Rutgers University, has 
been appointed Assistant Professor; Associate Professor Howard Lambert has been pro- 
moted to Professor; Associate Professor W. W. Taylor retired on June 1, 1973, with the 
title of Professor Emeritus. 

Emory University: Dr. R. L. Kruse, Sandia Corporation, has been appointed Associate 
Professor; Dr. J. C. Wiener, Washington University, has been appointed Assistant Professor; 
Mr. D. L. Greenwell, Vanderbilt University, has been appointed Instructor. 

Illinois State University: Assistant Professor George Andria, University of Pittsburgh, 
has been appointed Associate Professor; Associate Professors Lawrence Eggan and Phares 
O’Daffer have been promoted to Professors; Assistant Professor Stephen Friedberg has 
been promoted to Associate Professor. 

Kansas State College of Pittsburg: Assistant Professor G. L. McGrath has been promoted 
to Associate Professor; Professor R. G. Smith retired on May 31, 1973, with the title of 
Professor Emeritus. 

Miami University: Mr. D. D. Berkey, University of Cincinnati, has been appointed 
Instructor; Assistant Professor D. O. Koehler has been promoted to Associate Professor; 
Professor S. E. Bohn has been appointed Chairman of the Mathematics Department. 

Michigan Technological University: Assistant Professor K. J. Heuvers has been pro- 
moted to Associate Professor; Associate Professor O. G. Ruehr has been promoted to 
Professor. 

Northern State College: Dr. John Camden, University of Texas, has been appointed 
Assistant Professor; Professor Elton Fors was appointed Chairman of the Department 
of Mathematics on July 1, 1973. 

Rockhurst College: Assistant Professor Merrill Goldberg, University of Colorado, 
has been appointed Assistant Professor; Mr. Steve Hansen, University of Missouri, Kansas 
City, has been appointed Computer Center Director; Assistant Professor Elizabeth Berman 
has been appointed Acting Chairman of the Mathematics Department. 

Seattle Pacific College: Dr. Ed Beardslee, Pennsylvania State University, has been 
appointed Assistant Professor; Dr. L. J. Montzingo, Chairman of the Mathematics Depart- 
ment, has been appointed Director of the School of Natural and Mathematical Sciences. 

University of Texas, Austin: Professor R. H. Bing, University of Wisconsin, has been 
appointed Professor; Dr. Charles Friedman, MIT, has been appointed Assistant Professor; 
Associate Professor Milo Weaver retired on August 31, 1973, with the title of Associate 
Professor Emeritus. 
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Valdosta State College: Dr. P. J. Buckhiester, Clemson University, has been appointed 
Assistant Professor; Associate Professor R. C. Moore has been promoted to Professor. 

Washington University: Drs. R. A. Levaro, University of Illinois, and E. N. Wilson, 
Brandeis University, have been appointed Assistant Professors. 

Weber State College: Assistant Professor Richard Miller has been promoted to Associ- 
ate Professor; Assistant Professor Patricia Fernandez has been promoted to Associate 
Professor and appointed Chairman of the Department of Mathematics. 

University of West Florida: Assistant Professor S. E. Shamma has been promoted to 
Associate Professor; Assistant Professor C. M. Bundrick has been promoted to Associate 
Professor; Assistant Professor F. N. Moore received one ot three awards for outstanding 
teaching for 1972-1973; Associate Professor D. R. Byrkit was appointed Chairman of 
the Mathematics Department on December 15, 1972. 


Assistant Professor Kenneth Batker, Pacific Lutheran University, has been promoted to 
Associate Professor. 

Dr. William Burns, Mathematician-Analyst at the National Security Agency, has been 
appointed Assistant Professor at Florida Institute of Technology. 

Dr. L. A. Dysart, Jr., Merrimack College, has been promoted to Assistant Professor. 

Assistant Professor I. Kleiner, York University, has been promoted to Associate 
Professor. 

Assistant Professor Robert Lewand, Windham College, has been elected Chairman of 
the Science Division. 

Assistant Professor G. D. Richardson, East Carolina University, has been promoted 
to Associate Professor. 

Dr. J. R. Shipman, Instructor of Mathematics at Alabama A and M University, has been 
promoted to Associate Professor and appointed Chairman of the Department of Mathe- 
matics and Physics. 

Associate Professor R. F. Shortt, Keuka College, has been promoted to Professor. 


Professor Bernard F. Dostal, Milwaukee, died on June 20, 1973, at the age of 85. He was 
a member of the Association for fifty-two years. 

Brother Frank R. Gutting, Associate Professor at St. Mary’s University, died on Oc- 
tober 17, 1973. He was a member of the Association for sixteen years. 

Professor Holbrook M. MacNeille, Case Western Reserve University, died on Septem- 
ber 30, 1973, at the age of 66. He was a member of the Association for thirty-seven years. 

Professor William J. Walbesser, SUNY at Buffalo, died on October 22, 1973, at the age 
of 45. He was a member of the Association for nineteen years. 


GRADUATE EDUCATION CHANGES ARE URGED; RESEARCH QUESTIONED 


Major changes in American graduate education are urged in a report released this week- 
end by a national panel of leading educators. The Panel on Alternate Approaches to Gradu- 
ate Education said it questions the emphasis on research as the single criterion for evaluating 
all graduate schools and their faculties, and recommends that all doctoral students spend 
time working outside university walls in areas related to their major fields. 

The panel, which examined graduate education over an 18-month period, was supported 
by the Graduate Record Examinations Board, whose policies affect the entrance require- 
ments of most graduate institutions, and the Council of Graduate Schools in the United 
States, whose 307 members include universities awarding 98 percent of the nation’s doc- 
toral degrees. 


J. Boyd Page, president of CGS, served as chairman of the 15-member panel. Educa- 
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tional Testing Service provided administrative support under the direction of I. Bruce 
Hamilton. 

Among the panel’s 26 recommendations are that: 

e Graduate school faculty be encouraged to take a wider view of their professional 
roles, and the decisions ‘‘for tenure, promotion, and salary increments no longer (should be) 
based on the single criterion of research and publication.”’ 

e More experts who may not possess the usual academic credentials be added to graduate 
school faculties. ‘‘Successful achievers in business and government possess gifts and ex- 
perience that could be of immense influence in redirecting academic energies toward the 
servicing of social needs.”’ 

e More intensified efforts be made to recruit able minority-group representatives and 
women to the faculties. ‘“‘Statistics can be cited confirming that the politics of graduate 
education reflect the influence of a... discriminatory society.” 

e Often rigid institutional requirements, such as residency and fellowship policies, 
become more flexible to meet the needs of new groups of students; for example, part-time 
women students. ‘““Graduate administrators and faculties must arrive at a new perception 
of the worth and dignity of ‘recurrent’ or ‘intermittent’ learners.”’ 

e Every graduate student should be required to undertake discipline-related work out- 
side the university if he has not previously done so to insure that no advanced-degree 
candidate graduates without exposure to real working situations. 

e Certain institutional policies be altered to allow faculty members more time to play 
a larger role in the solution of major societal problems. 

‘It is a matter of recreating the graduate faculty as leaders in the search for a new under- 
standing of the possibilities of human society and of recreating the graduate institution as 
one that is capable of counseling political and cultural leaders on ways of assuring meaning 
to the structural changes of society now in progress,”’ the panel concludes. 

The 20,000-word report cites a “‘cultural lag’’ resulting from an enormous increase in 
the past 50 years in the proportion of persons obtaining graduate degrees. While this in- 
crease, according to the report, has dramatically altered ‘‘the relation between the university 
and society as a whole,’’ there has been little change in the self-conceptions of graduate 
departments in the same 50-year period. 

Following its specific recommendations, and suggestions for implementation, the report 
goes on to make projections about the future of graduate schools. Student populations, 
the panel forecasts, will be fairly evenly divided between the sexes; at least 20 percent of 
its numbers will be drawn from minority groups. 

Because of recurrent education, the ages of students will correspond more closely with 
those of the general population. It will be standard practice for students and teachers alike 
to examine the social implications of projected research. Standards for measuring faculty 
performance will be applied to a great variety of professional activities. For instance, com- 
munity activity could be part of the assessment process. 

The panel also predicts that the graduate professor will become more of a “‘mentor and 
preprofessional counselor’ through expanded use of new educational technology. In addi- 
tion, significant lines of communication will connect graduate programs and schools of 
different functions with each other and with other institutions, such as two-year colleges 
and state education departments. 

In addition to Page, the panel included: 

Daniel Alpert, director, Center for Advanced Study, University of Illinois; Warren G. 
Bennis, president, University of Cincinnati; Albert H. Berrian, Associate Commissioner 
for Higher Education, New York State Education Department; Edward E. Booher, presi- 
dent, Books and Education Services Group, McGraw-Hill, Inc.; Jean W. Campbell, director, 
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Center for Continuing Education of Women, University of Michigan; Benjamin DeMott, 
professor of English, Amherst College; May N. Diaz, professor of anthropology, University 
of California at Berkeley; Patricia Albjerg Graham, professor of history and education, 
Barnard College and Teachers College, Columbia University; Cyril O. Houle, professor of 
education, University of Chicago; Robert F. Kruh, dean of the graduate school, Kansas 
State University; W. Edward Lear, dean of the school of engineering, University of Alabama; 
Lincoln E. Moses, dean of the graduate division, Stanford University; Rochus E. Vogt,, 
professor of physics, California Institute of Technology; Albert N. Whiting, president, 
North Carolina Central University. 

Single copies of Scholarship for Society are $2; 10 or more, $1.50 each; 100 or more, 
$1 each. Orders should be addressed to: Panel Report, GRE Board, Educational Testing 
Service, Princeton, N. J. 08540. (Prepayment is requested with orders for fewer than 10 
copies.) 

Reprinted from HiGHER EDUCATION AND NATIONAL 
AFFAIRS, XXII (43) November 30, 1973 


THE DOCTOR OF ARTS IN MATHEMATICS — WASHINGTON STATE UNIVERSITY 


A program at Washington State University leading to the Doctor of Arts in Mathe- 
matics was authorized in October, 1973. In conformity with guidelines prepared by various 
national and regional groups, it is designed to prepare exceptionally well-qualified teachers 
of undergraduate mathematics. Although the program will be as demanding in its way as 
that leading to the traditional Ph. D. (which has been offered at Washington State Uni- 
versity since 1959), it has the following distinctive features: 

(1) Greater emphasis on breadth of course work, including requirements in Computer 
Science and other mathematics-related areas. 

(2) A component concerned specifically with the teaching process, including courses 
in higher education generally and a seminar in problems of undergraduate mathematics 
instruction. 

(3) A period of internship: at a suitable stage of his program, the student spends a quarter 
or more as a full-time teacher at a two- or four-year college under close supervision by an 
experienced teacher at the college. 

(4) An original thesis which does not necessarily make a direct addition to mathematical 
knowledge as such, but may be concerned with educational, historical, or other aspects of 
mathematics. 

Generally speaking, the D.A. differs from the Ph. D. by offsetting a reduced 
emphasis on mathematical research by greater breadth of study and more explicit attention 
to the process of communicating mathematics to students. 

The program is so planned that a student entering it immediately after finishing a 
suitable undergraduate program and proceeding at a normal rate while holding a teaching 
or other assistantship should finish in four years. 

Applicants will be selected for admission to this program and for financial support 
not only on their academic records but also on evidence of exceptional interest in and 
aptitude for college teaching. 

Inquiries should be addressed to: Doctor of Arts Program, Department of Pure and 
Applied Mathematics, Washington State University, Pullman, WA 99163. 


MATHEMATICAL SPECTRUM 


Mathematical Spectrum (MS) is a magazine designed to provide useful background 
reading for student mathematicians; it should appeal to readers of all ages interested in 
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mathematics. MS concentrates on the ideas involved in mathematical work, rather than on 
technicalities, and its contributors range from world-famous mathematicians to students. 

MS is published by the Applied Probability Trust, and all orders and correspondence 
concerning it should be sent to the Editor — Mathematical Spectrum, Hicks Building, The 
University, Sheffield S3 7RH, England. 

Orders should be placed for complete volumes published in the academic year. Volume 6 
(1973/74) consists of two issues; No. 1 was published in September 1973 and is still available, 
while No. 2 will be ready in March 1974. The price of the complete volume, including 
postage by surface mail, is US $2.50 (£1.00; $A.2.00) for overseas subscribers, and £0.50 
for British and European subscribers. If a bulk order is placed for five or more copies of 
the same volume, a discount of 10% is allowed. 

With the exception of Volume 1, all earlier volumes are still available at the back issue 
price of US $2.50 (£1.00; $A. 2.00) for all subscribers. 


CENTER FOR PERSONALIZED INSTRUCTION 


The Center for Personalized Instruction, a service to higher education in individualized 
instruction, announces a program of events of interest to college teachers and administrators 
who want to introduce new instructional techniques into the college classroom involving 
the ideas of mastery learning, self-paced study, the Keller Plan, the Personalized System 
of Instruction (PSI), modular courses, mini-courses, and similar methods: 


Workshop, January 3-12, 1974, Washington, DC 
Regional conference, March 16, 1974, Chicago 

National conference, April 5-6, 1974, Washington, DC 
Workshop, May 25—June 2, 1974, Chicago 

Workshop, July, 1974, San Francisco. 


The workshops are for teachers ready to prepare materials for their own courses. The 
conferences are more for information and orientation in this field. For details, write to the 
Center at 29 Loyola Hall, Georgetown University, Washington, DC 20007. 


MATHEMATICAL ASSOCIATION OF AMERICA 
Official Reports and Communications 


THE FIFTY-SEVENTH ANNUAL MEETING OF THE ASSOCIATION 


The Fifty-seventh Annual Meeting of the Mathematical Association of America was 
held at the San Francisco Hilton Hotel, San Francisco, from Thursday to Saturday, January 
17 to 19, 1974, in conjunction with a meeting of the American Mathematical Society. The 
first panel discussion on Thursday morning was a joint meeting with the American Mathemat- 
ical Society. There were 3410 persons registered including 1903 members of the Association. 

Sessions were held on Thursday morning and Friday morning and Saturday morning 
and afternoon in the Continental Ballroom of the San Francisco Hilton Hotel. Presiding 
officers were Professor H. L. Alder at the first panel discussion on Thursday morning, Dean 
L. H. Lange at the second, Professor R. M. Robinson at the first lecture on Friday morning, 
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President R. P. Boas at the Retiring Presidential Address, Professor Mary V. Sunseri on 
Saturday morning, Professor W. G. Chinn at the first lecture on Saturday afternoon, 
Professor G. B. Pedrick at the second, and Professor Craig Comstock at the last. 

The Program Committee consisted of G. L. Alexanderson, Chairman; W. G. Chinn, 
N. H. Fisher, G. B. Pedrick, R. M. Robinson, and Mary V. Sunseri. 


FIRST SESSION OF THE ASSOCIATION 


Joint Session with the American Mathematical Society 


Panel Discussion: The Problem of Learning to Teach 

A panel discussion with Professors P. R. Halmos, Indiana University, E. E. Moise, 
Queens College of the City University of New York, and George Piranian, University of 
Michigan, moderated by Professor H. L. Alder, University of California, Davis. 


Professor Moise explained a scheme for turning the initial teaching experience into a group 
activity. See section 2 of the speaker’s article entitled Jobs, Training, and Education for Mathemati- 
cians, Notices of the AMS, August, 1973, pp. 217-221. 

Professor Piranian spoke on “Promotion of Participation’’. The first requirement for successful 
teaching is mastery of the subject. Next in importance is lively participation by the students, and this 
in turn usually requires deep involvement of the teacher. As teachers, we can promote our own 
participation by deviating from good textbooks and by deserting occasionally our excellent but yellow 
lecture notes. To generate participation by the entire class, we need communication between the 
students. We can foster such communication by challenging the students with problems not treated 
in standard texts, and by encouraging classroom discussion of these problems in an atmosphere of 
friendly competition. With proper care, the program of special problems serves to sharpen the focus 

of the course. 

This was followed by a general discussion by the panel and the audience. 


Panel Discussion: On Problem Solving 

A panel discussion with Professor A. P. Hillman, University of New Mexico, Mr. M. S. 
Klamkin, Ford Scientific Laboratories, Professor George Polya, Stanford University, and 
Professor J. E. Wetzel, University of Illinois, Urbana. 


Professor Polya presented the thesis: The backbone of mathematics teaching is problem solving, 
especially in the high school and first years of college. The student cannot learn just by listening. It is 
by doing problems that he digests the lecture, understands the subject, learns to apply and appreciate 
it. And how is the student’s progress judged ? By his problem-solving. Moreover, mathematics should 
contribute to general, liberal education. How? By the student’s work, his problem-solving. Get it 
across to the student: Use your head to learn the subject. Use the subject to learn how to use your head. 

Professor Hillman suggested that when the ratio of numbers of students to numbers of teachers 
increases from Plato’s ideal of 1-to-1, it may be best to direct most of the class time toward the 
average students. This is especially true ifthe institution provides special tutoring for slower students 
and out-of-class challenge for those who learn more quickly. An important ingredient of the program 
for superior students is the availability of supplementary sets of challenging problems. Contests 
provide stimulation for both routine and special techniques of education as well as the recognition 
of achievement. 

Mr. Klamkin reported that Professor Synge once picturesquely described the use of applied 
mathematics in its relation to solving a physical problem. It consists of three stages: 

I. A dive from the world of reality into the world of mathematics. 
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II. A swim in the world of mathematics. 

III. A climb back from the world of mathematics to the world of reality, carrying a prediction in 
our teeth. 

Other mathematicians have expanded these three stages to five or more stages. In terms of one 
word descriptors of H. Pollak, we have 


I. Recognition 

II. Formulation | 

III. Solution Feedback 
IV. Computation 

V. Communication | ~ 


These stages were illustrated by means of specific physical examples. 


Professor Wetzel first gave a summary of what could be called ‘‘classical’’ problem-solving, i.e., 
problem-solving in the sense of G. Polya. He then sketched a problem-solving course for teachers 
having its roots in the suggestions that appear in Polya’s books. He made a number of specific 
suggestions for such a course. He concluded with an exhortation: Give the students the chance to 
experience the very real thrill of mathematical discovery by setting up ‘‘research situations’’ with 
well-chosen, non-routine problems. This is, after all, what mathematics is all about. 


This was followed by a general discussion by the panel and the audience. 
SECOND SESSION OF THE ASSOCIATION 


The Logic of Equality, by Professor L. A. Henkin, University of California, Berkeley. 


Can every equational identity (involving ++ and 0) that holds for the natural numbers, be derived 
from the commutative, associative, and zero laws? To answer this, it is necessary to use precise defini- 
tions stating when an equational identity is true of a given structure, and when it is derivable from 
other identities. These definitions permit us to explore the notion of logically complete deductive 
systems, as well as some simple elements of model theory, within the context of equational grammars. 
The original question is then answered affirmatively, although a similar question involving x, exp, 
and 1, as well as + and 0, is open. Finally, rules of derivability were considered for systems such as 
high school students implicitly use in solving equations. These turn out to be surprisingly more com- 
plicated than the rules needed for deriving equational identities from others. 


Annual Business Meeting of the Association; Announcement of a Special Gift to the 
Association; the Association’s Thirteenth Award for Distinguished Service to Mathematics ; 
Award of the 1974 Chauvenet Prize. 

Retiring Presidential Address: Interval Graphs and Allied Systems, with Relations to 
Molecular Genetics, Psychophysics, Archeology, Ecology, and the Inversion of Sparse Matrices, 
by Professor Victor Klee, University of Washington. 


The lecture presented some simple but appealing notions that can be worked into courses in 
combinatorics, geometry, and linear algebra in order to illustrate some of the relationships of those 
subjects to molecular genetics, psychophysics, ecology, and archeology. 


THIRD SESSION OF THE ASSOCIATION 


Applications of Mathematics to the Biological Sciences 


Mathematics in Pulmonary Physiology, by Professor J. W. Evans, University of California, San 
Diego. 
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Mathematics is employed widely in the study of pulmonary physiology. In this talk two examples 
were given which may be used 4s exercises in undergraduate courses. Some properties of convex 
functions were used to elucidate the behavior of gas transfer when the blood and air supplies in the 
lung are mismatched, and the mixing of gases in the lungs was studied using elementary techniques 
to obtain the eigenvalues and eigenvectors of a particular linear operator. 

Graphs and Molecules, by Professor Joshua Lederberg, Stanford University. 

For many years, organic chemists have manipulated abstract structures, called molecules, without 
identifying them as undirected graphs (with colored nodes, corresponding to atom types). A new 
effort at systematization has been motivated recently by research on the emulation of chemists’ prob- 
lem-solving behavior by computer programs. Successful applications of this approach in the field of 
analytical mass spectrometry was illustrated. In addition, the systematic enumeration of molecules 
allows the prediction of all possible molecular structures, and has implications for college-level educa- 
tion in chemistry, for the bibliographic ordering of data in chemical science, for patent law, for the 
discovery of new principles of chemical theory from empirical data, and for highly automated scan- 
ning of natural products and body fluids for new compounds of biomedical significance. The com- 
binatorial theory of these graphs also requires further development and application if efficient com- 
puter algorithms dealing with organic molecular structures are to be achieved. 

Manifolds, Machines, Models, and Computability, by Professor Hans Bremermann, University 
of California, Berkeley. 

The dynamical systems of biology generally are of great complexity. Explicit orbits are frequently 
unobservable and transcomputational. The biological observables are the attractors (forms). A 
classification of forms and understanding the phenomena of simplicity and complexity of forms is a 
major challenge. Several complexity theories exist for finite state automata and for Turing machines. 
The state space description of automata is formally similar to dynamical systems theory. A unifica- 
tion of both theories and an extension of complexity theory from automata to dynamical systems is 
a challenging possibility. 


FOURTH SESSION OF THE ASSOCIATION 


Some Modern Work on Determinants, by Professor Olga Taussky, California Institute of Tech- 
nology. 

There has been a revival of interest in determinants recently. Some of the developments were 
discussed. They range from categorical aspects to combinatorial and numerical work. Also extensions 
of old determinantal theorems to new matrix theorems were noted. The main issues concern com- 
mutators, the map of GL (n, F)into SL (n, F), SL (n, Z). 

What is Infinite Dimensional Topology?, by Professor R. D. Anderson, Louisiana State University. 

The primary building blocks in this relatively new subject are Hilbert space, /2; the Hilbert cube, 
Q; and the countable infinite product of lines, s. The study includes the internal topology of these 
spaces, homeomorphic classification of various linear infinite-dimensional spaces and representation 
and characterization theorems of manifolds modeled on such spaces. Exploitation of infinite product 
structures has recently led to surprisingly strong results and a developing cohesive theory which has 
many essential contacts with AR and ANR theory, with homotopy and simple homotopy theory, 
and with various aspects of hyperspace theory. 

Computer Science and its Relation to Mathematics, by Professor D. E. Knuth, Stanford Univer- 
sity. 

A new discipline called Computer Science has recently arrived on the scene at most of the world’s 
universities. The lecturer gave a personal view of how this subject interacts with mathematics, by dis- 
cussing the similarities and differences between the two fields, and by examining some of the ways in 


which they help each other. A typical nontrivial problem was worked out in order to illustrate these 
interactions. 
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Film showings were held in the Continental Ballroom of the San Francisco Hilton Hotel on 
Friday evening. The following films were shown: 


7:30-8:45 P.M. An Application of Computer Graphics to Teaching Mathematics: 
Exhibition of Six Computer-Animated Super 8 Movies and Several 
Slide Sequences on Calculus, Statistics, Pure and Applied Analysis, 
by Professors R. B. Kirchner and R. W. Nau, both of Carleton 


College. 
9:00-9:22 P.M. An Allendoerfer film: CYCLOIDAL CURVES OR TALES FROM THE WANK- 
LENBURG Woops (in color). 
9:23 P.M. Films of the Topology Films Project (in color and with sound narration) 
9:23-9:53 P.M. SPACE FILLING CURVES 
9:55-10:09 P.M. REGULAR HOMOTOPIES IN THE PLANE, PART I 
10:10-10:29 p.m. REGULAR HOMOTOPIES IN THE PLANE, PART II 


MEETING OF THE BOARD OF GOVERNORS 


The Board of Governors met on Wednesday at 9:00 a.m. in the California Room of the 
San Francisco Hilton Hotel, with 40 members present. 

The Board approved the appointment by President Boas of the following Nominating 
Committee for 1974: P. A. Haeder, Chairman; M. W. Pownall, and Mary V. Sunseri. 

Professor R. D. Anderson of Louisiana State University was elected a member of the 
Finance Committee for the term 1974-77 to succeed Professor G. S. Young. 

Professors Joseph Hashisaki of Western Washington State College and C. A. Lathan of 
Monroe Community College, Rochester, New York, were elected Co-Editors of the Two- 
YEAR COLLEGE MATHEMATICS JOURNAL, effective as of the date of the Association’s as- 
sumption of responsibility for this journal. Their terms extend through 1978. 

The Board elected Professor F. J. Almgren, Jr., of Princeton University as Hedrick 
Lecturer for 1975. 

The Subcommittee on the USA Mathematical Olympiad was authorized to enter a team 
from the USA in the International Mathematical Olympiad to be held July 8 and 9, 1974, 
in Erfurt, D. D. R., if an invitation for such participation is received. 

The Board approved two recommendations of the Committee on Two-Year Colleges, 
in a slightly modified form, namely: 

Sections are urged to provide in their meetings for programs arranged by and for the two- 
year college faculty. Furthermore, each program for national meetings should include ses- 
sions of special interest to two-year college mathematicians. Program Committees should 
contain appropriate representation from two-year colleges and these members should be 
primarily responsible for that part of the program. In order to accommodate the programs 
in two-Year college fields, it may be necessary to arrange parallel sections during some of the 
sessions. 

On the recommendation of the ad hoc Committee on Women in Mathematics, the Board 
voted that the MAA participate in a joint committee with the AMS in an investigation of the 
status of women in mathematics. 

The Finance Committee reported the receipt of a gift of $2,000 from the family of Marian 
Barr Gehman. The Board then approved the following resolution: 
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‘“‘The Board of Governors of the Mathematical Association of America gratefully 
acknowledges the generous gift of $2,000 from the family of Marian Barr Gehman. 
This gift, in memory of a person who gave so much of herself to the Association in her 
dual role as loyal assistant to and loving and supportive wife of Harry Gehman, will 
greatly assist the Association in maintaining its program of publications. The Board 
pledges to use the gift to support a publication which we believe would have been 
dear to Marian’s heart.’’ 

The Finance Committee reported with great appreciation receipt of the following ad- 
ditional gifts: a gift of $1,000 from a foundation which has requested to remain anonymous, 
a gift of $1,000 each from two individuals, and gifts of $375, $100, and $50 from three in- 
dividuals. 

The Board voted to receive with gratitude a grant of $62,300 from the National Science 
Foundation for preparing jointly with NCTM a Source Book of Applications of Mathe- 
matics for Secondary School Teachers of Mathematics. 

The Executive Director reported the membership of the Association as of December 
31, 1973, as 18,634 members, very close to the maximum membership of the Association. 

The Board voted to request the Secretary to submit an amendment to the By-Laws for a 
vote of the membership at the business meeting on January 26, 1975, in Washington, D. C., 
providing for an Editor of the TWo-YEAR COLLEGE MATHEMATICS JOURNAL to be a member 
of the Board of Governors, and an amendment for replacing all references in the By-Laws 
to “‘ordinary’’ members by “‘individual’’ members. 

The Board approved the following resolution: 
“The Mathematical Association of America respectfully urges the National Science 
Foundation and the Office of Education to institute sizeable programs of post-doctoral 
fellowships. Federally supported programs for both academic year and summer activities 
are required, in order to meet the following developing needs over the next generation: 
(1) to assist and encourage departments to keep alive and vital professionally ; 
(2) to enable faculty members to become involved in new and evolving applications of 
mathematics to societal problems; 
(3) to enable young and gifted research mathematicians, who are employed by depart- 
ments which are not research-oriented, to maintain their research activity and 
growth. 
As the professional organization primarily concerned with undergraduate education 
in mathematics, the Association is vitally concerned with the stultifying effect of the 
impending non-growth and decreased mobility phenomena likely to be experienced 
over the next 20-year period. Prospective long-term decrease of the college-age popula- 
tion and the youthful age distribution of the present mathematical faculty will make 
continuing additions of vital new faculty most difficult. No longer will departments be 
able to rely primarily on new faculty to keep the department up to date on new develop- 
ments in our science. Thus, it is of vital importance to the continuing improvement of 
our undergraduate programs and to the intellectual life of our nation that opportunities 
be available for post-doctoral training of faculty members. Such training would be 
expected to meet the above-mentioned needs in the following ways: 
(1) With a relatively stable national faculty, fellowships similar to the earlier Science 
Faculty Fellowships would enable advanced subject matter training and would permit 
extended visits to centers of innovative curricular and instructional development. 
Such a program would help provide healthy and modern undergraduate programs for 
the years ahead. 
(2) Applied mathematics is regaining its rightful place as an equal partner with pure 
mathematics. Many faculty members are anxious to receive broader training in the 
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newer and exciting areas of applications. Post-doctoral fellowships afford an ideal 
vehicle for such training. Moreover, with the continually evolving areas of applications, 
an organized post-doctoral program will be essential in order that meaningful new ap- 
plications become part of a substantial number of undergraduate programs. 

(3) It seems certain that a large number of gifted and able young mathematicians will 
spend most of their careers in departments which are not oriented toward research and 
even lack research libraries. In order that the talents of such persons not be lost to the 
nation and that full use be made of their abilities in both teaching and research, it is of 
highest importance to provide opportunities compensating for research isolation and 
involving time spent at active research centers both following completion of graduate 
school and after teaching for a period of time.”’ 

The Board voted not to hold a meeting this summer, since there will be no meeting of the 
Association because of the International Congress of Mathematicians in Vancouver, Canada. 
The next Board meeting was scheduled for January 24, 1975, in Washington, D. C. The 
Board also voted that the meeting of Section Officers, which normally would have been held 
in conjunction with the 1974 Summer Meeting, be postponed until the time of the Annual 
Meeting in January 1975. 


ANNUAL BUSINESS MEETING OF THE ASSOCIATION 


The Annual Business Meeting was held on Friday, January 18, 1974, in the Continental 
Ballroom of the San Francisco Hilton Hotel, with President Boas presiding. He opened the 
meeting with an announcement of a gift from Professor Mary P. Dolciani, which will 
enable the Association to initiate a new series of publications, to be called DOLCIANI MATHE- 
MATICAL EXPOSITIONS. For details, see the “Announcement of Dolciani Mathematical 
Expositions’ in this issue of the MONTHLY. 

The Association’s Thirteenth Award for Distinguished Service to Mathematics was 
made to Professor R. H. Bing of the University of Texas, Austin. The citation (which ap- 
pears on pages 117-119 of the February issue of this MONTHLY) was prepared and read by 
Professor R. D. Anderson of Louisiana State University. Professor Bing, in accepting the 
Award, recalled that the last four decades had been very good to him, as a student, teacher, 
and researcher, and that it had been fun pushing back the frontiers. It had been fun working 
with organizations in mathematics and with the Association. He concluded his remarks as 
follows: ‘“‘Our goal has exceeded our reach, and the road looks rocky. It looked rocky when 
we started down that road. Let us enjoy the challenge.” 

A specially-bound copy of the citation was presented to Mrs. Bing as a token of apprecia- 
tion for her continuous support of her husband’s multitude of activities. 

The Chauvenet Prize for 1974 was awarded to Professor P. D. Lax of the Courant Institute 
of Mathematical Sciences for his paper ““The Formation and Decay of Shock Waves,”’ 
which appeared in this MONTHLY 79 (1972), 227-241. Further details concerning this Prize 
and its recipient appear on pages 119-120 of the February issue of this MONTHLY. Mrs. Lax 
was presented a copy of the certificate. 

The Secretary reported the results of the balloting for officers, in which 2008 votes were 
cast. Dr. H. O. Pollak of Bell Telephone Laboratories was elected as President-Elect for 
1974, Professor Ivan Niven of the University of Oregon as First Vice-President for the two- 
year term 1974-75, and Professor Deborah T. Haimo of the University of Missouri at St. 
Louis and Professor E. H. Spanier of the University of California, Berkeley, as Governors 
for the three-year term 1974-76. 

The Secretary reported on some of the actions taken by the Board of Governors. He 
announced that the first annual list of members interested in a sabbatical exchange through 
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the MAA Sabbatical Exchange Information Service was now available free of charge from 
the Washington office of the MAA. 

The Secretary paid tribute to the efforts of the local Committee on Arrangements for 
this meeting, who did so much to assure that all of its aspects would function to the complete 
satisfaction of everyone. He acknowledged a special debt of gratitude to the Chairman, 
Professor N. H. Fisher, who not only participated in all phases of arranging the meeting, 
but also served as Publicity Director. 

As an item of new business, Dr. P. W. Healy presented the following resolution: 

‘““Resolved, that the Editor of the MONTHLY reconsider the decision not to publish the 

comments of Professor J. M. Thomas on the article by David Gale in the 1969 volume 

of the MONTHLY.”’ 

After it was pointed out to Dr. Healy that the term of the previous Editor of the MONTHLY 
had expired since that decision was made, Dr. Healy felt that this should make it easier for 
the new Editor to consider the decision made by the previous Editor, and changed the resolu- 
tion, replacing the word “‘reconsider’’ by “‘consider.”’ 

The Secretary then reviewed the facts of the case, in particular noting that the MONTHLY 
has a policy of not publishing any letters to the Editor and that none had been published. 

Professor P. D. Lax then spoke in opposition to the resolution, recalling that when he 
first received Professor Thomas’ letter, he was sympathetic because he remembered from 
the time he was a student the paper of L. L. Dines, and felt it was a marvelous piece of work. 
After correspondence with President Boas and Secretary Alder, he felt that the claim made 
by Professor Thomas in his letter was beside the point, since Professor Gale had not written 
about the theory of inequalities but of algorithms, which are quite different subjects. As a 
result he felt Professor Thomas’ claims were not justified. 

Dr. Healy urged that the new Editor consider the matter, pointing out that Professor 
Thomas is a distinguished member of the mathematical community and a former editor of a 
mathematical publication, who should be given more consideration than he had been given 
up to this point. 

Dr. W. A. Beyer of the Los Alamos Scientific Laboratories also felt that the Editor 
should consider this matter. He felt that the matter had gotten too much involved in personal- 
ities. 

The motion was then put to a vote and defeated by a large margin. 


MEETINGS OF OTHER ORGANIZATIONS 


The American Mathematical Society held sessions from Tuesday, January 15, to Friday, 
January 18. The forty-ninth Josiah Willard Gibbs Lecture was delivered by Professor P. A. 
Samuelson of the Massachusetts Institute of Technology on ““Economics and Mathematical 
Analysis’’ on Tuesday at 8:30 p.m. in the Continental Ballroom. The Retiring Presidential 
Address was given by Professor Nathan Jacobson of Yale University on “Some Groups 
and Lie Algebras Defined by Jordan Algebras’’ on Wednesday at 2:45 p.m. in the Continental 
Ballroom. 

There were two sets of Colloquium Lectures: Professor Louis Nirenberg of the Courant 
Institute of Mathematical Sciences, New York University, gave one set, entitled “Selected 
Topics in Partial Differential Equations’? on Tuesday at 11:00 a.m., Wednesday at 11:00 
A.M., and Thursday and Friday at 1:00 p.m. Professor J. G. Thompson of the University 
of Cambridge gave the other set on “Finite Simple Groups’? on Tuesday at 1:30 P.M., 
Wednesday at 1:00 p.m. and on Thursday and Friday at 2:15 p.m. 
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The Committee on Employment and Educational Policy presented two panel discussions. 
The first, on ‘“Non-academic Employment of Ph.D.’s,’’ was held on Wednesday at 8:30 p.m. 
in the Continental Ballroom. It was moderated by Dr. H. O. Pollak of Bell Telephone Labor- 
atories. The panelists were Dr. E. E. David, Jr., Executive Vice-President of Gould, Inc., 
and former Presidential Science Advisor; Dr. C. V. Newsom, former President, New York 
University; and John McQuown, Vice-President and Director of Management Sciences, 
Wells Fargo Bank, San Francisco. The second panel discussion, on ““The Role of the Disser- 
tation in the Ph.D. Program,” was held on Thursday at 8 :30 p.m. in the Continental Ballroom. 
It was moderated by Professor P. E. Thomas, University of California, Berkeley. The panel- 
ists were Professors William Browder, Princeton University, Karel de Leeuw, Stanford 
University; I. N. Herstein, University of Chicago; and Saunders MacLane, University of 
Chicago. 

The AMS presented a two-day Preceptorial Introduction to Computer Science for Mathe- 
maticians on Sunday and Monday, January 13 and 14, in the California Room. The program 
was under the direction of Professor J. T. Schwartz, Courant Institute of Mathematical 
Sciences, New York University, and consisted of six lectures on various aspects of computer 
science intended to provide a concentrated introduction to the field, thus making it possible 
for the participants to judge if computer science is a subject which they would be interested 
in pursuing further. The speakers and their topics were Professor J. T. Schwartz, Courant 
Institute of Mathematical Sciences, New York University, ‘“‘Pragmatic and Theoretical 
Considerations Concerning Programming,’’ Professor R. M. Karp, University of California, 
Berkeley, ‘‘Lower and Upper Bounds on the Computational Complexity of Combinatorial 
Problems’’; and Professor A. R. Meyer, Massachusetts Institute of Technology, ‘‘Discrete 
Computation: Theory and Open Problems.”’ 

Invited addresses were given as follows, all in the Continental Ballroom: 

Intrinsic Distances, Measures, and Geometric Function Theory, Professor Shoshichi 
Kobayashi, University of California, Berkeley, Tuesday, 8:30 a.m. 

Lagrangian Submanifolds, Professor A. D. Weinstein, University of California, Berkeley, 
Tuesday, 9:45 A.M. 

Some Recent Developments in Combinatorics, Professor D. K. Ray-Chaudhuri, Ohio 
State University, Tuesday, 2:45 P.M. 

Combinatorial Inequalities and Smoothness of Functions, Professor A. M. Garsia, 
University of California, San Diego, Tuesday, 4:00 p.m. 

Some Problems of Mathematics and Science, Professor R. J. Duffin, Carnegie-Mellon 
University, Wednesday, 8:30 A.M. 

Combinatorial Game Theory, Professor E. R. Berlekamp, University of California, Berke- 
ley, Wednesday, 9:45 A.M. 

Representations of Finite Chevalley Groups, Professor Louis Solomon, University of 
Wisconsin, Madison, Thursday, 3:30 p.m. 

Some Applications of Module Theory to Functor Categories, Professor B. M. Mitchell, 
Rutgers University, New Brunswick, Friday, 3:30 P.M. 

The Bécher Memorial Prize was awarded on Wednesday at 2:15 p.m. to Professor D. S. 
Ornstein of Stanford University. The Prize was awarded to Professor Ornstein for his many 
contributions to ergodic theory and, in particular, for his paper entitled “‘Bernoulli Shifts 
with the Same Entropy are Isomorphic,’’ Advances in Mathematics 4 (1970), 337-352. 

The Conference Board of the Mathematical Sciences sponsored a panel discussion on 
‘“Mathematics and the Problems of Society’? on Thursday at 2:30 p.m. in the Continental 
Ballroom, Parlors 1 through 4. The session was planned by Dr. D. L. Thomsen, Jr. of the 
SIAM Institute for Mathematics and Society. The members of the panel and titles of their 
presentations were: 
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Biological, Social and Cultural Evolution, Professor L. L. Cavalli-Sforza, Stanford Univer- 
sity School of Medicine. 

Mathematical Approach to Ecosystem Problems, Professor S. A. Levin, Cornell University. 

Discrete Mathematics Applied to Environmental Problems, Professor F. S. Roberts, 
Rutgers University, New Brunswick. 

Deployment of Emergency Vehicles, Dr. J. M. Chaiken, The RAND Corporation. 


ARRANGEMENTS, ENTERTAINMENT AND RECREATION 


The Committee on Arrangements consisted of N. H. Fisher, Chairman; H. L. Alder, 
W. G. Bade, W. G. Chinn, Daniel Gallin, Estelle M. Goldberg, R.S. Lehman, K. A. Ross, 
G. L. Walker. 

Registration headquarters were located in the Tower Lobby of the Hilton Hotel. The, 
Mathematical Sciences Employment Register was maintained from 9:00 A.M. to 4:00 P.M. 
on Wednesday, January 16, and from 9:00 A.M. to 5:40 p.m. on Thursday through Saturday 
in the Imperial Ballroom. Book and educational media exhibits were displayed in the Hilton 
Plaza of the Hilton Hotel from noon to 5:00 p.m. on Tuesday, from 9:00 A.M. to 5:00 P.M. 
on Wednesday and Thursday, and from 9:00 A.M. to noon on Friday. 

A No-Host Get-Together was held on Thursday from 4:30 to 6:00 p.m. in the California 
Room of the Hilton Hotel. A tour through the Lawrence Hall of Science of the University of 
California, Berkeley, was conducted on Friday afternoon at 3:00 P.M. 

HENRY L. ALDER, Secretary 


ANNOUNCEMENT OF DOLCIANI MATHEMATICAL EXPOSITIONS 


At the Annual Business Meeting of the Association on January 18, 1974, in San Francisco, 
President Boas announced the establishment of a new series of publications by the Association 
which the Board of Governors has designated DOLCIANI MATHEMATICAL EXPOSITIONS. 
This series has been mads possible by a gift of $20,000 from Professor Mary P. Dolciani. 
The first volume in this series is MATHEMATICAL GEMS, by Professor Ross A. Honsberger of 
the University of Waterloo. It is now available from the Washington office of the Association. 
It is hoped that this series will become as famous as the Carus Monographs. 

President Boas then read the following citation: 

Mary Patricia Dolciani, Associate Provost for Academic Services at Hunter College of 
the City University of New York, is a native of New York City. She received her Bachelor 
of Arts degree at Hunter College in 1944 and has been back at Hunter since 1955. 

In the intervening years, while holding various fellowships from 1944 to 1948, she re- 
ceived her Master of Arts and Doctor of Philosophy degrees in algebra at Cornell Uni- 
versity and was a visiting member of the Institute for Advanced Study in Princeton 
From 1948 to 1955 she was instructor and then assistant professor at Vassar College. 

At Hunter College since 1955, Dr. Dolciani has risen to the rank of Professor of Mathe- 
matics and has served as Chairman of the Department of Mathematics, as Associate 
Dean, and currently as Associate Provost for Academic Services. 

For many years she has been deeply concerned with pedagogical problems and with 
innovative programs of instruction at all levels. These interests have taken her, for 
example, ona faculty fellowship to University College, London, and have led to her being 
a director and teacher at numerous New York State Education Department institutes for 
school mathematics teachers. She was an early member and vigorous writer of the 
School Mathematics Study Group. She is noted for the high idea content of her talks at 


1974] MATHEMATICAL ASSOCIATION OF AMERICA 563 


general sessions of the National Council of Teachers of Mathematics , where her dy- 
namic presentations are enthusiastically acclaimed by huge audiences. 

Less well known, perhaps, is the fact that she gives unstintingly of herself in less widely 
publicized appearances. We know, for example, of an instance in which she accepted 
an invitation to talk to the high school teachers of Monterrey, Mexico. Despite the sud- 
den change to a much warmer climate, on each of two successive days with the aid of an 
interpreter she graciously gave two hour-and-a-half lectures with unabated vigor and 
devotion to her subject. - 

Her many services to the Association include, among others, terms as Visiting Secondary 
School Lecturer, as member of the Committee on Publications, and as Member-at- 
Large of the Board of Governors. 

President Boas announced that in recognition of her many services and contributions 
to the mathematical community and the MAA in particular, the Board of Governors had 
voted to bestow an honorary Life Membership upon Professor Dolciani. 

In the absence of Professor Dolciani, the certificate for honorary Life Membership was 
accepted in her behalf by Professor E. F. Beckenbach, who remarked that nothing but extreme 
illness in her family could have kept Professor Dolciani from this meeting. She had asked 
that her appreciation be expressed to the officers, Board of Governors, and the Committee 
on Publications for giving her the privilege and opportunity of serving the Association in 
this way. Professor Beckenbach noted that it is through the Committee on Special Funds of 
the Association, under the chairmanship of Professor R. L. Wilder, that such opportunities 
happen. ; 

Professor Beckenbach conveyed Professor Dolciani’s gratitude for the honorary Life 
Membership and the sentiment behind the presentation. 


ACADEMIC MEMBERS ELECTED INTO THE ASSOCIATION 


In accordance with the amendment adopted at the business meeting of the Association at 
Stillwater on August 30, 1961, the Board of Governors at its meeting in San Francisco, 
California, on January 16, 1974, elected to membership the twenty-fourth set of applicants 
for academic membership (for election of the other twenty-three sets, see the March and 
December issues of 1969, the April and November issues of 1970 and 1971, the May and 
December issues of 1972, and the May issue of 1973). Approval for election was given to the 
following fifteen applicants for academic membership: 


Bowie State College, Bowie, Maryland 
California State University, Northridge, California 
California State University, San Diego, California 
California State University, San Francisco, California 
Clarkson College of Technology, Potsdam, New York 
Grambling College, Grambling, Louisiana 
Hendrix College, Conway, Arkansas 
Kean College, Union, New Jersey 
Montclair State College, Upper Montclair, New Jersey 
Palm Beach Atlantic College, West Palm Beach, Florida 
St. Johns University, Jamaica, New York 
Tarleton State University, Stephenville, Texas 
Three Rivers Community College, Poplar Bluff, Missouri 
University of Hawaii, Honolulu, Hawaii. 

HENRY L. ALDER, Secretary 
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BY-LAWS OF THE MATHEMATICAL ASSOCIATION 
OF AMERICA (INC.) 


ARTICLE I —- NAME, PURPOSE AND CORPORATE SEAL 
1. This organization shall be known as 
THE MATHEMATICAL ASSOCIATION OF AMERICA (INCORPORATED) 


2. Its object shall be to assist in promoting the interests of the mathematical sciences in America, 
especially in the collegiate field, by holding meetings in any part of the United States or Canada for 
the presentation and discussion of mathematical papers, by the publication of mathematical papers, 
journals, books, monographs, and reports, by conducting investigations for the purpose of improving 
the teaching of mathematics, by accumulating a mathematical library and by cooperating with other 
organizations whenever this may be desirable for attaining these or similar objects. 

3. The Corporate Seal of the Association shall have inscribed thereon the name of the Associa- 
tion and the words “‘Corporate Seal — IIlinois”’. 


ARTICLE IT —- MEMBERSHIP 


1. There shall be two classes of members, ordinary and institutional. 

2. Any person interested in the field of collegiate mathematics shall be eligible for election to 
ordinary membership in the Association. 

3. Any institution, academic or corporate, interested in the support of collegiate mathematics 
shall be eligible for election to institutional membership in the Association. 

4. Election to membership shall be by vote of the Board upon written application from the in- 
dividual or institution seeking admission. In the case of individuals qualifying for student dues, the 
application shall be endorsed by two ordinary members of the Association. 


ARTICLE III — BOARD OF GOVERNORS AND OFFICERS 


1. The Officers of the Association shall be a President, a President-Elect (only during a year 
immediately prior to the expiration of a President’s term), a Past-President (only during a year 
immediately following the expiration of a President’s term), a First Vice-President, a Second Vice- 
President, an Editor of its publication entitled ‘““THk AMERICAN MATHEMATICAL MONTHLY”, a 
Secretary, and a Treasurer. 

2. There shall be a Board of Governors (herein called“‘the Board’’) to consist of the officers, the 
ex-presidents for terms of six years after the expiration of their respective presidential terms, the 
Editor of its publication entitled MATHEMATICS MAGAZINE, the members of the Finance Com- 
mittee, and additional elected members (herein called ““Governors”’). It shall be the function of the 
Board to supervise all scholarly and scientific activities of the Association, to administer and control 
these activities, and to authorize expenditures of funds of the Association. 

3. There shall be an Executive Committee of the Board consisting of the President, the President- 
Elect (only during a year immediately preceding the expiration of a President’s term), the Past- 
President (only during a year immediately following the expiration of a President’s term), the two 
Vice-Presidents, the Editor of the AMERICAN MATHEMATICAL MONTHLY, the Secretary, and 
the Treasurer. It shall be the function of this Committee to review continually the policies and 
activities of the Association, to plan and organize new activities, to formulate in broad outline the 
programs of meetings and of publications, and in general to consider all matters of importance or 
interest to the Association. This Committee shall prepaie the agenda for meetings of the Board and 
shall analyze the implications and aspects of all matters which are to come before the Board for 
decision. It shall present to the Board the viewpoints suggested by such analyses, as well as all such 
facts as may seem pertinent or as may in any way facilitate the Board’s work. 
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4, At all meetings of the Board of Governors a quorum shall consist of not less than 25 per cent 
of the membership of the Board, and no business may be validly transacted at a meeting at which less 
than a quorum is present. 

5. There shall be a Finance Committee responsible to the Board; at the direction of the Board 
it shall receive and administer the funds of the Association, control its properties and investments, 
make its contracts, and exercise such powers as may be delegated to it by the Board. This Committee 
shall consist of five members including the President, the Secretary, and the Treasurer. 

6. The Board shall hold a meeting each year immediately preceding the annual business meeting 
of the Association. Other meetings of the Board may be held from time to time at the call of the 
President or of any six (6) members of the Board. 

7. Notice of all meetings of the Board shall be given by the Secretary to each member of the Board 
at least fifteen (15) days prior to the date set therefor. 

8. A member of the Board may waive notice with the same effect as if due notice had been given 
him. 

9. The Board may refer a matter to a referendum mail vote of the entire membership and shall 
make such reference if a referendum is requested, prior to final action by the Board, by three hundred 
or more members. The taking of a referendum shall act as a stay upon Board action until the votes 
have been canvassed, and thereafter no action may be taken by the Board except in accordance with 
a plurality of the votes cast in the referendum. 


ARTICLE ITV — ELecTIONS, APPOINTMENTS, AND TERMS OF OFFICERS AND MEMBERS OF THE BOARD 


1. (a) The membership at large shall elect biennially a President-Elect for a term of one year 
and a First Vice-President for a term of two years and shall elect annually two Governors for terms 
of three years. The President-Elect shall become President for a two-year term at the expiration of his 
one-year term as President-Elect and shall become Past-President for a one-year term at the expira- 
tion of his term as President. 

(b) The membership in each Section shall elect triennially a Governor for a term of three years 
beginning July 1. For these elections at least two nominations shall be submitted to the members by 
a committee appointed for that purpose by the Chairman of the Section. A Governor who has moved 
his place of employment from the Section by which he was elected shall be considered to have ended 
his term of office on the Board. 

(c) The Board shall elect at appropriate times by ballot and for terms stated: a Second Vice- 
President for two years, an Editor of the AMERICAN MATHEMATICAL MONTHLY, an Editor 
of MATHEMATICS MAGAZINE, a Secretary, and a Treasurer, each for five years, and members of 
the Finance Committee (other than the President, the Secretary, and the Treasurer) for four years. 

(d) The beginning and end of the term of every officer and member of the Board (except as provi- 
ded in Section (b) of this Article) shall occur at the adjournment of the annual business meeting. All 
officers and members of the Board shall hold over until their respective successors have been duly 
elected or appointed and qualified. 

(ec) The President shall be ineligible for reelection as President-Elect or as President. The Vice- 
Presidents, the Editors, and the Governors shall be eligible for reelection only after an interim equal 
to their respective terms of office except that Governors having served less than a year and a half 
shall be eligible for reelection for a term of three years. 

(f) The Board shall have authority to fill vacancies ad interim in any office, including vacancies in 
the Board, and to make any other appointments necessary for the transaction of business of the 
Association. 

(g) Elections by the Board shall be made from nominations by the Executive Committee. At least 
two nominations shall be made for each office to be filled in the case of the Second Vice-President and 
members of the Finance Committee. The Board may make additional nominations. 
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2. For general elections by the membership of the Association there shall be a Nominating Com- 
mittee appointed annually by the President with the approval of the Board. The general election shall 
be conducted in two stages, a primary mail voting concluding approximately five months before the 
date of the annual meeting and a final voting concluding at the time of the annual meeting. For the 
primary voting the Nominating Committee shall prepare printed ballots with five or more nominees 
for President-Elect and three or more for each other office to be filled by the members. Blank spaces on 
the ballot shall be provided for write-in votes. From the results of the primary voting the Nominating 
Committee shall prepare a printed ballot for the final voting. This ballot shall be mailed to the 
membership approximately one month before the annual meeting and the voting shall close on the 
day of the annual business meeting. The final ballot shall present one nominee for President-Elect, 
to be selected by the Nominating Committee out of the three persons who received the most votes in 
the primary voting. For each other office the final ballot shall present two names, one being that of 
the person who received the highest vote in the primary voting. 

3. The President shall be the Executive Officer of the Association, shall preside at all meetings of 
the Board of Governors and at the annual business meeting of the Association. He shall be Chairman 
of the Executive Committee and of the Finance Committee. He shall have the usual duties pertaining 
to his office and such other duties as may from time to time be assigned him by the Board of 
Governors. 

4. In the absence of the President, the First Vice-President (or in his absence the Second Vice- 
President) shall have and exercise the powers of the President. The Board of Governors may assign 
to the Vice-Presidents such duties as may from time to time be determined. 

5. The Secretary shall have the usual duties pertaining to his office, including the custody of the 
records of the Association and of its Corporate Seal, the keeping of minutes of the meetings of the 
Board of Governors and of the annual business meeting and special meetings, and the giving of due 
notice of all regular and special meetings of the Association and of the Board of Governors. The 
Secretary shall also have the duty of seeing that whenever Governors are elected, including the elec- 
tion of Governors to fill vacancies, a Certificate, under the Seal of the Association, giving the names of 
those elected and the terms of their office, shall be recorded in the Office of the Recorder of Deeds 
for Cook County, Illinois. Such Certificates shall be signed by the Secretary and verified by oath of 
the President. 

6. The Treasurer shall have the usual duties pertaining to his office including the collection of 
dues and the supervision and safekeeping of the funds of the Association. 

7. (a) There shall be an Executive Director who shall be a paid employee of the Association. He 
shall have charge of the central office of the Association and shall carry out such other duties as may 
be assigned to him by the Board. He shall be responsible to the Board and shall attend meetings of the 
Board, the Executive Committee, and the Finance Committee, except when they meet in executive 
session, but he shall not be ex officio a member of these bodies. He shall be especially responsible for 
implementing and coordinating Section activities. 

(b) The Executive Director shall be elected by the Board under terms and conditions of employ- 
ment fixed by the Finance Committee. 


ARTICLE V — BUSINESS MEETINGS OF THE ASSOCIATION 


1. A business meeting of the Association shall be held annually, at such time and place as the 
Board may direct. Other business meetings of the Association may be called from time to time by the 
Board or by the President of the Association to be held at such time and place as may appear from 
the call. 

2. Notice of any business meeting of the Association shall be given by the Secretary to each 
member of the Association at least thirty (30) days prior to the date set for each meeting. 

3. Any member of the Association may waive notice with the same effect as if due notice had 
been given him. 
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4. At all business meetings of the Association a quorum shall consist of not less than twenty- 
five (25) members and no business may be validly transacted at a meeting at which less than a quorum 
is present. 


ARTICLE VI — SECTIONS 


1. In the interest of more effective promotion of the objectives of the Association on a local level, 
the United States, Canada and their possessions shall be subdivided by the Board of Governors into 
non-overlapping geographical areas, and a Section of the Association shall be established in each of 
these areas. The subdivision into non-overlapping areas may be changed by the Board, upon recom- 
mendation by the Committee on Sections (See paragraph 7). 

2. Each member of the Association residing in the United States, Canada or their possessions 
shall belong to one and only one Section. He will belong to the Section in whose geographic area he 
resides, except that a member who resides in one area and is employed in a different area may elect 
the Section to which he prefers to belong. Any member may petition the Committee on Sections for 
reassignment of his membership to another Section. 

3. Each Section shall adopt a set of By-Laws which, along with any subsequent changes, must be 
approved by the Board. The geographic area covered by a Section shall be described in the By- 
Laws for the Section. 

4. If there are members of the Association residing in a geographic area in which no Section has 
been organized, any ten or more members of this Association residing or employed in this area may 
petition the Board for authority to organize a Section covering that area. 

5. A group of not less than twenty-five members of an existing Section may petition the Board to 
partition the area and the Section into two or more Sections. The Board shall have authority to 
approve or deny this petition. The Board may specify conditions under which such action may be 
accomplished. It may conduct a poll of some or all members of the Association in the Section to 
determine the advisability of allowing the proposed partition of the Section. If separate Sections are 
approved then each new Section must prepare its own set of By-Laws to be approved by the Board. 

6. A group of not less than twenty-five members residing or employed in that part of the area of 
an existing Section which they desire to become part of another existing Section may petition the 
Board to redefine the geographic boundaries of the Sections affected. The Board shall have authority 
to approve or deny this petition. It may conduct a poll of some of all members of the Sections involved 
to determine the advisability of permitting such action. 

7. There shall be a standing Committee on Sections through which the Board shall maintain 
general supervision over the activities of all Sections. This Committee, in particular, shall study all 
matters involving creation of Sections or modification of boundaries of Sections and make appropriate 
recommendations to the Board. 

8. The Association shall not be obligated to pay from its treasury any of the expenses of a Sec- 
tion except as the Board may provide. 


ARTICLE VII — OFFICIAL PUBLICATIONS 


1. The Association shall publish at least one official journal, of which one shall be sent free to all 
members of the Association in accordance with Article VIII. 

2. The Board shall have full control of the publication and sale of each official journal and of 
all other official publications. 

3. There shall be appointed by the Board a body of Associate Editors for each official journal. 

4. The Board shall from time to time, as the need arises, make special provision for the manage- 
ment of any other publications. 

5. The Board shall fix the price of each official journal and of any other publications of the Associ- 
ation, but in no case shall an official journal be sold to nonmembers for less than the annual dues of 
ordinary members. 
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ARTICLE VIII — DUEs 


1. The Board shall establish the annual dues and privileges of membership for ordinary and insti- 
tutional members. The dues of ordinary members shall include a subscription to one of the official 
journals. 

2. All dues shall be payable on the first of January of each year. Should the annual dues of any 
member remain unpaid beyond a reasonable time, that member shall be dropped from the list after 
due notice. 

3. New members entering the Association after April 1 of any year may have their dues prorated 
for the balance of the year, except when they desire to receive the full current volume of an official 
journal. 

4. Any ordinary member who because of age is no longer in active service, who is in good stand- 
ing at the time of his retirement, and who has been a member of the Association for twenty years, 
may, upon notifying the central office of said retirement, be exempt from the payment of dues, with 
the privilege of obtaining an official journal at an annual cost of half of the dues of an ordinary 
member. 


ARTICLE [X — AMENDMENTS TO THE ARTICLES OF ASSOCIATION AND By-LAWS 


1. Changes in the Articles of Association or amendments to the By-Laws may be made at any 
annual business meeting of the Association, or at any adjourned session thereof, or at any special 
meeting of the Association called for such purpose, by a two-thirds (2/3) vote of those present and 
entitled to vote; provided that due notice concerning such amendment shall have been printed in 
each official journal, or mailed to each member, at least one (1) month before the date of such meeting. 
The Secretary shall give such due notice when so instructed by a vote of the Board of Governors or 
when so petitioned by at least forty members of the Association. 

2. No changes in the Articles of Association or amendments to these By-Laws shall have legal 
effect until a certificate thereof, verified by oath of the President and under Seal of the Associa- 
tion, attested by the Secretary, shall be recorded in the office of the Recorder of Deeds for Cook 
County, Illinois. 


SUPPLEMENT TO 1973-74 COMBINED MEMBERSHIP LIST 


A special supplement to the 1973-74 Combined Membership List has been published 
listing 1495 members of the Association whose names were omitted from the list prepared 
by the American Mathematical Society in September 1973. Copies of this supplement are 
available free of charge from the Washington Office to MAA members who received the 
1973-74 CML. 


NOVEMBER MEETING OF THE OHIO SECTION 


The Ohio Section of the MAA held its annual Autumn Meeting at Lorain County 
Community College, Elyria, November 2 and 3, 1973. Two hundred thirty-nine people 
attended the meeting. Chairman Frederick Leetch presided; James Murtha was Program 
Chairman. 

Unlike recent fall meetings, the program did not center entirely on one theme. The 
following invited addresses were presented on Friday: 


Some possible effects of the computing art on the teaching of mathematics, by Professor E. L. 
Glaser, Case-Western Reserve University. 

Probability and real decision making, by Professor W. T. Morris, The Ohio State University. 

Consequences of continuity, by Professor R. P. Boas, Northwestern University, President of the 
MAA. 
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The invited addresses were followed by swap sessions on the calculus course and service 
courses. During the evening the following committees met: Committee on Teacher Training 
and Certification, Committee on Curriculum, Committee on Cooperation between Colleges 
and Universities, and Committee on By-Laws. The Friday session concluded with a meeting 
of the Executive Committee of the Section. 

The program, on Saturday morning, consisted of a panel discussion on Individualized 
Instruction-Procedures, Results, and Evaluation. Participants on the panel included Pro- 
fessors Anna L. Shrider and William Cat, Eastern Campus of Cuyahoga County Com- 
munity College; Professor Stephen Slack, Kenyon College; Professors David Mader and 
Larry Elbrink, The Ohio State University; Professor Samuel Goldberg, Oberlin College; 
and Professors W. H. Beyer and W. W. Hokman, University of Akron. A question and 
answer session followed the presentation by the panelists. 

Commercial exhibits of textbooks and other instructional materials were made available 
during the meeting. 

R. H. ROLWING, Secretary-Treasurer 


NOVEMBER MEETING OF THE SEAWAY SECTION 


The Fall Meeting of the Seaway Section of the MAA was held at Genesee Community 
College, Batavia, N. Y., on November 3, 1973, with an attendance of 128 people, including 
109 members of the Association. Professor W. C. Stone of Union College, Chairman of 
the Section, presided. 

At the Saturday morning session the participants received Greetings from the College, 
extended by Dr. C. V. Robbins, President of Genesee Community College. 

Professor G. S. Young of the University of Rochester spoke on ‘‘The Role of the Mathe- 
matical Association of America in the Two-Year College.’’ 

An invited address was given by Professor Tom Storer, State University of New York 
at Buffalo, whose topic was “‘Interrelations between Combinatorial Designs.”’ 

During the afternoon the following contributed papers were presented: 


The Development of Perspective in Western Art, by D. L. Farnsworth, Eisenhower College. 

A Class of Integer Identities, by Robert DeCarli, Rosary Hill College. 

Construction of Rings on the Cartesian Product of the Integers and an Ideal, by Margaret W. 
Groman, State University College at Oswego. 

The Trouble with Statistics, by H. A. Still, Queen’s University. 

Applied Mathematics — An Introduction via Models, by R. F. Barnes, State University College 
at Brockport. 

Teaching Calculus via Self-paced Instruction: Advantages (many) and Disadvantages (few), by W. 
H. Reynolds, State University College at Cortland. 

A New Approach to Leibnitzian Differentials, by J. L. Delkin, University of Western Ontario. 

A Characterization of Noncommutative Quaternion Rings, by C. W. Kohls, Syracuse University. 

APL Graphics for Undergraduate Students, by Kimyong Kim, State University College at Brock- 
port. 

APL in Teaching Numerical Analysis, by J. E. McKenna, State University College at Fredonia. 

Non-Equivalence of the Theorems of Helly and Radon in General Convexity Theory, by R.E. Reed, 
State University College at Oneonta. 

2-Normed Spaces and Spaces with Euclidean Triangles, by Charles Diminnie and Albert White, 
St. Bonaventure University. 

EMMET STOPHER, Secretary-Treasurer 
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CALENDAR OF FUTURE MEETINGS 


Summer Meeting 1974: There will be no joint summer meeting in 1974, in order that 
mathematicians may attend the International Congress of Mathematicians to be held in 
Vancouver, British Columbia, August 21-29, 1974. 

Fifty-eighth Annual Meeting, Washington, D. C., January 25-27, 1975. 

The following is a list of the Sections of the Association with dates of future meetings so 
far as they have been reported to the Editorial Director. 


ALLEGHENY MOUNTAIN 

FLORIDA 

ILLINOIS 

INDIANA 

IowA 

KANSAS, Ottawa University, Ottawa, Spring 
1974. 

KENTUCKY 

LOUISIANA-MISsSISSIPPI 

MARYLAND-DISTRICT OF COLUMBIA-VIRGINIA 

METROPOLITAN NEw YoRK 

MICHIGAN 

MISSOURI 

NEBRASKA 

NEw JeERSEY, Princeton University, Princeton, 
October 12, 1974. 

NorTH CENTRAL 


NORTHEASTERN, Lowell Technological Inst. 
Lowell, Massachusetts, November 30, 1974. 

NORTHERN CALIFORNIA, Chabot College, Hay- 
ward, February 1975. 

OHIO 

OKLAHOMA-ARKANSAS 

PaciFIC NorTHWEST, University of British 
Columbia, Vancouver, August 21-24, 1974 
(business meeting only — no general meeting). 

PHILADELPHIA 

Rocky MOUNTAIN 

SEAWAY, St. John Fisher College, Rochester, 
N. Y., November 1-2, 1974. 

SOUTHEASTERN 

SOUTHERN CALIFORNIA 

SOUTHWESTERN 

TEXAS 

WISCONSIN 


FUTURE MEETINGS OF OTHER ORGANIZATIONS 


AMERICAN ASSOCIATION FOR THE ADVANCEMENT 
OF SCIENCE 

AMERICAN MATHEMATICAL SOCIETY, Washington, 
D. C., January 23-26, 1975. 

AMERICAN SOCIETY FOR ENGINEERING EDUCA- 
TION, Rensselaer Polytechnic Institute, Troy, 
New York, June 17-20, 1974. 

ASSOCIATION FOR COMPUTING MACHINERY, San 
Diego, California, November 11-13, 1974. 

ASSOCIATION FOR SYMBOLIC LOGIC 

FIBONACCI ASSOCIATION 

INSTITUTE OF MATHEMATICAL STATISTICS 

Mu ALPHA THETA, University of Arkansas, 
Fayetteville, August 4-7, 1974. 


NATIONAL COUNCIL OF TEACHERS OF MATHE- 
MATICS, Washington, D. C., January 25-26, 
1975 (joint meeting with MAA). 

OPERATIONS RESEARCH SOCIETY OF AMERICA, 
San Juan, Puerto Rico, October 16-18, 1974. 

Pr Mu EPpsILon, Western Michigan University, 
Kalamazoo, August 19-20, 1975. 

SCHOOL SCIENCE AND MATHEMATICS ASSOCIA- 
TION, Sheraton-Gibson Hotel, Cincinnati, 
November 7-9, 1974. 

SOCIETY FOR INDUSTRIAL AND APPLIED MATHE- 
MATIcS, Montana State University, Bozeman, 
June 24-26, 1974. 


pure 


mathematics 


Mathematics and Politics and 
Mathematics and Sex 


Fundamentals of Mathematics 

Volume |: Foundations of 
Mathematics/The Real Number 
System and Algebra 

Volume Il: Geometry 

Volume Il: Analysis 

edited by H. Behnke, F. Bachmann, 

K. Fladt, W. Suss, and H. Kunle 
translated from the German by 

S. H. Gould 

This three-volume set represents a new 
kind of mathematical publication. 
There already exist excellent technical 
treatises with detailed information 
about specialized fields but which 

are of little help to nonspecialized 
readers; and other books, some of them 
semipopular in nature, give an overall 
view of mathematics but omit most of 
the significant details. But Fundamentals 
of Mathematics not only presents an ir- 
reproachable treatment of the major 
fields written for serious nonspecialists 
but also provides a very clear view of 
their interrelations, a valuable feature 
for students and their instructors and 
for users of multiple forms of applied 
mathematics. 

As noted in a review of the original 
German edition of this outstanding work 
in Mathematical Reviews, the volumes 
are ‘‘designed to acquaint [the student] 
with modern viewpoints and develop- 
ments. The articles are well illustrated 
and supplied with references to the litera- 
ture, both current and ‘classical.’ ’" 

There are, in general, two authors for 
each chapter: one a university researcher, 
the other a teacher of long experience in 
the German.educational system. (In some 
cases, more than two authors have col- 
laborated.) And the whole work has been 
coordinated by the editors, who have 
upheld high standards of consistency and 
completeness in integrating the input 
from some 150 authors and advisors. 
$50.00 the set 
(volumes 1 and 3: $16.50 each; 
volume 2: $18.50) 
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Mathematics Education in China 

Its Growth and Development 

by Frank Swetz 

The frame of assessment that this book 
sets for itself is strictly defined: to dis 
entangle and follow the trends in mathe- 
matical education at the primary and 
middle school levels in China from 1860 
to 1970, with particular emphasis on 
developments undertaken by the Com- 
munist government and their political 
undermeanings. 

But in addition to fulfilling this program, 
the book explores implications of wider 
import. Since modern technology is 
solidly based on mathematics, an index 
to the development of China’s technical 
skills can be inferred from an examination 
of mathematical education over the last 
decades, and some insight into China’s 
potential in the next generation can be 
gained by studying the way mathematics 
is being taught to the primary and mid- 
dle school pupils of today. 
$15.95 


Women in Mathematics 

by Lynn M. Osen 

This lively book presents biographies of 
selected women mathematicians in order 
to trace the history of feminine contribu- 
tions to this field from ancient times to 
the present. The colorful lives of these 
women, who often traveled in the most 
advanced circles of their day, are presented 
in fascinating detail. 

$8.95 


Other recently published titles, translated 
from the Russian by Richard A. Silverman: 
Ordinary Differential Equations 

by V. I. Arnold 

$16.50 

Elementary Real and Complex Analysis 

by Georgi E. Shilov 

$14.95 


Other books by Georgi E. Shilov will be 
forthcoming. 


prices tentative 


The MIT Press 


Massachusetts Institute of Technology 
Cambridge, Massachusetts 02142 


MTeAT 


ELEMENTARY NUMBER THEORY 


A Computer Approach 
ALLAN M. KIRCH, MACALESTER COLLEGE 


An introduction to elementary number theory and the computer applications 
the subject suggests. Each unit in the text presents a problem that can be 
investigated with a computer. For every problem, definitions, theorems, 
examples, formulas, and references are provided along with at least one 
applicable program. A set of exercises follows each unit. Here the student 
may be asked to perform calculations, prove theorems, construct flowcharts, 
run or modify a given computer program, or write an original program. 
Solutions to most of the exercises are provided. 


March, 1974 about 336 pages about $11.25 


FUNCTIONAL ANALYSIS 


A Short Course 
EDWARD W. PACKEL, LAKE FOREST COLLEGE 


Designed for a one semester course at the advanced undergraduate or intro- 
ductory graduate level, this brief text covers all the major topics in functional 
analysis. It begins with general topological linear spaces, demonstrating the 
considerable interplay between topology and algebra, and progresses towards 
increasingly specialized spaces. Outstanding features include a treatment of 
distribution theory, a linear functional approach to integration and measure 
theory, and a section on the use of Hilbert space in quantum mechanics. 
Carefully selected exercises are interspersed throughout. 


February, 1974 about176 pages about $10.00 


INTRODUCTION TO COMPUTATION THEORY 
RICHARD G. HAMLET, UNIVERSITY OF MARYLAND 


The mathematical methods of automata theory and recursive function theory 
are applied to the fundamental questions of what constitutes algorithmic 
computation and what properties and limitations any computing procedure 
must have. The theoretical tools are presented carefully and traditionally but 
set In a narrative framework that refers throughout to practical machines and 
languages. A final chapter describes recent attempts to extend abstract se- 
mantics to include program run times and other properties. 


March, 1974 about192 pages about $11.25 


COMPUTATIONAL TECHNIQUES 


Analog, Digital and Hybrid Systems 
ALLEN E. DURLING, UNIVERSITY OF FLORIDA 


A unified introduction to computation and simulation techniques that illus- 
trates the relationships among the analog computer, digital computer, digital 
simulation languages, straightforward digital computation, and hybrid com- 
puters. As the student progresses, he develops his own digital simulation 
language and is able to introduce new topics into the program as they are 
- covered, including the features of such standard programs as CSMP, DSL, and 


ep MIMIC. February, 1974 about352 pages about $12.50 


INTEXT EDUCATIONAL PUBLISHERS - 257 Park Avenue South: New York, NY. 10010 
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You’d expect an association called 
NRTA (National Retired Teachers Asso- 
ciation) to be an organization just for 
retired teachers, wouldn’t you? For- 
tunately, that’s not what it is. At least, 
that’s not just what it is. 


True, full membership in NRTA is open 
to retired and former educators. In fact, 
anyone, regardless of age, who has ever 
worked in the field of education, as a 
teacher or administrator, whether full- 
time or part-time, may join NRTA as a 
full member. 


But associate membership is for anyone 
who is presently an active teacher or 
administrator including all supportive 
personnel: librarian, doctor, nurse, guid- 
ance counselor, school secretary and 
other clerical positions, dietician and 
staff, maintenance staff, private tutor or 
school board member. If you are active 
in education but contemplating retire- 
ment within the next few years, you 
should become an associate member of 
NRTA NOW! 


In short, NRTA is a national, nonprofit 
organization of over 400,000 members. 
All of them related in some way to the 
field of education. All of them working 
toward the same goals. 


Among the numerous, varied benefits 
and services for which members are 
eligible are: 


O Lively and Colorful Publications—the | 


bi-monthly NRTA Journal and the 
monthly NRTA News Bulletin; 


O A vigorous Legislative Program; 


Ever heard 
* of NRTA? 


" Let us tell 
’ you about It! 


O Great Travel Service — providing 
quality tours; 


O Group Health Insurance; 
(1 Recommended Auto Insurance; 


1 Home Delivery Pharmacy Service — 
postage paid; 


1] Information about NRTA-Recom- 
mended Life Insurance; 


[11 Recommended Temporary Employ- 
ment service in many urban areas; 


NRTA’s Free Tax Aide Program-——to 
assist in income tax questions; 


Retirement Guide Booklet series; 


Attractive Member Discounts and 
purchase privilege arrangements; 


Consumer Information Services; 
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Complete Retirement Counseling 
Program. 


JOIN NRTA NOW. You really can’t afford 
not to become a member of NRTA—not 
when the dues are only $2.00 a year. 
Simply complete the coupon below and 
mail it TODAY! 


"4 ~* NATIONAL RETIRED TEACHERS ASSOCIATION 
Q #@ 1909 K Street, N.W., Washington, D.C. 20005 


I oO Yes—t wish to become a Full member of NRTA. 
[1] Yes—! wish to become an Associate Member of NRTA. 


| 

[] Enctosed is $2.00. [] Please bill me. | 
Name ne ce | 
Date of Birth | 
Address | 
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American Math Monthly 


Better books for better mathematicians. 


ENGINEERING MATHEMATICS 

By A. C. Bajpai, L. Mustoe, and D. Walker, all 
of the University of Technology, Loughbor- 
ough, England 

Integrates analytical, numerical, and graphical 
techniques to help students solve engineering 
problems. Uses FORTRAN IV for solving prob- 
lems. 


1974 770 pages (approx.) $22.50 (tent.) 


STOCHASTIC DIFFERENTIAL 
EQUATIONS: Theory and Applications 
By Ludwig Arnold, University of Bremen, West 
Germany 

Presents the calculus of stochastic differential 
equations on a mathematically intermediate 
level. 

1974 256 pages (approx.) $17.95 


LIE GROUPS, LIE ALGEBRAS, AND 
SOME OF THEIR APPLICATIONS 

By Robert Gilmore, University of South Florida 
Develops the theory and application of Lie 
groups. Includes a collection of theorems de- 
lineating the relationship between Lie groups 
and Lie algebras, and the classification 
schemes for simple and semisimple Lie al- 
gebras. 


1973 587 pages $24.95 


SPATIAL ASPECTS OF 
DEVELOPMENT 

Edited by B. S. Hoyle, University of South- 
ampton 

Discusses the relevance of geographical meth- 
ods, techniques, and viewpoints to the prob- 
lems of developing countries. 


1974 372 pages $19.50 


APPLIED AND COMPUTATIONAL 
COMPLEX ANALYSIS, VOLUME 1 

By Peter Henrici, Swiss Federal! Institute of 
Technology 


Presents applications and basic theory of 
analytic functions of one and several complex 
variables. Applications are made to physics 
and engineering, and to numerical analysis 
and computations. 


1974 ° 704 pages $24.95 


STOCHASTIC GEOMETRY 

Edited by E. F. Harding and D.G. Kendall, both 
of the University of Cambridge, England 
Contains all of Rollo Davidson’s published 
work, and the greater part of his unpublished 
work on stochastic line processes. Supple- 
mented by the theory of Random Sets and the 
theory of Random Measures. 


1974 416 pages (approx.) $29.95 (tent.) 


SYSTEM IDENTIFICATION: 

Parameter and State Estimation 

By Pieter Eykhoff, University of Technology, 
The Netherlands 

Shapes the parameter and state estimation 
problem into a coherent form. Topics include 
statistics, system dynamics, stochastic sig- 
nals, and more. 


1974 548 pages $32.95 


REGENERATIVE PHENOMENA 

By J. F.C. Kingman, University of Oxford 

A study of Markov chains in continuous time. 
Discusses the types of functions of the posi- 
tive real variable tf which can arise as transi- 
tion probabilities p.j(t) of a chain. 

1972 190 pages $15.75 


ALGEBRA I 

By P. M. Cohn, University of London 

An introduction to algebra, arranged so that 
new concepts can be illustrated by referring 
to earlier parts. 


1974 321 pages $19.50 


PROBABILITY, INDUCTION AND 
STATISTICS: The Art of Guessing 

By Bruno de Finetti, University of Rome 
Discusses the philosophical and mathematical 
aspects of the foundations of probability 
through a detailed mathematical treatment of 
probability and statistics. 

1972 266 pages $18.95 


A COURSE IN MODERN ALGEBRA 

By Peter J. Hilton, Case Western Reserve Uni- 
versity, and Yel-Chiang Wu, Oakland Univer- 
sity 

Discusses the universal concepts of a number 
of algebraic theories. Develops those parts of 
the theories which demonstrate conceptual 
interdependence. 


1974 272 pages $16.95 


UNIFORM DISTRIBUTION OF 
SEQUENCES: Interscience Tracts 

By L. Kuipers and H. Niederreiter, both of 
Southern Illinois University 

Surveys the theory of uniform distribution 
from the early beginnings to the present. The 
most recent results, some completely new the- 
orems, and a clear view of an area of number 
theory are included. 

1974 416 pages (approx.) $24.50 (tent.) 
Available from your bookstore or 

from Dept. 962 

WILEY-INTERSCIENCE 

a division of John Wiley & Sons, Inc. 

605 Third Avenue, New York, N.Y. 10016 

In Canada: 22 Worcester Road, Rexdale, Ont. 
Prices subject to change without notice. 092-A4469-WI 
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NOTICE TO OUR CONTRIBUTORS 


The following requirement is made necessary because of rapidly increasing costs. 
The authors of material accepted for the MONTHLY which contains figures or diagrams 
MUST supply these in a form suitable for photographic reproduction. The figures 
must be fully lettered in a style consistent with that used in the rest of the article. The 
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NOTICE: RESOURCE MATERIALS FOR GRADES 7-12 


With the financial support of the National Science Foundation, the National 
Council of Teachers of Mathematics and the Mathematical Association of America 
through its Committee on the Undergraduate Program in Mathematics, are 
engaged in producing resource materials in all the various applications of mathema- 
tics suitable for use by both teacher and student in mathematics instruction for grades 
7-12, 1.e., the last six years of secondary school. Applications of arithmetic, elemen- 
tary and advanced algebra, geometry, computing, and other more advanced topics are 
being worked on. In addition to the uses of mathematics in other disciplines, appli- 
cations of mathematics in daily life and to skilled trades will be especially emphasized. 
The readership of this journal is hereby requested to send suggestions regarding this 
project, sample problems, references, or any other suitable materials ranging from 
simple exercises to extended model building and mathematical development to 

CUPM 

P.O. Box 1024 

Berkeley, California 94701 
USA. 


The readership is reminded that through hobbies or previous employment it may 
know of special applications that might otherwise escape notice. 
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1. Hugo D. (for Dyonizy, a name he disliked and seldom used) Steinhaus who 
died on February 25, 1972, at the age of eighty-five years was unique as a mathema- 
tician and as a man. 

His long and distinguished service to science and to his country was interrupted 
only during the years of the Second World War when he was forced to hide from the 
Nazi barbarians. And even then his sharp restless mind was at work on a multitude 
of ideas and projects. 

He was one of the architects of the school of mathematics which flowered 
miraculously in Poland between the two wars and it was he who, perhaps more 
than any other individual, helped to raise Polish mathematics from the ashes to 
which it had been reduced by the Second World War to the position of new strength 
and respect which it now occupies. 

He was a man of great culture and in the best sense of the word a product of 
Western civilization. 

He was fluent in German, French, and English, knew Latin and Greek, and his 
knowledge of Polish (the language he truly loved) was as nearly perfect as is humanly 
possible. 

He read prodigiously, had a phenomenal memory (I swear that he knew Faust 
by heart, since he could always be counted on to produce an appropriate quotation), 
and was intolerant of any kind of sloppiness. 

He was convinced that no one could be considered to have been really educated 
without a thorough knowledge of Latin and was genuinely distressed when he 
discovered that I did not know Latin at all. The school I went to, the Lycée of 
Krzemieniec, though probably the best known of all Polish secondary schools, 
inexplicably was in my days of the type which did not offer or require Latin. He 
finally forgave me when he met my father and discovered that he not only had a 
commanding knowledge of Greek and Latin but was fluent in Hebrew and knew old 
church Slavonic to boot. On the basis of some kind of averaging, I was acceptable. 


2. Except for one year in Lwow and a term in Munich, Steinhaus received his 
mathematical education in Goettingen where in 1911 he was granted the doctor’s 
degree summa cum laude for a dissertation ‘‘Neue Anwendungen des Dirichlet’- 
schen Prinzips’’ written under Hilbert. 

His own work did not bear the imprint of Goettingen. I don’t believe that 
following his doctoral dissertation he ever wrote anything directly connected with 
differential and integral equations or calculus of variations. He was at one time, 
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though, interested in foundations of geometry, and one of the doctoral dissertations 
written under his direction was on this very subject. The influence of that great school 
on his overall mathematical outlook, however, was crucial—and no wonder. For 
during his student years he came in close contact not only with Hilbert and Klein 
but also with F. Bernstein, Carathéodory, Courant, Herglotz, Koebe, Landau (who 
succeeded Minkowski, who died a little earlier), Runge, Toeplitz, and Zermelo, not to 
mention scores of physicists, astronomers, and philosophers who also gravitated to 
Goettingen. 


An episode from this period is worth recording. In the spring of 1911 Albert 
A. Michelson was invited to Goettingen, and he stayed with his family in the pension 
in which Steinhaus lived. The two men became acquainted and Michelson offered 
Steinhaus a job as his mathematical assistant. 


The Goettingen experience strongly influenced his teaching: he was, for example, 
the first (and between the two wars the only one) in Poland to lecture regularly on 
numerical and graphical methods, an interest which is directly traceable to Runge’s 
lectures on this subject. He also emulated Klein and offered from time to time a 
one-semester course on elementary mathematics (mainly geometry) from an advanced 
point of view. 


But the decisive influence on his own scientific work did not come from Goettingen. 
It came from Paris where Henri Lebesgue, as yet unrecognized outside his native 
France, was setting mathematics on a new course which it would travel for many 
decades to come. 


I do not know exactly when Steinhaus became aware of the work of Lebesgue. 
In the first installment of his memoirs (published in 1970 in the Polish monthly 
Znak), there is a casual mention that he was reading ‘‘Lecons sur les séries trigono- 
métriques’’ in 1912 (or perhaps early in 1913), but there seems to be no mention of 
‘‘Lecons sur l’intégration’’ which, of the two books, was certainly the more 
fundamental. 


There is, however, no doubt that he mastered the new theory, for in 1918 he 
proved that every linear functional on L(0,1) is of the form 


A(f) = [ foom(x)dx,  feL(0,1), 


where m(x) is bounded almost everywhere, thus completing a series of investigations 
on the forms of linear functionals which was begun by Fréchet and F. Riesz. 

In 1920 he proved the beautiful theorem that the set of distances of a set of 
positive Lebesgue measure contains an interval; at about the same time he also 
became an extraordinary (Associate) Professor at the University of Lwéw and 
offered a course on Lebesgue’s theory, one of the earliest such courses given outside 
of France. 
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Somewhat earlier he had devoted himself to the theory of trigonometric and 
Fourier series and became, almost at once, a recognized master of this field. 

He gave the first example of an everywhere divergent trigonometric series whose 
coefficients tend to zero and, more remarkably, an example of a trigonometric 
series which converged in one interval and diverged in another. This example led 
Alexander Rajchman to the creation of the theory of formal multiplication of 
trigonometric series, and it was Rajchman who in turn interested Zygmund in the 
field. 

Steinhaus also constructed a trigonometric series which converges everywhere 
without being uniformly convergent in any interval and made numerous other 
contributions to the anatomy and pathology of trigonometric series. 

His interest in trigonometric series led naturally to an interest in more general 
orthogonal series and to this field Steinhaus also made numerous important con- 
tributions culminating in the classic monograph Theorie der Orthogonalreihen 
(Monografje Matematyczne) written jointly with S. Kaczmarz which appeared in 
1937. 

The theory of orthogonal series had, from the start, been closely related to the 
theory of linear operators and linear spaces, but the full exploitation of the intimate 
relation between the two theories came as a result of the pioneering work of Banach. 

Steinhaus met young Banach by chance when strolling one day in 1916 through 
a park in Cracow, he overheard a snatch of a conversation in which the term 
‘‘Lebesgue integral’’ was used. Startled, he introduced himself to the two young 
men who were discussing this unlikely subject, and one of them was Banach. The 
other was Otton Nikodym. 

Steinhaus and Banach wrote only two joint papers, but one of these ‘‘Sur le 
principe de la condensation des singularités’’ (Fund. Math. 9, 1927, pp. 50-61) 
became a classic and is known to every student of functional analysis. 

The principal result is that if {F,,(x)} is a double sequence of linear operators 
on a Banach space E (with values in another Banach space F) such that for each 
p = 1,2,-* 


(| F is the norm of the operator F) there exists a set X c E of the second category 
such that for every x eX 


lim sup F yq(X) | = 00, p =1,2,++, 
q7> 00 


(| F(x) | is the norm of the element F(x) € F). 

The collaboration between Banach and Steinhaus was however much closer than 
the two joint papers would indicate. 

Many of Banach’s early ideas were developed and first tested in a seminar 
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conducted by Steinhaus, and the two men jointly founded Studia Mathematica, 
which became one of the major mathematical journals of the world. 

Banach was Steinhaus’ first doctoral student, and Steinhaus joked later on that 
Banach was his most important mathematical discovery. 

In 1938 when the threat of war hung heavily over Poland and Steinhaus presided 
over the award of an honorary doctorate to Henri Lebesgue, he said to me after 
the ceremony, ‘“‘It will not be a bad record to leave behind, to have had Banach as 
the first and Lebesgue as the last doctoral candidate.”’ 


3. In 1923 Steinhaus published in Fundamenta Mathematica (4, pp. 283-310) a 
remarkable memoir under the title ‘‘Probabilités dénombrables et leur rapport 4 
la théorie de la mesure.’’ It was the first rigorous axiomatic treatment of coin 
tossing based on measure theory. (However, almost simultaneously a similar axioma- 
tization was given by A. Lomnicki, a Professor of Mathematics at the Engineering 
School (Polytechnicum) of Lwéw. It should also be mentioned that a nephew of 
A. Lomnicki, Z. Lomnicki jointly with Ulam already gave in 1932 a most general 
axiomatic treatment of independence.) It contained the seeds of future developments, 
and it certainly influenced Kolmogorov’s definitive axiomatization, which came ten 
years later. 

It was a truly pioneering work for, at the time it was written, probability theory 
was not even of peripheral concern to most mathematicians and, in fact, was not 
generally considered to be a part of mathematics. 

It was typical of the way Steinhaus approached mathematics that the main point 
of the paper was not the axiomatization, for he disliked axiomatization for its own 
sake, but the concrete question of what the probability is that a series 


0) 
py Ck, 


with --+ signs chosen ‘‘at random,’ converges. 

Within the framework of the classical Laplacian probability theory, such a 
question cannot be properly formulated, and Steinhaus set himself the goal of 
extending and modifying this framework to make such questions well-posed. 

He did it by constructing a measure on the set of all infinite sequences 


(71,172,13.°°*)s 


where each r, is either +1 or —1, the measure reflecting the assumptions that the 
tosses are independent, and that in each toss the two alternatives are equiprobable. 

This he accomplished by showing that the desired measure maps into the ordinary 
Lebesgue measure on (0, 1) by the map 


~ Q2r,+ 1 
(Tota Jobs & ee. 
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Writing ¢t as a binary expansion 


and setting 
r(t) = 


we see at once that the question of the probability of convergence of the series 
» + c, becomes equivalent to the question of the measure of the set of convergence 
of the series 


zr C,1;,(t). 
k=1 


This question was partially answered by Rademacher who had proved a few years 
before that if 


Lee < 0, 


the series converges almost everywhere, and hence the desired probability is one. 

Somewhat later Paley and Zygmund proved that if Nic; = oo, the probability in 
question is Zero. 

These results were clear forerunners of Kolmogorov’s famed ‘‘three-series 
theorem’’ concerning convergence of sums of independent random variables. 

To the same circle of ideas belongs also the result (see ‘‘Uber die Wahrschein- 
lichkeit dafiir, dass der Konvergenzkreiss einer Potenzreihe ihre natiirliche Grenze 
ist,’ Math. Zeit., 31 (1929) pp. 408-416) that if the power series 


> Ch zh 


1 


has radius of convergence r (0 < r < 00) then with probability one the circle | Z | =f 
is a natural boundary for the series 
> c,e7nz", 
i 
where the 0, are independent and uniformly distributed in (0, 1). 
In 1929 it was far from clear what ‘‘independent and uniformly distributed”’ 
meant, and Steinhaus had first to make these concepts precise. This he did by con- 


structing a product measure in the Hilbert cube (i.e., the direct product of denumer- 
ably many unit intervals) with uniform measure on each component. 
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4. Let me now jump many years ahead and speak briefly of yet another of 
Steinhaus’ achievements. 

Logic and foundations were not among his main interests, and, as a matter of 
fact, his attitude toward them was mildly critical. He did as a young man write a 
paper in which he axiomatized the concept of limit, and he was, as mentioned above, 
in the midtwenties interested in foundations of geometry, but that was about all. 
Thus he did not appear to be a likely candidate to challenge the axiom of choice and 
propose a substitute. But this is exactly what he did, and in a manner characteristic 
of the way in which he approached mathematics, and it had to do with his interest 
in games and the problems they pose. 

Games always fascinated Steinhaus, and he was among the first to define and 
discuss the concept of strategy. This he did in a little-known note in Polish, published 
in an obscure non-scientific Polish journal, in 1925, fortunately saved for posterity 
through a translation into English (‘‘Definitions for a theory of games and pursuits’’ 
in Naval Research Logistics Quarterly 7, 1960, pp. 105-108). He was aware of the 
following theorem: Let G be a two-person game with perfect information, terminating 
in a finite number of moves in a win by one of the players. Then there must exist a 
winning strategy for either one or the other adversary. 

The proof which I heard him give in a lecture at Rockefeller University in 1962 
is unforgettably simple: 

Denoting the players by A and B and their moves by x,,x,,--- and y,, y2,°°° 
respectively, we can express the fact that A has a winning strategy symbolically as 
follows (we assume that A starts) 


(4x1) (1) (3X2) V2) +++ (AXn) Wn) A wins. 


The negation of this statement is obtained by the familiar rule of De Morgan, and 
it reads 


(1) (4yi) %2) (Ay2) +++ nr) G¥n) A does not win. 


This however is clearly the statement that B has a winning strategy, and the proof is 
thus complete! 

Steinhaus now proposed that this simple theorem be made into an axiom by 
removing the restriction that n is finite, i.e., that the game must terminate in a finite 
number of moves. 

It is here that one runs afoul of the axiom of choice. 

In the nineteen-thirties, Banach and Mazur (with much help from Ulam) had 
considered a class of infinite games of which the following is typical: 

Let S be a subset of the interval (0, 1) and let the players A and B choose binary 
digits x1, Yi, X25 Y2,°° (actually in the original Banach-Mazur version the players 
were allowed to pick an arbitrary finite number of digits) defining the number 6, 
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Xy , Vy Xo , y2 
S=a ti tas tat 


Player A wins if €¢ S and Bif € €S. Using the axiom of choice one can ‘‘exhibit’’ 
(as was shown by Mycielski on the basis of an older result of Banach-Mazur-Ulam) 
a set S for which neither A nor B had a winning strategy, and therefore the Steinhaus 
axiom (which came to be known as the axiom of determinacy) contradicted the 
axiom of choice. I recall vaguely that the Banach-Mazur-Ulam result was used to 
‘‘prove’’ that there could be at most one God, since if there were two, they could be 
made to play the game, with a Banach-Mazur-Ulam set giving rise to the inevitable 
difficulty that neither could be considered omniscient. Steinhaus felt that his axiom 
was closer to ‘‘reality’’ than the axiom of choice, for he insisted that intuition 
demands that for each set one of the players should have a winning strategy. 

The brief note (written jointly with J. Mycielski, who also contributed much to 
the clarification of the role of the new axiom) “‘A mathematical axiom contradicting 
the axiom of choice’’ (Bull. Ac. Pol. Sc. Série des sci. math., astr. et phys,. 10 (1962) 
pp. 1-3) attracted considerable attention among contemporary logicians and is 
responsible for an ever-growing body of work. 

I mention this unique excursion into set theory because it is so characteristic of 
Steinhaus’ mathematical style—a style in which superb intelligence was combined 
with rare wit and an unerring instinct for what was essential and promising, with an 
eye for the unusual and striking. 

His wit was not confined to mathematics and many of his repartees became 
legendary. When, about fifteen years ago, after failing to attend an important meeting 
of a committee of the Polish Academy of Sciences, he received a letter chiding him 
(along with several others) for not having ‘‘justified his absence,’’ he wired the 
President of the Academy that, ‘‘as long as there are members who have not yet 
justified their presence, I do not have to justify my absence.”’ 


He was also a master of mathematical paraphrase. When he first heard the 
statement of the Borsuk-Ulam theorem, he immediately said, ‘‘It means that at any 
given time there is at least one pair of antipodal points on the surface of the earth 
at which the temperatures and pressures are the same.’’ 


It should be also recorded that it was Steinhaus who proved and invented the 
name ‘‘ham sandwich theorem’’ and that he liked to explain jokingly why z appears 
so often in probability theory by quoting a Polish proverb Fortuna kolem sie toczy 
(‘‘Fortune moves in circles’’ in a translation which unfortunately leaves much to be 
desired). 

I cannot resist giving one more example of Steinhaus’ quick mathematical 
intelligence. It has to do with his estimate of the casualties of the German army in 
1944, and it should be borne in mind that he was then in hiding and completely cut 
off from any source of reliable news. 
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He noticed that some of the obituaries of German soldiers which were published 
in the rigidly controlled local newssheet mentioned that the dead was the second or 
even third member of his family to have fallen in the war, and this was information 
enough! 

For by dividing the percentage of obituaries of second, third, etc. sons by the 
(conditional) probability that a family with at least one son will have more than one, 
an estimate of casualty percentage can be obtained. Disregarding the age factor (some 
sons may be too young to be drafted), all one needs is the average number of sons in a 
family (easily estimable) and the knowledge that the number of sons obeys the 
Poisson distribution. 


5. I met Steinhaus for the first time in the Spring of 1932 at the end of my first 
year at the University of Lwéw, when J drew him as the oral examiner in Analysis I. 
There were four Professors of mathematics, and to insure equitable distribution of 
examination fees, examiners were chosen by lot. He had a reputation of being very 
tough. 

This reputation was not all that well deserved, as the following anecdote indicates. 
A girl student who was not terribly good drew Steinhaus as the examiner in Analysis 
II, by far the most difficult of all examination subjects. We were all surprised when 
she emerged with a B, and I asked him later on how it happened. ‘‘Well,’’ he said, 
‘*l asked her to describe the Riemann surface of JZ, and she said that she had one 
in her purse and after a brief search produced a rather nice model. Don’t you think 
that any young lady who carries a Riemann surface in her purse deserves at least 
a B?’’ I couldn’t argue the point. 

He asked me, as I recall, two very simple questions and gave me an A. Before I 
left his office, I asked permission to attend his Seminar (which he conducted jointly 
with Mazur). Permission was needed, since I would be jumping into the second year 
of a two year cycle. He allowed me to register, and thus there began my mathematical 
life. 

For a while my contacts with him were confined only to the Seminar, in which I 
learned more mathematics than in retrospect seems possible, but sometime in 1934, 
I believe, he presented me with a definition of independent functions (in the statistical 
sense) and suggested that I try to do something with it. We began to collaborate and 
from about 1935 until November 1938 when I left Poland, we were almost in- 
separable. For a time he employed me as a private assistant, and in this capacity I 
helped him with Mathematical Snapshots (2nd Ed., Oxford University Press, 1950) 
but only in mundane matters of routine. All the ideas that went into this remarkable 
book were his. 

I shall not attempt to evaluate the role which our collaboration on independent 
functions played in some of the developments in probability theory of the last forty 
years. Suffice it to say that when I dedicated my Carus Monograph Statistical 
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Independence in Probability, Analysis and Number Theory to him, it was not 
merely the sentimental gesture of a grateful pupil. Nearly everything in that book 
is traceable to the years of our collaboration, to long walks through the streets and 
parks of Lwo6w, to interminable discussions and arguments, even to occasional 
minor battles. Were it not for the war and separation, the book might have been a 
joint undertaking. In a way it is, although only my name appears on the cover. 

I should like to go back to the Snapshots, because to understand and appreciate 
Steinhaus’ mathematical style, one must read (or rather look at) Snapshots. 

Written in 1937 and designed to appeal to ‘‘the scientist in the child and to the 
child in the scientist,’’ it has gone through uncountably many editions, has been 
translated into fourteen languages, and is still among the best selling ‘‘popular’’ 
books on mathematics. It is a book unlike any other, and it expresses, not always 
explicitly and at times even unconsciously, what Steinhaus thought mathematics is 
and should be. 

To Steinhaus mathematics was a mirror of reality and life much in the same way 
as poetry is such a mirror, and he liked to ‘“‘play’’ with numbers, sets, and curves, 
the way a poet plays with words, phrases, and sounds. 

His approach to mathematics was largely visual and only seldom abstract. He 
liked objects and facts and was suspicious of most generalizations and extensions. 
‘A statement about curves is not interesting unless it is already interesting in the 
case of a circle,’’ he told me years ago, and this sums up well his fundamental belief 
that real insights are gained from contemplating the simplest and most elementary 
things. 

Steinhaus deplored the growing professionalization of mathematics, the ever- 
increasing specialization, the flight from robust reality into the murky clouds of 
uncontrolled abstraction. 

He spent a significant portion of his scientific life in collaborating with physicians 
(he was awarded an honorary degree of Doctor of Medicine in recognition of his 
contributions toward applying mathematics to a wide variety of biological and 
medical problems), engineers, oil prospectors, geologists, without a thought entering 
his mind that he might be engaging in a different sort of activity than that which led 
him and Banach to formulate the principle of condensation of singularities. 

Mathematics to Steinhaus was mathematics, and he was scornful of labels such 
as ‘‘pure,’’ ‘‘applied,’’ ‘‘concrete,’’ ‘‘useful,’’ etc. He liked clear sharp points and 
was impatient with long-winded discourses. ‘‘Wo ist der Witz?’’ (‘‘Where is the 
joke?’’), he liked to ask in an attempt, not always successful, to cut through the fog. 

He had a life-long love affair with elementary mathematics and could spot new 
wonders in the simplest and most familiar objects. 

He was particularly proud (and justly so) of having invented the self-folding 
dodecahedron, and each copy of the first edition of Snapshots was provided with a 
handmade model (this had to be abandoned in later editions because of prohibitive 
cost). 
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The three sketches below are based on one of the few remaining models. 


The barely visible line represents a rubber band which when unstretched is a 
geodesic of the regular dodecahedron, and as pressure is applied to the upper face, 
the band stretches. As the pressure is released, the tendency of the rubber band to 
snap back has the effect of restoring the ‘‘squashed’’ dodecahedron to its original 
Platonic form. Years ago in Lwéw I remember Steinhaus telling me: ‘‘Everything 
I have done could have been done by someone else, but only I could have invented 
the self-folding dodecahedron.”’ 

He was wrong in the first premise but right in the second. Only he could have 
done it. 


Acknowledgment: I wish to thank Professors D. A. Martin and J. Mycielski for setting me 
straight on a number of points concerning the axiom of determinacy, and Mr. Jonothan Logan for 
many suggestions and improvements. 
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THREE KAKEYA PROBLEMS 


F, CUNNINGHAM, Jr. 


This paper is dedicated to Professor I. J. Schoenberg on the occasion 
of his seventieth birthday. 


The original Kakeya problem was to find the minimum area of a plane set K 
in which a line segment of length 1 can be continuously moved so as to return to 
its starting position with its direction reversed. A. S. Besicovitch solved this problem 
[1] by showing that it is not really a minimum problem at all; rather K can 
have area as small as you please. This result and its proof have been improved in 
various ways [2, 5, 10] and the fact needed in this paper is that one can at the 
same time require K to be contained inside a unit circle [5]. The surprise of 
Besicovitch’s solution does not wear off, but is rather renewed by further shocks to 
the intuition as its applications to other similar geometric problems unfold. The 
three results presented here were triggered by the Kakeya problem for the sphere, 
which was put to me in a letter by I. J. Schoenberg, a longtime contributor to Kakeya 
theory. Here the action takes place on the surface of a unit sphere, and the moving 
segment is replaced by an arc of great circle. Because this geometry is bounded, the 
answer will depend on the length of the moving arc. In Section 1 below it is shown 
that this dependence is in fact a step function. 

The solution to the spherical Kakeya problem is applied in Section 2 to another 
problem in the plane. Several authors [3, 11, 7] have given examples of ‘‘thin sets 
of circles,’’ that is, sets of measure 0 which contain circles of every radius. These 
examples are reminiscent of Besicovitch’s example of a plane set of measure 0 which 
contains lines in all directions, solving a problem which Besicovitch called the twin 
of the Kakeya problem. The Kakeya twin to the thin set of circles would be the 
following problem: Given a < 22, what is the greatest lower bound of areas of plane 
sets within which a circular arc of a radians can be shrunk to a point, allowing 
continuous motions with variable radius but constant radian measure? The answer 
is O for all a < 27. 

In the third problem to be discussed the moving figure is a line segment marked 
off into three parts. Figuratively representing a bird, the small central segment is 
called the body, and the long end segments, the wings. The object is no longer to 
turn the figure around, but to move it continuously in such a way that the body 
will touch every point of a given set, while the wings sweep over a set of small area. 
Closely related problems, sometimes for a one-winged bird, have arisen naturally 
for applications in various parts of analysis [4, 6,9]. This problem attracted my 
attention because a negative answer to it would give a negative answer to the spherical 
Kakeya problem for a slightly less than 2. But the answer (to both problems!) is 
affirmative, (Theorem 3). 

As the Besicovitch twin to this result, I also give, in Section 3, a startling theorem 
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in which the bird’s motion is not required to be continuous, but in which, for revenge, 
the bird has become a whole infinite line, its body has become a point on the line, 
the set to be covered by the body-positions is the whole plane, and the wings stay 
in a set of measure 0. After submitting the first version of this paper I learned from 
Roy O. Davies that he has proved substantially the same result in [6]. Some remarks 
on this situation will be found at the end of Section 3, and Section 4 outlines some 
further problems. 

To save space and gain readability I give the proofs somewhat informally, in- 
viting the skeptical reader to share in the creative task of verifying many pesky 
but elementary details. 


1. The spherical Kakeya Problem. Schoenberg’s question asks for the value 
of k,, the greatest lower bound of areas of sets on the unit sphere in which a great 
circle arc of length a, hereafter referred to as the needle, can be continuously turned 
around. Knowing the answer to the plane Kakeya problem, one expects the answer 
here to be k, = 0 at least for small values of a. This is in fact the case, as has been 
shown by Wilker [12] for a < 2/2. At the other extreme where a = 27 it is clear 
from topological reasons that the answer is 47, the area of the whole sphere. This is 
because a continuous turning of a whole great circle in any set which is not the whole 
sphere would be topologically equivalent to a one-to-one continuous reversal of a 
circle in the plane, which is impossible. This remark also provides a trivial proof 
that k, = 22. Indeed, the problem here is to turn a great semicircle around. Suppose 
this can be done in a set K, and let K’ be the antipodal image of K. As one half 
of the great circle moves in K, the other half simultaneously moves in K’, so that 
the whole great circle gets turned around in K UK’, which must therefore be the 
whole sphere. Since K and K’ are congruent, each has area at least half the area of 
the sphere, showing that k, 2 27. Actually k, = 2x, since this minimum area is 
achieved by a rotation. What is the situation for 7/2 S a <7? 


THEOREM 1. With k, as defined above for 0 <a S 2n, we have 
(0 fora<n 
k, = 2n fornSa<2n 
4n fora =2n. 
The lower bound is achieved when a = & or 22, not otherwise. 


The proof draws on [5] and [12]. 

For the first step let ¢, > 0 and 0< a, < 72/2 be given; we shall produce a set 
K, of area <&, on the sphere, which is a Kakeya set for needle length a,, that 
is, a great circle arc of length a, can be turned around in K,. To do this, first apply 
the technique of [5] to obtain a plane Kakeya set K of area <,, which works 
for needles of length a (some large number), and which is contained in a circle of 
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radius a. Now place the unit sphere tangent to the plane, with the North pole at 
the center O of the circle, and project from the plane to the northern hemisphere 
by lines through the center of the sphere. Let K, be the image of K under this pro- 
jection. The area of K, is small enough, because the projection decreases areas. The 
projection takes line segments in the plane to great circle arcs on the sphere, so that 
to each needle position in K there corresponds a needle position in K,, though 
unfortunately shorter. While it is not easy to make a precise estimate for a lower 
bound of these lengths, if we take into account that all needle positions in K lie 
on lines which can be kept arbitrarily close to O and have one end near O, it appears 
that for a large a we can make a, approach 37. (Actually, a smaller value of a, 
would suffice for the application of this step in what follows.) This step, due to Wil- 
ker, proves that k, = 0 for a<42. The method even works for a = 47, but not 
beyond. 

The second step is to show how to enlarge a given spherical Kakeya set to make 
it work for a longer needle. Specifically, given on the sphere a set K, of area less 
than é, in which an arc of length a, can be turned around, and given ¢, > 0, we shall 
show how to make K, of area less than ¢, + &, in which an arc of length a, canbe 
turned around; if a, = 2— d, we can achieve almost a, = x — 4d. In this step 
we use the fact that the plane Kakeya sets we are using are finite unions of very acute 
isosceles triangles of height a. Each such triangle serves as a partial Kakeya set 
in which the needle turns from one of the long sides to the other. We therefore 
suppose that K, is the union of n acute isosceles spherical triangles of height a, , 
each of which provides by rotation the needle’s transition from one great circle to 
another. If we can enlarge each of these triangles at a cost of only «,/n in additional 
area to make a partial Kakeya set for the same pair of great circles but for needle 
length a,, then the union of these new sets will serve for K,. 


B’ [> OF 


Fic. | 


Consider then one such triangle with base B and vertex V. Take as temporary 
North pole the midpoint O of its altitude BV, place a plane tangent to the sphere at 
O, and map the triangle to the plane by the inverse of the projection used in step 1. 
This gives a plane isosceles triangle with base B’ and vertex V’, the midpoint of the 
altitude B’V’ being O (Figure 1). Starting with this triangle as ‘‘nucleus,’’ and for 
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a very large needle length a, use the replacement technique of [5, Section 4] to build 
a partial Kakeya set K’ for the two sides (extended) of triangle B’V’, the area of 
K’ being only slightly greater than the area of the triangle. Finally, project K’ back 
to the sphere to get a set K enlarging the initial triangle BV. The area of K is small 
enough. As in step | estimating just how long a needle will turn in K is awkward, 
but when we remember that needle positions in K’ all lie almost on the altitude B’V’ 
(extended) and reach a distance a either to the right from B’ or to the left from V’, 
it is apparent from Figure 1 that by taking a large we can make a, approach 
d,+4d=7— 4d. 

It is now easy to prove the theorem for the case a <2. Given ¢ > 0, first apply 
step 1 to make a set K, of area less than ¢, = 4¢ which is a Kakeya set for some 
needle length a, = n—d <4. Now apply step 2 repeatedly, allowing area in- 
creases 6, = +e, 63 = yé,:-- to make a sequence of sets K,,K,,K3,---, where 
K,, is a Kakeya set for some needle length a, which is almost x — d2~". As n in- 
creases d, approaches z as limit, so that eventually a, >a, and then K, answers 
to the requirements of the theorem. 

It remains to consider the case 7<a<2n. Let b=a-—nso thatO<b<z. 
Given e>0, let K be a Kakeya set of area less than $e for needle length b. (We 
now know that such a set exists.) We shall make from K a Kakeya set for needle 
length a having area less than z + €. Scrutiny of the preceding steps reveals that K 
has a center O such that the distance from O to the moving needle is never more 
than some 6 > 0 which we may make as small as we please. Take, in fact, 6 so small 
that when a hemisphere is enlarged by a band of width 6 around its boundary the 
added area is $¢. Now divide the sphere into two hemispheres H, and H, by an 
arbitrary great circle through O, and enlarge one of them, say H,, as indicated 
above to make a set H;. Let K, = KOH, and K, = KO H,, and let K4 be the 
set antipodal to K,. Then the promised set is L= K,UH;UK,. The area 
of Lis less than the sum of the areas of K and Hj, so less than 2x + «. To see 
that Lis a Kakeya set for needle length a, observe that for every position in K 
of a needle of length 5 there is a corresponding position in L of a needle of length 
a= b+n. For of the short needle in K one keeps the part in K,, replaces the part 
in K, by its antipodal image in K4, and joins the two pieces together by an arc of 
length x lying in H,. (The 6-band added to H, is to take care of needle positions 
which do not meet H,.) 


2. Shrinking a circular arc. Again (for topological reasons), a circle of radius 1 
cannot be continuously shrunk to a point in the plane in any set of area less than z. 
As soon as a circular arc is less than the whole circle, however, the situation is as 
different as possible. 


THEOREM 2. Given a <2 and e> 0, there is a plane set K of area less than 
é within which a circular arc of a radians and unit radius can move continuously, 
with variable radius but fixed radian measure, so as to shrink to a point. 
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The proof uses the stereographic projection familiar from complex variable 
theory. Let X be a sphere with center O, equator E, and North and South poles N, S. 
Let IT be the equatorial plane containing O and E. Then each line through N not 
parallel to II meets & — {N} and II just once each, so that we get a bijection 
o:X&—{N} > TI taking S to O and E to itself. It is well known that o takes circles 
on & to circles in IT, except that circles through N go to straight lines. The images 
of meridian circles (great circles through N and S) are straight lines through O; 
otherwise great circles go to circles in II of various radii which meet E at antipodal 
points. Areas and the radian measure of arcs are not preserved by o, those in the 
northern hemisphere being increased, and those in the southern hemisphere being 
decreased. On a fixed great circle, not E, a small arc is magnified most by o when 
it is nearest N, the extent of this maximum magnification being greatest when the 
great circle is most inclined to E. Areas also are most magnified when they are near 
N.. If we restrict our sets on to stay a positive distance 6 away from N, then there 
will be a constant M such that the radian measure of an arc and the area of a set 
will at most be multiplied by M when the figure is taken by o to the plane. 

Now let C be any circle in the plane, and let a < 22 and ¢ > 0 be given. Choose 
on C two points so close together that the circle E with the chord joining these two 
points as diameter encloses an area less than 4¢. Let & be the sphere having E as 
equator, and invoke all the notations of the preceding paragraph. Then C is the 
image of a great circle C’ on X, not through N. Let 6 be half the distance from N 
to C’, and, using the technique of Theorem 1, construct a set K on & with the fol- 
lowing properties: 

(i) K is a partial Kakeya set in which a great circle arc of radian length 
a'(a’ <2z to be specified presently) can move from the great circle C’ to the great 
circle E. 

(ii) K contains the southern hemisphere. 

(iii) The part of K in the northern hemisphere has small area (how small to 
be specified presently). 

(iv) The distance from N to FE. is at least 6. 


Then o(K) will be the plane set required in the theorem. Indeed, because of (iv) 
arcs and areas in K are magnified at most by a factor M (depending on 6). Therefore, 
if in (iii) we make the area of K small enough, the area of o(K) will be the area 
inside E plus an area less than 4¢, making a total less than ¢. Also every position 
of a needle of radian length a’ = 2x — d in K corresponds to a circular arc in o(K) 
of radian measure at least 2x — Md. Taking d small enough in (i) will make 
2x — Md 2 a. Then as the needle moves in K its image does in o(K) a motion of 
the kind prescribed in the theorem. When the needle at last arrives on E, its image 
is on E and shrinks the rest of the way in the disk. 


3. The shadow of a gliding bird. Recall that the bird is a line segment made up 
of three sections, a body of length 2b in the middle flanked by wings each of length w. 
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One might expect that as the bird glides about the plane so that its body sweeps 
out a large area the wings would necessarily sweep out a considerable area as well. 
This is not the case. Two answers to this question are both based on the following 
lemma, which is essentially Lemma 6 of [6]. Departing for the moment from the 
bird metaphor, it has the following interpretation: it is possible to thatch a hut 
standing in the middle of a garden with straws which are much too long (projecting 
beyond the garden on both sides) in such a way that the roof has no leaks and yet 
an arbitrarily small part of the garden is shaded by the eaves. 

The data for the lemma consist of the following configuration. There is a rect- 
angle R, which we take to be A 1 B, where A is the vertical strip | x | <aandB 
is the horizontal strip | y| < b (a,b >0). There is also an H-shaped region H, 
which is the union of A and the complement of a wider horizontal strip 
W: |y | < b+w (Figure 2). The object is to cover R with strips contained in H. 
(All strips in this section are closed sets bounded by a pair of parallel lines.) 


b+w 


Fic. 2 


LEMMA 1. Given the above configuration, and given ¢ > 0, there exists a finite 
collection {A,,-::,A,} of strips satisfying the following conditions: 

G) A,CH for i= 1,--,n. 

(ii) {Ay,--:,A,} covers R. 

(iii) The area of (Uj=,4;) © (W — B) is less than ge. 


Proof. We shall show that this “‘two-wing’’ lemma follows from an easier one- 
wing lemma which reads the same, except that in (111) W — B is replaced by only 
its upper half, the strip b < y S$ b+ w. This is done by applying the one-wing 
lemma in two stages. With the first application we can get strips {A,,---,A,} whose 
union has in the upper strip b S y S b+ w an area less than 4e but whose area in 
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the lower half is uncontrolled. In the second stage the one-wing lemma is applied 
upside down n times, once for each of the new strips. More explicitly, temporarily 
fixing the index i, keep B and Was they are, replace A by A;, R by R,; = A;- B, 
H by H; (the union of A; and the complement of W), and ¢ by e/2n. Since A; need 
not be vertical, introduce an ad hoc coordinate system (using a horizontal shear) 
which makes it look vertical, and which at the same time reverses the sign of y. 
Then the one-wing lemma gives a finite collection of strips contained in H, (hence 
also in H), covering R,, whose union has in the horizontal band —(b+w)S yS —b 
an area less than e/2n. Combining these n collections makes one collection covering 
R and otherwise satisfying the conditions of the two-wing lemma. 

It remains to prove the one-wing lemma. We begin the construction of {A,,-°-, A,} 
by taking as our first two strips vertical ones Ay = {-a Sx S$ —a+y} and 
A, ={ta-—ynSx <a}, taking »>0 small enough to make the area of 
(A, VA.) N{b Ss y S b+w} less than te. Next cover the remaining rectangle 
R' = {| x | < a—n}B by a collection of triangles {T} with bases on the lower 
edge of R’ and vertices on the segment | x | <a-—n, y = b+, taking 6 so small 
that the combined area of the projecting tips of all these triangles above y = b 
is less than te. Moreover, make these triangles so thin that their sides extended 
both upwards and downwards stay in H. It is possible to do this with a finite number 
k of triangles (Figure 3). Next sprout each triangle T upwards [5, Section 3] to form 
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a tree of height more than b + w and new area (exclusive of T) less than e/2k. Each 
of these trees is a finite union of triangles t with vertices in A above y=b+w 
whose downward extensions stay in H. Taken together, for all T, they cover R’. 
Finally, replace each t by a finite collection of strips. (Each strip will, from y = b+ w 
downward, be contained in t extended, and they will cover t.) It is easy to check 
that the collection consisting of all these strips (for all T and all t) and A, and A, 
will answer the requirements of the one-wing lemma, thereby completing the proof 
of Lemma lI. 
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This lemma leads immediately to a bird theorem of Kakeya type. 


THEOREM 3. Given a bird as described above and any bounded set S, and e> 0, 
there exists a continuous motion of the bird such that its body passes over every 
point of S while both its wings stay in a set K of area less than «. 


Proof. Cover S by a finite number n of rectangles of height somewhat less than 
2b. Using ¢/2n, apply Lemma 1 to each of them to get altogether a finite number k 
of strips. In each of these strips the bird can execute a short flight so that during 
all of them collectively its body passes over every point of S while its wings stay in 
a set K, of area less than +e. It remains to provide for continuous transitions from 
each strip to the next. This can be done at an additional cost of 4¢ in area by adjoin- 
ing to K,, k —1 partial Kakeya sets in which the bird as a whole can turn from one 
strip into another. 

The twin way of interpreting the bird problem is not to ask for a continuous 
motion, but only for a collection of bird positions. In this interpretation the sets 
considered need not be finite unions of rectangles or strips. This allows us to take 
a limit of repeated applications of Lemma 1| to get the following stronger theorem. 


THEOREM 4. There is a plane set K of measure 0 such that for every point p 
in the plane there is a line through p which is contained in {p}UK. 


To prove Theorem 4, it suffices to produce a set K of measure 0 which works 
for all p in some rectangle R, because then a countable union of such sets will work 
for the whole plane. It 1s easy to see how the same kind of argument which proves 
the two-wing lemma from the one-wing one gives also the following: 


LEMMA 2. Let B and W be horizontal strips with Bc W, and let R bea rec- 
tangle contained in B. Given a finite collection x, of strips covering R and «> 0, 
there is another finite collection s&, of strips such that 

(i) For every strip A in &,, AQ Wis contained in some strip belonging to &,. 

(ii) s, covers R. 

(iii) If K is the union of all A—(A QB) for AE x@,, then KAW has area 
less than «. 


Now let {W,} be an increasing sequence of horizontal strips whose union is the 
whole plane, and let {e,} be a decreasing sequence of positive numbers tending to 0. 
We shall define recursively a sequence {.%,} of finite collections of strips by repeated 
use of Lemma 2. Starting with a given rectangle R, Lemma 1 gives us a first collec- 
tion &, of strips, using W, and ¢,. Next divide B (and at the same time R) into two 
equal horizontal strips, and for each of them in place of B, apply Lemma 2 to #,, 
using W, and ¢,/2. Let , be the union of the two collections of strips which result. 
In general, when you have &,, to make #,,,, Band R are cut horizontally into 
2” equal parts and Lemma 2 is applied to #, on each part, using W,,, and ¢,4,/2". 
Then »,,, is the union of the 2” collections of strips which you get. This sequence 
of collections of strips has the following properties. 
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(i) For every strip A in @%,,., AN W,4, is contained in some strip belonging 
to &,,. 
(ii) /, covers R for each n. 


In more detail each ., is the union of 2"~* subcollections, each of which covers 
a particular horizontal slice through R. We define for each strip A an interrupted 
strip A by removing from A the parallelogram where it crosses the slice relevant 
to the subcollection to which A belongs. We then define a set K,, to be the union 
of all A for Ae &, and we have 


(iii) The area of K, A W,, is less than e¢,. 


Finally, define K to be the limit inferior of the sequence {K,}. This means K 
is the union of all intersections of tails of the sequence; K = LU, ();3,K;. It also 
means that a point q belongs to K if and only if qe K,, for all sufficiently large n. 
We shall see that K has the two properties claimed for it in the theorem. 

1. K has measure 0. Since K = ()(K 71 Wy), it suffices to prove that K A Wy 
has measure 0 for each N. Further, since K is the countable union of sets 
T, = ()i>nK;, it suffices to prove that each T, 7 Wy has measure 0. But for every 
index i greater than both n and N we have T, 1 Wy < T; 0 W,, which has area ¢,, 
tending to Oasi>m +o. 

2. For every point p in R there is a line L through p contained in {p} UK. 
First, there is a nested sequence {B,} of horizontal strips, obtained from B by suc- 
cessive bisections, which converges to the horizontal line through p. Next, for each 
n, RO B, is covered by one of the 2"~* subcollections of ,, so that there is a strip 
A, in this subcollection containing p. Each A, contains a line L, through p, and it 
can be seen from (i) that this sequence of lines converges to some line L. (If it were 
not so, we could still pass to a convergent subsequence.) We shall prove that L is 
the desired line, that is, if ge L, and q # p, then ge K. Since gq # p we can find N 
so large that q is not in the closed set By; at the same time make sure that gq is in 
the interior of Wy. Now choose a sequence of points {q,} converging to q such that 
g,¢L, for all n. We can suppose that q, 6 Wy — By for all n. Thenfori>n> N we 
have from (i) that g;e¢ L; A Wyo A; A W, < A,. Therefore, since g; ¢ By > By» 9; € Ap- 
This being so for all large i, and A being closed, g¢ A, < K,,. Since this holds for 
all n>N, qé€K by definition. 


4. Remarks. In [6] Davies proved the existence of a plane set of full measure, 
every point of which is linearly accessible, meaning that some line through that 
point meets the set in only that point. Clearly the complement of the set K of measure 
0 constructed in Theorem 4 has the properties of Davies’ theorem and a little more. 
Namely all points, in K as well as in its complements, are linearly accessible in K; 
put otherwise, in addition to having a linearly accessible complement, K is a union 
of lines. Actually, Davies’ example also has this extra property, but Davies was 
not looking for it. Moreover, Davies goes further: he gives a version in which each 
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point is covered by not just one line in K, but by uncountably many in every angle. 
Using his idea Theorem 4 could be strengthened in the same way. 

The power of Theorem 4 is revealed by the fact that it has as an easy consequence, 
with apparently plenty left over, the theorem of Besicovitch to the effect that there 
exists a plane set of méasure 0 containing lines in every direction. To see this let L 
be any straight line. Through every point p on L (let alone all the other points in the 
plane!) there passes a line contained in {p} UK. Now subject K to a projective 
transformation which takes L to the line at infinity, and adjoin to the image of K 
the image of the line at infinity. The new set has measure 0 and contains a line in 
every parallel pencil. 


5. Other problems. Besicovitch started the ball rolling by solving at the same 
time a pair of twin problems, the Kakeya problem and his own which ditfers from 
Kakeya’s in not requiring continuity of the motion. The solution to the Besicovitch 
problem is the stronger in two respects: measure 0 can be achieved for the set in 
question, and the moving figure is a line instead of only a segment. I have pointed 
out earlier the same twinship, both as to problems and solutions, between Theorem 2 
and the existence of thin sets of circles, and again between Theorem 3 and Theorem 4. 

Formulation of the twin to a given problem is not always obvious, however, 
and there is no guarantee that problems which look like twins will have matched 
solutions. For example, J. M. Marstrand and, independently, Davies [8] have proved 
the existence of a set of measure 0 containing a translate of every polygonal arc, 
a result of Besicovitch type. Moreover, Davies shows that the Kakeya twin of this 
result is false: a set containing two non-parallel segments cannot move continuously 
in a set of arbitrarily small area. 

There is no perfect twin to the spherical Kakeya problem for lack of a parallelism 
for great circles. The best one can do is take a reference circle, the equator, and ask: 
does there exist a set of measure 0 containing a great circle with every inclination 
with respect to the equator? I do not know. 

Theorem 4 can easily be made into an analogous theorem for the projective 
plane, and then answers a corresponding problem on the sphere, because the sphere 
maps two-to-one onto the projective plane. The spherical bird in this interpretation 
is a great circle with a pair of antipodal points as body and the rest wings. The 
Kakeya version of the bird problem, and the shrinking circular arc problem and its 
twin, can all be asked for the sphere. I believe their solutions will turn out to be 
similar to those of their planar analogue. 

Perhaps more interesting is the Kakeya problem in the plane for circular arcs 
of fixed radius and radian measure: can an arc be continuously moved by a rigid 
motion from one circular to another in a small area? How should a Besicovitch twin 
to this problem be formulated? 

Of course what makes the problems dealt with in this paper easy is that they 
have affirmative solutions. In the end, all that is required is a vigorous exploitation 
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of the fundamental technique invented by Besicovitch and perfected by Perron 
and Schoenberg. 
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ON USING A DIFFERENTIAL EQUATION TO GENERATE POLYNOMIALS 
TYRE A. NEWTON 


1. Introduction. Two articles in this MONTHLY, [3] and [5], are concerned with 
the differential equation 


(1) xy" —(x + N)y’ + Ny = 0, 
where N is a nonnegative integer, and the fact that it has the transcendental solution 
(2) y=e@ 
and the polynomial solution 
1 I 1 wn 
(3) yy(X) = b+ px tape? toe + yy , 


the Maclaurin approximation to e*. Due to the author’s interest in using the 
electronic analog computer to illustrate mathematical concepts (see, e.g., [6], [7], 
[8], and [9]), he found these articles to be of interest. 

To generate an Nth degree polynomial such as (3) direct on the analog computer 
would require a sequence of up to N integrators and/or multipliers, as well as ad- 
ditional summing amplifiers. Thus N need not be very large to soon exceed the 
modest capacity of many analog computer facilities. So, it appears that if one is to 
get a computer generated plot of an Nth degree polynomial he must turn to the 
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digital computer. However, in (1) the order of the equation is 2, independent of N, the 
degree of the polynomial solution, y,(x). Thus it would appear that if we simulate 
equation (1) with the electronic analog computer, then we can plot not only e*, but 
its Nth degree polynomial approximation for any N by merely changing initial 
conditions and coefficients in (1). 

The aims of this paper are to determine other equations which can be used to not 
only illustrate a given function, but to illustrate various polynomial approximations 
to that function, and to consider some of the problems that arise in their simulation 
with the electronic analog computer. 


2. A class of differential equations. We first note that equation (1) can be written 
in the form 


(1)’ (xD — N)(D— ly = 0. 

This leads us to the consideration of equations of the form 

(4) (xD — N)[P(x)D? + Q(x)D + R(x)|y = 0, 

where P, Q, and R are analytic at x = 0. It is immediate that solutions of 
(5) [P(x)D* + Q(x)D + R(x)]y = 0 


are also solutions of (4), and that if u = [ P(x)D? + Q(x)D + R(x)]y is a solution of 
(xD — N) u = 0 then y will be a solution of (4). 
For example, since (D — 1)e* = 0, and since both 


and 


it follows that both e* and y,(x) as defined by (3) are solutions of (1). 
Consider now the differential operator 


(6) L = P(x)D? + Q(x)D + R(x), 
where P, Q, and R are analytic at x = 0. Then for some r > 0 there exists sequences 
{o,}, {B,}, and {y,} such that for |x| <r, 
P(x) = 2 %x", Ox) = LD Bix", R(x) = LD yx". 
n=0 n=0 n=0 


Assume that there exists a solution of 


(7) Ly =0 
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which is analytic at x = 0. Thus for sufficiently small x, we can express this solution 
as 


(8) W(x) = Le,x". 
n=0 
Substituting the latter into (7) and equating coefficients of x” to zero, we find that 
(9) x LG + IG + 2)Cj42%n-j + (j + cpa Bi; + Cin 5] = 0 
j=0 
for n = 0,1,2,---. Applying (9), we find that 
N ‘ Ns 
(10) ad ( > cn" = Pyx + qnyx + Dry’, 
n=0 n=N+1 
where 
Py = — NIN + Den 41%, 


dy = —(N + I [L(Nay + Bolener +(N + 2)ooeysa], 
and forn =N+1,N+4+2,-°, 


N-2 N~-1 N 
ri = » Cj + GU + 2) C54 2%y-j + x Vj + I)cj41Bi-; + a CiYn- J 
=0 j=0 j=0 


J J 


It now follows that if (xD — N) is an annihilator of the right side of (10), then both 
the expansion (8) and its Nth partial sum 


N 
Yn(X) = py CyX" 
n=0 


will be a solution of (4). 


Consider now the special case of (6), “2 = D? + B)D + yo. The corresponding 
special case of (10) is 


N 
#( yy ens" = — N(N + Leyaix"~* —(N + LD [Boenar + (N + 2)ena2 |x”. 
n=0 
But with n = N in (9), we find that (N + 1) (N + 2)cna. +(N + L)Bocna1 = — CnYo 
hence 


N 
L ( di c,x" )= — N(N + Deya1x"~* + eyyox™. 
It now follows that 


N 
(xD — N)\L ( » ens" = N(N + I)cy 1x7! 


n=0 
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We now conclude that if a solution of (D* + BoD + yo)y = 0 has an expansion (8) 
in which cy,, = 0 for some N, then both (8) and its Nth partial sum will satisfy 


(xD — N)(D? + BoD + yo)y = 0. 
For example, recall that the null space of D* + 1 is spanned by cos x and sin x. 


Say that we choose y(x) = sinx. Then in the expansion 


y (—1)" 2n+1 


snx = an (n+ 1)!” 


we see that c,, = 0 for N = 0,1,2,---, and hence both y = sin x and 


_ (- 1)" 2n+1 
(11) Yonei(X) = 2 (Qn+ i)! 


are solutions of 

(12) [xD —(2N + 1)|(D? + ly = 0. 
As a second example, consider Bessel’s equation 

(13) x?y” + xy’ +(x? — m?)y =0 


for integer m, having as a solution the Bessel function 


_ 00 (— 1)*(x /2ym* 2k 
(14) Jnl) = & —ki(k+m)! 


In this case (6) becomes # = x*D? + xD 4 (x? — mi”) and it follows from (10) that 


M 

Mt+ + 

L ( » cnx") = Cy — 1x") + ey x™*?. 
n=0 


In (14), Cop4in-1 = 0, hence for M = 2N +m, it follows that 


N (= 1)(x /2)™*24 (- 1) M(x /2)24tm*2 
* (= Tein —"WlN+m! 


Since [xD — (2N + m + 2)] is an annihilator of the term on the right, it follows 
that both J,,(x) and its (2N + m)-th partial sum is a solution of 


(15) [xD —(2N + m+ 2)|[x?D? + xD + (x? — m?)|y = 0. 


3. The electronic realization. The direct electronic realization of equations such 
as (1), (12), and (15) still presents a problem. In each case, x = 0 is a singular point; 
direct simulation will first entail division by a power of x, the coefficient of the 
highest ordered derivative. This usually introduces realization difficulties in a neigh- 
borhood of x = 0. However, we can get around this difficulty by using the technique 
of introducing new dependent variables and a new independent variable (see Hausner 
[2, pp. 36-52], and Korn and Korn [4, pp. 56-57). 


596 T. A. NEWTON [June-July 


For equation (12), let 


d*y 
= D2 = 
u = (D* + l)y qx +y 
and 
dy 
(16) I 
Then 
dv 


But, for the second solution, we want [xD — (2N + 1)]u = 0, hence 


du (2N + 1l)u 
1 —_—_— SS -_——— | 
(18) dx x 


Now say that x, y, u, and v are functions of t and that dx /dt = x for non-zero 
constant €. It follows from equations (16), (17), and (18) that any orbit of 


[ x (x 


d y Xv 
(19) a =¢ 
dt | y (2N + lu 
v | xu—y) | 


will project onto a solution of equation (12) in the x-y plane. In particular, that 
solution of (19) satisfying the initial condition 


{ x(0) ( x 
y(9) y(x) 
(20) = 
u(0) (D? + 1)y(x) 
v(0) | Dy(x) J x=x0 


projects onto that solution of (12) in the x-y plane that satisfies the given initial 
values y(X9) and y’(xo). Notice that there is no division by x in (19). 

The sign of € in (19) determines the direction that the point (x(t), y(t), u(t), v(t) 
travels along the orbit of (19) as t increases. Another interpretation of € is that of a 
time scale factor; its sign determines whether we are going forward or backward in 
time and its magnitude determines the speed. 

Figure | shows plots of projections of solutions of (19) onto the x-y plane for 
initial conditions defined by (20) with y(x) = y,y4,(x) as defined by (11) for 
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\ yi) ¥'5(X) 


yo(X) vy 3(X) 


Vi7(X) 


_~ 
) 


¥'45(X) 


Yat X 
. 3( ) y (x) 
V1 i(X) 


Fic. 1 


N = 0,1,2,3,4,5,6,7, and 8, and increasing x9. For N = 0, plots were made for 

€ <0 and € >0; the remaining plots were made for € > 0. Thus we are simulating 

polynomial approximations to sin x of degrees | through 17 by varying only one 

coefficient in the 4 dimensional system (19) and by varying the initial conditions (20). 
In a similar manner for equation (15), let 


(21) u = [x*D? + xD + (x? — m’)]y. 
Then [xD — (2N + m+ 2)|u = 0, hence 


du (2N+m+2)u 
dx x 


It follows from (21) that 


Let v = x(dy /dx) and 


dv _ut(m*—x?*)y 
dx x 


We then introduce the parameter t by considering the equation 
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{x [ x 
d |v | v 
(22) 7. =¢ 
u (2QN +m-+ 2)u 
v | u+(m* — x*)y | 


for non-zero constant €, subject to the initial conditions 


[ x(0) f x 
| y(0) y(x) 
(23) = | 
u(0) [x?D? + xD + (x* — m?)]y(x) 
v(0) J xDy(x) J x =XoO 


599 


Note that if we wish to use the x-y projection of (22) to describe J,,(x), then in 
(23), y(x) = J,,(x), u(O) = 0, and hence u(t) = 0. We then need only to consider the 
first, second, and third entries of vector equation (22) with u = 0. Figures 2, 3, and 4 


Fic. 4 
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show views of some of these solutions for m = 1. In Figure 2, we see orbits in x-y-v 
space for x(0) = 16, y(0) = J,(16), v(0) taking on values between —.450 and —.105, 
and € <0 so that x(t) 0 as t> + o. In Figure 3 we view these orbits from down 
the positive x axis. Figure 4 shows the projections of these orbits onto the x-y plane. 
The darker curve in Figure 4 is the graph of J,(x). Figure 5 shows the projection of 
the orbits of (22) onto the x-y plane for m = 1, where in the initial conditions (23), 


N (— 1)*(x /2)?**} 
V(X) = Yonai1(X) = 2 —kl(k+i1! _ 


for N = 3,6,9, 12,15, and 18. Thus, in making Figure 5, we have used only four 
integrations, and two multiplications of time dependent variables in order to illustrate 
polynomials of degree up to 37. 


Y 
Y,3(x) 
Y,5(x) 
Y35(X) 
J (x) 
~~ V/ “\ ie 
Y3,(X) 
Y(%) ¥, (x) 
Fic. 5 


Recall that the orbits in Figures 2, 3, and 4 came from the first, second, and third 
entries of (22) with u = 0 and m = 1. We rewrite the resulting three dimensional 
equation in the quasilinear form 
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[ x fe 0 OF [x [ 0 
(24) “ y = | 0 0 € y + 0 
v | 0 € Of Lvj L —ox*y J 


Since the eigenvalues of the constant matrix on the right are A = €, €, —é, it follows 
from a theorem of Coddington and Levinson [1, Theorem 4.1] that for € <0, there 
is a two dimensional manifold S in the x-y-v space containing the origin with the 
property that any solution of (24) originating on S will tend to the origin as t—> + oo, 
and any solution originating off of S will be bounded away from the origin. Figures 
2, 3, and 4 illustrate this theorem in that the initial points (16, /,(16), v(0)) for each 
curve vary over a vertical line which passes through S. 
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AN ELEMENTARY PROOF OF THE KRONECKER-WEBER 
THEOREM 


M. J. GREENBERG 


A recently published textbook on Galois theory [Gaal] attempted unsuccessfully 
to give a proof of the Kronecker-Weber theorem without using any number theory 
(the book is quite useful for students despite this flaw). This famous theorem asserts 
that any Galois extension K of the field Q of rational numbers whose Galois group 
is abelian must be a subextension of a field obtained from Q by adjoining roots of 
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unity —in brief, every abelian extension of Q is cyclotomic. In teaching an intro- 
ductory course in algebraic number theory, I decided to present a proof of this 
theorem, using as little machinery as possible, so that the students could see a 
substantial result early in the game. The idea for such a proof goes back to Hilbert, 
with later simplifications by Weber and Speiser. Since all recent number theory 
texts give the impression that class field theory is needed to prove the K-W theorem, 
it seems worthwhile to revive this more elementary proof. The key tool is ramification 
theory. We shall quickly review the facts needed (the main reference is [Zariski- 
Samuel], abbreviated [Z-S]). 

Let k be a finite extension field of Q, K a finite Galois extension of k of degree n, 
G its Galois group. Let A be the ring of all algebraic integers in K, 1.e., the ring of 
all numbers in K which satisfy a polynomial equation with ordinary integer coef- 
ficients and highest coefficient one. If SB is a prime ideal of A, its intersection with k 
is a prime ideal p in the ring © of integers of k. Let K = A/$, k = O/p be the 
residue fields, which are finite fields of orders g/, q respectively. 


Fact 0. The ideal pA generated by p is equal to a power product 
CBB, * Bo) 


where ‘8, = 8 and the other ‘B,’s are images of ‘$B under automorphisms in G. 
The numbers e, f, g, n satisfy [Z-S, p. 289] 


n=efg. 


The exponent e is called the ramification index of 8 over p. If e = 1 (resp., 
=n) we say p is unramified (resp. totally ramified) in K. The decomposition 
group Z of 8 consists of all o€G which leave ‘$B invariant: o($) = Y%. It has a 
descending chain T=V,2V,2:---2V,;2:-- of normal subgroups defined as 
follows: If A is the ring of integers in K, each o€Z induces an automorphism a, of 
the ring A/38/*'; the assignment g—o,; is a homomorphism of Z, and V; is by 
definition its kernel. T is called the inertia group of 8 and the other V; are the 
higher ramification groups of ‘$B. 


Fact 1. For j = 0, the homomorphism o > gy induces an isomorphism of Z/T 
onto the Galois group G of the residue extension K/k [Z-S, p. 292]. In particular, 
Z/T is cyclic, generated by the coset of an automorphism o such that 


ox = x! (mod $B) 
for all xe A [ Lang, p. 17]. 


Fact 2. Let e be the ramification index of ‘$8 over p. Then e is the order of the 
inertia group T. If g = (G: Z), then efg =n. If Ky is the fixed field of T, and 
%, = 8 Kz, then $B; has ramification index 1, i.e., is unramified over p, whereas 
$8 is totally ramified over $3, [Z-S, pp. 291-2]. 
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Fact 3. T/V, is isomorphic to a subgroup of the multiplicative group K* of K, 
hence is cyclic and its order divides g/ — 1. For each j 2 1, V;/V,4, is isomorphic to 
a subgroup of the additive group of the residue field K; hence if k has characteristic 
p, then V;/V;4, is either trivial or a direct product of cyclic groups of order p. For 
j sufficiently large, V; itself is trivial [Z-S, pp. 83 and 295]. 


Fact 4 (Minkowski’s Theorem). For every finite extension K of the field Q of 
rational numbers, K #Q, there exist primes which ramify in K [Weiss, p. 215; 
Lang, p. 120], and there are only finitely many ramified primes [Z-S, p. 303]. 


Fact 5. If m is a positive integer, let €(m) denote a primitive mth root of unity. 
A cyclotomic extension of Q is by definition a subfield of Q(¢(m)) for some m. The 
composite of any finite number of cyclotomic extensions is cyclotomic. Q((m)) is 
an abelian extension of Q whose Galois group is isomorphic to the multiplicative 
group of units in the ring Z/mZ of integers mod m. If p is an odd prime, then for 
all r, Q(C(p’)) is cyclic of order p"~'(p — 1), whereas for r = 3, Q(C(2")) is the direct 
product of two cyclic groups, one of order 2’~* and the other of order 2 generated 
by the automorphism ¢ > (¢7'. For any prime p and any r, p is the only ramified 
prime in Q(C(p")) and it is totally ramified (except when p = 2, r = 1). For any 
m > 2, the ramified primes in Q(¢(m)) are the primes dividing m [ Weiss, pp. 256-263 ]. 

We also need the following fact from Galois Theory, which is an easy consequence 
of the Theorem on Natural Irrationalities. 


Fact 6. If K, L are Galois extensions of a field k with Galois groups G, H, and 
KL is the compositum of K and L, then KL is a Galois extension of k, whose Galois 
group is canonically isomorphic to the subgroup of G x H consisting of those pairs 
(o,t) such that o and t have the same restriction to K OL. The isomorphism mentio- 
ned assigns to an automorphism p of KL over k its pair of restrictions (p | K, p | L). 

We now begin the proof, proper with the following improvement of Fact 3. 


LEMMA 1|. If Z/V, is abelian, then T/V, is cyclic of order dividing q — 1. 


Proof. Localizing if necessary, we may assume ‘$ is a principal ideal generated 
by some element z. Then for each o€Z, on = a,x, where a, is an integer of K not 
divisible by SB. If d, is its residue mod ‘B, then the assignment o> d, induces the 
isomorphism of T/V, into the multiplicative group K* mentioned in Fact 3 [Z-S, 
p. 295]; let te T be such that the coset of t mod V, generates T/V,. Let oe Z induce 
the Frobenius automorphism & > &4 of K/k (Fact 1). For simplicity, write 

on =an, t= bn, oto tn = cn 


and notice that a~ ‘x = a~1(a)~ +n. The hypothesis that Z /V, is abelian tells us that 
é = b. We compute c: 


ota—'n = ot(a~1(a)~!x) = a(ta'(a)~1bn) = ata '(a)~1a(b) an 


so c = ota~'(a)~1 a(b)a. Reduce this equation mod 88, remembering that t, is the 
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identity and o(b) = o(b) = 5%; we get ¢ = 6, hence 54-1 = 1, which proves 
Lemma 1. 


LEMMA 2. If the Kronecker-Weber theorem holds for cyclic extensions of 
prime power order, then it holds for all abelian extensions. 


Proof. By the fundamental theorem on abelian groups, the Galois group G of 
the abelian extension K of Q is the direct product of subgroups G, each cyclic of 
prime power order. If K, is the fixed field of [], 4, G,, then K;/Q has Galois group 
isomorphic to G,, and K is the composite of all the K,’s. So if each K;, is cyclotomic, 
K is also (Fact 5). 


LEMMA 3. Suppose K is an abelian extension of Q of prime power degree 
A", It suffices to prove that K is cyclotomic under the additional assumption that 
every prime p#A is unramified in K. 


Proof. Suppose p # A is ramified in K, and ‘B is a prime ideal of K lying over p. 
Then p does not divide the order of any quotient of subgroups of G, so by Fact 3, 
all higher ramification groups V,, j 2 1, of ‘B are trivial. The order of T is a power 
A" of the prime 2. Since k = Q, gq = p, so by Lemma 1, 


p=1 (mod 4"). 


Since Q(C(p)) is cyclic of degree p — 1 (Fact 5), it has a unique subfield L which is 
cyclic of degree A” over Q. 

Furthermore, p is totally ramified in Q(¢), hence p is totally ramified in L, and no 
other prime is ramified in Q(€)—a fortiori, in L (Fact 5). 

We now form the composite extension KL of Q, which has degree 4"*", v Su. 
Let SB’ be a prime ideal of KL lying over ‘$8, T’ the inertia group of ‘B’ over p, H the 
Galois group of L/Q. Restriction to K maps T’ into T, so by Fact 6, T’ = Tx H. 
The order of T’ is at least A” (since the ramification index of SB’ over p is at least 
that of $8 over p). As before, the higher ramification groups of ‘8’ are trivial, so T’ is 
cyclic (Fact 3). Since no element of Tx H has order > A”, T’ must have order 
exactly A". Let K’ be the fixed field of T’, 9B” = $B’ OK’. Then SB” is unramified over 
p (Fact 2). Moreover K’ VN L=Q, since SB” OL is both unramified and totally 
ramified over p. Since [KL: K’] =A" =[L:Q], it follows that [K’L:Q] 
= [K':Q][L:Q] =[KL:Q], so K'L= KL. Thus K would be cyclotomic if it 
could be shown that K’ is. The advantage of K’ is that p no longer ramifies in K’. 
Moreover, no new primes ramify in K’, since such a prime would be ramified in KL, 
yet its inertia group in KL is contained in the product of its inertia groups in K and 
L (Fact 6), both of which are trivial. So by repeating this process, we shall eventually 
eliminate the finitely many primes p # A, which are ramified. 


COROLLARY 1. Let K be an abelian extension of Q of prime power degree 
A™, and suppose that p#4 is the only prime ramified in K. Then p is totally 
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ramified in K, 
p=1 (mod 4”), 
and K is the unique subfield of Q(€(p)) of degree 4"; K /Q is therefore cyclic. 


Proof. The field K’ constructed above is unramified over Q, hence K’ = Q 
(Fact 4), so K = L. 


COROLLARY 2. If K is an abelian extension of Q of odd degree, then 2 is un- 
ramified in K. 


Proof. For the argument above showed V, trivial and Lemma 1 implies T is 
also trivial (q = 2). 

We are therefore reduced to the case of degree 2” with A the only ramified prime. 
This case separates into two subcases depending on whether A is odd or 4 = 2. 


LEMMA 4. Let K be an abelian extension of Q of degree 4", 4. an odd prime, in 
which d is the only ramified prime. Then K /Q is cyclic. 


Proof. If T is the inertia group of a prime A lying over A, then J is unramified in 
the fixed field of T (Fact 2), so by Minkowski’s Theorem (Fact 4), T is the entire 
Galois group, hence A is totally ramified. Therefore, g = A, f = 1, and K is the 
finite field with A elements. Since a power of A does not divide A — 1, Fact 3 tells us 
that V,; = T and for each j 2 1, V;/V;4, is either trivial or cyclic of order A. 


SUBLEMMA |. If m = 1, i.e, [K:Q] = A, then V, is trivial. 


Proof. Localizing, we may assume the prime ideal A to be principal, generated 
by x. Let f(X) be the minimal polynomial of z over Q; let v be the valuation of K 
associated to A. Say V,,, is the first trivial ramification group, so V; is the whole 
Galois group G. We claim 


(1) (fm) =G+ DU- Dd. 


Namely, f(z) is the product of all x — oz as o runs through all automorphisms other 
than the identity, ie., ce V;—V,,,, and o(a — on) = j +1 ([Z-S, p. 296]. 
On the other hand, 


f'(n) = Ant! +.,_ (A 1)n*-7 + 4 ay. 
The a; are integers, and since / is totally ramified in K, v(A) = A, so 
v(a;) = 0 (mod A). 
Therefore the valuation v, of the term involving z*~' in f’(z) satisfies 
v; =A-— i (mod 4), 


whence all these terms have different valuations and v(f’(z)) equals the minimum of 
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the v,; Thus 
(2) 22—1 = v(An*~') 2 of f(z). 


Combining (1) and (2) yields 2A-— 1 2(j + 1) (A—1). Since 2> 2, the only j2 1 
satisfying this inequality is j = 1, so V, 1s trivial. 

Returning to the case m > 1, we will show that K /Q is cyclic by showing V, is 
the unique subgroup of the Galois group G = V, of index 4. 

Let H be any subgroup of index / in G, K’ its fixed field, G’ = G/H the Galois 
group of K’ over Q, V; the jth ramification group of K’. By restriction to K’, V; maps 
into V;. According to the sublemma, V, is trivial. Hence V, < H. Applying this, in 
particular to the case where H = JV, is the first ramification group which is not all 
of G, we see that j = 2 and V, has index 2. Hence V, is the unique subgroup of 
index A. 


LEMMA 5. The Kronecker-Weber theorem holds for abelian extensions of Q 
of degree 2", where 2 is an odd prime. 


Proof. By Lemma 3 and Fact 4, we may assume A is the only ramified prime in 
K. Let € be a primitive 1”*!-st root of unity, and let K’ be the unique subfield of 
Q(¢) which has degree A” over Q (recall that Q(¢) is cyclic of order A"(A — 1) over 
Q — Fact 5). Then J is the only ramified prime in K’ (Fact 5). 

We claim K = K’: Otherwise 1 would be the only ramified prime in the composite 
abelian extension KK’, which has degree > 4”. By Lemma 4, KK’ is cyclic over Q, 
but by Fact 6, no element of its Galois group has order greater than 4” —con- 
tradiction. 


COROLLARY. If K is an abelian extension of Q of degree 4", 4 an odd prime, 
in which 2 is the only ramified prime, then K is the unique subfield of Q(((A"*')) 
of degree 2”. 


LEMMA 6. Every quadratic extension of Q is cyclotomic. 


Proof. One reduces immediately to the case of Q(,/ + p), p prime. For p = 2, 
this field is contained in Q(¢(8)), as follows from the equation 


(1 + i)? = 2i. 
For p odd, let € = ¢(p). Consider the pth cyclotomic polynomial 
F(X) = XP71 4+ XP7F +e te X41 
and its discriminant 


A= |[T @- ey. 


1Si<jSp-1 


which is a square in Q(¢). An easy calculation [Weiss, p. 265] shows that 
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A = (— 1) 1/7 p?-?, Hence 


Vt peQ@s, / — 1) = Q((4p)). 
LEMMA 7. Every cyclic extension K of Q of degree 2” is cyclotomic. 


Proof. By induction on m: The induction starts with Lemma 6. Assume m > 1. 
By Lemma 3 and Fact 4, we may assume 2 is the only ramified prime in K. We may 
also assume K embedded in the field of complex numbers. Complex conjugation 
restricted to K is either the identity or is an automorphism of order 2, so its fixed 
field is real and has degree at least 2”~* over Q. Since K /Q is cyclic, it has a unique 
quadratic subfield K’ which must be real. Since furthermore 2 is the only ramified 
prime in K’, K’ = Q( /2) [ Weiss, p. 235]. 

Let € be a primitive 4nth root of unity, where n = 2” = [K:Q]. Then the 
subfield 


L=Q¢+¢"') 


of Q(¢) is cyclic of degree n over Q with 2 as its only ramified prime (Fact 5). Again 
its unique quadratic subfield is Q( ,/2). Hence the degree of KL over @ 1s less than 
n* and the Galois group I of KL over Q is a proper subgroup of Gx H, 
G = Gal(K /Q), H = Gal(L/Q) (Fact 6). Choose generators a, t of G, H respectively 
which agree on LM K. Then (o,t)e€T and (0,7) generates a subgroup A of order n. 
The fixed field F of A has degree 2” over Q, where r < m, and 21s still the only ramified 
prime in F. By inductive hypothesis, F is cyclotomic. Moreover, only the identity 
automorphism in A restricts to the identity on L. Thus FL= KL and K is 
cyclotomic. 
Our sequence of lemmas proves the Kronecker-Weber theorem. 


Note: Richard Niles has pointed out to me that Lemma 4 and Corollary to 
Lemma 5 are valid under the weaker assumption that K/Q is Galois— it is not 
necessary to assume K /Q is abelian. For the proof of Lemma 4 shows that the Galois 
group G has a unique normal subgroup of index J. Since G is a A-group, this implies 
G is cyclic [Hall, p. 176]. 
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PROGRAMMING AS A DISCIPLINE OF MATHEMATICAL NATURE 
E. W. DIJKSTRA 


In this article I intend to present programming as a mathematical activity without 
undertaking the arduous task of supplying a definition of ‘“‘mathematics” that will 
please all mathematicians, nor of defining “programming” in a way that is palatable 
to all programmers. 

With respect to mathematics I believe, however, that most of us can agree upon 
the following characteristics of most mathematical work: 

(1) Compared with other fields of intellectual activity, mathematical assertions 
tend to be unusually precise. 

(2) Mathematical assertions tend to be general in the sense that they are applicable 
to a large (often infinite) class of instances. 

(3) Mathematics embodies a discipline of reasoning allowing such assertions 
to be made with an unusually high confidence level. 


The mathematical method derives its power from the combination of all these 
three characteristics; conversely, when an intellectual activity displays these three 
characteristics to a strong degree, I feel justified in calling it “‘an activity of mathe- 
matical nature,” independent of the question whether its subject matter is familiar 
to most mathematicians. In other words, I grant the predicate ““mathematical nature”’ 
rather on the guo modo than on the quod. 

A programmer designs algorithms, intended for mechanical execution and 
intended to control existing or conceivable computing equipment. These — usually 
electronic — devices derive their power from two basic characteristics. First, the 
amount of information they can store and the amount of processing that they can 
perform, in a reasonably short time, are both large beyond imagination. And as a 
result, what the computer can do for us has outgrown its basic triviality by several 
orders of magnitude. Second, as executors of algorithms, computers are reliable and 
obedient, again beyond imagination: as a rule they indeed behave exactly as 
instructed. 

This obedience makes heavy demands on the accuracy with which the programmer 
instructs the machine: if the instructions were to produce non-sense, the machine 
will produce non-sense. Inexperienced programmers often blame the machinery 
for its strict obedience, for the impossibility to appeal to the machine’s “common 
sense;”” more experienced programmers realize that it is exactly its strict obedience 
that enables us to use it reliably, to forge it into a sophisticated tool that we would 
never be able to build if the executor of our algorithm had the uncontrolled freedom 
to interpret our instructions in ‘‘the most plausible way.” As a result, the competent 
programmer does not regard precision and accuracy as mean virtues: he knows 
that he could not work without them. 
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The programmer’s work is also always “‘general’’ in the sense that each program is 
able to evoke as many different computations as we can supply it with different 
input data. An assertion about a program is an assertion about the whole class of 
possible computations that could be evoked under control of it and “designing an 
algorithm” is nothing more nor less than “designing a whole class of computations.” 
So the programmer’s work also shares the second characteristic. 

Finally, what about the confidence level of his work? Well, it should be very 
high for two reasons. Firstly, a large sophisticated program can only be made by 
a careful application of the rule “Divide and Conquer” and as such consists of many 
components, say N; if, however, p is the probability that an individual component 
is correct, then the probability P of the whole aggregate being correct satisfies some- 
thing like P S p%. In other words, unless p is indistinguishable from 1, for large N 
the value P will be indistinguishable from zero! If we cannot design the components 
sufficiently well, it is vain to hope that their aggregate will work at all. Secondly, its 
confidence level should be very high if we, as society, would like to rely upon the 
performance of the algorithm. And we do rely on algorithms when we use machines 
for air traffic control, banking, patient care in hospitals or earthquake prediction. 

Now honesty compels me to admit that today, on the average, the confidence 
level reached by the programming profession is not yet what it should be. 

From a historical point of view, this sorry state of affairs is only too under- 
standable. The tradition of programming is very young and has still many traceable 
roots in the recent past, when machines were still rather small and programming 
was not yet such a problem. (Before we had machines, programming was no problem 
at all!) But in the last ten to fifteen years, the power of available machinery has 
grown at least with a factor of a thousand, thereby completely changing the scope 
of the programming profession. 

The old technique was to make a program and then to subject it to a number of 
testcases where the answer was known; and when the testruns produced the correct 
result, this was taken as a sufficient ground for believing the program to be correct. 

But with growing sophistication, this assumption proved more and more to be 
unjustified until, some five years ago, it surfaced in the form of “‘the software crisis.” 
One of the first considerations of what was later to emerge as “programming methodo- 
logy’’ was this question of the confidence level : “How can we rely on our algorithms ?” 

An analysis of the situation quite forcibly showed that program testing can be 
used very convincingly to show the presence of bugs, but never to demonstrate their 
absence, because the number of cases one can actually try is absolutely negligible 
compared with the possible number of cases. The only way out was to prove the 
program to be correct. 

The suggestion that the correctness of programs could and should be established 
by proof was met with a great amount of scepticism. (In the mean time, many older 
people had already accepted as a Law of Nature, that each program is bound to 
contain bugs!) The scepticism, however, was not without reason. 
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To start with, it was not clear what form such correctness proofs could have. 
You cannot build a proof on quicksand; you must have axioms, in this case an axi- 
omatic definition of the semantics of the programming language in which the pro- 
gram has been expressed. It was only after a few efforts that a technique for semantic 
definition emerged that could serve as a possibly practical starting point for correct- 
ness proofs. | 

When people then tried to give correctness proofs for existing programs, the 
result of that effort was very disappointing: the proofs were so long, intricate and 
clumsy, that they failed to convince. And also this disappointment can still be traced 
in the scepticism of many. Three discoveries have changed the scene. 

The first discovery was that the amount of formal labour needed to prove the 
correctness of a program could depend very heavily on the structure of the program. 

The second discovery was that of a few useful theorems about program constructs 
and thanks to them we no longer needed to go all the way back to the axioms all the 
time. 

The most drastic discovery, however, was the last one, that what we then tried, 
viz., to prove the correctness of a given program, was in a sense putting the cart 
before the horse. A much more promising approach turned out to be letting correct- 
ness proof and program grow hand in hand: with the choice of the structure of the 
correctness proof one designs a program for which this proof is applicable. The 
fact that the correctness concerns act as an inspiring heuristic guide is an added 
benefit. 

If I ended this article with the above optimistic note I could create the wrong 
impression that now the intrinsic difficulties of programming have been solved, 
but this is not true: the best I can say is that now we have a better insight into the 
nature of the difficulties of the programming task. In my closing paragraphs I hope 
to convey this nature, at the same time sketching the intellectual demands made upon 
the competent programmer. 

A programmer must be able to express himself extremely well, both in a natural 
language and in formal systems. The need for exceptional mastery of a natural 
language is twofold. First it is not uncommon that e. g., English is the language in 
which the problem is communicated to him and in which he must describe his inter- 
pretation or modification of the problem. This circumstance has been a source 
of many misunderstandings to the extent that there is a wide-spread belief that, 
e. g., English by its very nature is inadequate for that communication task. I don’t 
believe it (although sloppy English certainly is!). On the contrary: I always have 
the feeling that our natural language is so intimately tied with what we call under- 
standing that we must be able to use it to express what we have understood. Secondly, 
we should not close our eyes for the fact that formalization, in a sense, is always 
“after the fact’ and that therefore natural language is an indispensable tool for 
thinking, in particular when new concepts have to be introduced. And this is what 
a programmer has to do all the time: he has to introduce new concepts — not 
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occurring in the original problem statement — in order to be able to find, to describe 
and to understand his own solution to the problem. For instance, when asked to 
construct a detector, analysing a string of characters for the occurrence of an in- 
stance of the — nicely formally defined — syntactic category “sentence,” he may 
find himself led to the introduction of a completely new syntactic category “‘proper 
begin of a sentence,” i. e., a string of characters that is admissible as the opening 
substring of a sentence but not yet a complete sentence itself. After having established 
that this is indeed a useful concept for the characterization of some intermediate 
stages of the computational process, he will proceed by manipulating the given 
formal syntax in order to derive the formal definition of this new syntactic category. 
In other words, given the problem, the programmer has to develop (and formulate!) 
the theory necessary to justify his algorithm. In the course of this work he will often 
be forced to invent his own formalism. 

Such demands, of course, are common to most mathematical work, but there 
are reasons to suppose that in programming they are more heavy than anywhere 
else. Besides the need for precision and explicitness, the programmer is faced with 
a problem of size that seems unique to the programming profession. When dealing 
with ‘‘mastered complexity,’ the idea of a hierarchy seems to be a key concept. 
The notion of a hierarchy implies that what at one level is regarded as an unanalyzed 
unit, is regarded as a composite object at the next lower level of greater detail, for 
which the appropriate grain (say, of time or space) is an order of magnitude smaller 
than the corresponding grain appropriate at the next higher level. As a result, the 
number of levels that can meaningfully be distinguished in a hierarchical composition 
is approximately proportional to the logarithm of the ratio between the largest and 
the smallest grain. In programming, where the total computation may take an hour, 
while the smallest time grain is in the order of a microsecond, we have an environ- 
ment in which this ratio can easily exceed 10° and I know of no other environment 
in which a single technology has to encompass so wide a span. 

It seems to be the circumstance sketched in the above paragraph that gives pro- 
gramming as an intellectual activity some of its unique flavour. The concepts he 
introduces must be highly effective tools for bringing the necessary amount of 
reasoning down to an amount that can be done. And also the formalism he chooses 
must be such that his formulae do not explode in length, a regrettable phenomenon 
that is bound to occur unless the programmer pays conscious care to measures for 
avoiding that explosion. A final consequence of the hierarchical nature of his arte- 
facts is the competent programmer’s agility with which he switches back and forth 
between various semantic levels, between global and local considerations, between 
macroscopic and microscopic concerns, an ability that has been described as “‘a mental 
zoom lens.” This agility is bewildering for those unaccustomed to it. 

If I contrast the preceding concept of programming with my impression of 
“the standard mathematical curriculum” (I hope I am fair), I observe the following 
differences in stress: 
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(1) In the standard mathematical curriculum the student becomes familiar 
(sometimes even very familiar!) with a standard collection of mathematical concepts, 
he is less trained in introducing new concepts himself. 

(2) In the standard mathematical curriculum the student becomes familiar 
(sometimes even very familiar!) with a standard set of notational techniques, he is 
less trained in inventing his own notation when the need arises. 

(3) In the standard mathematical curriculum the student often only sees problems 
so ‘‘small’’ that they are dealt with at a single semantic level. As a result many students 
see mathematics rather as the art of organizing their symbols on their piece of paper 
than as the art of organizing their thoughts. 

If, on the other hand, I have given some of my readers the first germs of the 
feeling that to an inventive and effective mathematician the field of programming 
may provide the area par excellence in which to find his challenge and bring his 
abilities to bear, then I have fulfilled one of my most cherished aims. 
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THERE’S A DELTA FOR EVERY EPSILON (Calypso) 
Words and Music by Tom Lehrer 


There’s a delta for every epsilon, But one condition I must give: 
It’s a fact that you can always count upon. The epsilon must be positive 
There’s a delta for every epsilon A lonely life all the others live, 
And now and again, In no theorem 
There’s also an N. A delta for them. 


How sad, how cruel, how tragic, 
How pitiful, and other adjec- 

Tives that I might mention. 

The matter merits our attention. 

If an epsilon is a hero, 

Just because it is greater than zero, 
It must be mighty discouragin’ - 
To lie to the left of the origin. 


This rank discrimination is not for us, 
We must fight for an enlightened calculus, 
Where epsilons all, both minus and plus, 
Have deltas 
To call their own. 


QUERIES 


EDITED By A. C. ZITRONENBAUM 


This Department welcomes queries from readers about mathematics at the collegiate level, such 
as sources for exposition of a particular topic from a special point of view, references to vaguely remem- 
bered articles, descriptions of special kinds of courses or teaching methods, and methods for constructing 
illustrative examples for exercises of particular kinds (questions on research topics should, in general, 
be addressed to the “Queries Department” of the Notices of the American Mathematical Society). 
Replies will be forwarded to the questioner and may also be edited into a composite answer for publi- 
cation in this Department. Consequently all items submitted for consideration for possible publication 
should include the name and complete mailing address of the person who is to receive the reply. Queries 
and answers should be sent to A. C. Zitronenbaum, Department of Mathematics, Cornell University, 
Ithaca, NY 14850. 


Replies to Query 1. Treatments of the problem can be found in D. St. P. Bernard, 
Adventures in Mathematics, Funk and Wagnalls, New York 1968, Ch. VIII (W. Bart- 
lett, J. D. E. Konhauser, T. C. Wales), and L. A. Graham, Ingenious Mathematical 
Problems and Methods, Dover, New York 1959, pp. 66-68 (R. Mansfield). 


Replies to Query 2. A proof may be found in S. S. Cairns, Introductory Topology, 
Ronald Press, New York 1961, pp. 4-6 (D. E. Christie, J. Di Paola) or in Section 2.7 
of L. R. Ford, Jr. and D. R. Fulkerson, Flows in Networks, Princeton University 
Press, Princeton, 1962 (D. Rubin). 


MATHEMATICAL NOTES 
EDITED BY DAVID ROSELLE 


Material for this Department should be sent to David Roselle, Department of Mathematics, 
Louisiana State University, Baton Rouge, LA 70803. 


MORE ON INVOLUTIONS OF A CIRCLE 
W. F. PFEFFER 


An elementary proof that two free involutions of a circle have a coincidence 
point was given in [4]. The purpose of this note is to show that the existence of a 
coincidence point can actually be established for any two involutions of which 
one is free and the other effective. It will also be shown that an involution of a circle 
has a fixed point if and only if it commutes with a free involution. The methods of 
proof are as elementary as those of [4]. 

In a complex plane C we shall consider the unit circle S = {zeC: |z| = 1} 
and the open unit disc D = {zeC:|z| <1}. A continuous map a: S > S is called 
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an involution of S if oc? = go a is the identity map of S. An involution o of S is 
called effective if it is different from the identity map, i.e., if o(x) # x for some 
x ES; it is called free if it has no fixed points, i.e., if o(x) # x for allxeS. 

If z,,z,¢€C and z,; #2z,, we shall denote by (z,,z,) the open line segment 
connecting z, and z,, and by (2,,Z,, 00) the open half-line from z, through z,. 
Hence (z;, 22) = {tz. + 1—1)z,:0<t <1} and (z,, 22, 00) = {tz, + (1—2)z,:t > 0}. 
If z,; = Z, we set (Z;,Z,) = © while (z,, 22, 00) we leave undefined. For we D and 
zeéeS we define «,(z) to be the unique intersection point of S and (z, w, oo). Clearly, 
for all we D, «,, is a free involution of S. In particular, «9(z) = —z and so @ is the 
antipodal map. 

We state a slightly stronger version of a lemma which was proved in [4]. Its 
proof is quite analogous to that given in [4] and it is therefore left to the reader. 


LemMa. Let o be an involution of S. If o is free then (x, a(x)) N(y, a(y)) ¥ @ 
for all x, yeS. Ifo is not free then (x,a(x)) N(y,o(y)) = @ for all x, yeS 
and x # y, o(x) # y. 


COROLLARY 1. Let a, and co, be two different free involutions of S. Then 
0,902 47% 0,00,. 


Proof. Since o, # a, there is a zeES such that o,(z) # o,(z). It follows im- 
mediately from the lemma that o,[0,(z)| 4 o,[0,(z)] (draw a picture!). 


COROLLARY 2. Let o be an effective involution of S. Then o is either free or 
it has precisely two distinct fixed points. 


Proof. There is a zeES such that o(z) ¥ z. If o is not free, then by the lemma, 
in each open arc determined by points z and o(z) there is at least one fixed point 
of og. An obvious connectivity argument will show that these fixed points are unique. 


PROPOSITION 1. Let a be an involution of S. Then o has a fixed point if and 
only if there is a free involution t of S such thatt A candtoag =aot. 


Proof. If such a t exists then, by Corollary 1, o has a fixed point. Hence suppose 
that o has a fixed point. We may assume that a is effective, for otherwise it suffices 
to set, ¢.g., tT = &%. By Corollary 2, o has precisely two distinct fixed points, say 
x and y. Choose ze S — {x,y}. From the lemma it follows that 


(9) No) # B 


and we denote the intersection point by w. Let Aand B be those closed arcs deter- 
mined by points x, z and x, o(z), respectively, which do not contain point y. For 
ueAUa,(A) set tu) = a«,(u) and for veBUa,(B) set tu) = aoa,0 a(u). It 
follows immediately that t is a free involution of S (draw a picture and use the 
lemma!). Moreover, cot=tOgd=ao0a, on AU4a,(A) and gcot=tOG= 
a, coon BUa,(B). 
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PROPOSITION 2. Let o, and o, be two involutions of S.If o, is free and a, is ef- 
fective, then there is a zéS such that o,(z) = a,(z). 


Proof. We may assume that a, is not free, for otherwise the proposition follows 
from [4]. Since o, is effective there is an xeS such that o,(x) # x. Suppose 
o,(x) 4 o,(x) (for if o,(x) = o,(x) there is nothing to prove) and consider the 
closed arc A determined by points x, o,(x) and a,(x). Let B be the closed subarc of A 
determined by points o,(x) and o,(x). According to the lemma we have either 
o,(B) < o,(B) or o,(B) < o,(B) (draw a picture!), and so either o, 0 og, OF 0,0 a, 
maps B into itself. Because B is homeomorphic to the unit interval [0,1], there is 
a zéB such that o,(z) = a,(z). 

By z* we denote the complex conjugate of zeC. Letting o,(z) = z* and 
g,(z) = —z* for all ze S, we have defined two effective involutions of S with fixed 
points but no coincidence point (for ¢, 0 o, = 0,0 a1 = 4%). Since a free involu- 
tion has clearly no coincidence point with the identity map we see that Proposition 2 
cannot be improved. 


COROLLARY 3. Let o be an involution of S. Then either o(z) = —z for some 
zeS or o(z) =2 for all zeS. 


The reader should compare this with the analogous corollary in [4]. 


COROLLARY 4. If o is an effective involution of S, then 
D= VU, es(Z, 9(z)). 


Proof. Clearly (z,o(z)) < D for all zeS. Choose we D. Then by Proposition | 
there is zeES such that o(z) = «,(z). But this implies that we(z, o(z)). 


REMARK. Corollaries | and 2 are special cases of general results due to P. A. 
Smith (see [3], Appendix B, and [5]). The author does not know if Proposition 1 
and 2 can be generalized to higher dimensional spheres. In [1], 36.6, p. 89, Propo- 
sition 2 has been proved for arbitrary spheres provided both involutions were free. 
However, the argument used there does not directly apply if one of the involutions 
is only effective. For an arbitrary sphere Corollary 4 was proved in [2] for a free 
involution and in [6] for any effective involution. 

We note that all these generalizations are obtained by fairly sophisticated methods 
of algebraic topology. 

A careful analysis of the arguments employed in [4] and in this paper yields 
an interesting generalization. 

Let f: S > S and let zeS. If f(x) 4 z and f[f(z)] = z, then z is called an 
involutory point of f. If, in addition, f(y) €{z,f(z)} implies ye{z,f(z)}, then z 
is called a simple involutory point of f. Clearly, all involutory points of an injective 
map are simple. 


PROPOSITION 3. Let f:S — S bea continuous map with an involutory point 
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and suppose that f is either free or an involutory point of f is simple. If o is a free 
involution of S, then there is a zES such that f(z) = o(z). 


Proof. If f is free we can repeat verbatim the proof of the Proposition in [4]. 
Hence suppose that f has a simple involutory point x eS and that f(z) # o(z) for 
all zeS. Let S — {x,f(x)} = AUB, where A and B are disjoint open arcs and let 
A~ and B™ be closures of A and B, respectively. Orient S and denote by ~< the 
induced orderings on A” and B’. Without loss of generality we may assume 
that o(x)¢A and that o(x) <o[f(x)]; note that this has meaning, for by the lemma 
o[ f(x)]¢A (draw a picture!). Clearly either f(A) c A or f(A) CB. If f(A) cA 
denote by C the closed subarc of A~ determined by points f(x) and o(x). According to 
the lemma o(C)<A™ and so we can define a set M = {zEC: f(z) <a(z)} which 
is open and closed in C. Since C is connected, o(x)eM and f(x)¢M, we have a 
contradiction. If f(A) < B we denote by D the closed subarc of A determined by 
points a(x) and o[ f(x)]. It follows from the lemma that o(D) = B~- and so we 
can define a set N = {zeD: f(z) < o(z)} which is open and closed in D. Because D 
is connected, o[ f(x)|—eN and o(x)¢N, we have again a contradiction and the 
proposition is proved. 


Coro.uary 5. If f: S > S is the map from Proposition 3, then 
D= U-es(z,f(Z)). 


The proof is the same as that of Corollary 4. 

Leta = \/ 2(1 + J —1)/2 and denote by A and B the smaller arc of S determined 
by points a, a* and a, —a*, respectively. By C we shall denote that arc of S deter- 
mined by points a*, —a* which does not contain a. We define a continuous map 
f:S—S by setting f(z) = z./—1 if ze A, f(z) = —z* if zeB, and f(z) = a32? 
if z€C. This map has two involutory points but it is not free and has no simple 
involutory points. Since 0¢(z,f(z)) for all zeS, we see that the assumptions of 


Proposition 3 and Corollary 5 are essential. 


NotE. It would be interesting to generalize Proposition 3 or Corollary 5 to higher 
dimensional spheres. 
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A THEOREM ON k-SOLUBILITY OF LINEAR EQUATIONS 


RICHARD RADO 


Let D be a set and S a condition on elements x,, x,,--:, x, of D. For each positive 
integer k, we say that the condition S is k-soluble in D_ if, whenever 
D=D,UD,U>: UD,, there is an index ie {1,2,---,k} and a choice of elements 
X4,°°',X, Of D; such that S(x,,°++,x,) is true. Van der Waerden [1] proved that for 
each pair k, n of positive integers, the condition 


S,2X%,—-X. =X. —-X3 = = X,-1 —-X, #0 


is k-soluble in some set {1,2,---,f(k,n)}. 
A seemingly weaker proposition is [3] 


THEOREM 1. For each pair k,n of positive integers, the condition S,, is k-soluble 
in the set of all complex numbers. 


One might hope that Theorem 1 can be proved more easily than van der Waerden’s 
theorem. It is the purpose of this note to establish a general transfer theorem (Theo- 
rem 2, stated below) which shows that basically Theorem 1 cannot be proved more 
easily than van der Waerden’s theorem, in view of the fact that Theorems 1 and 2 
immediately imply the latter. 

For, let us assume Theorem 1 and Theorem 2. In Theorem 2 put p = 2. By 
Theorem 1, the system 


SiX; —X2 =X, —Xg3= ++ = X,-1 —X, #0 


is k-soluble in the set of all real two-dimensional vectors. For our purpose we may 
identify such vectors with complex numbers. By Theorem 2, there is a finite set F 
of vectors of the form (x,,0) with x, rational, such that the condition S is k-soluble 
in F. By multiplying with a common denominator of the numbers x,, we obtain 
a finite set F* of vectors of the form (y,,0), where the y, are integers and, again, 
the system S is k-soluble in F*. But this is the same as van der Waerden’s theorem. 

Theorem 2 asserts the existence of a finite set of rational numbers which has 
a certain property. However, it must be admitted that the proof that follows is a 
pure existence proof, yielding no upper estimate, however crude, for the numerators 
and denominators of the elements of this finite set. 


THEOREM 2. Let m, n, p be positive integers and let a,, be rational numbers, 
for we {1,--,m} and ve{l,---,n}. Let X be the space of all real p-dimensional 
vectors and M be a subset of X x X x. x X (n factors). If p = 1, then M is an 
arbitrary open set of real numbers (we identify real numbers with one-dimensional 
vectors), and if p>1, then M is a set of the following form. Certain pairs 


(B,, V1)» (B, Y2)s oer) (B,s ‘) > 
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where 1S 8B, Sn, 1S, Sn, are given in advance. Then 
M {(x1, +5 Xq) 


Assume that the condition 


Xp, FX, fori sp sr}. 


S: 2 a,x, =0, 1S usm, (x,°",x,)EM 


is k-soluble in X. Then there is a finite set F of vectors of the form (x,,0,---,0) 
with x, rational such that the condition S is k-soluble in F. 


Proof. For sets A and B, let the relation A € B express the condition that A 
is a finite subset of B. In [2] the following selection lemma is proved. 


Let A and N be sets and A, € A for ve N. Suppose that, for each L € N we 
are given a choice function f,: L> A such that fi(v)eEA, for ve L. Then there 
is a choice function f*: N + A such that, given any L € N, there is M with 
LoM EN and f*() = fy) for veL. 


We now deduce from this lemma that there is F° € X such that the condition S 
is k-soluble in F°. In the lemma put A = {1,2,---,k}; N = X; A, =A for veN. 
Assume that there is no set F° € X such that the condition S is k-soluble in F°. 
Then, for every L € N, there is a function f,: L— A such that Lcontains no solu- 
tion of S on which the function f, 1s constant. Consider the function f* which is 
given by the selection lemma. By hypothesis, the condition S is k-soluble in N. 
Hence there is a solution (x,,-:-,x,) of S such that f*(x,) = --- = f*(x,). Now 
apply the conclusion of the lemma to the set L = {x,,---,x,}. We find a set M with 
LEM EN, such that f*(x;) = fy(x; for 1S isn. But then f,,(x,)=-° 
= fy(x,), which contradicts the definition of fy. Thus the condition S is k-soluble 
in some set F° = {x,+++,x)} € X. We remark that this step of the proof is 
completely non-constructive. 

Let T(y,,°°:, y,) denote the condition given by the following requirement. When- 
ever 


Or, OH, E{1,-+-, U} and > OyyXz, = 0 


for all w, then 
XY AyyYx, = 0 


for all yw. Since the a,, are rational, the general solution in real vectors y, of the 
equations in T can be obtained in the form 


(Yass y:) = 7 t(Yo1s°**s Yat)» 


where the y,, are fixed vectors with rational components and the t, are independent 
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real parameters. Then 
0 10) 10) 
(X;, X)) = > te (Yo; “#5 Yaa) 
for some real 72. 


Let ¢ >0. Choose rational numbers t such that | t3 —?? | <e for all o and 
put 
(xt, m8 x; ) = Xt3 (Yer oa) You) . 
Then the components of the xj are rational. Make « so small that (Xp000 Xz, € M 


whenever «1, ++", a, € {1, +++, /} and (Com vee, Xr) E M. This is possible since Mi is Open. 


We also stipulate that x; # x} implies xj 4 x;:. 

I claim that the condition S is k-soluble in the set 

F* = {xi,--, x}. 

Let Fi = FL U-+ UF,. Put FP = {x?|xjeF;} for l Sisk. Then F°=U Ff, 
and by definition of F°, there is an index ie {1,---,k} and a choice of numbers 
ay,°++,0,E{1,-,J} such that x2,,-+,xj,6F; and S(x,),-,x,) is true. Then 
Xa) Xq,EF} and S(x},,+++,X,,) is true. 

Case 1. p= 1. Then the assertion holds for F = F'. 

Case 2. p>1. Choose a positive integer u such that all vectors UX) have in- 
tegral components. Let v be a positive integer which is greater than every difference 
between two elements of the set of components of the vectors ux,. Put 


w= (i, 20, (2v)’, a) (2v)?~ *) , 


Then it follows from the basic property of the representation of integers in the scale 
of 2v that, for A,4’¢ {1,--,]}, whenever x; # xj, we have uwx; #4 uwx;, (here wx 
denotes the scalar product). We put 


F? = {(uwx;,0,---,0)|1 SA J}. 
I claim that the set F* has the property required of F. First of all, the 
uwx, are integers. Now let F? = F{ U--» UF?. Put 
Fj = {x; | (uwx;, 0, - --0)eF) for {<isk}. 


Then F! = (JF;, and by what has been proved above, there is an index ie {1,-++,k} 
and a choice of numbers «,,-+-,0,€{1,---,/} such that x,,,---,x,€F;, and 
S(xj,.°')X,,) is true. Then (uwx;,,0,---,0)eF; for all v, and also 


S(uwx;,,0,°,0), ISvSn, 


is true. This proves Theorem 2. 
I wish to express my thanks to Peter A. Rado for valuable suggestions he made 


to me when I was writing this note. 
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UPPER BOUNDS FOR THE NUMBER OF LATTICE POINTS OF CONVEX BODIES 
J. BOKOWSKI AND J. M. WILLS 


Let K be a convex body of the three-dimensional Euclidean space E*, let V = V(K) 
be the volume of K, A = A(K) its surface area, M = M(K) its integral of average 
curvature, r= r(K) and R= R(K) the radii of the insphere and the circumsphere 
of K, respectively, and L = L(K) the number of lattice points in K (points with 
integer coordinates). Let @; = V(S) = 47/3 denote the volume of the unit sphere 

= {x/|x| S 1}. 

The number of lattice points L(K) and the volume V(K) are closely related. 
Thus for example V(K) = | L(K,) dt, whereby K, = K + t denotes K translated by 
teW= {x/ | xi| <4; i = 1,2,3}. One is led then to estimate L(K) in terms of 
V(K). But this would give us only a very rough estimation. We me 1tion without 
proof that L(K) S 6V(K) + 3, provided K contains a convex hull of lattice points 
which is three-dimensional. For better estimates we need further functionals. It is 
known, for example, that V—(A/2) < L[1] and 

3n_ M J3n 


_ -f ; 
L<V+ V354+7 ats (Wills [3, (5)]). 


The conjecture 


M 
L<ve 24 4 
2 1 


(equality holding if and only if K is the convex hull of lattice points and every one- 
dimensional face of K is parallel to a coordinate axis) (Wills [3, (6)]|), remains up 
to now unproved. We shall show 


THEOREM. The number of lattice points of a convex body K is less than or 
equal to the volume of the outer parallel body of K at the distance 1 = w;*!> © 0.62: 


(1) L(K) S V(K +AS). 


It is not possible to replace 4 by 4’ <2. 
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COROLLARIES: 
(2) SV +AF+17M +1, 
(3) LS o,(R+A)°, 
yl 3 
(4) Ls ( + “) V. 


Inequalities (3) and (4) are best possible in the same sense as the theorem. 
For analogous results and conjectures for all dimensions see Wills [3]. The at- 
tempt to carry over the method of proof applied here to higher dimensions appears 


to fail. 
Proof. The corollaries are direct consequences of the following well-known 
relations: 


V(K +AS) =V+AF +2°M + A?o, (Steiner’s formula), 
V(K + AS) S w3(R + A)* (volume of the circumsphere), 


3 
V(K + 4S) S$ ( + -} V (Hadwiger [2, p. 66]). 


That A in the theorem cannot be replaced by a smaller number is trivial (take 
K = {0}). 

Let E> be divided into cubes with edges of length one and corners at lattice points. 
Let C be such a cube and let P be a corner of C. If Pe K, we can construct a set 
Q(P,C) as follows. Because V and L are invariant under movements of K which 
transform the lattice into itself, it is enough to explain the construction for P = Po 


= (0,0,0) and 
C= Co = {(X1,%2,x3)/0 S$ x; S 1, i = 1,2,3} 
after a previous movement B with B(P) = Py and B(C) = Cy. Let 
P, = (1,0,0), P, = (0,1,0), P; = (0,9, 1), 
P, = (0,1,1), P, = ,0,1), P; = (,1,0), and Po = (1,1, 1). 


For P,¢éK we distinguish four cases: 

(a) P,€éK, i = 1,2,3, 

(b) P,eK for exactly one i, say P}EK, and P,¢éK, P3¢K. 
(c) P,;¢K for exactly one i, say Pye K and P,eK or P3eEK, 
(d) P;¢€K for at least two i, say P,,P,€K. 


For P)éK let Q = Q(Po,C,) be the following set: 
Case (a): Q0 = {x/| x| <MAC), 
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Case (b): Q = {x/|x,| $4, x3+x3 Sa'}NC), 


Cases (c) and (d): Q = {x/ | x;| <4,i1=1,2,33}NC). 


These sets Q have the following properties: 

(1) VQ) ==, 

(2) VQNQ’) = Ofor any twoQ = Q(P,C) and Q' = Q'(P’,C’) with O # Q’, 

(33) Oc K+AS. 

From (1), (2), (3) it follows that L(K) = %,V(Q,) < V(K + AS). (2) and (3) 
remain to be proved; (1) is trivial. 

Proof of (2): It suffices to compare only sets Q < Cy and Q’ CC). 

Case (a): Then at most P;eK, i = 0,1,2,3. The distance between Py and a 
P;is = /2 but A < 4/2. Thus none of the possible sets 0; = Q'(P;, C,)) has a non- 
empty intersection with 0 = Q(Po, Co). 

Case (b): Then at most P or Po belong to K. But Q’(P},Co)) and Q'(P5, Co) 
do not intersect Z = {x/xj7 +x} <1'}. 

Case (c): 1. Q’(P{, Co) is a cube or P, €K. All the sets Q ¢ Cy are then cubes 


whose intersections are at most two-dimensional. 


2. QO'(P;, Co) is a part of a sphere. As under (a) we can see that Q'(P;, Co) inter- 
sects none of the cubes Q(Py,Cy), Q(P;,Co), ete. 


Case (d) turns out as case (c) except that Pg takes over the role of Pj. 
Proof of (3): Case (a) is trivial. 


Case (b): PoP, ¢ K and A>? imply Qc PoP, 4ASCK +AS. 
it it 


Case (c): If Pye K, then P, = (4,4,0)e€K, and because = + i6 + m < }* 


0.38, we have Qc {P,}+A4S < K +AS. Similarly for Pye K. 


d 


Case (d): P,eK, i=0,1,2. Then again Pye K and Oc K+AS. 
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|F-SO) | S_& | FOG -Foe-s| 


IA 


K K 1 
< k<F|x—y|+1< (5+ 2)Ix-yI) 


It follows that f satisfies the LCL, and the theorem is proved. 

Theorem 2 shows, in particular, that for functions having convex domain uni- 
form continuity and the SCS property are equivalent. 

The final example shows that the conditions imposed on the domain of the 
function in Theorem 2 are sufficient, but not necessary, for the equivalence of uni- 
form continuity and the SCS property. 


EXAMPLE 2. Let D = {(x,y):0<x<1 and —x+sini/x<y<x+sin1/x}. 
Since D is bounded, uniform continuity and the SCS property are equivalent for 
functions on D. However, curves in D from the point (1/z, 0) to the points (1/nz, 0) 
are arbitrarily long for large values of n. Thus D does not satisfy the hypotheses 
of Theorem 2. 

The SCS property can be defined for a function from a metric space X to a metric 
space Y by replacing the Euclidean distances by the corresponding metrics in the def- 
inition given. After minor changes, including a reformulation of the hypotheses 
on D in Theorem 2, the results of this paper are valid in a metric space context. 


This work was initiated by Mr. Telste under the direction of Professor Klopfenstein in an NSF 
sponsored Undergraduate Research Participation Program at Colorado State University, summer, 
1971. 
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SPECTRAL RADIUS AND RADIUS OF CONVERGENCE 
H. K. WIMMER 


Let A = (a;;) be a complex m x m matrix with eigenvalues 2,,-:-,A,,.. The 
spectral radius (A) is defined as 


p(A) = max | Axl - 


1sksm 


In this note we use the traces of the successive powers of A to derive a formula for 
(dA). We recall that 


TrA = a, = LA, and TrAY = DY dy. 
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THEOREM. 


(1) p(A) = limsup ./|Tr A’). 


Proof. If p(A) = 0, (1) is obvious. We assume p(A) > 0. For |z| < 1/p(A) the 
order of summation can be changed in D7. U°-9 Azz” and the power series 


(2) ~ TrA”’ z” 


v=0 


(a power series with coefficients Tr A”) can be transformed in the following way 
[2, p. 26] 


yr Tr A’z” = E Tr(zA)” | zr (A)"| = Tr — zA)~' = E ! 
v=0 


v=0 v=0 k=1 1- Zl, 
Let R be the radius of convergence of (2), then 
R~* = limsup V|TrA”| ; 


As the singularities of (2) are given by z = 1/A,, A, 4 0, the radius of convergence 
can also be expressed as 


; 1 1 1 
R = min —— = ——__ = —_. 
Jax]  max|a| (A) 
Thus R™’ = limsup,., /|Tr A’) = p(A). 
We note that the mapping A || A|| = |TrA| assigns to every complex square 
matrix A a real number | A||, satisfying the following axioms: 


I | Al 20. 
II. cA = lc A| for any complex number c. 
I. | A+B] < | Al + | Bll, ifthe sum A+ B exists. 


Let us call such a mapping a matrix seminorm. We have proved that for the 
seminorm || A|| = | Tr A| 


(3) p(A) = limsup Al 
holds. It is obvious that there are seminorms (take A = 0 for a trivial example) 


for which (3) is not true. If Axiom IJ is replaced by the stronger axiom 

I*,. A #0 implies | A | >0-, 
then is called a generalized matrix norm [1, p. 61]. For any such generalized 
matrix norm the spectral radius is given by [1] 


A 


p(A) = lim 4/|| A”. 
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We point out the following problem: What are the conditions for a matrix 
seminorm which is not a generalized matrix norm such that (3) holds? 
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A PARTITION IDENTITY OF THE EULER TYPE 
D. R. HICKERSON 


The celebrated Euler identity in the theory of partitions can be stated as follows: 


EULER’S THEOREM. The number of partitions of n of the form n=b)+ by +++ +b, 
where, for0 Sis s—1, b,>b);,,, is equal to the number of partitions of n 
into odd parts. 


Many generalizations of this identity are known (see [1] and [2]). In this paper 
we ask the question whether similar identities exist if the condition b; > b;,, is 
replaced by b; = rb;,,, where r is a positive integer. The following theorem shows 
that there exists such an identity for each positive integer r. 


THEOREM. If f(r,n) denotes the number of partitions of n of the form 
n= bo +b,+-+::+),, where, forO SiS s—1, b; 2 rb;,,, and g(r,n) denotes 
the number of partitions of n, where each part is of the form 1+r+r7+-- +r! 
for some i = 0, then 


f(r,n) = g(r,n). 


Combinatorial Proof. A partition counted by g(r,n) may be represented as 


bt+bte+b,= 4 Lart= ¥ 


Also, forO si< s—1, 
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b= Lar t= Yar t=r Y ar” = rbj,,. 
j=i jsitl j=iti 
Therefore, by + b; +++: + 5, is one of the partitions counted by f(r,n). 

This constitutes a mapping from the set of partitions counted by g(r,n) into the 
set of partitions counted by f(r,n). It therefore suffices to show that this mapping 
is 1-1 and onto. 

Note that a, = b, and, for 0S iS s—1, a; = b;—rb;,,. Therefore, the b,’s 
uniquely determine the a,’s. That is, the mapping is 1-1. 

Let bo + by +++: + b, be a partition counted by f(r,n). For 0Si<s-—1, 
let c; = b; — rb;,,. Let c, = b,. Then 

s—l 


Le(dtrtrt-e- tr) = LX (b—-rby )dtrte +r)t+b(ltrt-- +7) 
=0 i=0 


i= 


s-1 


= LDbitree tr)—r Do, 0 ¢rt- +r) 
i=0 i=0 


Also, since 6; 2 rb,,, for OSisSs—1, ¢ 20 for OSigs—1. Finally, 
c, = b,>9, so that 


he(l+r+ rp? piece +p!) 

i=0 
is one of the partitions of n counted by g(r,n). It is easily seen that, for 
O<iss, b;= Ljz,c,r’'; so the partition Liio¢g(l+rt+r?+--+r) is 


mapped to the partition bh) + b,+--- + b,. Therefore, the mapping is onto, and 
the proof is complete. 


Proof Using Generating Functions. For N = 0, let d(r,n; N) denote the number 
of partitions of the type enumerated by f(r,n) with the added restriction that each 
part is < N, and, for N <0, let d(r,n;N) = 0. Let 

d(N,q) = & (r,n;N)q". 
n=0 
Clearly 
vy, {{N 
(A) d,(N, 4) = d(N— 1a) + 4%4,(|—],4).. 


Therefore if 


ultsg) = E d(Nege = EE (rns Nae’, 


N=0 n=0 
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then, by (A), 


Therefore 


1 — tq" 
u{t,q) = Tapa cay ee 4) 
(1 —_ tg’ *") 2 lay 
(HG mtg) — arth 


4) 


= (yt Fanner 

Let 
(B) vdtg) = Dutta) = TP a= sigemrrerry 
Then v,(t,q) = (1-1) Lean Lo P(r, n; N)q"t®; that is, 
©) wtq) = E Bryn 0q" + EE (My N)— Hm N—Dya"e 
From (B), o,(1,q) = []%o (l—a"*"*"*"*)-1, But, from (C), 

utoa) = © [Ole ms0) + E (Hs miN) ~ 6rsmN—Dy]g" = E fone 
Then 


oG 


g(r, n)q", 
@) 


io @ ie. 6) 

x f(r, n)q" _ I] (1 gh tetrtrtlyat _ 
n=0 i=0 n= 
and the proof is complete. 

I wish to thank the referee for suggesting the second proof. 
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RESEARCH PROBLEMS 
EDITED BY RICHARD Guy 


In this Department the Monthly presents easily stated research problems dealing with notions 
ordinarily encountered in undergraduate mathematics. Each problem should be accompanied by 
relevant references (if any are known to the author) and by a brief description of known partial 
results. Mannscripts should be sent to Richard Guy, Department of Mathematics, Statistics, and 
Computing Science, The University of Calgary, Calgary 44, Alberta, Canada, T2N 1N4. 


DECOMPOSITION OF A CUBE INTO SMALLER CUBES 
CHRISTOPH MEIER 


The following problem is originally due to H.‘Hadwiger, Bern. 

Let I" (n = 2) denote the n-dimensional unit cube. By D(n) we mean the set of 
numbers ke N such that there exists a decomposition (in the sense of elementary 
geometry) of I” into k homothetic n-cubes of smaller, not necessarily equal, size. 
F.g., D(2) consists of all numbers ke N except 2, 3 and 5 as shown by the figure: 


| eos 


By cutting one square into four parts we get k + 3 € D(2) from ke D(2). By 6,7, 8 € D(2) 
we therefore conclude k € D(2) for k 2 6. We easily find 2, 3,5 ¢ D(2), too. 

Let c(n) denote the smallest number with the following property: for every 
k 2 c(n), k belongs to D(n). E.g., c(2) = 6 and as far as we know c(3) S 48. Does 
c(3) = 48 hold? 

By a few arguments we prove the existence of c(n): 

(1) If a,be D(n) and v,neN U {0}, then 


c= 1+ vwa-—1)+ p(b—-1eD(n). 


(This statement can be generalized on a finite set of numbers a,é D(n).) 

(2) If p,qeEN with (p,q) = 1, then every number k = (p—1)(q-—1) is of the 
form k = vp + pq with suitable v, ue N VU {0}. 

(3) 2" and (2"—1)" — (2"—2)" + 1 eD(n); the second number is constructed by 
decomposition of J" into (2"—1)" n-cubes of edge-length 1/(2"—1) and then re- 
arranging (2"—2)" of them to a n-cube of edge-length (2"—2)/(2"—1). 

If we combine (1) and (2) we have c(n) S 1 + (a—2)(b—2) if a,beD(n), and 
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(a—1,b—1) = 1. (3) yields a and b: of course (2"—1,(2"—1)" — (2"—2)") = 1. 
Therefore the existence of c(n) is proved. Further 


c(n) < (2"—2)((2"—1)" — (2"—2)"— 1) +1. 


Another somewhat greater upper bound was given earlier by W. Pliiss [2]. 

This estimate of c(n) is of order 2” and does not seem very good. Actually we 
believe in the existence of an upper bound of c(n) of the form r" where re R is a con- 
stant, maybe 6 or even smaller, or a function r = r(n) differing not much from a 
constant function. 

Our question is therefore to find a better upper bound for c(n) (or even the exact 
value, which might be difficult and probably solvable only in small dimensions) 
or a characterization of the set D(n) or its complement. E.g., we might investigate 
the gaps of D(n) with respect to N. H. Hadwiger (private communication) showed 
by a short inductive argument 1 <k<2">ké€D(n) and 2"°<k<2"42""' = 
k € D(n). In higher dimensions the number of gaps will increase. 

The challenge of the problem seems to us to lie in the strange mixture of geo- 
metrical and number-theoretical reasoning: 

On one hand there is geometry as in statement (1) which can be completed by 
an old theorem of Dehn [1] which states that all ratios of edge-length of the par- 
ticipating cubes must be rational. Therefore, by decomposition of I" into k" parts 
with suitable k great enough and rearranging kj,k5,--- of them (k; < k, not too 
many) to greater parts, every me D(n), m S c(n) can be attained. But no system of 
rearrangement is known to us. 

On the other hand, there are diophantine equations with positive solutions as 
in statement (2) and other number-theoretic problems. E.g., all numbers of the 
form k"—(k—1)"+1, k>1 belong to D(n). By condition (p,q) = 1 in (2) we 
are invited to deal with the factorizations of the quasi-Mersenne numbers 
k" — (k—1)", especially for k < 2"—1 yielding relatively small and easily describable 
numbers for our purpose. The numbers k” — 1 will occur, too, if we rearrange n-cubes 
Starting with Dehn’s theorem. 
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632 L. FEJES TOTH 
A COVERING PROBLEM 


L. Feses TOTH 


By plates we mean congruent replicas of a centro-symmetric convex domain 
arranged in some way in the Euclidean plane. It is known [1, 2,3, 4] that the density 
of an arbitrary packing of plates cannot exceed the density of the densest lattice 
packing of the plates. Probably this theorem has a dual. The density of an arbitrary 
covering of the plane with plates is never less than the density of the thinnest lattice 
covering. 

This conjecture can be proved under a certain restriction which seems to be 
automatically fulfilled in the case of an economical covering. The difficulty is to get 
rid of this restriction. 

Two plates are said to cross each other if the removal of their intersection causes 
each plate to fall into disjoint components. It can be proved [1, 2, 3, 5] that the density 
of a covering with non-crossing plates is never less than the density of the thinnest 
lattice covering. Thus the following problem arises: Can a finite number of plates, 
covering a convex region, always be rearranged so as to cover the region without 
any two of them crossing? 

Unfortunately the answer is negative. A counterexample, due to A. Heppes, 
is a Square, covered with two hexagons, whose vertices are the midpoints of the 
sides of the square and a pair of opposite vertices of the square. It can be shown 
that one of these hexagons cannot cover a connected part of the boundary of the 
square whose length is one half of the perimeter of the square. Therefore the square 
cannot be covered without the two hexagons crossing each other. 

In the case of two plates the topological and metrical possibilities of a rearrange- 
ment are very restricted. Therefore it is imaginable that in the case of more than two 
plates a similar counterexample does not exist. 

As a first approach to the problem mentioned in the introduction we suggest the 
following more special problem: Can three plates covering a convex region always 
be rearranged so as to cover the region without crossing each other? 
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TOPOLOGICAL PROPERTIES OF MANIFOLDS 
D. B. GAULD 


The main purpose of this paper is to collect together some of the folklore of the 
subject: results which some people suspect but have never proved nor seen in print 
and which other people seem to be unaware of. 


DEFINITION. By an m-manifold (or just manifold) we mean a space M™ in which 
each point has an open neighbourhood homeomorphic to either R” or 


H™ = {(X4, °°; X,) ER": X_ 2 OF. 


R™ has the usual Euclidean topology and H” the subspace topology. 
Most authors require their manifolds to satisfy further properties: at the least 
manifolds are usually also paracompact and Hausdorff. 


EXAMPLE. Let R be the real line (usual topology) and let S be any set with 
ROS = {0}. Let X = RUS. For each xeER, let 


B(x) = {Nc R:N is a neighbourhood of x in R}, 


and for each xeS, let 
B(x) = {CN — {0}) U {x}: N is a neighbourhood of 0 in R}. 


Topologise X by declaring {B(x): xe X} to be a system of basic neighbourhoods. 
The space X is essentially R with 74(S) origins. 

X is a separable 1-manifold, the rationals forming a countable dense subset. 
If S has more than one element, then X is not Hausdorff, since points of S cannot 
be separated by disjoint open sets. If S is infinite, then X is not paracompact, since 
if for each x ES we let 


U, = (R — {0}) U {x}, 
then {U,:xeS} is an open cover of x, having no locally-finite open refinement. 


Every compact subset of X contains only finitely many members of S, so if S is 
uncountable, then X is not o-compact. 


THEOREM 1. Let M™ be a manifold. Then M shares all of the local properties 
of R™ such as local compactness, local connectedness, local path connectedness, 
local metrizability, first countability, etc. 
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THEOREM 2. Every paracompact Hausdorff manifold is metrizable. 
Proof. See [1, Theorem 2]. 


THEOREM 3. Let M be a manifold. Then properties (i), (ii) and (iii) below are 
equivalent and each implies property (iv): 

(i) M is o-compact; (ii) M is Lindeldf; 

(iii) M is second countable; (iv) M is separable. 


Proof. The implications (i) = (ii), (ili) = (ii) and (iii) + (iv) hold in any space. 
Since the proofs of these implications are straightforward, we omit them. 

(ii) = (i) holds in any locally compact space. Indeed, for each xeM, let K,, 
be a compact neighbourhood of x in M. Then {Int K,: x eM} is an open cover of 
M which, since M is Lindeldf, must have a countable subcover, say {Int K,:n=1,2---}. 
Then {K,, K>,,---} is a countable collection of compact sets whose union is M; 
so M is o-compact. 

It remains to verify (ii) > (ii). Since M is Lindeléf, we can find a countable 
open cover of M, say {U,:n = 1,2,---}, where each U,, is homeomorphic to either 
R™ or H™. The spaces R”™ and H™ are each second countable, so U,, must also be 
second countable: for each n, let {V,,: p = 1,2,-:-} be a countable basis for U,,. 
Then 

{Vapi typ = 1,2,-++} 


is a countable basis for M. Thus M is second countable. 


REMARK. The example shows that (iv) is rot in general equivalent to (i) and hence 
to (ii) and (iii), since in the case where S is uncountable, X is a separable manifold 
which is not o-compact. In Theorem 8 below we shall see that (iv) implies the other 
properties if we also assume the manifold to be paracompact. 


THEOREM 4. A manifold is connected if and only if it is path connected. 


Proof. Every path connected space is connected. Conversely, if M is a connected 
manifold, then for each xe M, let P, denote the path component of x in M. The 
set P, is open since M is locally path connected. If ye M, then either P, A P, = © 
or P, = P,. Thus M — P,, is open, being the union of all path components of points 
not in P,. Hence P, is both open and closed, so by connectedness of M we have 
P,. = M. Thus M is path connected. 


DEFINITIONS. Let X be a space. A family ¥ of subsets of X is star-finite if for 
each F,¢éF the set {Fe F: FO Fy # O} is finite. The space X is strongly para- 
compact if every open cover of X has a star-finite open refinement. 


LEMMA 5. Every paracompact, lotally compact space is strongly paracompact. 


Proof. Let Y be an open cover of the paracompact, locally compact space X. 
For each x eX, choose an element U,eW with x e U,,. Let C,, be a compact neigh- 
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bourhood of x, let O,, denote the interior of C,, and let K, = O, © U,,. Consider 
HA = {K,:xeX} which is an open refinement of %. Let W be a locally-finite 
open refinement of “. VY is also an open refinement of %. 

The family V is star-finite. Indeed, given V)eV, then there is a ye X with 
Vo < C,. Since Y is locally-finite, for each x € C, we can find a neighbourhood N, 
of x such that {[VeEV: VON, # QO} is finite. By compactness of C,, a finite sub- 
family, say {N,,---,N,}, of {N,:xeC,} covers C,. For any Ve¥, if VOY, # O 
then VAN, # @ for some i. Hence 


{VEV:VOV#O}c Uy {[VEeV: VON; 4 OD}. 
i=1 


The former set is finite since the latter is finite. Hence Y is a star-finite open 
refinement of Y. 


LEMMA 6. Every connected, strongly paracompact space is Lindeléf. 


Proof. Let Y@ be an open cover of the connected, strongly paracompact space X 
and let VY be a star-finite open refinement of %. It suffices to find a countable sub- 
cover of ¥. For each non-empty VeW and each non-negative integer n, let 


WV,n) 
V, = Wand V,_, OV, 4 @ for each i = 1,---,n}. 


{Wev :AVo,---;V,E¥V such that Vo = V, 


Let W(V) = U7 14 (Vn). It will be shown that W(V) is a countable cover of X. 
(i) The family W(V) is countable: W(V,0) = {V}, so W(V,0) is finite. Now 
assume inductively that W(V,n—1) is finite for n > 0. Then 


W (Vn) = {WeV:4W'eW(V,n—1) with WAW' # BO} 
= U {WeV: WAW' 4 O}. 


W'eW(V,n—1) 

By star-finiteness of Y, foreach W’e W(V,n—1), the set {WeV :WOW' # O} 
is finite. Thus W(V,n) is finite, being a finite union of finite sets. Hence W(V) is 
countable. 

(i) The family W(V) covers X: firstly note that for each V,V’eY, either 
WVIAWWV') = 6 or W(V) = WV’). 

Let WV) = U{WeW(V)}. Then W(V) is open, being a union of open sets. 
W(V) is also closed since 


X-—W(V) = U{W(V): WV) 0 WV’) = BY. 


W(V) is non-empty, so by connectedness of X we see that W(V) = X,ie., W(V) 
covers X. 


THEOREM 7. Every connected paracompact manifold is Lindelof and hence also 
g-compact, second countable and separable. 


636 ISTVAN FARY AND E. M. ISENBERG [June-July 


Proof. Manifolds are clearly locally compact, so the result follows from Lemmas 
5 and 6 and Theorem 3. 


THEOREM 8. Every paracompact separable manifold is a-compact, Lindeléf 
and second countable. 


Proof. A separable locally connected space has only countably many compon- 
ents. By Theorem 7 each component of a paracompact manifold is o-compact. 
Thus every paracompact separable manifold is o-compact and hence also Lindeléf 
and second countable. 


THEOREM 9. Let M™ be a compact Hausdorff manifold. Then for some n 
there is an embedding e: M > R". 


Proof. By compactness of M we can find an open cover {U,,---, U,} and, for 
each i, an embedding h;: U; > R™ with h(U,) = R™ or h({U,;) = H™. Consider S” 
to be the one point compactification of R” and write S” = R™ U {co}. For each i 
define a function g;: M —> S” by 

h(x) if xeU, 
g(x) = 
CO if xeM —U;. 

The function g; is continuous since M is a Hausdorff manifold. Define 
g: M - (S")' by letting the ith coordinate of g(x) be g,(x) for each x eM. Then g 
is continuous. Moreover, if x,y¢M and x #y, then xeU, for some i. Thus 
g(x) # gy) so that g(x) # gy). Hence g is an injective map from the compact 
space M to the Hausdorif space (S”). Thus g is an embedding. To obtain the 
desired embedding e, note that S"< R”**, so g determines an embedding from 
M to (R™*')' = R", where n = (m+ 1)I. 
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ON A CONVERSE OF THE JORDAN CURVE THEOREM 
IstVAN FARY. AND Eric M. ISENBERG 


The title refers to the following result, traditionally called a converse of the Jordan 
curve theorem: 


THEOREM |. Let C be a compact set in the plane E. If the complement of C 
in E has two components, and every point of C is an accessible boundary point 
of both components, then C is a Jordan curve. 
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This theorem is due to Schoenflies (Géttinger Nachrichten, 1902, p. 185). His 
proof was very complicated. A similar result was used by Hilbert, and F. Riesz 
noted that Hilbert’s method of proof gives quite easily the Schoenflies theorem 
(Anhang IV in Hilbert’s, Grundlagen der Geometrie, pp. 177-184 in the 1913 edition; 
F. Riesz, Collected Works, Volume 1, pp. 27-33). For a thorough discussion, and 
new proof, see R. L. Wilder, Topology of Manifolds, p. 13, and Theorem II 5.38 
on p. 67. In a course dealing with elementary topology, we discussed the Jordan 
curve theorem, and proved it for polygons. We also discussed the Schoenflies theo- 
rem, and noticed that it can be formulated and proved for polygons. We give below 
such a proof in detail. 

We shall work in the plane E, and denote [a, b| the (closed straight line) segment 
with endpoints a,b in E. If UCE, a continuous map f:I! > U, I = {teR: 
0 <t< 1} is called a path connecting ay = f(0) with a, = f(1) in U. Aset UcE 
is called path-connected, if any two points can be connected by a path in U. It is 
easy to prove that a connected, open set in E is path connected. Let U be a non-empty 
connected open set in E and b a point not in U. We say that b is an accessible 
boundary point of U (or that b is accessible from U), if U U {b} is path connected. 
An accessible boundary point is, of course, a boundary point (be U— U). Using 
the sin 1/x curve, it is easy to produce not accessible boundary points. We note that 
the accessible boundary points are everywhere dense on the boundary of a connected 
open set. Finally, if D is a finite union of segments, and U is a component of E — D, 
then every boundary point of U is accessible from U, though not necessarily from 
another component of E — D.A set in E homeomorphic to I (toa circle S') is called 
a Jordan arc (curve); if it is also the union of a finite number of segments, the ad- 
jective ‘‘polygonal’’ is used. 


THEOREM 2. Let C be the union of a finite number of segments in the plane E. 
If the complement of C in E has two components, and every point of C is boundary 
point of both components, then C is a polygonal Jordan curve. 


REMARKS. The reader is invited to compare the two theorems, and notice that 
the second is rigorously a special case of the first, because the word ‘‘accessible”’ 
can now be omitted as noted above. Theorem | would be false, of course, without 
this condition. 


Proof. C is clearly compact, hence any component of E — C is open and path 
connected. Any circle centered to a point of C, with radius larger than the diameter 
of C is entirely contained in the same component of E — C, called outside of C; 
the other component will be called inside of C. We have the segments 


(1) Si,°7 Sy, 


whose union is C. A non-empty intersection S$; S,, j 4 i, is a point or a segment, 
and in both cases we may subdivide S,,S,;, so that for the sub-segments obtained 
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any non-empty intersection is a single point, which is end-point on both segments. 
Proceeding thus we may replace the originally given segments (1) by a sequence of 
segments 


(2) [ay, by ],°++5 Lams b,,| 
such that 

(3) C= U La;, b; | ) 
and that 


if ce[a,b,|] O [a,b], j i, 
(4) 
then c is end-point on both segments. 
If all segments in (2) are points, the hypothesis on the complements is not satisfied, 
hence we suppose b, # a,, changing the notations, if necessary. 
We find now the longest sequence of segments 


(5) [PpPividl, t= 1,-5k—-1, (pi, po] = [a1,5,)), 

where each [p,,p;.,] is an [a,,b,;] and all the endpoints p,,---,p, are different. 
(By our conventions, [a,b] = [b,a] is a set.) Such a sequence (5) exists, although 
k = 2 is not excluded at this point. Two cases are now possible: 

(a) The point p, belongs to the segment [p,—,, p,| = [a;,b,;], and to no other 
(non-degenerate) segment in (2); thus (5) cannot be extended for this reason. 

(b) There are segments [a,, b,] in (2) and not in (5) such that p, is a; (or b,), 
but the other endpoint b; (or a;, respectively) is one of the points p,,-+-, p,.>; thus 
(5) cannot be extended keeping all endpoints different. 

Let us prove that (a) is impossible. As p, belongs to the segment [p,—,, p,] only, 
there is an open disc D centered to p, which does not intersect the other segments 
in (2). Then D—C = D —[p,_, p,] is an open disc less a radius, thus a connected 
Open set containing points both from the inside and from the outside of C, as p, 
is a boundary point for both. Furthermore, the inside and the outside of C  disect 
this set, which is a contradiction. As we proved that (a) is impossible, we know 
now that (b) holds true. 

Using the notations of (b), suppose [a,,b;| = [p,,p,] with 1</!<s k-2. 
Define 


k-1 


Ci = U [Pj Pi+il U [Py Pil - 
j= 


Then C’ is a polygonal Jordan curve contained in C. We want to prove C’ = C. 
Suppose the contrary, and select g in C — C’. There exists then a point r ¢ C separated 
from gq by C’. Then any path connecting r to q intersects C’, and hence C, in a 
point # q, therefore the boundary point q is not accessible from that component 
of the complement of C that contains r. This contradiction shows C’ = C; hence 
the proof of Theorem 2 is complete. 
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This is not the place, of course, to report on the proof of Theorem 1. However, 
the main idea of the Hilbert-Riesz proof can be stated in a few words as follows. 
Given a set C as in Theorem 1, for any two points a,b in C, we connect a to b in 
the inside of C and also in the outside of C, obtaining thereby a Jordan curve J. 
We say that two points u,v in C are separated on C by a,b, if J separates u,v. 
This definition can be then justified by showing that it is independent of J. Finally, 
for this relation of “‘separation of points on C’’ the axioms of cyclic order can be 
proved. From this a homeomorphism of C onto S! can be constructed. 


The referee pointed out to us that a more recent (and more common) approach 
to prove Theorem | is to be found in M. H. A. Newman, Elements of the topology 
of plane sets of points, Cambridge (1954), p. 166. In this proof it is shown first 
that C is connected. Using the Jordan curve theorem for polygons, this is not too 
difficult. Then, in the notations of the previous paragraph, it is clear that C — {a, b} 
meets both components of the complement of J, hence it is not connected. Now 
it is a standard theorem that a continuum (connected, compact, separable, metric 
space), whose connection is destroyed by the removal of any two points, is homeo- 
morphic to a circle. 


The first named author gave an upper-division course (Math. 132, Topics in Geometry, Spring, 
1972) on elementary point set topology, and suggested that the students may try to prove Theorem 2 
directly. The second named author attending the course gave the proof above. 
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THE USE OF THE MONODROMY THEOREM AND ENTIRE FUNCTIONS 
WITH NONVANISHING DERIVATIVE 


DAVID STYER AND C. D. MINDA 


1. Introduction. Let & denote the set of all entire functions f such that f’ has no 
zeros in the complex plane C. Clearly & contains no constant functions so that Picard’s 
little theorem [5, p. 324] guarantees that for any fe & the image of C under f is either 
C or C less exactly one point. This provides a natural partition of & into two subsets 
¥F and Y. F contains those functions in & whose image omits precisely one point, 
while Y consists of all functions in & which map C onto itself. Let Aq be the sub- 
family of F containing those functions which omit the origin. In the recent book 
[3, p. 99] by Krzyz it is claimed that (1) g¢¥Y implies that g is a similarity trans- 
formation; that is, g(z) = az + b, where a,beC and a # 0, and (2) fe F, guaran- 
tees that f(z) = exp(az + b) for some a,beC with a 4 0. The converse of each 
of these assertions is trivial to establish. Claim (2) is obtained as a consequence of (1). 
The ‘‘proof”’’ of these results is intended to illustrate the idea of analytic continuation 
and the use of the monodromy theorem. Unfortunately, both of them are false. 
First we present counterexamples to both assertions. The counterexample for (1) 
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makes the flaw in the proof of (1) obvious. A closer analysis of the situation permits 
us to modify the problems and obtain correct formulations. 


2. Counterexamples. It is a simple matter to produce a function in Aq which 
is not of the form exp(az + b). It is elementary to verify that f = exp o exp belongs 
to F, and is not of the prescribed form. 

A little more effort is required to exhibit a function in Y which is not a similarity 
transformation. Set 


nn! C 


then h is a transcendental entire function and 1 + zh'(z) = exp(z). The function 
g(z) = zexp(h(z)) is also a transcendental entire function and a simple computation 
shows that g’(z) = exp[z + h(z)]. In particular, g’ never vanishes. Because g has 
an essential singularity at oo, Picard’s big theorem [1, p. 203] assures us that g 
assumes every finite complex value infinitely often with at most one exception. 
Since g takes on the value 0 exactly once, every nonzero complex number is assumed 
infinitely often by g. Therefore, g(C) = C so that g € Y. Evidently, g is not a similarity. 

The editor (H. F.) brought to our attention the following attractive example of 
another functionin ¥ which is not a similarity; he attributed the example to E. Calabi. 
Let g(z) = f§exp(—¢7)d¢, then g’(z) = exp(—z*) never vanishes, g(0) = 0 and g is 
an odd function. If g omits the value wy, then wy # 0 and by Picard’s theorem g 
cannot omit —w,. But g(z9) = —Wo implies g(—Zo) = Wo, a contradiction. Thus, 
g€@ and g is clearly not a similarity. 


hz)= % 2. = [ PO ac: 
n=1 0) 


3. Misuse of the monodromy theorem. In order to pinpoint the error in Krzyz’ 
proof of (1) it is necessary to paraphrase his argument. Suppose gEY. Since 
g(C) = C and g’ never vanishes, any fixed branch of g~' can be continued arbi- 
trarily in C. Since C is simply connected, the monodromy theorem implies that a 
single-valued inverse function g~' is defined on C. Hence, g is a univalent entire 
function and must be a similarity. 

The flaw in this argument is apparent for the function ge Y constructed above 
in 2. The Riemann surface of g has one sheet over the origin and an infinite number 
of sheets over all nonzero complex values. Therefore there are many paths through 
the origin, along which a given branch of g~' cannot be continued. However, given 
two points in C there is a path joining them, along which a given branch of g~’ 
may be extended. The monodromy theorem [4, p. 217] requires that a function 
element be continuable along every path in a simply connected region. For a related 
example see [2, p. 49]. As a matter of fact one can show that if Q is a region in C, 
fis holomorphic in Q and f’ does not vanish in Q, then it is not generally true that 
a branch of f~* can be continued along an arbitrary curve in f(Q). 

A different perspective on the error in Krzyz’ reasoning may be obtained from 
the viewpoint of the theory of covering surfaces [6, pp. 76-79]. The Riemann sur- 
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face for g~* is simply an example of a smooth, but not unlimited, covering surface 
of C with projection equal to C. Krzyz seems to assume that every smooth covering 
surface is unlimited. 


4. Correct formulations. First we recall the definition of an asymptotic value 
of an entire function. A path is a continuous function y: [0,1) > C. Suppose /f is 
an entire function. If there is a path y such that lim,,, y(t) = co and a complex 
number « such that lim,,,f(y(t)) = a, then a is called an asymptotic value for f. 
Now we show that for g < & every singular point of g~ ' corresponds to an asymptotic 
value of g. 


PROPOSITION. Suppose g is an entire function with nonvanishing derivative. 
Given aeEC set b = g(a). Let f, denote the branch of g~* which is defined in a 
neighborhood of b and satisfies f(b) = a. The radius of convergence of the Taylor 
series expansion of f, about b is designated by r,. 

(i) If r, = 0, then g is a similarity. 

(ii) If r,< 00, then every singular point on the circle of convergence 
{w: | w — b| = r,} of f, is an asymptotic value of g. 


Proof. (i) If r, = oo, then f, is an entire function which is the inverse function 
for g. Consequently g is univalent. Since g is a univalent entire function, g is a 
similarity. 

(ii) Let wm be a singular point of f, on the circle of convergence and 
D = {w:|w— b| <r}. Initially we will show that 
(*) lim f,(w) = 00. 


wo 
weD 


If (*) failed to hold, then there would be a sequence (w,),;=9 in D with w, > @ and 
Zn = fi(w,) > €€C. Thus, g() = w. The local inverses f, and f, agree at each 
point w, for all n sufficiently large. Select one such w,. Then both f, and f, are de- 
fined in a neighborhood of w,, and are inverses for the restriction of g to a neigh- 
borhood of z,,. Therefore f, and f, coincide in a neighborhood of w, and so are equal 
in Da fw:|w— | <r;}. But this means that f, is a direct analytic continuation of 
f, to a neighborhood of w which contradicts the fact that w is a singular point for f,. 
Hence, (*) holds. Let I be any path in D with lim,,,I(t) = @, then y = f, o T is 
a path in C, lim,,; y(t) = 00 and lim,,, g(y(t)) = lim,,, I(t) = @. This shows that 
@ is an asymptotic value for g. 


COROLLARY 1. If g is an entire function with nonvanishing derivative, then 
either g is a similarity or g has at least one finite asymptotic value. 


Proof. This is just a restatement of the conclusion of the proposition. 


COROLLARY 2. If g is an entire function with nonvanishing derivative and 
g(C) = C, then either g is a similarity or g has at least two finite asymptotic values. 
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Proof. Suppose that ge¥Y is not a similarity, then Corollary 1 implies that g 
has at least one finite asymptotic value, say «. Since g(C) = C, there is an acEC 
with g(a) = «. Let f, be as in the proposition. Since g is not a similarity, 0 <r, < oo 
and there is a singular point of f, on the circle {w: | w ~ a. | = r,}. This singular 
point is a second finite asymptotic value for g. 

Now we are in a position to characterize similarities and the composition of the 
exponential function with similarities. 


PROPOSITION. (i) An entire function g with a nonvanishing derivative is a sim- 
ilarity if and only if g has no finite asymptotic value. 

(ii) An entire function f with nonvanishing derivative has the single finite asymp- 
totic value « if and only if f(z) = « + exp(az + b) where a,bEC anda #0. 


Proof. (1) The necessity is trivial while the sufficiency follows directly from 
Corollary 1. 

(ii) The necessity is readily established. Suppose that fe@ and «& is the only 
finite asymptotic value for f. Since fe Y implies that f is either a similarity or f has 
at least two finite asymptotic values, we conclude that fe. ¥. Thus, f omits some 
complex value. But every value omitted by an entire function is an asymptotic 
value [5, p. 251], so it follows that f must omit «. Then f — « has no zeros so that 
f—« = exp oh for some entire function h. From f’ = h': (exp o h) and the fact 
that f’ does not vanish, we see that h' has no zeros. If h is a similarity, then we are 
finished. Otherwise, h has a finite asymptotic value, say A, because heé&. In this 
situation « + exp(A) # «@ is also a finite asymptotic value for f. This is impossible. 


Note. Recently, an article by L. Zalcman (this MONTHLY 81 (1974) 115-137) 
appeared which contains material closely related to our sections 2 and 3; in parti- 
cular, see section 13 of his article. 
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A MATTER OF DEFINITION 
M. C. MITCHELMORE 


The investigation to be described below arose out of the following problem*. 


PROBLEM. Find all positive values of x for which 


where the x’s continue to infinity. 


To save the printer any further headaches, we shall write ¢t for such an “‘infinite 
tower’’ of x’s. 
Several students solved this problem as follows: 


t= 2 
> x = 2 
> x? = 2 


> x = /2. 


However, none of them questioned whether an infinite tower of ,/ 2’s really was equal 
to 2. In the subsequent discussion, it soon became clear where the real problem 
lay: We had no definition of the value of an infinite tower of x’s, only a vague in- 
tuition. We tried two ways to eliminate this shortcoming. 


First approach. The only property used in the solution of t = 2 above is 
(1) x = ft, 


This property derives from the standard convention that finite towers of exponents 


1 ——_— eo ew eee eee ee eee 


0 


Fic. 1 


* See Exercise 12-7 on p. 383 of Apostol’s Mathematical Analysis, Blaisdell, N. Y. 1961. [ED] 
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are evaluated “‘from the top down,’’ a convention which we decided to maintain 
for infinite towers. (The reader is invited to define infinite towers for other evalua- 
tion conventions.) Equation (1) is equivalent to 


(2) x= tle 


A graph of this relation is shown in Fig. 1. The derivative at the point (t,x) is 
t~?**/"(1 — Int). The graph is therefore horizontal at the origin, rises monotonically 
to a maximum at (e,e’/”) [ = (2.718, 1.445)], and descends asymptotically to x = 1 
as t + 00. To sketch this graph required little more than a knowledge of the limits 
of (Iny)/y as y >0+ and as yoo. 

We saw immediately that f¢ cannot be defined when x>e’'!*; that t is 
uniquely defined when 0 < x <1 and when x = e’/*; and that there are two 
values of t when 1 <x <e'/’. For example, 1<./2 <e'/® and ./2 = t'" has 
the two solutions t = 2 and t = 4. Which of these is the value of an infinite tower 
of /2’s? We seemed to be no closer to finding a definition than when we started. 


Second approach. Our next idea was to try regarding ¢ as the limit of the sequence 


Writing t, for the nth term of this sequence, we have t; = x and 
tn 
bn+41 =x. 


If t, tends to a limit as n > oo, then this limit is a solution for t in equation (1). 
Perhaps we could obtain a unique value for t by defining it by this limit. 


y 
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To find when (t,) converges, we drew graphs of y = x’ and y = t on the same 
axes. Fig. 2 and Fig. 3 show two possibilities. In both cases, the zigzag starting at 
(x,x) gives the successive values of t, on the axes. In Fig. 2, t, increases without 
limit, whereas in Fig. 3, t, converges to the t-coordinate of the “‘lower’’ point of 
intersection. The convergence of the sequence depends on whether the two curves 
intersect, which they do if and only if x’ = t has a real solution for t. The t-co- 
ordinates of the two points of intersection are therefore given by the two real solu- 
tions for t in equation (1). 


y 


0 1x x*2 3 4 
Fic. 3 


This showed clearly which of the two possibilities should be chosen when 
1<x <e'/. It can be checked rigorously that the zigzag always converges to the 
point with the smaller coordinates. Thus the value of an infinite tower of /2’s is 2, 
not 4. 


Crisis and resolution. We were just about to adopt the definition of t as the 
limit of ¢,, where it exists, when the question was raised: ‘‘What happens when 
0O<x <1?” This did not seem troublesome, because equation (1) has a unique 
solution in this range; but it was as well to check. When 0 < x < 1, the graphs of 
y = x’ and y = ft intersect at this solution, as shown in Fig. 4. The sequence (t,) 
is now given by a spiral instead of a zigzag. 

Put this way, it ceased to be obvious whether (t,) converges. We found that the 
gradient of the graph of y = x’ at the point where it intersects y = t is Int, and 
this is less than —1 if and only if x <e ° ( 0.066). The sequence (t,) therefore 
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does not converge when x < e~°, even though equation (2) has a unique solution 
in this interval. (In fact, the sequence now has two limit points, given by the inter- 
sections of y = x’ and t = x” which do not lie on y = t. The solution to equation 
(2) is given by the intersection on y = t. This is shown in Fig. 5.) So our second 
approach also did not werk for all values of x. 

We were left with the following resolution. 


DEFINITION. For all real x such that 0 < x < e’/*,x*" is the real solution for 
t of the equation x’ = t, and in case this equation has two solutions, then the 
lesser one. 


Conclusion. Here was an investigation with apparently innocuous beginnings 
but which ranged widely over several concepts and techniques of elementary analysis. 
It differs from most problems in having a definition as the end-point instead of the 
starting point. Perhaps problems like this could be used more liberally in college 
courses as an antidote to the type of mental paralysis which sometimes results from 
over-exposure to the more dogmatic aspects of the standard expository method. 


Acknowledgements. I am grateful to my former colleague, Dr. Petr Liebl, now at Charles Uni- 
versity, Prague, for the part he played in the discussion, and for his several constructive criticisms of 
the first draft of this note; also to my referee for suggesting the inclusion of Fig. 5 and for making 
me draw the graphs accurately. 
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FROM EULER’S FORMULA TO PICK’S FORMULA USING AN EDGE THEOREM 
W. W. FUNKENBUSCH 


1. Edge Theorem. Given a simple polygon [1] form a complete triangulariza- 
tion to obtain a figure which will be a plane graph [2]. The number of edges is given 
by E = 3] + 2B — 3, where E is the number of edges, B is the number of boundary 
vertices, and J is the number of interior vertices. 


Proof. Give the completely triangularized plane graph: 

(i) If B= 3, J =0, then E = 3. Check! 

(ii) If a new interior vertex is inserted, E is increased by 3. Check! 

(iii) If a new boundary vertex is added which results in x old boundary vertices 
becoming interior vertices, (note: x may be zero) it is obvious that E is increased 
by 2 + x. Here we have 


E+24+x=3(1 +x) +2B+1—-x)—3 
or 


E = 3 + 2B— 3. Check! 
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All possible cases are covered and the theorem is established. 


2. Euler’s Formula. V — E + F = 2 is satisfied for any connected planar graph 
where V is the number of vertices, E the number of edges, and F the number of 
regions (faces), one of the regions being the infinite region [2]. 


3. Derivation of Pick’s Formula. Let the polygon, given in the Edge Theorem, 
have lattice points for vertices and let Euler’s Formula be applied to the related 
connected planar graph. We then obtain 


SN 


= [+B 


es 
l 


31 + 2B — 3 
l . 
— = area of polygon 


which when substituted into Euler’s Formula gives Pick’s Formula, namely that 
the area of any simple polygon whose vertices are lattice points is given by 


B 
area = — —| 
area P+ , 


where B is the number of lattice points on the boundary while J is the number of 
lattice points inside. 
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MATHEMATICS FOR THE “DISADVANTAGED” 


EppIiE R. WILLIAMS, Northern Illinois University 


The fact is clear that over the past ten years there has appeared on the University 
and two-year college scene a “different” student. This student is so different and his 
number has grown so rapidly, that a special term was created to describe him better. 
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Consequently on many campuses there are the following student classifications: 
freshman, sophomore, junior, senior, and ‘‘disadvantaged.”’ 

The disadvantaged student classification has an interesting history, which need not 
be developed here. However, it is significant to describe the typical student placed in 
this classification. The disadvantaged student usually is a student from an inner-city 
high school, located in some ghetto community. This certainly is a distinguishing 
fact in itself. Yet, the key here is that in these inner-city high schools, the quality of 
teachers, teaching facilities, teaching aids, and other such vital elements needed for a 
good high school education, are inferior to those available at high schools outside 
this community. 

Many more general applications of the term “disadvantaged” student describe him 
as a student who is deprived culturally or educationally of the same opportunities as 
other students through no fault of his own. He is that student who, upon his enroll- 
ment in high school, is already in many cases two years behind students at other high 
schools. The emphasis here should be on the phrase, “‘through no fault of his own,” 
since this phrase indicates that educators in general have failed to educate the neces- 
sary elementary and secondary school teachers, and to develop techniques that 
would establish equal opportunity in education. Further, federal and local govern- 
ments in many cases have not provided sufficient funds for adequate programs. 

In recent years, the two-year and four-year colleges have been required to address 
the needs of the disadvantaged student. Special programs have appeared overnight. 
Courses have been developed, and the number of disadvantaged students has signifi- 
cantly increased. (The number of disadvantaged students at Northern Illinois Univer- 
sity, for example, has tripled in the last three years, from 280 students in the Fall 
1969 to close to 1000 students in the Fall 1972.)In fact, almost every educational 
institution is faced (or will be faced) with the problem of offering courses for these 
students. In the past many of the programs and courses that were offered turned out 
to be empty “fronts” to appease the outside pressures and to attract government 
funds. In fact, this is unfortunately still the case in many institutions which have not 
been allowed to completely ignore the situation altogether. 

I would like to suggest some basic guidelines as to what I believe a mathematics 
course for the disadvantaged student should offer, and to present a workable and 
realistic approach for organizing such a course. The observations made here are 
based upon results obtained in more than three years’ experience in developing, 
teaching, and refining such a mathematics course. 

The most important aspect of organizing and operating such a mathematics 
course is to face the task in realistic terms. In order to accomplish this end, answers 
to the following questions are needed: 

I. Who are the students to be served by the course? How are these students identi- 
fied ? Where do they come from? (What is their background 2) 

II. What are their mathematical needs? What should be the objectives of the 
course ? 
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Ili. What realistic bounds can be set for the course to assure meeting these needs 
and objectives, and yet remain in the possible scope of the resources (i.e., faculty 
assistants, space, funds) available. 

IV. What are possible methods for facilitating the learning process in such a 
course ? 


I. The students are mainly black, Spanish, and other minorities. They come 
from inner-city areas, and, in fact, thereby have developed negative attitudes toward 
mathematics. The theory here is simple. The overall teaching quality in many inner- 
city schools is very low. Hence classes in the more precise areas, such as general 
science and mathematics, are usually taught very poorly. This in turn discourages the 
student from doing work beyond the basic requirements in these areas. This is suppor- 
ted by the fact that minorities generally avoid the sciences and mathematics for a col- 
lege major or a field of endeavor. 

Any course that is constructed must offer special considerations to these negative 
attitudes. If not, no matter how well the course is constructed, the benefits to the student 
will be minimal, The student enters the course with the pre-determined attitude, “‘I 
can’t handle mathematics no matter what.” He must be convinced that he can succeed 
in a mathematics course. One way that this can be done is by conducting the course 
on the level of the individual student. Thus effort on the individual level and rein- 
forcement must be required of both the student and the instructor. This means that 
some form of individualized attention must be available, and in fact forced on the 
student. The combination of this individualized attention in conjunction with 
patient reinforcement will provide the instructor with a powerful tool which will be 
useful in convincing the student that success is indeed possible. 


II. The mathematical needs of these students are very basic. Yet it is at this 
particular point where many present courses fail. There is no need to establish ela- 
borate theories in mathematics education, or to develop elaborate materials or trick 
techniques. These students need basic mathematics, presented in plain English. (The 
reader should see the report, A Course in Basic Mathematics for Colleges, published 
by CUPM, P. O. Box 1024, Berkeley, California 94701.) Fractions, percentages, basic 
algebra head the list. On the other hand, however, it should be carefully noted that 
the students are not dumb or hard learners. This misconception of labelling the 
students as dumb and hard learners has caused the development of materials designed ° 
for five year olds. It is insulting, and soon turns the student off. In fact, a course such 
as is proposed here can be taught with some degree of sophistication. The fact is that 
the majority of the students are in need of basic mathematics because they have been 
poorly trained. Thus from my experience, I have found the students to be quick to 
learn when placed in the type of individualized system that is suggested here. 

The course should be centered around the goal of providing the student with a 
working knowledge of mathematics. In light of this goal, I believe that the course 
objective should be two-fold: 
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(a) To provide the student with basic mathematics necessary for practical applica- 
tions (e.g., percentages, fractions, word problems taken from everyday experiences). 


(b) To provide the student with a base from which he can step into the normal 
sequence of courses offered by the given mathematics department. Here topics must 
be included in the course so that, upon completion of the course, the student is ready 
to face the next level of courses without entering at a major disadvantage. 


The total amount of material covered is naturally limited by time. However, it is 
my contention (based on a follow-up analysis of students taking such a course; see 
Table 6) that the student can be brought to a level of achievement whereby he can 
enter higher level courses without being hopelessly lost. 


Ill. The possibilities of what type of course can be offered naturally depends on 
the institution. However, a department, in order to avoid a mere token course, must 
be willing to make certain commitments. First, such a course should not be labelled by 
the department as a booby-prize, that is, the course every instructor avoids. It is 
clear that such a course is not attractive in the topics discussed, and that teaching a 
course of this nature requires many additional hours of work. But it is also clear that 
only a very special type of instructor will be successful in teaching such a course. 
In particular, only an instructor who is sensitive to students, concerned with the 
problems of the disadvantaged, and who is skilled and patient in lecture, will have 
a chance of succeeding. 


Departments must, therefore, place their best teachers on the line, and thus must 
offer some form of compensation for the additional work involved. (For example, 
reduced class load, additional student assistants, increased salary.) No other alter- 
native is possible. Poor teaching is usually not corrected by offering the student a 
course taught by the weakest teachers available. 


One grave misconception in forming such a course is the common belief that the 
teacher must identify directly with the students — a black teacher for black students, 
a Spanish teacher for Spanish students, etc. In fact, many departments argue against 
having such a course because the department does not have an instructor of the same 
ethnic class as the majority of the students. It has been my experience here at Northern 
Illinois University that such direct identification is completely unnecessary. White 
teachers have been quite successful at teaching sections of the course which were up 
to 90% black. (Such success has been measured in many ways including student 
response and performance on standardized exams, and through direct comparisons 
with sections taught by black instructors.) Neither is it important for the teacher to 
assume some false character - trying to be an ultra-liberal who has an understanding 
heart for the ‘poor ghetto child.”’ In my opinion, the key to success lies in the instruc- 
tor’s ability to convince the student that he offers the student a course which exhibits 
good teaching, individualized assistance, useful and significant material, and most 
important, that he offers the student a course in which the student can be successful. 
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These conditions are established through a well-planned and structured course, and 
through an instructor whose primary objective and concern is to reach each student 
in his course at all cost. Acting has nothing to do with it. 


IV. The ultimate, of course, is never possible, but I would like to offer a descrip- 
tion of Mathematics 120, the special course now being offered at Northern Illinois 
University, as at least one realistic approach to this question. 

Mathematics 120 is a one-semester, three-credit hour course. At present there 
are two sections of the course involving approximately 85 students each. Of this 
number, approximately 80% of the students in the course are identified through a 
special program known as CHANCE (Complete Help and Assistance Necessary for 
a College Education). The CHANCE program offers special admission to Northern 
Illinois University for disadvantaged students mainly from inner-city ghetto areas. 
Consequently through the CHANCE program as a screening device, students needing 
Mathematics 120 could be easily identified. Table 1 gives an overview of the educa- 
tional background of students taking Mathematics 120. Note the weak performance 
of these students on the national standardized exam (ACT). 


TABLE 1 — Background Data on Math 120 Students 


Number of | Number of Average number of Average Mathematics 


Semester students students from years of High School A.C.T. Score** 
Course enrolled in Inner-City Math beginning with 
Taken Math 120 High Schools Algebra* 


Inner-City Other Inner-City Other 


Students Students 
Fall 1970 28 26 1.23 1.41 15.4 15.4 
Spring 1971 83 71 .876 1.08 13.6 13.6 
Fall 1971 151 139 815 .923 13.2 13.4 
Spring 1972 166 152 .764 .729 13.1 13.2 


(*) Some high schools offer a course in ‘“General Math’ which is below the level of the normal begin- 
ning high school Algebra course. 

(**) The national mean for the Mathematics section of the A. C. T. for college-bound students has 
been 19.1 over the years 1968-1971. Normal college admissions standards require a mathematics 
A. C. T. score of 19.0 in addition to a high class rating. 


In addition to screening students, the CHANCE program offers a direct means of 
feedback on the results of the course. A committee is assigned to each CHANCE 
student. The counselor works with the student throughout his collegiate career. Thus 
the overall effects of the course on each student could be monitored very closely. 
Indeed, it has been this close tie between counselor and student that has allowed the 
necessary adjustments to be made to the course. The counselors can compile a con- 
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tinuous flow of data relative to the shortcomings of the course, particular student 
problems, adequacy of the topics discussed for student usage in other fields, and 
overall student performance in other mathematics courses. This direct feedback has 
been crucial in order to properly gear the course to the needs of the student. 

The three one-hour course lectures are given through a series of carefully prepared 
modules of programmed material. The goal is to maximize student’s understanding of 
the lecture material. Using the avenue of student participationin lecture, this maximi- 
zation of understanding is achieved as follows. When the student enters the lecture 
hall he receives a number of prepared hand-out sheets. The instructor then places 
transparencies of these same sheets on an overhead projector, and lectures directly 
from these pages. In this way, the instructor and the student work on each page 
together, thus allowing the student to concentrate on the details of the lecture rather 
than taking extensive notes. The lecture hand-out sheets are arranged with examples 
and fill-in blanks so that the instructor can at any time require the students to respond 
to questions or to fill in the blanks on the lecture sheets. The form of lecture format 
keeps the student’s attention, allows maximal time for student concentration, and 
allows the instructor to cover a larger amount of material more efficiently than the 
conventional straight lecture method. 

In addition to the three lectures per week, the course format also includes two 
one-hour periods of required laboratory. It is my firm conviction that these labora- 
tories are the true learning centers of the course. The laboratories offer the opportu- 
nity for individualized attention. The student must perform to convince his instructor 
that he has mastered the topic of the day. The instructor, on the other hand, takes this 
opportunity to get to know his students and their special problems. In fact, the in- 
structor must use this time to convey to the student that he is sincerely interested in the 
student, and that his goal as instructor is to have every student be successful in his 
course. 

The first laboratory period is conducted in large group sessions with all students 
present. The students are given a laboratory problem assignment sheet which must be 
completed during the laboratory period. The emphasis is on performance at the in- 
dividual level. Students enter the laboratory and immediately begin working the 
problem sheet. The instructor, aided by assistants, then monitors the students’ 
performance, allowing students to ask questions or simply have their work checked. 

The laboratory assignment is not graded in the usual sense. The student is aware 
that the laboratory period is an opportunity for him to check his abilities without 
penalty. This knowledge, in conjunction with the freedom to ask questions and to 
receive individual attention, allows the student to work freely and effectively during 
the laboratory period. Since the emphasis is on the individual student exhibiting a 
command of the subject matter, the student is not allowed to leave until he has 
exhibited some achievement during the. period. This achievement can be in any form, 
from completion of the assignment to simply gaining a full understanding of the 
material. 
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The second laboratory period is conducted in small group sessions of approxima- 
tely fifteen to twenty students. These sessions are conducted by undergraduate assist- 
ants. (Although assistants having a strong mathematics background would be pre- 
ferred, I have been successful using undergraduate students who have had this basic 
course and perhaps one additional course. If for no other reason, such assistants pre- 
sent themselves to their students as “‘living examples” of the possibility of success in 
the course, thereby offering an extra push behind the students that the instructor 
cannot normally provide.) The purpose of these sessions is to give the student an 
opportunity to ask questions on lecture materials and homework problems. In 
addition, the student is then required to work additional problems at the blackboard, 


TABLE 2 — EXPERIMENTAL MATHEMATICS, MATH 120: Course Outline 


,; Fractions and Percentages 
I. Set Theory . 
1. Definition of set: AU B, AQ B,A—B,A,AC BACB 
2. Special symbols: V, 4, 3,€ 
3. Set notation 
4. Multiples (e.g., {xe R | x = 3k for some k}) 


II. Real Number System 
1. Definition of C, J, O,Irr, R 
2. Laws for the Real Number System (commutative, associative, distributive, cancellation) 
3. Absolute value, inequalities, signed numbers 
4. Number line (graphs of inequalities and sets) 


III. Functions and Relations 
1. Definition of relation, function, domain, range 
2. Evaluation of functions at points (e.g., f(x) = 2x, f(3) = 6) 
3. Graphs (Description of the Cartesian Coordinate Plane, plotting points, graphs of 
functions) 


IV. Polynomials 
1. Degree of a polynomial 
2. Arithmetic operations on polynomials (+,-,—, +) 
3. Pascal’s triangle, Binomial Theorem 


V. Solutions of Equations 
1. Definition of equation, solution, solution sét 
2. Rules for manipulating equations 
3. Solutions of linear polynomial equations (word problems included) 
4, Solutions of quadratic equations (word problems included) 
a. Via factoring 
b. Quadratic Formula 


VI. Geometry 
1. Definitions: angle, perimeter, area 
2. Recognition of various geometric figures 
3. Calculation of areas 
4. Distance formula, Pythagorean Theorem 
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and then explain his solutions to the class. This activity assures the student of his 
own abilities and presents him with an opportunity to display what he has learned. 
In all aspects of the course, the emphasis is on the individual. If the student is 
unable to perform (in lecture, in laboratory, or on examinations) then the reason for 
this failure must be explored and rectified. Thus the course format is an attempt to 
reach the individual at his own level, providing him with opportunities to learn the 
material, testing his knowledge and providing him with immediate reinforcement. 
The objectives of Mathematics 120 are those mentioned earlier. These objectives 


TABLE 3 
Division 1 Division 2 Division 3 Division 4 
Mathematics Elementary Sociology Business 
(Pure, Applied, Education, Psychology Psychology 
Education, Statistics, Special Political Science Social Science 
Computer Science) Education Economics Political Science 
Physics Geography 
Chemistry 
Biology 
Calculus 402 301 
Sequence 
229 211 
202 
Calculus 
Math Foundations (for the social 
Pre-Calculus (sets, logic, scientist and 
(algebra- number systems, Elementary student of 
trigonometry) geometry) Statistics business) 


120 


(Experimental Course) 


The diagram illustrates the four divisions of the undergraduate mathematics program of Northern 
Illinois University with a list of majors taking each division. Note how certain topics discussed in the 
beginning courses of each division can be traced to Math 120. 
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actually dictate the topics to be discussed in the course. Table 2 gives the course 
outline. The outline indicates that the fundamental topics are covered, in addition to 
various other topics. These additional topics (e.g., Set Theory, Real Number System) 
have more relevance to students who will be taking additional mathematics courses. 
In conjunction with this, note that Table3 gives an indication of how the topics dis- 
cussed in Mathematics 120 form a basis from which the student can move into 
any of the first year courses offered. Table 4 gives an indication of the major field of 
students taking Mathematics 120. Note that almost 58% of the students taking 
Mathematics 120 are majoring in areas which require additional mathematics 
courses. In <.Jddition, 69.2% of those Mathematics 120 students who have decided 
upon majors, have chosen a major requiring additional mathematics. 


TABLE 4— Majors of Students Taking Math 120 


Fall Spring Fall Spring 


Major Field 1970 1971 1971 1972 Total 
Accounting * 1 4 4 4 13 
Art — — 2 6 8 
Biology* ] 2 1 2 6 
Business* 3 6 11 13 33 
Elementary Education* 4 14 12 16 46 
History — — 7 6 13 
Home Economics 1 2 5 2 10 
Mathematics* 1 — 2 2 5 
Nursing* 2 8 9 11 30 
Physical Education 1 2 11 7 21 
Physical Therapy * — 2 — — 2 
Political Science* 2 — 7 4 13 
Pre-Law — 6 — 2 8 
Pre-Medical * — 3 6 4 13 
Psychology * — 2 4 5 11 
Special Education * 3 9 8 13 33 
Speech 2 2 5 6 15 
Sociology* 2 4 12 7 25 
Other 1 4 7 15 27 
Undecided 4 13 38 41 96 
TOTAL 28 83 151 166 428 


(*) denotes that additional mathematics courses are required of students majoring in this 
field. 

By comparing the data given in Table 4, approximately 53.7% of the total number of students 
taking Math 120 are in fields which require additional mathematics courses (see Table 3). An addi- 
tional 4° (not reflected in the data of table 4) expressed an interest in taking another mathematics 
course. Also, 69.2°% of the Math 120 students who have decided upon majors are in fields which 
require additional mathematics. 
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TABLE 5 — Mathematics Course Performance 


Grade Percentages 155 201/202 208/301 210 
Percentage of Math 120 
students receiving Grade A — 5% 5% — 
. Percentage of Math 120 
students receiving Grade B 10% 15% 10% 10% 
Percentage of Math 120 
students receiving Grade C 40% 45% 60% 50% 
Percentage of Math 120 
students receiving Grade D 40% 20% 15% 30% 
Percentage of Math 120 
students receiving Grade F 10% 15% 10% 10% 
TOTAL 100% 100% 100% 100% 


Table 5 gives an evaluation of the performance of Math 120 students in other math courses 
(see table 3 for a description of each course numbered above). Although the percentage grade levels 
are approximate, these figures do indicate a reasonable account of student performance in higher 
level mathematics courses. 


Table 5 gives an indication of the overall performance of Mathematics 120 
students in other mathematics courses. In viewing the table, recall the information 
in Table | which describes these students as being far below the national average on 
the ACT examination. In particular, this fact indicates that these students would 
ordinarily enter one of the normal beginning level courses with little chance to com- 
pete with the other students. Consequently, Table 5 can be interpreted as follows: 
although the majority of Mathematics 120 students do not perform in the A 
or B level in other courses, a potential failure has been converted in many cases to 
passing levels. 

Table 6 gives the students’ and counselors’ reactions to the effectiveness of 
Mathematics 120 as preparation for higher level mathematics course. 


Summary. Mathematics 120 is an attempt to offer more than a token solution to 
a problem facing our colleges and universities. Although the initial thrust of students 
characterized by the classification “‘disadvantaged’”’ has tapered off, this type of 
student will not disappear from our campuses. Hastily conceived token courses will 
not be continually tolerated, nor will the luxury of mathematics departments ignor- 
ing the needs of these students continue to exist. Arguments to the effect that such 
students should not be in the University, or that such students do not deserve “special 
treatment,” are invalid as excuses for departments not acting in this area. The students 
are in the universities and will be in the universities. Thus mathematicians must address 
themselves to the needs of these students, and face these needs both realistically and 
effectively. We cannot allow the traditional attitudes and approaches of mathemati- 
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TABLE 6 — Course Evaluation by Counselors and Students 


Area of evaluation 
of Math 120 


General information 
for practical 
usage 


[June-July 


As background 
material 
for Math 155 


As background 
material 
for Math 201 


As background 
material for 
Math 208/301 


As background 
material for . 
Math 210 


Significantly | Useful and Useful but Not useful 
useful and necessary not not No Opinion 
necessary necessary necessary 
Counselors Counselors Counselors Counselors Counselors 
63% 15% 8% 3% 11% 
Students Students Students Students Students 
48% 29% 15% 5% 3% 
Counselors Counselors Counselors Counselors Counsleors 
716% 18% 4% — 2% 
Students Students Students Students Students 
69% 20% 10% 1% — 
Counselors Counselors Counselors Counselors Counselors 
41% 29% 18% — 9% 
Students Students Students Students Students 
36% 25% 27% — 12% 
Counselors Counselors Counselors Counselors Counselors 
N.A. N.A. N.A. N.A. N.A, 
Students Students Students Students Students 
N.A. N.A. N.A. N.A. N.A. 
Counselors Counselors Counselors Counselors Counselors 
53% 28% 13% 2% 4% 
Students Students Students Students . Students 
55% 31% 12% — 2% 


Table 6 gives the evaluation of counselors and students relative to the usefulness and the necessity 
of Math 120 as it relates to the student. Figures are given in terms of percentages of students taking 
the course (Math 120) under each category. 


cians to limit the scope of the investigation to determine the best overall solution to 


the problem. 


In all of this, there is one fact that stands clear. Results are only obtained when 
adequate resources are made available. In fact, the price for good teachers properly 
compensated, assistants, and other vital elements is quite high. But on the other 
hand, adequate resources used properly will yield results. The theory is simple: 
reach the individual at his level and work with him through a system of required 
activities, supported by immediate reinforcement by dedicated instructors. Attitudes 
must be combatted, and individual performance emphasized. 

Mathematics for the “Disadvantaged Student” is no more than mathematics 
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taught with total consideration given to the student. It is indeed my hope that such 
“mathematics for the people’ will became the rule rathe: than the exception. 


I would like to thank Dr. George Bright for his comments and encouragement. 

This study is based on a paper presented at the annual meeting of the National Council of 
Teachers of Mathematics, April 1972. 

This article is based upon the author’s experiences working with disadvantaged students at 
Columbia University and Northern Illinois University. The author is himself a concerned black 
Mathematician who received his early education in the inner city schools of Chicago. 


DEPARTMENT OF MATHEMATICS, NORTHERN ILLINOIS UNIVERSITY, DeKALB, IL 60115. 


PROBLEMS AND SOLUTIONS 
EDITED BY Emory P. STARKE 


ASSOCIATE EDITORS: JOSHUA BARLAZ, Eric S. LANGFORD. COLLABORATING EDITORS: LEONARD 
CARLITZ, GULBANK D. CHAKERIAN, HASKELL COHEN, S. ASHBY FOOTE, ISRAEL N. HERSTEIN, 
Murray S. KLAMKIN, DANIEL J. KLEITMAN, ROGER C. LYNDON, MARVIN MARCUS, CHRISTOPH 
NEUGEBAUER, ALBERT WILANSKY, AND UNIVERSITY OF MAINE PROBLEMS GROUP: EARL M. L. 
BEARD, GEORGE S. CUNNINGHAM, CLAYTON W. DODGE, OSKAR FEICHTINGER, WILLIAM R. 
GEIGER, RAMESH GUPTA, PHILIP M. LOCKE, JOHN C. MAIRHUBER, CuRTIS S. MorSE, GRATTAN 
P. MurPHy, EDWARD S. NORTHAM AND WILLIAM L. SOULE, JR. 


All problems (both elementary and advanced) proposed for inclusion in this Department should 
be sent to E. P. Starke, 1000 Kensington Ave., Plainfield, NJ 07060. Proposers of problems 
are urged to enclose any solutions or information that will assist the editors. Ordinarily, prob- 
lems in well-known textbooks and results in generally accessible sources are not appropriate 
for this Department. No solutions (except those accompanying proposals) should be sent to 
Professor Starke. 


ELEMENTARY PROBLEMS 
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E2480. Proposed by M. S. Klamkin, Ford Motor Company 
Ifa;20, La, =1, andO <x, <1 for i = 1,2,---,n, prove that 


a; a>, an i 
1+ x, 1+ xX 1+ x, 1+ X41x 92.04 xn 


When does equality hold? 
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F 2481*. Proposed by Bruce Reznick, California Institute of Technology 
Do the simultaneous equations 


e+y4z7=1, x+y+z=2 
have a solution in rationals 0 <x < y<z <1 other than x = 1/2, y = 2/3, z = 5/6? 


E 2482. Proposed by H. D. Ruderman, Hunter College Campus School 

In the ring of polynomials with coefficients from the integers mod 2, let n, be 
the number of positive integers A not exceeding k with the property that 
f(x) = x" +x +1 is irreducible. Show that 


n 
liminf —~ > 4. 
k7a k ; 
E 2483. Proposed by M. S. Klamkin, Ford Motor Company 
Let x be nonnegative and let m, n be integers with m => n= 1. Prove that 


(m+n)(1 +x") 2 2n 


E 2484. Proposed by Hal Forsey, California State University at San Francisco 
Let S, be the kth partial sum of the harmonic series. Define k, to be the least 
integer k such that S, 2 n. (For example, k, = 1 and k, = 4.) Find 


E 2485. Proposed by R. H. Eddy, Memorial University of Newfoundland 
Three numbers are ,chosen at random (without replacement) from the first n 
natural numbers. What is the probability that they can be the sides of a triangle? 


SOLUTIONS OF ELEMENTARY PROBLEMS 
Inverse Points, Coincident Points, and Concurrent Lines 


E2419 |1973, 560]. Proposed by A. W. Walker, Toronto, Canada 

Points G, H, I, O are the centroid, orthocenter, incenter and circumcenter of a 
scalene triangle A, N and P are the midpoints of line segments OH and JH, F is 
the contact point of the incircle and nine-point circle of A, E is the reflection of F 
in the right bisector of OH, and L is the inverse of E in the circle on GH as diameter. 
Prove 

(a) F and I are inverse in the circle with center NV, radius NP; 

(b) if OJ = ./3- OG, points Land I coincide: 

(c) lines FG, IL, OP concur. 
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Solution by the proposer. We remark that A may be isosceles, but not equi- 
lateral. 

(a) The point N is the center of the nine-point circle N’ of A, F lies on NI pro- 
duced, and the stated result follows from 


4(NP)? = (Ol)? = R(R—2r) = 4(NF)(NI), 


where r, R are the inradius and circumradius of A. 

(b) Denote by M the midpoint of GH, by M’ the orthocentroidal circle on GH 
as diameter, and by O’ the circle with center O and radius 3 - OG; then O’ and M’ 
intersect orthogonally and N is inside O’. Take I inside M’ (by part (c) below) and 
on O’, and let IN produced meet O’ at Q; then 


4(QN)(NI) = 4{(OD? — (ON)?} = 4(01)? — 9(0G)* = (O1)* = 4(NF) (ND), 
so N is the midpoint of OF. If the line MI meets O’ again at J, 
(MI)(MJ) = (OM) — (OI)? = 4(0G)? — 3(0G)? = (MG)? = (MN)(MO), 


so I and J are inverse in M’; also the points I, J, O, N are concyclic (if J does not 
lic on GH), so the angles QNO, IJO, OIJ, ONJ are equal and J is the reflection of 
QO in line OGH, coinciding with Q if is on GH. Hence E and L coincide with J 
and its inverse I in M’, 

(c) Take rectangular cartesian axes with O as origin and line OH as x-axis, the 
coordinates of G, N, M, H, I being (2a,0), (3a, 0), (4a, 0), (6a, 0), (b,c) where a > 0 
and (without loss of generality) b* + c* = (OI)? = 12. Then 

NF (NP\* _ 1 


2_ _ 2 2 we — (EPS) 2 
(NI? = (b— 3a? +e? = 3d, (ar) Z 


where d = 3a” — 2ab+ 4, 0<d <1; also 
(MG)? — (MI)? = 4a? — (b—4a)? — c? =4(1 — d) > 0, 


so I lies inside the circle M’. The (x, y) components of the vectors d(GF) and d(ME) 
are (ad + b — 3a,c) and (—ad — b + 3a,c), so letting 


k = 4a* — (a? — 1)(7-d) 


we have 


2 2 _ 72,2 _ _ at a 
d*(ME)? = a*d? + 2ad(b — 3a) + 3d = dk, = (Te , 


Since G lies inside N’, it follows that ME = GF € 0 and k > 0. The (x, y) compo- 
nents of the vector KUL) are found to be 


ML _ (Mey: _ 4a’d 


(a? — 1) {b(1—d) + 6(b—2a)}, c(a? — 1)(7—d). 
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But 3(0G)* — (OI)? = 12(a? — 1); also, 1 >d and b>2a>0 since I lies inside 
M’, and it follows that Land I coincide if and only if OJ = J3 ‘OG, a stronger 
result than (b). (It can be shown that the meet Y of lines JL and OG divides OG 
internally as 3R:r, and that 


23R +r)(Y)UL) = 3R{(Ol)? — 3(0G)’}, 


this expression being positive (negative) if Land Y lie on the same side (opposite 
sides) of I.) 


The equations of the lines OP and FG are 
cx — (6a + b)y = 0, cx + {a(1—d) — (b—2a)}y — 2ac = 0; 
multiplying respectively by (1—d) and 6 and adding, we have 
c(7 — d)x — {b(1—d) + 6(b —2a)$y — l2ac = 0, 


which is the equation of IL(if a # 1), so these three lines concur, coinciding if and 
only if A is isosceles. 


Also solved by M. G. Greening (Australia). , 


Integral Triangles with Numerically Equal Area and Perimeter 


E 2420 [1973, 691]. Proposed by E. T. H. Wang, University of Waterloo, 
Canada 

Find all triangles with integral sides, each of which has its perimeter numeri- 
cally equal to its area. 


Editor’s comment. This problem has been around for a long, long time. References were submitted, 
by the following: H. M. Edgar, A. G. Ferrer (Mexico), Michael Goldberg, M. G. Greening (Australia), 
J. A. H. Hunter, M.S. Klamkin, Graham Lord, C. L. Morgan, M.R. Murty & V. K. Murty, C. B. A. 
Peck, Eric Rosenthal, R. W. Sielaff, Alan Wayne, D. P. Wegener, and the proposer, who discovered 
that the problem was not new only after it was in print. 

The answer is that there are but five such triangles: (6, 8, 10), (5, 12, 13), (9, 10, 17), (7, 15, 20), 
and (6, 25, 29), and the earliest solution appears to be due to B. Yates in 1865. (See L. E. Dickson, 
History of the Theory of Numbers, Vol. Il. Stechert, New York, 1934, p. 195.) The problem was also 
solved by W. A. Whitworth and D. Biddle, Math. Quest. Ed. Times 5 (1904), 54-56 and 62-63; this 
reference is given in Dickson, op. cit., p. 199. It resurfaced about fifty years later when it was proved 
as a corollary to Problem E 1168 [1956, 43], and in 1968, it appeared as Problem 694 in MATHEMATICS 
MAGAZINE. (Interestingly enough, the solution to this problem that was published [1969, 47] was by 
E. P. Starke, your Problem Editor!) The result was quoted by Subbarao in his paper Perfect triangles, 
this MONTHLY 78 (1971), 384-385, and it can also be found in Shklarsky, Chentzov, and Yaglom, 
The USSR Olympiad Problem Book, p.29. J. A. H. Hunter comments that he produced a story-teaser 
entitled Where the grass grew green, based strictly on this idea, for the December 1961 issue of his 
magazine, Saturday Night; it later appeared in his book (with co-author J.S. Madachy) Mathematical 
Diversions, Van Nostrand, Princeton, N. J., 1963. 


Also solved by Alfred Univ. Math. Group, Leon Bankoff, D. M. Bloom, W. J. Blundon, D. Z. 
Djokovié¢, J. H. Driggs, A. H. Foss, Irving Gerst, E. G. Gibson, S. A. Greenspan, Robert Heller, 
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Sidney Heller, J. A. H. Hunter, Free Jamison, Eleanor Jones, C. D. LaBudde, Harry Lass, O. P. 
Lossers (Netherlands), Carolyn MacDonald, L. E. Mattics, R. D. Nelson, C. F. Pinzka, Bob Prielipp, 
L. A. Ringenberg, O. G. Ruehr, Andre Samson & Les Reid, Michael Shimshoni (Israel), John Spell- 
man, O. Strauch (Czechoslovakia), Phil Tracy, E. W. Trost (Switzerland), R. W. Turner, and the 
proposer. 


Power Automorphisms and Commutativity 


E 2421 [1973, 691]. Proposed by R. C. Buck, University of Wisconsin 

(i) Show that if G is a group in which the map x > x° is a monomorphism (1:1 
homomorphism, but not necessarily onto), then G is abelian. 

(ii) Exhibit a non-abelian group for which x > x* is an automorphism. 

(iii) Are there examples for every other exponent > 4? 


Solution by Michael Josephy, McGill University, and P. K. Garlick, Middle- 
ton, Wisconsin, (independently). To prove part (i), note that for all a,beG we 
have a°b* = (ab)°, so by the cancellation law it follows that a*b? = (ba). Using 
the result twice, we have a*b* = (a*)*(b*)? = (b*a’)* = [(ab)”]? = (ab)*, which 
upon cancellation implies a*b? = (ba)*. That is, (ab)? = (ba)?; since x > x° is 
injective, necessarily ab = ba and G is abelian. 

For parts (ii) and (iii), we show that there exists for each m > 3 a non-abelian 
group G,, in which the mapping x > x” is the identity automorphism. If m = 2" + 1 
for some n = 2, take G,, to be a non-abelian group of order 8; the quaternion group 
or the dihedral group D, will do. Otherwise, let p be an odd prime factor of m— 1 
and take G,, to be the non-abelian group of order p® in which every non-identity 
element has order p (See Marshall Hall, The Theory of Groups, Macmillan, New 
York, 1959, p. 51). A realization of this group 1s the set of all matrices of the form 


@ a b 
0 1 cl, 
0 oO tL 


where a,b,c are taken from the integers mod p. 


Also solved by the Alfred Univ. Math. Group, S. Baskaran & B. Subramanian (India), W. D. 
Blair, C. R. Combrink, S. C. Currier, D. Z. Djokovié, Don Ethington, C. Gardner, Joseph Grear, 
M. G. Greening (Australia), S. A. Greenspan, Melvin Henriksen, Gary McDonald & Merry McDon- 
ald, Ian Macdonald (Scotland), Desmond MacHale (Ireland), H. J. Marcum (Brazil), T. E. Moore, 
M. Perkel & V. Landazuri, D. A. Robinson, John Shafer, J. G. Sunday, Phil Tracy, E. T. H. Wang, 
and Qazi Zameeruddin (India). Partial solutions by J. V. Michalowicz, and the proposer. 


Editor’s comment. Both Moore and MacHale cite G. A. Miller’s paper, Possible a-automorphisms 
of non-abelian goups, Proc. Nat. Acad. Sci. 15 (1929), 89-91, which solves all parts of this problem. 
Henriksen mentions H. F. Trotter, Groups in which raising to a power is an automorphism, Canad. 
Math. Bull., 8 (1965), 825-826, which implicitly solves the problem. MacHale shows that if cubing 
is assumed to be an epimorphism (i.e., a homomorphism of G onto itself), then G must be abelian. 
He first shows that x2y3 = y3x2 for all x, y € G. This implies that all squares are in the center of Gand 
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hence (yx)2 = x2y2 = y2x2, implying xy = yx. Baskaran and Subramanian give examples for (ii) 
and (iii) in which the automorphism in question is not the identity. Shafer notes that (i) holds in can- 
cellative subgroups. 


Tiling with Incomparable Rectangles 


E 2422 [ 1973, 691]. Proposed by E. M. Reingold, University of Illinois, Urbana 

Two rectangles are incomparable if neither can be placed inside the other when 
they are aligned so that corresponding sides are parallel. Prove or disprove: No 
rectangular region can be tiled with mutually incomparable rectangles. 


I. Solution by P. van Emde Boas and H. W. Lenstra II, Mathematisch Instituut 
der Universiteit van Amsterdam, Netherlands. The first rectangle (Fig. 1) contains 
a solution to our problem. The second rectangle (Fig. 2) represents a solution to 
the analogous problem which results if the condition of incomparability is replaced 
by the weaker condition that no subrectangle can be translated inside any other 
subrectangle. Calling this latter problem the reduced problem, we see that each 
solution to the original problem is also a solution to the reduced problem. Conversely, 
any solution to the reduced problem yields a solution to the original problem upon 


10 ) 28 
1 
| 
7 8 
3 


1 
Fic. 1 
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multiplying one side of the solution by a sufficiently large factor to prevent in- 
clusions of rectangles after rotating them by an angle of 90°. 

The above solution to the reduced problem is a minimal one. Each such solution 
can be shown to need at least seven rectangles; if the solution consists of seven 
rectangles, its “‘shape’’ is as indicated, and the lengths of the sides of the rectangles 
(if integers) are at least as large as presented. Proof is by trial and error. 


II. Solution by W. A. A. Nuij, Technological University, Eindhoven, Nether- 
lands. We show more generally that any rectangle can be tiled with mutually in- 
comparable rectangles. We prove this by constructing a covering of a rectangle by 
seven tiles each with the same area. As the sides of the tiles are unequal, the tiles are 
clearly incomparable. We now refer to Figure 3. 


Let us give all tiles an area equal to unity, and let us make s, = 1 ands, =a, 
where a is a number to be specified later. Computing the length of the sides in the 
indicated order we find: 


2—a 3 — 2a 
Ss =a-—l, 37 = TT? rn rr, 
_ (2—a)(4-— 3a) _ (3 — 2a)(4a — 5) 


"a @=NG= 2a)? = a) 4 = 3a) 


Since Sig +5. +54 = S14 and Sy9 = I/sy, etc., we have the following equation 
which determines a: 
2-—a i 2-—a 4-—3a 


329+ 1 +57 32d es 


Rewrite this equation in the form 
15a? — 37a* + 1la +15 =0. 


This equation has three real roots, only one of which makes all of the sides positive 
(and unequal). This root is (approximately) a = 1.2718. Substituting this value 
for a solves the problem for one rectangle. As stretching does not change the ratio 
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of areas, we can fill any rectangle with tiles of equal area. In a finite number of cases, 
however, the described procedure gives rise to two equal tiles with different orien- 
tation. Then we make the width of the covering a little smaller and use the free space 
for a thin eighth tile, which is incomparable with the other tiles because it has a 
smaller area but length equal to the length of the whole rectangle. 


Also solved by Robert Breusch, Michael Goldberg, A. S. Kyle, R. A. Leslie, O. P. Lossers 
(Netherlands), M. S. Paterson (England), Bill Sands, and P. K. Stockmeyer. 


Area Summations in Partitioned Convex Quadrilaterals 


E 2423 [1973, 691]. Proposed by Lyles Hoshek, Monterey Park, California, 
and B. M. Stewart, Michigan State University 

Let there be given a plane convex quadrilateral of area A. Divide each of its 
four sides into n equal segments and join the corresponding points of division of 
opposite sides, forming n? smaller quadrilaterals. Prove: (a) the n smaller quadri- 
laterals in any diagonal (ordinary or broken) have a composite area equal to A/n; 
(b) The composite area of any row of smaller quadrilaterals and its complementary 
row (row i and row n + 1 — i) is equal to 2A/n. (In particular, if n is odd this 
implies that the composite area of the middle row is A/n.) 


Solution by Donald Batman, M. I. T. Lincoln Laboratory, and M. S. Klamkin, 
Ford Motor Company. We obtain more general results by dividing one pair of 
opposite sides into n equal segments and the other pair of sides into m equal segments, 
as shown in the figure. 


Denote the given quadrilateral by OBDC, where O is the origin. If X is a point 
in the plane, then we make the usual identification of X with the vector X from the 
origin to the point X. Define p,q by 


D =(p+ DB +(q + UC. 
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Note that p,q > —1 and also p +q> —1 since the quadrilateral is convex. The 
points of division will be denoted by P(r,s), with r = 0,1,---,m and s = 0,1,-°-,n; 
e.g., P(O,0) = O and P(m,n) = D. Let Q(r,s) denote the small quadrilateral whose 
upper left-hand vertex is P(r,s) and partition Q(r,s) into the two triangles A(7, s) 
and A’(r,s) as shown in the figure. 

One can show that for suitable scalars x and y 


P(r,s) = “B+x|C+_@-C-B)| = “C+ y|B+2(D -B- ©) | 


Since B and C are linearly independent, we find that x = s/n and y = r/m. 
Thus 


(1) P(r.s) = fi + Phe [1+ “hc, 
m n n m 
Since P(r + 1,s) — P(r,s) and P(r,s + 1) — P(r,s) are independent of r and s re- 
spectively, each segment of the figure is divided into equal parts— m for the ‘‘hori- 
zontal’? segments and n for the “‘vertical’’ segments (as shown in the figure). 
For the area | A(r,s)| of A(r,s) we have 


(2) 2|A(r,s)| = | {P(r + 1,5) — P(r,s)} x {P(, 5 + 1) — P(r, s)} | 
as i+ P+ “l [Bx cy, 
mn n m 
and similarly 
mn n n 


Note also that if A is the area of OBDC, then 
(4) 2A =(p+q+2)(Bx Cl. 


Look now at any A(r,s) and its centro-symmetric A’(m—1—r,n—1—s). From 
(2), (3) and (4) we have 


(S) | A(r,s)| + |A’(m—L—r,n—1-s)| = — 


For m,n odd it follows from this that the central small quadrilateral has area A/mn. 
(The special case m = n = 3 was established using a long synthetic proof by B. 
Greenberg, That area problem, Math. Teacher 64 (1971), 79-80.) 

If we take any small quadrilateral Q(r,s) and its centro-symmetric quadrilateral 
O(m—1—r,n—1-—s) we see from (5) that 
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|Q(r, s)| + |O@n—1—r,n—-1-s)| = [AG,s)| + |AG,5)| 
+ |A(m—1—r,n—1—s)| + |A’(m—1-r,n-1-5)| 
A A 2A 


mn mn mn’ 


which proves part (b). 
From (2), (3), and (4) we have 


Q(r,s)| = |ACr,s)| + [AG 5)| 


A (Qs+1)p (Qr+1)q | 
See 4p i SY 
mn(p + q + 2) | + n + m 


(6) 


Let m = n; we can now show that part (a) follows from this formula. In fact 
we can show that the result holds not only for broken diagonals, but for “‘generalized 
diagonals,’’ i.e., for selections of n smaller quadrilaterals with one from each row 
and each column, as in the individual terms of a matrix expansion. More precisely, 
let o be a permutation of (0, 1, ---,n—1); an easy computation shows that 


n-1 A 
d | O(r, re) | — n? 
r=0 


giving the result. 
We note that Problem E 1548 [1963, 892] and its generalizations follow from 
the above results. 


Also solved by M. T. Bird, M. G. Greening (Australia), Harry Lass, R. D. Nelson (England), 
L. A. Ringenberg, and the proposers. Solutions of one part only by Michael Goldberg and Carolyn 
MacDonald. 


The Symmetric Group as a Metric Space 


E 2424 [1973, 692]. Proposed by P. J. Murray, Westminster College, and (in- 
dependently) by E. T. H. Wang, University of Waterloo 

Let S,, denote the set of all permutations of the first n natural numbers. We can 
define a metric on S, as follows: If o,teS,, then d(o,t) = dLi-, | o(i) — (i) |. 
What possible numerical values can d assume? 


Solution by D. Z. Djokovié, University of Waterloo, Ontario, Canada. Since 
d(po, pt) = d(o,t) for all p,o,tES,, all of the values of d which are taken on are 
assumed by d(1,a) for some gE S,, where te S, denotes the identity permutation. 

Suppose that d(1,o) = m > 0 for some oeS,. We shall show that m — 2 is also 
a value of d, implying that, in particular, m = 2. It will follow from this that the 
values of d are all of the even integers from 0 to some maximal value 2t, which will 
be determined. 
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Let da,o) = m>Q0. Since o £1, it is not hard to see that there must exist 
r,s with 1 Sr<s <n such that ro>r, sao <s, and io =i if r<i<s. (Notice 
that necessarily ro 2 s.) If p is the cycle (r,r + 1,---,s), then an easy computation 
shows that d,pc) = m—2. 

It remains to determine t; we claim that t = [n?/4]. Let the ‘ ‘reversing permu- 
tation”’ 0cS, be defined by i@ = n+ 1 —i for all i. By direct calculation (handling 
the cases of n odd and n even separately), we can show that d(1,0) = 2[n?/4] = [n?/2]. 
If we can show that d(1,@) 2 d(i,c) for all ae S,, we will be done. 

Let k (1 S k S n—-1) be such that io = n+1-ifori<k but ko #n+1-k. 
We shall find a o’ eS, with the property that d(,a) < d(1,o’) and which also satis- 
fies io’ = n+1—ifori<k. It will then follow by induction that 


d(i,o) S$ di,o’) $+ S d0,6). 


Since kao A n+1-—k certainly ko<n+1-—k since every number greater than 
n+41—k is the image of some i with i<k. But this implies that ro=n+1-—k 
for some r > k. Let t denote the transposition (k,r). Then letting o' = to, we have 


d(t,a’) — d(,a) = |r—ko|+|n+1-2k|-—|k—ko|-|n+1—k-r]. 


There are two cases to consider, depending on the relative magnitudes of r,k, ko, 
and n+1—k. We shall examine one case; the other is similar. Suppose that 
kskosrsn+1-k. Then 


da,o’)—da,o) = r—ko+n+1—2k—ko+k—-—-n-1+ke+4+r 
= 2(r— ko) 2 0. 


Each of the two cases leads to the same conclusion: d(1,¢’) — d(l,a) 2 0, which 
proves the assertion. 


REMARKS. If n = 2m is even, then d(1,a) = 2t holds if and only if io > m for 
alli < m. If n = 2m + 1 is odd, then d(1,o) = 2t holds if and only if either ic > m 
forali <m+1lorio S$ m+1foralli = m+ 1. Let AQ) = {ceS,: dia) = 21}. 
The above remarks imply that o(A()) = (m!)? if n = 2m is even and o(A(1)) = n(m!)* 
if n = 2m +1 is odd. 

Let G, denote the group of isometries of the metric space (S,,d). Since 
d(po, pt) = d(a,t) it follows that the left translation L,:S,— S, defined by 
oL, = po is an element of G,,; it is easily checked that the mapping p — L, of S, 
into G, is an anti-monomorphism. Let L, denote the subgroup of G,, of all these left 
translations. If n 2 3, then o(G,,) = 2n! and G, is a semidirect product of L,, and the 
cyclic subgroup of order 2 generated by the isometry o —> @c0, where @ is the re- 
versing permutation defined above. 

For a€S, let A(o) = {teES,: d(c,t) = 2t}; this extends the concept A(1) defined 
above. Defining o ~ p if A(o) = A(p) defines an equivalence relation on S,; 
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the equivalence classes for this equivalence relation can be shown to be the left 
cosets of the subgroup AB = BA of S,,, where A is the subgroup of S, which fixes 
m-+1,m-+2,---,n and where B is the subgroup of S, which fixes 1,2,---,-n—m. 
Note that o(A) = o(B) = m! and since AN B = {1}, it follows that o(AB) = (m!)’. 
When n is even, the left cosets of AB in S, are precisely the sets A(o); however if 
n = 3 is odd, this is no longer true, since o(A(a)) = n(m!)? ¥ o(AB). 


Also solved by the Alfred University Problem Group, P. K. Garlick, Myron Hlynka, P. W. 
Lindstrom, J. Choné (France), and the proposer. 


ADVANCED PROBLEMS 


All solutions of Advanced Problems should be sent to J. Barlaz, Rutgers — The State University, 
New Brunswick, N.J.08903. Solutions of Advanced Problems in this issue should be typed (with 
double spacing) on separate, signed sheets and should be mailed before September 30, 1974. 


An asterisk (*) means neither the proposer nor the editors supplied a solution. 


5976. Proposed by Desmond MacHale, University College, Cork, Ireland 


A group element x is said to have trivial centralizer if it commutes only with its 
powers, 1.e., Cg(x) = <x), the cyclic subgroup generated by x. 

Characterize all finite groups in which every non-identity element has trivial 
centralizer. Question: Do there exist infinite trivial centralizer groups? 


5977. Proposed by J. F. Chew, University of Akron 


Let (G, - , d) be a triple such that (G, - ) is a group, (G,d) is a metric space and 
the function (x, y) > x + yisa continuous map from G x Gto G. If d is left invariant 
(d(a: x, a: y) = d(x, y) for all a,x, yeG), then (G,-, d) is a topological group. 
Can this statement be made without the assumption that d 1s left invariant? 


5978. Proposed by F. D. Hammer, Berkeley, California 


An exercise in Wilansky, Topology for Analysis, (Ginn 1970, p. 59, # 110) 
asks for a continuous function f:R—R which is 1-1 on the rationals, but not 
1-1 everywhere. Can “‘rational’’ be replaced with “‘irrational’’? 


5979*, Proposed by Benjamin Volk, Far Rockaway, N.Y. 


Let the function z + a,z? + a3z° be schlicht in the open unit disk, z | <1. 


Then show that |a,| < 2 ,/2/3. 


5980. Proposed by R. M. Cohn, Rutgers University 


Let M(k) be the least upper bound (over distributions) that a sample of size k 
from a probability distribution on the positive integers, when ordered, is in arithmetic 
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progression. Does M(k) exceed k!/k*, which is the value of the probability when 
the distribution assigns probability 1/k to the first k integers? Show that lim,_,,, M(k) 
= 0. 


5981*. Proposed by ‘R. A. McCoy, Virginia Polytechnic Institute, and State 
University 


Let i, j, and n be positive integers. Prove or disprove: i+ / Sn if and only if 
for every two sets {B,,---, B;} and {D,,---,D,} of balls in R", 


j i 
(9% J\(.0  ) 
k=1 k=1 

is connected. 


SOLUTIONS OF ADVANCED PROBLEMS 
Uniform Distribution as a Limit 


5906 [1973, 440]. Proposed by Gérard Letac, University of Clermont, France 


Let Xo, xX ,,°°:, xX, be independent random variables such that P(x, =n) = p, <1 
for all t and n = 0,1,2,--» with Dp, = 1; let g, denote P(x,<n). Find the 
distribution of 


Axo + Prox, poet PrxroPx, 9 Dye Axe rt 


I. Solution by L. E. Clarke, University of East Anglia, England. There is no 
real loss of generality in assuming that po, p;, P2,°:: are all > 0. Then any &e[0, 1) 
can be expressed uniquely in the form 


Ano F Pnodny F PaoPniQnz + ***> 
where nyo, n,,nNz,°:- are nonnegative integers. For, determine no so that 
Ano SS < Ano +1 
Next determine n, so that 
Any SS = Ano)! Pao < ny +1 - 


Then (¢ — Ang — Pon)! PnoPn E [0, L) 9 and so on. Note that if p= max(Po, P1> P2> vee) 
then p< 1 and so 


PuoPny'?’ Pne- < p' +Q as t—> oo. 
Now S$ = Gyo + PxoIx, + PxoPxidx, # °°: IS <¢ if and only if 
Eo: Xo < Ng, 


or E,:X9 = No and x, <n,, 


672 ADVANCED PROBLEMS AND SOLUTIONS [June-July 


or EE: Xo = No, Ny, any and Xz < No, 
or ---. Since the events Ey, E,,E,,--- are mutually exclusive, 
P(s < ¢) = d P(E,) = no + Pron, + PnoPn, n> i C, 
n=0 


and so s is uniformly distributed on (0, 1). 


II. Solution by F. W. Steutel, Enschede, Netherlands. Putting 


(1) yr Axo + Pxox; Fett Dy Px, °** Px Ix, F ys 
we have 
(2) Y = xo + Prod’ s 


where = denotes equality in distribution, y’ & y, and where xy and y’ are in- 


dependent. Denoting by F the distribution function of y and by @ its Laplace- 
Stieltjes transform, we have from (2) 


cO 


(3) p(s) = Ps exp{—s(Do + Py +++ + Pp-1)} O(D,S) - 


n= 


As we have 0 S$ y $ 1 with probability 1, the function @ is an entire function, 
which is uniquely determined by its derivatives at zero, i.e., by the moments of y. 
It is easily seen that, under the conditions given, these moments are recursively 
and uniquely determined by (2). It follows that (3) has only one solution that is 
analytic at zero. As, furthermore, the function (1 — e “*)/s satisfies (3), the distribu- 
tion function is given by 


(O if x< 
F(x) = x if OSx<l 
1 if x21, 
i.€., y is uniformly distributed on (0,1). 


Also solved by G. S. Rogers & D. L. Young, J. P. Jordan, S. P. Lloyd, and the proposer. 


z| = 1} 


Min Max {| 2" + a,-12""' +++ +a,z+1 


5907 [1973, 440]. Proposed by J. C. Alexander, University of Maryland 
For n = 1, let S, be the set of polynomials of the form 
pz) = 2" +4,-, 277) +a,-2z"7* +e + ayz +1, 
where a,, d3,-°-:, a, —, tange through all complex numbers. What is the value of 


M, = min ( max | p(z)|)? 
=1 


PESn |z — 


1974] ADVANCED PROBLEMS AND SOLUTIONS 673 


Solution by J. P. Jordan, Glen Rock, New Jersey. We prove that M, = 2 
forn21.M,S max),) =| 2" + 1 | = 2. If M, <2 for some n, then there is a p(z) 
= 2" +a,-42""' ++ +a,z+1 such that max.) =1| P(Z) | <2. In particular, 
—2< Re p(z) <2 at the nth roots of unity given by r = cos2z/n+i sin2z/n; 
r?,-+--,7" = 1. Adding inequalities, we get — 2n < Re d/-~, p(r*) < 2n, which is a 
contradiction since X;., p(r*) = 2n. 


Also solved by Graeme Fairweather, R. Goldstein (England), G. A. Heuer & Karl Heuer 
(Germany), O. P. Lossers (Netherlands), L. E. Mattics, C. C. Rousseau, Jacob Sturm & Robert 
Brooks (Israel), Robert Vermes, and the proposer. 


Editor’s Note. R. Goldstein conjectures that if p(z) = q(z) + r(z), where q(z) and r(z) are polynom- 
ials such that the coefficients of g(z) are fixed while the coefficients of r(z) range through all complex 
numbers, then 


min max { |p(z)| ;|z| = 1} = max { |q(z)| ;|z| = 1}. 


Rousseau points out that the theorem of the problem appears in a slightly more general form 
(p(z) = Az®?+ cyz"~1 + «-- +0, 12+ B, A, B fixed) in V. I. Smirnov and N. A. Lebedev, Functions 
of a Complex Variable, Constructive Theory, Vol. I, p. 353. 


Sums of Four Squares of Odd Numbers 


5908 [1973, 440]. Proposed by M. L. Glasser, Battelle Memorial Institute 
Prove 

xX At) DAB = 27/12, 

i,j,k] i, jokes 


where A = i*+j?+k?+1+i+j+k+1+1 and the summations are over all 
nonnegative integers. 


Solution by N. J. Fine, Pennsylvania State University. We have 


LA“ = & f(n)n“, 
n=1 
where f(n) is the number of representations of n in the form A, or of 4n as a sum of 
four squares of positive odd integers. It is known that f(n) = o(n), the number of 
divisors of n, for n odd; whereas f(n) = 0 for n even. (E. Landau, Vorlesungen 
liber Zahlentheorie, Thm. 170.) Since f(n) is multiplicative, the series is equal to 
the Euler product 
n +), 


Since o(p™) = (p"t* — 1) /(p — 1), the factor corresponding to the prime p # 2 is 


| SCP), f(b’) 
[H(t +o + 


p 


oe) ptt -1 pt 


on (p — 1)p™ — (pF-¥— 1) (pF - 1) 
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Hence 


~4 3 pp! W?-)w-) 
2A [20 = I (p3 — 1) (p* — 1) p> 


_p Gap) _ 57, Gap) _5@M _@ 
= I (1 — p~*) 4 (l—p7*) 4 ¢2)) 12° 


Also solved by L. Carlitz, L.E. Clarke (England), M. G. Greening (Australia), A. A. Jagers 
(Netherlands), J. P. Jordan, C. C. Rousseau, and the proposer. 


Note. Using a variety of procedures, Jagers, Greening, Rousseau and Jordan obtain the formula 
LA = (1-27) (1-2 SY)K(s)f(s—1), — Re(s) > 2, 


which also follows from the method used in the printed solution. 


Unbounded Continuous Function in R” 


5909 [1973, 441]. Proposed by Gérard Letac, University of Clermont, France 
Let f be a continuous real function on some real, finite dimensional vector space 
E. For any base b = (b,,-:-,5,) of E, denote by 


Ey, = (2,6, +--+ +2,b,3 2;EZ, i = 1,---,n}, 


where Z is the set of integers. Is it true that f 1s a bounded function when, for any 
base b, f restricted to E, is bounded? 


Solution by G. A. Heuer, University of Cologne, Germany. Yes, f is bounded. 
It will be convenient to deal first with the case n = 1. Remark: if 0<a <b, the 
intervals (ta, tb) and ((t + L)a, (t + 1)b) overlap for all sufficiently large t; thus there 
exists a number r such that for every x > r there is an interval (c,d) about x and a 
positive integer m such that a<c/m<d/m < b. Assume without loss of generality 
that f is unbounded above on the positive reals. Since f is continuous, for each 
positive integer k and each real r > 0 there is an interval (c,d), with c > r, throughout 
which f(x) > k. Let I, be a nondegenerate closed interval on which f(x) > 1. By the 
remark above there is a nondegenerate closed subinterval [, of I, and an integer m, 
such that f(x) > 2 for all x in mI, = {m,y: yel,}. By an easy induction we obtain 
a nested sequence of closed intervals 1, >I, >I, >-:-, and a sequence of integers 
mM, <m,<-++-,such that f(x) > k forall x in m,I,. Thus, ifbe ,/,, f is not bounded 
on &,. ; 
For general n, if f is not bounded (above), let {p,} be a sequence of points such 
that f(p,) > k. Since f is continuous, the set {p,} is unbounded. We claim that there 
is a basis (c,,°-,¢,,) such that the components of the points p, in the direction of each 
basis vector are unbounded; i.e., if p, = u7=1 %,C; foreach i = 1,---,n, the sequence 
{o:,}¢=1 is unbounded. For, obviously, at least one of them is unbounded; if say {a;,} 
is unbounded for | Si $j and bounded for j +1 Sina, let cy = ¢, — Lpe jie; 
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and c; = c; fori > 1. Then 
J n 
Py = de Oye + Le (Oye + OC 
i=1 i=jti 


and the components of {p,} in each new basis vector are unbounded, as claimed. 
We can, in fact, arrange that they be unbounded above. Choose such a basis. 
For each point p,, choose intervals J; ,,°-:, J, in the reals such that 


n 
un = |XX = DY Beis Bir € J in 
i=1 


is a neighborhood of p, throughout which f(x) > k. Proceeding now as in the one 
dimensional case, we may choose b, = y,c, such that infinitely many integral 
multiples of b, lie in the intervals J,,. Restricting attention now to those k for which 
m,b, €J,, for some integer m,, we may choose b, = y,c, such that infinitely many 
integral multiples of b, lie in the intervals J, ,. We continue in this fashion, and obtain 
a basis b = (b,,---,b,) for which f is unbounded on E,. 


Also solved by W. R. Emerson, R. J. Evans, Bruce Ferrero, Donald Girod, D. C. Kay, and the 
proposer. 


Norte. Emerson proves the following more general theorem: 
If f is an unbounded continuous function on E and b = (b1, +++, by) is any base of E, there exist 
arbitrarily small perturbations b’ = (b;, ree, b’) of b such that f is unbounded on E,,. 


F,=(n+2)F,-;—~(n-DF,_> 


5911 [1973, 564]. Proposed by Bill Knight, California Institute of Technology 
Let F,, be the nth term of the sequence defined by 


(1) PF, = (n+ 2)F,-; —(n— IF,-2, Fi = 4, Fy = 6. 
Find an explicit formula for F,,. 


I. Solution by W. O. Egerland, Ballistic Research Laboratories, Aberdeen 
Proving Grounds, Maryland. We observe that for k 2 3, 


(k _ 1)F, — k?F 4 = (k — 2)F,-4 —(k _ 1)?F,.-> = b _ 4a. 
Hence 


F, _ Fy _ _b—4a 
kik (k-D'(k—-1) kl k(k—-1)° 


Summation from k = 2 to k = n yields 


n 1 
F, =n! n\a +(b — 4a) a AKEDD 
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Or 


n~-1 
F, = Gb— Uayntn + (4a—6)(n+ Lt ntn 1/k!). 
k=0 
Il. Solution by Blagoj S. Popov, University of Skopje, Yugoslavia. Using the 
Laplace method, let us put F, = {@t"~ 'v(t) dt. From (1) we obtain 
dv 1—-3t4+fr _ 
> = say dt v=—e t(t— 1). 
The limits of the integral are the roots of the equation t"**(t — lje~' = 0, t, = 0, 
t, = 00, tz = 1. Then the general solution is 


ee) 1 
F,, ei | t'(t —lje~‘dt +c, } t"(t — le ‘dt 
0 0 


cinin + en |i n(I _t y al -—| 


(3b — 1la)n! n+ (4a — w)(1 +nin y 1/k!). 
k=0 


Ill. Solution by Barry Wolk and Roger Kingsley, University of Manitoba. 
For n 22, F, = — a[n! n(11 — 4e)| + b[n! n(3 — e)], where e is the base of natural 
logarithms and the brackets indicate the greatest integer function. 

Our method of attacking this problem may be of interest. Clearly F, = a A, + bB,, 
where A, = 1, A, = 0, B, = 0, B, = 1. A computer tabulation of n, A,, B,, B,/n, 
etc., led to the conjecture A, = 4 (mod n), B, = — 1 (mod n). Let C, = (4-—A,) /n, 
D, = (1+ B,)/n. Then a table of C,, D,, C,,/C,—1, etc., suggested the relations 
C, = nC,-, —4, D, = nD,—, — 1. Assuming that these formulas are valid for all n, 
we can solve them to get C,/n! = 11—4S,, D,/n! = 3-—S,, A, = —1l nin+4 
+ 4n!nS,, B, = 3n!n—1—n!nS,, where S, = Live, (1/i!). All these conjectures 
are proved by verifying that this formula for F,, does indeed solve the problem. 

This solution can be rewritten as above by using the relation 


1 /(n + 1) <(e—-S,)n! < 1 /n. 


Also solved by W. R. Allaway, Giinter Bach (Germany), M. T. Bird, M. T. L. Bizley (England), 
W. D. Blair, T. S. Bolis, Robert Breusch, R. J. Evans, Margaret J. Hodel, Mourad Ismail, N. L. 
Johnson, E. L. Koh, Donald La Budde, Harry Lass, O. P. Lossers (Netherlands), L. E. Mattics, 
M. F. Neuts & E. M. Klimko, David Newman (Israel), R. H.C. Newton, Mauri Orjatsalo (Finland), 
O.G. Ruehr, F.C. Smith, F. W. Steutel (Netherlands), Jacob Sturm & Michael Steiner (Israel), E. 
Trost (Switzerland), J. B. van Rongen (Netherlands), David Zeitlin, and the proposer. 


REVIEWS 


EDITED BY J. ARTHUR SEEBACH, JR. AND LYNN A. STEEN 
with the assistance of the mathematics departments of St. Olaf and Carleton Colleges 


COLLABORATING EDITOR FOR FILMS: SEYMOUR SCHUSTER, CARLETON COLLEGE 


We invite readers to submit reviews of significant recent college-level mathematics books. 
We especially encourage reviews based on classroom use, or comparative reviews of several 
related books. Reviews should ordinarily not exceed two pages (per book) typed double spaced. 
Manuscripts of reviews as well as books submitted for review should be sent to: Book Review 
Editor, American Mathematical Monthly, St. Olaf College, Northfield, MN 55057. 


A Response to Managerial Education, A series of articles by Peter Hilton, J. Myron 
Atkin, Ernest R. House, Robert M. Exner, Robert B. Davis, Leo Ruth, Peter 
Braunfeld, Burt A. Kaufman, Vincent Haag, Gail S. Young and Gerald R. 
Rising, Educational Technology, XIII, Number 11 : 11-59, November, 1973. 
Englewood Cliffs, N.J. Copies $3.00 each. (Telegraphic Review, February 1974.) 


Battle lines are drawn for what may turn out to be the educational debate of 
the century, a debate between the dwellers in two intellectual ghettos: the technology- 
oriented ghetto of the managers of change in education and the content-oriented 
ghetto of the humanists. Lawrence Lipsitz, the insightful if not reckless editor of 
Educational Technology, has devoted an entire issue of his magazine to the opposition. 

That the chasm that separates the ghettos may defy bridging is clear as one 
reads the response of the eleven humanist authors. The responders build their case 
on an age-old distinction between training and education. The managers, say the 
humanists, unwarrantedly elevate the fulfillment of tasks and the acquisition of 
skills to a paramount position in education by their obsession with prespecified, 
measurable objectives and their inattention to unmeasurable objectives and the 
unpredictable outcomes of education that arise from unexpected opportunities. 
Values which cannot be prespecified nor accurately measured, such as initiative, 
imagination, enrichment of the human spirit, and preparation of the individual for 
achievement of his fullest potential are by-passed. Herein lies the difficulty, since 
the managers will only reply that if such values exist, behavioral objectives can be 
generated to measure them, given careful definitions of each, time and effort. The 
chasm deepens. 

We read that the acquisition of skills (training) is deemed ‘‘as subordinate to, 
and part of, the acquisition of an education,” (p. 12) and that though education 
and training are not incompatible a program that concerns itself exclusively with 
training misses the central issue of education. The responders find problems with 
an educational system that employs the “simple and appealing strategy’ which 
holds teachers and schools accountable to goals that aim primarily at change in 
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pupil behavior wrought by the most cost efficient programs of instruction (p. 18). 
If we really hold teachers accountable, we are told that the result may well be the 
establishment of an orthodoxy that will leave the children and the country poorer. 

The impersonal, highly specific, precise methodology of education that is so 
closely tied to accountability and the managerial mode in education comes under 
severe attack as the authors point out that although educational objectives are clearly 
not testing objectives, the omnipresence of testing in the new programs is distorting 
education. Hope springs eternal, however, as we are informed about a countermove- 
ment in evaluation that is attempting to humanize education by developing evalua- 
tion designs that take account of the unspecified outcomes of education, particularly 
through the judgment of concerned persons. 

As for mathematics education, the authors decry the obsession with ends rather 
than means that comes with the behavioral objectives approach and the attendant 
atomization of concepts that prevents the cultivation of real understanding of the 
discipline of mathematics. Following an extended discussion of what is mathematics 
and what is not, it is argued that the “task of writing sensible behavioral goals for 
school mathematics is just insurmountably difficult, because most of mathematics 
simply defies being cast into the language of measurable behavioral outcomes. As a 
result, curricula based on behavioral goals deal only with the most trivial and dreary 
part of mathematics...’ (p. 48). In short, the behavioral objective approach is 
inadequate in building a mathematics curriculum and in its execution as well. 

Concerning teacher education we are reminded that here we are not faced with 
the question of whether the use of performance criteria in the preparation of teachers 
is right; rather, educators are being directed by many State Departments of Education 
to institute competency based teacher education programs, programs that in large 
measure dehumanize education. The undersigned concur wholeheartedly with the 
conclusion reached that in teacher preparation as in the classrooms of our children 
the role of education must prevail over training. 

For a long while now, professional societies in the various disciplines have pur- 
sued their own courses of action with little or no interchange with each other. Leo 
Ruth articulates the doubts of the English teaching profession, doubts reflected in a 
resolution recently adopted at the annual conference of the National Council of 
Teachers of English. He describes the action taken by a coalition of the English 
teachers’ professional organizations in California and the multi-subject organiza- 
tion, the California Curriculum Correlating Council, which resulted in the defeat 
of legislation designed to impose a PPB system in all of California’s schools. The 
influence of this coalition produced an alternative program that defined students’ 
progress not by their overt behavior but rather by a mutually agreed-upon list of 
experiences. 

The objections to measurable behavioral objectives raised by Ruth are widely 
shared by English teachers, at the heart of whose discipline lie ‘‘appreciation,” 
‘aesthetic responsiveness,” “‘understanding.’’ Unquestionably, certain areas of the 
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curriculum are easily susceptible to behavioral analysis, the skills of reading and 
writing in particular. But Ruth rightly fears that the focus on what is trainable and 
observable and measurable will inevitably skew the curriculum so that only such 
skills will be valued and taught. 

Out of the California controversy came a recommendation to English teachers 
that is addressed to all the other disciplines concerned with the whole meaning of 
education: Spend less time talking with yourself in the world of English and rally 
other subject-matter groups who may not understand that they too will suffer from 
blanket PPBS legislation that more obviously affects the teaching of English. ‘‘To 
succumb to the folly of specificity and the obligatory postulation of measurable 
objectives,” Ruth concludes, “is to disregard as irrelevant many important human 
aims.” It is better to encourage humanism than ignore it. 

Perhaps the strongest sentiment in the entire publication is the recognition that 
however much improvement can be made in the training level of education by the 
development of the managerial mode, we must all join together and strongly oppose 
any attempt to impose any single approach as the model against which all educational 
efforts. must be measured (p. 33). 

Every mathematician and educator should read this material. To generalize 
what Gail Young writes in his closing statement, a failure to maintain an alliance 
between humanists and managers will have tragic results for our children. 

H. W. SHERIDAN, English and Education 
P. S. JORGENSEN, Mathematics and Education 
Carleton College 


Introduction to Graph Theory. By Robin J. Wilson. Academic Press, New York, 
1972. viii + 168 pp. $7.50. (Telegraphic Review, June-July 1973.) 


Because of the basic nature of graphs, there are many people, from a variety 
of fields (and often without substantial mathematics backgrounds), who want to 
learn about graph theory. This book can be recommended to them as being especially 
well-suited for an introductory course or for self-study. There are several reasons 
for this, including (1) the material, which concentrates on basic results, (2) the ele- 
mentary applications, which stimulate the average reader’s interest, and (3) the ex- 
pository style, which introduces new material well. 

Two complementary philosophies appear to be incorporated into the writing. 
First, along with simply developing graph theory, the author conveys something 
more on methods of proof. For example, on several occasions he gives contrasting 
proofs of a theorem. Secondly, he conveys — better than is done in most intro- 
ductory books — a sense that there is theory in graph theory and that it is more 
than a collection of interesting results. Duality is the primary device used in achieving 


this. 
Let us turn now to examining some of the contents in more detail. After a good 
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intuitive introduction in Chapter 1, with numerous illustrations of how graphs serve 
as models, the formal development begins in Chapter 2. In a subject in which defini- 
tions proliferate so, a writer can easily overwhelm a reader with a glossary of terms 
which he cannot begin to comprehend. Admirably, Wilson is content with just 
enough fundamental concepts to get the reader started. 

In the main, the next six chapters consist of standard topics, but the presentation 
has some noteworthy aspects. Already in Chapter 3 (Paths and Circuits) some of 
the similarities between circuits and cut sets are introduced. Chapter 5 (Planarity 
and Duality) contains an excellent development of duality in planar graphs, perhaps 
the best exposition of this material available. Chapter 8 is a very substantial one, 
incorporating as it does a variety of interesting and important results. From the 
marriage problem as starting point, the reader encounters Hall’s theorem on systems 
of distinct representatives, Menger’s theorem on connectivity, the K6nig-Egervary 
theorem on independent entries in matrices, and the Ford-Fulkerson theorem on 
network flows. Although there are far too many variations and extensions of these 
topics for all to be covered in such a book, one might wish for more on characteri- 
zations of non-separable graphs. But all in all, it is an excellent chapter. 

The final chapter is devoted to matroids, something not everyone would expect 
to find in an introduction to graph theory. The best answer to why they are included 
lies near the end of the book, but unfortunately the average reader will have some 
difficulty getting there. The author, having done such admirable work with the graph 
definitions earlier, should have done better here. It is to be hoped that the reader 
will skim some of this material and get to the later results. Among the applications 
of matroids to graphs and transversals, he will find that the similarities between 
cut sets and circuits which were encountered earlier are more than coincidental. 
He should come away with an interest in matroids both for their own sake and for 
their bearing on graphs. 

The book has a large selection of exercises — some 250 — with the more difficult 
ones being starred. They cover a wide range: some require only straightforward 
interpretation of material, some ask for proofs, and others develop new material. 
Some of my favorites involve applications, which range from simple games to other 
areas of mathematics. A major weakness (Common to most graph theory books) 
is the lack of a “Hints and Answers” section; almost anyone learning this material 
will appreciate some assistance with the problems. 

In summary then, this book will be of value to anyone who wants to learn or 
to teach the basics of graph theory. For an elementary course, it is recommended 
as a text, with the instructor perhaps supplementing with topics from other sources. 
In a more advanced course, the instructor can benefit from using Wilson’s book 
as a guide to basics and for the approach to certain topics, such as duality. 

Finally, a parting comment for the American publishers: Why is the book not 
available in its original paperback form? Such an edition would be most useful. 

L. W. BEINEKE, Purdue University at Fort Wayne 
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Introduction to Mathematical Statistics, 4th edition. By Paul G. Hoel. Wiley. New 
York, 1971. x + 409 pp. $11.50. (Telegraphic Review, November 1971.) 


The fourth edition differs from the previous edition principally in the organiza- 
tion of material. Although the material has been reorganized so that the first six 
chapters can be used for a brief course in probability, it is still primarily a classical 
statistics text. 

A one semester course (4 credits, meeting 3 hours per week plus independent 
study) covered the first ten chapters, which deal with the basics of undergraduate 
statistics, 1.e., combinatorics, discrete and continuous distributions, the binomial, 
Poisson, normal, y*, ¢ and F distributions, point estimation, tests of hypotheses, 
confidence intervals, correlation and linear regression. The last three chapters are 
excellent, as they discuss advanced topics such as analysis of variance, statistical 
design, nonparametric methods and sequential analysis. These chapters can be 
read by the more advanced and interested students and are suitable for independent 
honors projects. 

The text is well written; the exposition is both readable and lucid and is intended 
for students with an elementary background in calculus. The author, wisely, omitted 
many of the more difficult proofs from the main body of the text, and some of these 
are outlined in the appendix. 

Many of the students who used this book mentioned that they felt that more 
illustrative problems should be worked out in detail in the text. While this may be 
a valid criticism, there clearly is an abundance of excellent exercises. The exercises 
are labeled with the number of the section to which they refer, beginning with routine 
problems and followed by more theoretical ones. It would be helpful if, in addition, 
there was a set of miscellaneous problems at the end of each chapter so a student 
could test his mastery of the various topics of a complete chapter, rather than of 
the individual topics alone. Moreover, a few more difficult and challenging problems 
would be a helpful supplement. 

Chapter 8, titled ““General Principles of Statistical Inference’ has too much 
material. This chapter should be divided into two: one part dealing with testing. of 
hypotheses, the other with considering point estimation. The author discusses only 
two types of point estimates, unbiased and maximum likelihood. A new chapter 
on estimation should also include consistent and sufficient estimators, which can 
be studied effectively at the junior or senior level. 

There was an enthusiastic student response to this text. I would recommend it 
to an instructor who is looking for a post-calculus text in probability and mathe- 
matical statistics which stresses the basic concepts of these fields. Moreover, a student 
who has mastered the material in the first ten chapters is prepared for the second 
examination of the Society of Actuaries. 

MURRAY HOCHBERG, Brooklyn College 
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Advanced Engineering Mathematics, Third Edition. By Erwin Kreyszig. Wiley, 
New York, 1972. xvii + 866 pp. $14.95. (Telegraphic Review, October 1972.) 


Having taught from both the second and third editions of this book, I must say 
that I found little difference in the third edition. While a new chapter on Numerical 
Analysis has been added, I see no indication that any other substantial changes 
were made, except for the rearrangement of parts of a few chapters and the addition 
of two or three pages of new material on Inner Product Spaces. However, the fact 
that this does not appear to be a very substantial revision in no way detracts from 
the overall excellence of the book. 

I have taught two different classes in Advanced Calculus from the text, utilizing 
chapters 5, 7 and 8. The presentation of Green’s Theorem and the Divergence The- 
orem, with numerous examples “‘scattered all over,” gives the students of applied 
mathematics a chance to see a wide panorama of applications. The section on jhe 
Chain Rule for functions of several variables is a little too sketchy, as most students 
find the problems immediately following it to be rather difficult. A lecturer using this 
book might help by adding at this point material on the Implicit Function Theorem 
and its applications. 

I have also taught a course from the chapters on Fourier Series and Transforms, 
Laplace Transforms, and Partial Differential Equations (chapters 4, 9 and 10). 
The treatment of Laplace Transforms is rather complete; in fact, one of my colleagues 
picked up the ideas of this chapter and incorporated them into his Differential 
Equations course in the middle of the semester! 

Student reaction to the book has been quite favorable. The style of the text is 
highly applied, as the title indicates, with no great stress on rigorous proofs. Often 
proofs are sketched or outlined, while applications are treated extensively. This, 
I believe, is one of the great assets of the book. 

An added bonus of this text is that it also contains an exhaustive treatment of 
Complex Variables (chapters 11-17), a chapter on Numerical Analysis, and a chapter 
(19) on Probability and Statistics which includes some non-parametric tests. Former 
students of mine who used the book in Advanced Calculus have expressed pleasure 
in discovering that it can be used as a good reference for these other courses. 

In many mathematics departments, Advanced Calculus has become a poor 
sister to an undergraduate course in Real Analysis. However, the renewed interest 
in applied mathematics by students aware of the present job situation can be en- 
couraged by a good Advanced Calculus course, “done right,’’ and I strongly believe 
that this book is the ideal choice for such a course. 

RONALD F. BARNES, State University of New York, College at Brockport 
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TELEGRAPHIC REVIEWS 


Telegraphic reviews are designed to give prompt notice of new 
hooks with sufficient information to assist our readers in deciding 
whether to order an examination copy or to suggest library purchase. 
Possible uses are indicated as follows: 


textbook P professional reading 
supplementary reading L undergraduate library purchase 

3 to 18 = freshman to second year graduate level usage 

1 to 4 = appropriate time in semesters to cover text 

Asterisks (*) or question marks (?) denote special positive or nega- 
tive emphasis, respectively. Publishers are denoted by standard 
abbreviations; complete addresses may be found in Books tn Print. 


nl 
i jl 


T 
S) 
1 


GENERAL, S**, P, L**, Mathematical Gems from Elementary Combinatorics, 
Number Theory, and Geometry. Ross Honsberger. Dolciani Math. Expos., 
No. 1. MAA, 1973, xi + 176 pp, $8. Dozens of uncommon mathematical 
Vignettes, each rooted in historical context and developed in a re- 
freshing, informal style that alerts the reader to the role of beauty 
and surprise in mathematical truth. Every mathematician will find 
new items of interest throughout this volume, yet most of it is ac- 
cessible to outstanding high school students. Quite a remarkable 
achievement! LAS 


GENERAL, [(13-14: 2), Finite Mathematics for Business and Social 
Seience. William J. Adams. Xerox, 1974, xiv + 354 pp, $10.50. This 
is an excellent finite mathematics book. Divided into five sections: 
linear programming, probability (including Markov chains), game 
theory, matrices, and the mathematics of finance (primarily about in- 
terest). Matrices are used in earlier chapters without being formal- 
ly introduced. The examples and hibliographic references are outstand- 
ing. Trade journals in various fields (advertising, economics) ap- 
pear as often as more scholarly research journals. Ideal for busi- 
ness majors, yet the pure mathematician could also learn a lot about 
applications. PJM 


GENERAL, S, P, Topologte et Perception: Tome I: Bases Philosophiques 
et Mathématiques. Claude Paul Bruter. Doin, 1974, 254 pp, 64F (P). 
The basie notion here is that points where a table ceases to be a 
table, i.e., boundary points, are topologically describable. The 
philosophical basis--theorem and proofs--is reminiscent of Spinoza 
in form and about as hard to read. The mathematical basis is a good 
description of Thom's work on the theory of catastrophes. PJM 


GENERAL. T(13: 1), S, Mathematical Logte and Probability wtth Basic 
Programming. William s. Dorn, Herbert J. Greenberg, Sister Mary K. 
Keller, Prindle, 1973, wiii + 216 pp, $7.50 (P). Begins with an 
elementary introduction to BASIC. Follows with material on the logic 
of switching circuits and elementary probability, mostly taken from 
Dorn and Greenberg's Mathemattes and Computing wtth Fortran Program- 
ming (TR, January 1968), designed to be learned using the computer as 
an aid. RSK 


PrecaALcULUS, 1(13: 1), Programmed College Algebra. J. Bryan Sperry. 
Holbrook Pr, 1974, xi + 369 pp, $6.95 (P). A well-organized program- 
med text. Additional exercises and chapter tests follow each unit.LLK 


~ 
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PRECALCULUS. T(5: 1), College Algebra. Edward D. Gaughan. Brooks/ 

Cole, 1974, viii + 472 pp, $10.95. The usual topics of college alge- 
bra. Each chapter in introduced with a problem which can be solved 
by the methods of the chapter. Large number of exercises including 
chapter reviews. LLK 


EpucATION, I* (13-17: 1, , Mathematica: Conerete Behavtoral Founda- 
ttons. Joseph M. fie Har-Row, 1971, xx + 459 pp, $11.95; An 
Algortthmte Approach to Mathematics: Conerete Behavtoral Foundations, 
vi + 385 pp, $5.95 (P). Non-routine and carefully done. Designed as 
an intermediate level mathematics text for elementary and middle 
school teachers (or for liberal arts students). Introduces student 
to process abilities in mathematics such as the ability to detect re- 
gularities (discovery), to construct examples (particularization), to 
describe mathematical ideas, as well as traditional content such as 
sets, relations, logic, algebraic systems, and number systems. Methods 
commentary throughout. Appendices: elementary school geometry and 
careful analyses of 10 elementary school textbook series. Accompany- 
ing workbook presents tasks, rules for solving, examples of solutions, 
and exercises; intended to aid poorly prepared or less able students. 
PSJ 


EDUCATION» TCb- 14, 17: 1), The Rattonal Numbers, NCTM, 1972, vii + 
pp, $6 . A text for pre- or in-service elementary school 


teachens: Weitten to accompany 12 teacher-education films (Elemen- 
tary Mathematties for Teachers and Students, NCTM) but can be used 
separately for study of rational numbers. Stresses content and peda- 
gogy. Glossary. Answers provided for all exercises. PSJ 


FDUCATION, P, L, 4lgorithmization in Learning and Instruction, L.N. 
Landa. Educ. Tech. Pub., 1974, xxxiii + 713 pp, $14.95. Soviet cyber- 
netics applied to pedagogy: a massive exhortation (with supporting re- 
search reports) for methods of instruction based on algorithms as a 
model of human reasoning. Translated from the 1966 Russian original, 
it blends cybernetics, psychology, linguistics, and logic into a par- 
ticular educational philosophy and reinforces this philosophy with re- 
sults of two decades' research in Soviet schools. LAS 


EDUCATION, S, P, Space Mathematics: A Resource for Teachers, N.A.S.A. 
Thomas D. Reynolds, Ed. USGPO, 1972, 138 pp, $2 (P). A collection 
of 138 mathematics problems (with solutions) related to space science 
for use as supplementary exercises in grades 9-12. Pre-calculus 
level. Range from easy 9th grade to very challenging 12th grade. 
Grouped by topics: algebra, probability, geometry, trigonometry, etc. 
Excellent resource for teachers. For secondary methods courses and 
curriculum libraries. Bibliography. PSJ 


EDUCATION. T° 17: 1), Teaching Modern Mathematics in the Elemen- 

tary School Second Editton. Howard F. Fehr, Jo McKeeby Phillips. 
A-W, 1972, xviii + 515 pp, $9.50. For methods courses for pre and 
in-service elementary school teachers. Assumes basic mathematical 
knowledge. Mainly curriculum and pedagogy. Revision adds chapters 
on teaching motion geometry and probability and statistics. Other 
new topics include role of logical words, laboratory teaching, under- 
standing, and the real world and mathematics. Good exercises and 
chapter references. Updated bibliography. PSJ 
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NUMBER THEORY, T(18), P, L. Foundattona of a Structural Theory of 
Set Addition. G.A. Freiman. Transl. of Math. Mono., VY. 37. AMS, 
1973, vii + 108 pp, $15.70. An interesting, well-written book. In 
the first chapter the author defines isomorphisms of subsets of a 
set with an algebraic operation, and discusses their properties. 
From his point of view, additive number theory is the study of pro- 
perties of sets of numbers which are invariant under isomorphic map~- 
pings. Chapter II is devoted to a proof of a theorem concerning sub- 
sets of the integers mod p and arithmetic progressions mod p. 
Chapter III centers on density questions for sums of sequences and 
on the structure of sets of residues mod p. Some exercises includ- 
ed. SG 


NUMBER THEORY, P, Baste Number Theory, Second Edition. André Weil. 
Grund. math. Wissenschaften, B. 144. Springer-Verlag, 1973, xviii + 
312 pp, $15.30. This second edition contains minor corrections and 
notes to the first edition (TR, June 1968), along with a few appen- 
dices. SG 


Ui BER THEORY, P, Zlementary and Analytte Theory of Algebraic Numbers. 
“wl acyslaw Narkiewicz.,. PWN, 1974, 630 pp, $30. Algebraic number theory 
minus class field theory. The first four chapters are classical: rings 
of integers, the unit theorem, finiteness of class number, relative 
extensions. The remaining five chapters focus on local and analytic 
methods, harmonic analysis on local fields (Tate's thesis), Kronecker's 
theorem, Chebotarev's density theorem, class number formulas, and the 
Siegel-Brauer theorem, Extensive notes on each chapter. Over 150 
pages of bibliography. An exceptionally useful reference work. SG 


LINEAR ALGEBRA, I[*(13-14: 1), L, Constructive Linear Algebra. Allan 
Gewirtz, Harry Sitomer, Albert W. Tucker. P-H, 1974, xi + 493 pp, 


$13.95. A refreshing new slant on elementary linear algebra--begin- 
ning with linear programming and focusing throughout on the computa- 
tional and theoretical significance of tableaux and associated pivot 
operations. With only minor supplements or deletions, this book would 
be suitable either for courses in finite mathematics or elementary 
linear algebra. Computer methods are not discussed but the algori- 
thmic spirit stands out in nearly every section. LAS 


ALGEBRA, S(1/-18), P, Zhe Algebrate Theory of Modular Systems. F.S. 
Macaulay. Cambridge Tracts in Math. and Math. Physics, No. 19. Hafner, 
1964, xiv + 112 pp, $4. This work, originally published in 1916, 
Should be of considerable interest to commutative algebraists, and 
should provide some perspective on what the subject is all about. LCL 


ALGEBRA » P*, L, Reviews on Infinite Groups. Ed: Gilbert Baumslag. 
AMS, 1974. Part i: xii + 514 pp, $70 set (P)?; Part 2; 547 pp. Re- 
prints of 4563 reviews on infinite discrete group theory from Vols. 
1-40 (1940-1970) of Mathematteal Reviews arranged under 24 major and 
264 minor headings. An invaluahle research tool. LAS 


CatcuLus, 1(13: 1, 2), Cateulus; An Introductery Course, M.J. 
Mansfield. Prindle, 1972, ix + 388 pp, $10.95. From preface; “This 
book has been written for the engineering technician and other stu-~ 
dents of applied science, It may be short on rigor, but it is not 
lacking in vigor... Proofs as such are not employed in the book. 
Nevertheless, informal heuristic discussions are provided to give 


the stude th bject." A rammed guide 
FR aoe py insight into the why of e subj prog g 


686 REVIEWS [J une-J uly 


CatcuLus, 1(13: 1, 2), S, Programmed Guide to Accompany Calculus: An 
Introductory Course. J. Bryan Sperry. Prindle, 1972, 183 pp, $3.95 
(P). Programmed exercises for use in conjunction with Mansfield's 
Caleulus: An Introductory Course, Branches lead student to a discus- 
Sion of one of several possible wrong answers. RBK 


REAL Anacysis, 1(16-17: 1), S, Introduction to Measure and Integra- 
tton. S.J. Taylor. Cambridge U Pr, 1966, vi + 246 pp, $5.95 (P). A 


straightforward classical development of Lebesgue integration theory 
(via monotone sequences of simple functions) concluding with such 
topics as the Riesz-Fischer theorem, the Danieil integral and Haar 
measure. A reprint of the first 9 chapters of Kingman and Taylor's 
1966 Introduetton to Measure and Probability. A good buy. LAS 


ComMpLEX ANALYSIS, P, Lecture Notes in Mathematics-336: L'Analyse 
Harmontque dans le Domaine Complexe, Eds: E.J. Akutowicz. Springer- 
Verlag, 1973, v + 169 pp, $8.10 (P). Proceedings, mostly in English, 
from a meeting at Montpellier, France in September 1972. JAS 


ComPLEX ANALYSIS, P, Introducere tn teorta grupurilor Klein, Dumitru 
Ivascu, Editura Academiei Rep. Soc. Romania, 1973, 168 pp, (P). 
Klein groups, automorphisms with respect to Klein groups and Teich- 
muller spaces; in Rumanian. JAS 


DIFFERENTIAL Equations, I(16-17: 2, 5), L, Ordinary Differential 
Equattons. Philip Hartman, P.O. Box 7162, Baltimore, MD 21218. 1973, 


Xiv + 612 pp, $10 (P). Corrected paperback private reprint of 1964 
Wiley original--at half the original cost. Includes a substantial 
"basic course" together with numerous probes into various applica- 
tions. Diverse exercises; hints, extensive bibliography. LAS 


DIFFERENTIAL EQUATIONS, P, Lecture Notes in Mathemattes-309: Topties 
tn Stability and Bifurcation Theory. David H. Sattinger. Springer- 
Verlag, 1973, vi + 190 pp, $5.80 (P). A survey of recently developed 
methods, these notes were the basis of a course at the University of 
Minnesota. JAS 


NUMERICAL ANALYsIsS, S(16-17), P, Sparse Matrices. Reginald P. 
Tewarson, Math, in Sci, and Eng., V. 99, Acad Pr, 1973, xv + 160 pp, 


$11.95. A good exposition of methods of computation for large, sparse 
matrices. Storage schemes. Elimination and orthogonalization 
methods. Eigenvalues and eigenvectors, Tearing and bifactorization. 
Good bibliography. RWN 


NUMERICAL ANALYSIS, P, Zoptes in Numertecal Analysts. Ed: John J.H. 
Miller. Acad Pr, 1973, xviii + 348 pp, $19.50. Invited papers from 

a 1972 conference at University College, Dublin, including an histori- 
cal discourse on "Computing through the Ages" by C. Lanczos. LAS 


FUNCTIONAL ANALYSIS, | (16-17: 1), S, L*, Funetional Analysis: A Short 
Course, Edward W. Packel. Intext, 1974, xvii + 172 pp, $10. A care- 
fully selected subset of traditional functional analysis designed to 
illustrate its beauty, applicability and unifying power to mathema- 
tically mature undergraduates. The text is unusually lean, relying 
exclusively on the formal definition-theorem-proof-exercise style. 
Would likely be an excellent pre-graduate school primer for the well 
motivated, but may appear quite dry to the less well motivated. LAS 
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FUNCT LONAL ANALYsis. 1(18; 1). S; Pi Lecture Notes in Mathematics-355: 
A Theory of Semtgroup Valued Measures. Maurice Gion., Springer- 
Verlag, 1973, 140 pp, $6.20 (P). Theory was developed to yield re- 
presentation theorems for vector valued functions and has led to a 
re-examination of the notions of measurable function and integral. 
Development is via outer measure q@ la Carath@éodory although the inte- 
gral is defined directly, The theory of differentiation is in terms 
of a limit of ratios using the notion of differentiation basis which 
is shown to always exist. A sequel will emphasize applications. RBK 


OPTIMIZATION. T*(14-17; 2), 8, P, L*®,_ Programming and Probability 
Models and Operations Research. Donald P. Gaver, Gerald L. Thompson, 


Brooks/Cole, 1973, xiii + 683 pp, $17.95. Comprehensive selection of 
optimization tools and models, incorporating recent developments. 
Self-contained: linear algebra and probability are systematically 
developed, leading to programming (convex sets, linear and non-linear 
programming) and stochastic models (decision models, waiting-lines, 
inventory theory, Markov chains, simulation). Plenty of material 
here! Flow diagrams used to advantage though scope of book excludes 
computing. Calculus presumed, Clearly written, in a style generous 
in motivation, Examples lack the punch that might be attained by il- 
lustrating with actual usages and real (not “realistic") data. Marred 
by a sexist example on pp. 4-5. PJC 


OPTIMIZATION, [(14-16: 1),.$,. Motes on Linear Programming. M. 
Sakarovitch, Van N-Rein, 1971, 175 pp, $3.95 (P). A brief computer- 


Oriented introductory course: duality, simplex method, economic in- 
terpretation, parametric programming. LAS 


ANALYSIS, S(17-18), P, L, Reeent Results on Funetton Algebras. 
Irving Glicksberg. CBMS Reg. Conf. in Math., No. ll. AMS, 1972, 


38 pp, $3.50 (P). Notes from expository lectures at Fayetteville, 
Arkansas, June 1971, Highlights of old and new results concerning 
interpolation, orthogonal measures, rational approximation and C(X). 
LAS 


ANALYSIS, P, Speetral Theory and Complex Analysis. Jean Pierre 
Ferrier. Math. Stud., V. 4. North Holland, 1973, xii + 93 pp, $7 
(P). Application of Waelbroeck's spectral theory of b-algebras. to 
algebras of holomorphic functions on pseudoconvex domains of Cc” 
Notes from lectures given at Collége de France in 1971, rewritten in 
English by the author. LAS 


ANALYSIS, P, Analtsa. Krzysztof Maurin. Biblioteka Matematyczna. 
Tom 38, 41. PWN. Czese I, Elementy, 1973, 486 pp; Czese II, Wstep 
do analtay globalnej, 1971, 490 pp. Modern analysis with an intro- 
duction to global analysis for those who prefer it in Polish. JAS 


ALGEBRAIC GEOMETRY, P, #Z2liptie Funettons. Serge Lang. A-W, 1973, 
xii + 326 pp, $17.50. A valuable exposition of classical and modern 
aspecte of elliptic functions. Part one concerns elliptic curves 
over C, their morphisms and points of finite order; the J~invariant} 
modular functions. Part two: complex multiplication; Shinura'ts re- 
ciprocity law; R-adic and pradic representations. Part thrée: el- 
liptic curves with non-integral invariant; the Tate parametrization; 
division points over number fields. Part four: Theta functions; 
Kronecker limit formulas. An appendix (by Tate) on formulas for 
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elliptic curves in arbitrary characteristic, and one (hy Lang) on 
traces. Cartier operator, and Hasse invariant. An extremely useful 
reference, SG 


ALGEBRAIC GEOMETRY, P, Lecture Notes in Mathematicen852: Theta 
Funettons on Rtemann Surfaces, John D. Fay. Springer-Verlag, 1973, 

137 pp, $6.20 (P). Some topics; relations between theta functions 

and Abelian differentials, theta functions and degenerate Riemann sur- 
faces, Schottley relations for surfaces of special moduli, and theta 
functions on finite bordered Riemann surfaces. SG 


GEOMETRY, 1(18: 2), F#lementare Differenttalgeometrie, W. Blaschke, 
K. Leichtweiss. Springer-Verlag, 1973, x + 369 pp, $43.20. Called 
the "fifth edition", this is a major reworking by the second author 
of a classic text by the now deceased first author. The presenta- 
tion has a classical (geometric) fdavour but uses modern methods and 
intuition. A substantial text with exercises for the advanced stu- 
dent. JAS 


Geometry, 1(18: 1, 2), S*(18), P, Leeture Notes in Mathematics~-335: 
Bewetsmethoden der Differenttalgeometrie tm Grossen. H. Huck, et al. 


Springer-Verlag, 1973, 168 pp, $8.10 (P). Carefully designed to in- 
troduce the advanced student to some of the important methods of 
modern global differential geometry. The presentation, unbroken by 
problems, requires experience with introductory differential geome- 
try. Although it lacks an index, it appears to be an excellent sup- 
plementary volume to a course. Includes classical motivation, in- 
tuitive insight, lots of notation and consciousness of purpose. JAS 


GEOMETRY, P, 2tseontinuous Groups and Riemann Surfaces, Ed: Leon 
Greenberg. Annals Math. Stud., No. 79. Princeton U Pr, 1974, ix + 
443 pp, $12 (P). Proceedings of the May 1973 Conference at U. 
Maryland. LAS 


Topotocy, T*(14-16: 1, 2), $, L, Topology. Murray Eisenberg. HR&W, 
1974, xiv + 427 pp, $16. An elementary but serious topology book that 


is carefully crafted throughout. The needs of analysts and geometric 
topologists are met with unusual balance. Numerous indices, inter- 
relation charts and notes are provided to help the instructor fit the 
book to a number of undergraduate course situations. Ordinal numbers 
and Zorn's lemma are avoided and the topology proper begins with metric 
spaces in order to limit the pre-requisites to calculus only. JAS 


TopoLocy, P, Feutlletages: Résultats Anetens et Nouveaux (Painlevé, 
Heetor et Martinet), Georges H. Reeb. Pr U Montreal, 1974, 70 pp, 
$5 (P). A collection of papers on foliations. PJM 


TopoLocy, P, New Developments in Topology. Ed; Graeme Segal. London 
Math. Soc. Lect. Notes, No. 11. Cambridge U Pr, 1974, 128 pp, $7.95 
(P). Proceedings of a symposium on algebraic topology at Oxford, 
June 1972. LAS 


PROBABILITY, P, Probabiliatte Methods in Applied Mathematica, V. 1. 
d:; A.T. Bharucha-Reid. Acad Pr, 1968, x + 291 pp, $16.75, Random 
eigenvaiue problems by W.E. Boyce; Wave propagation in random media 
by U. Frisch; and Branching processes in neutron transport theory by 
T.W. Mullikin. (VY. 2, TR, June/July 1970; V. 3, TR, March 1974) .LAS 
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PROBABLLITY, P, Lecture Notes in Mathematics-272; Posttive Definite 
Kernels, Continuoug Tensor Products, and Central Limit Theorems of 
Probability Theory. K.R. Parthasarathy, K. Schmidt. Springer-Verlag, 
1972, vi + 107 pp, $5.10 (P). Continuous tensor products studied in 
terms of positive definite kernels with invariance properties under a 
group action lead to a unified approach to the central limit problems 
of probability theory, the theory of stochastic processes with sta- 
tionary increments and the construction of free fields in quantum 
mechanics. JAS 


PROBABILITY, P, Lecture Notes in Mathematics-296: Probabiltty and 
Informatton Theory II, Ed: M. Behara, K. Krickeberg, J. Wolfowitz. 
Springer-Verlag, 1973, 223 pp, $7.40 (P). A sequel to Lecture Notes 
tn Mathematies-89 (1969) containing nine invited lectures at seminars 
sponsored jointly by McMaster U. and U. Montreal. LAS 


STATISTICS, P*, The Statistics Cum Index, James L. Dolby, John W. 
Tukey. R&D Pr, 1973, xviii + 498 pp, $28.80. Volume 1 of the In- 
formation Access Series, a series designed to provide rapid and ef- 
fective access to the literature of specialized fields. Gives a cum- 
ulative index of 113 selected books in statistics, thus providing a 
quick list of references, including page numbers, to virtually every 
standard statistical topic. Usefulness is limited by the selection, 
which may include many books one does not have available and may omit 
others one would wish were included. RSK 


STATISTICS, P**, Index to Statisttes and Probability: The Citation 
Index. John W. Tukey. R&D Pr, 1973, xxx + 1269 pp, $60. Volume 2 
of the information Access Series; first of five volumes which will 
provide virtually complete coverage of the literature through 1966. 
This voluminous work provides coded listings of essentially all items 
(papers, books, reports, etc.), including abstracts and reviews, 
which cite a given item. RSK 


STATISTICS, P, Symmetric Funetions in Statistics. Ed: Derrick S. 
Tracy. U of Windsor, 1972, iii + 224 pp, $6.80 (P). Proceedings of 
a 1971 symposium in honor of Professor Paul S. Dwyer. Four invited 
and seven shorter contributed papers. LAS 


STATISTICS, I*(]16-1/: 2), 4 Ftrst Course in Mathematical Statistics. 
George G. Roussas. A-W, 1973, xv + 506 pp, $16.50. Sophisticated 
introductory text. Presumes no measure theory or complex analysis, 
but introduces and uses measurability concepts and the characteristic 
function, and proves almost all theorems. Many examples and problems, 
mostly theoretical in nature. RSK 


Statistics, |(15-14: 1), 4 First Course in Probabtlity and Statistics. 
Henrick J. Malik, Kenneth Mullen. A-W, 1973, xii + 361 pp, $9.95. 
Contains the usual topics, including the analysis of variance and 
nonparametric statistics. Differs from other non-calculus based 
texts in its more extensive coverage of probability. Some sophisti- 
cation is required, RSK 


STATISTICS, 1(13: 1), Flementary Statistics, Robert R. Johnson, 
Duxbury Pr, 1973, xvi + 480 pp, $10. Precalculus statistics for 
non-math majors. Very attractive format: each chapter begins with 
an outline of topics and goals, ends with numerous exercises, a 


690 REVIEWS [June-July 


problem set and a self-quiz. Each topic is clearly motivated and at- 
tractively presented. Extensive use of color to identify important 
concepts and examples. Less detail and fewer topics than in many 
Similar texts. TAV 


STATLSTICS, 1(13-14: 1, 2), Fundamental Research Statiatics for the 
Behavioral Sciences. John T. Roscoe. HR&W, 1969, xv + 336 pp, $l1ll. 
For students in education and psychology. Non=-mathematical presenta- 
tion of statistics including several non-parametric tests and discus- 
sions of psychological measurement and testing. The problem sets are 
quite short, FLW 


STATISTICS, S(13-15), P, Standard Statistical Caleulations, Second 

Editton. P.G. Moore, D.E. Edwards, Eryl A.C. Shirley. Halsted Pr, 

1972, xi + 123 pp, $6.75. Designed originally as a manual for busi- 
ness and industry, it gives detailed numerical examples illustrating 
the more common statistical procedures. Theory is omitted, but re- 

ferenced, Includes some exercises and answers. RSK 


STATISTICS, S, P, L, How to Find Out About Statisties, Gillian A, 
Burrington., Pergamon Pr, 1972, ix + 153 pp, $9.25. Miscellaneous 
and somewhat motley collection of information, First half ranges 
from careers and training in statistics to how to use a library to 
sources of books and periodicals. Last half is primarily devoted to 
sources of social and economic statistical data, mainly in the United 
Kingdom and the U.S. RSK 


STATISTICS, I*(15), Understanding Statistical Reasoning: How To EFvalu- 
ate Research Literature in the Behavioral Sctences, Eleanor Walker 
Willemsen. Freeman, 1974, xi + 223 pp, $10. The author's goal is to 
provide the necessary reasoning and logic to enable students who 

have had an introductory statistics course to use their background ef- 
fectively in dealing with data both published and raw. Given the 
limited scope of most precalculus statistics courses, this book seems 
ideally suited to its audience and its purpose. TAV 


STATISTICS, P, Fitting Equations to Data: Computer Analysis of Multi- 
factor Data for Setenttsts and Engineers, Cuthbert Daniel, Fred S. 
Wood. Wiley, 1971, xiv + 342 pp, $18.25. User's guide to linear 
least squares including a canned computer program, Concentrates on 
practical considerations such as selection of the variables and dis- 
position of data points. Brief discussion of nonlinear problems. 

Many pages of data, graphs and computer output. RWN 


STATISTICS, P, Stochastic Geometry: A Tribute to the Memory of 

Rollo Davidson, Ed: E.F. Harding, D.G. Kendall. Wiley, 1974, xiii + 
400 pp, $29.95. Various papers by different authors, including several 
by Rollo Davidson, unified by an opening chapter by Kendall designed to 
introduce stochastic geometry to the non-s eciar ist. A companion vol- 
ume to Stochastic Analysis (TR, March 1974 LAS 


ComPuTER ScrenceE, TC5-16: 2), L, Standard COBOL; A Problem-Solving 
Approach, Marilyn Z, Smith, HM, 1974, 264 pp, $7.95 (P). An excellent 


textbook for either an elementary or intermediate course in COBOL. 
Many examples and problems but no solutions. Advanced topics, e.g., 
file manipulations and sorting, are covered in the last part of the 
manual and there is a good chapter on flowcharting. RB 
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CompuTeR Scrence, T(14-15; 1). S$, 4 Course in APL/360 with Applica-~ 
ttong., Louis D. Grey. A-W, 1973, xviii + 332 pp, $7.50 (P). APL 
(A Programming Language) designed’ by Kenneth Iverson is one of the 
more mathematically interesting programming languages because of its 
conciseness and its ability to operate easily on arrays. This text 
is intended to he a reference and primer, Many of the exercises are 
applications to scientific problems. Includes primitive functions, 
array operations, user-defined functions and system commands. RWN 


COMPUTER SCIENCE, S, Seheduling and Control for Industry and Govern- 
ment, M. Tainiter. Timetable Pr, 1971, 49 pp, $1.85 (P). Informal 
discussion of the "method of timetables," the Gantt Chart, and criti- 
cal path methods in business. FLW 


COMPUTER Science, S(13-14), L, 101 BASIC Computer Games. Ed: David 
hl. Digital, 1973, 245 pp, $5 (P). Possible subtitle: 101 ways 


to waste valuable computer time. Complete listing and sample run of 
each game (e.g., NIM, QUBIC, LIFE). A good source of interesting 
programs involving non-numerical techniques. LAS 


ComMPUTER SCIENCE, S(16-18), P, L, 4 Mathematical Theory of Global 
Program Opttmtzattion, Marvin Schaefer. P-H, 1973, xvii + 198 pp, 


$9.95, While not a complete survey, this is a very readable and yet 
mathematically rigorous view of some quite sophisticated methods for 
compiler-level optimization. Especially enjoyable because of the 
solid theoretical basis given to intuitive and non-intuitive techni- 
ques. Excellent for programmers, theoreticians and computér science 
students. DK 


CompuTEeR Science, T(15-16: 2), S, P, L, Blementary Computer Program- 
ming tn Fortran IV. Boris W. Boguslavsky. Reston, 1974, x + 325 pp, 


$8.75 (P). This is an exceptionally clear and well written book on 
a programming language. It gives all the necessary details without 
becoming too bulky. There are many sample programs and exercises. 
The section on subprograms is very well written and there are some 
interesting advanced topics discussed, such as computer graphics, 
magnetic tape and disks. RB 


COMPUTER SCIENCE, [(13-16: 1), S, P, L, COBOL: A Simplifted Approach. 
Seymour C. Hirsch. Reston, 1974, xii + 211 pp, $8.95; $6.95 (P). A 


fine text which covers all the main aspects of COBOL without getting 
into unnecessary details. There are questions and answers, but few 
long programming problems. Would be recommended for a short intro- 
ductory course. RB 


Computer Science, 1(13-14: 2), L, Fortran IV Programming and Applica- 
ttons. C. Joseph Sass. Holden-Day, 1974, x + 350 pp, $7.95 (P). As 
far as the many FORTRAN IV textbooks go this one appears better than 
many. There are answers to problema in the back and sections on 
WATFOR-WATFIV and keypunches. There are quite a few complete ex- 
ample programs included, This would make a good textbook, but the 
price is a little high for a paperback. RB 


CompuTeR Science, TC4-15: 1), Iutreduction to Computer Setence. 
Michael Levison, W. Alan Sentance. Gordon, 1968, 159 pp, $12. A 


brief introduction to several topics: machine language, an extension 
of Mercury Antocode, Algol, programming techniques and compilation. 


Exercises, RWN 
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CompuTeR ScLence, T (13-14; 2), L, Zntroduetion to Computer Program- 
ming, Second Edttton. Donald I. Cutler. P-H, 1972, x + 303 pp, $ll. 
One of the main features of this book ig EX-l, a hypothetical compu- 
ter and instruction set, something like MIX in Knuth on a more ele- 
mentary level. Would be a beautiful text for high school or college 
students lacking a "hands~on" computer. A wide variety of subjects 
are covered such as number systems, flow diagrams, programming sys- 
tems; there are 70 pages of problem solutions in the back. RB 


COMPUTER SCIENCE, P, Combinatorial Algorithms, Ed: Randall Rustin, 
Algorithmics Pr, 1973, 126 pp, $8. Papers from the ninth Courant 
Computer Science Symposium, January 1972. LAS 


COMPUTER SCIENCE, P, Computational Complexity. Ed: Randall Rustin, 
Algorithmics Pr, 1973, 268 pp, $10. 15 papers from the seventh 
Courant Computer Science Symposium, October 1971. Includes a major 
subject coded bibliography on computational complexity. LAS 


ComPUuTER ScIENCcE, T(15-14), S, L, Prinetples of FORTRAN Programming. 
DeLos F, DeTar. Benjamin, 1972, ix + 136 pp, $4.95 (P). This FORTRAN 


manual has some nice features that most such manuals lack, e.g., a 
chapter on BASIC programming techniques, many complete programs, many 
programming suggestions, There are two good chapters on Input and 
Output. The only criticism would be on the small number of questions 
and answers. RB 


ComPUTER SCIENCE, S, P, L, Struetured Programming. O.-d. Dahl, E. 
W. Dijkstra, C.A. R. Hoare. APIC Stud. in Data Proc., No. 8. Acad 
Pr, 1972, viii + 220 pp, $12.50. Three interesting, enlightening es- 
says on data and programming structures. Should be read and readable 
by any practicing programmer. Envokes an. appreciation for the con- 
sideration of higher level structures to solve practical programming 
problems. RWN 


COMPUTER SCIENCE, P, Zeeture Notes in Eeonomtes and Mathemattcal Sys- 
tems-838: Cognitive Verfahren und Systeme. Springer-Verlag, 1973, 

viii + 373 pp, $10.40 (P). The papers presented at a special con- 
ference on artificial intelligence at Hamburg in April 1973, sponsored 
by the Gesellschaft ftir Informatik and the Nachrichtentechnische 
Gesellschaft. JAS 


COMPUTER SCIENCE, S?, Business Data Processing. Stuart E, Fink, 
Barbara J, Burian. Appleton, 1974, xiv + 351 pp, $10.50. Tries to 
cover a lot of ground yet only the very main points are outlined, 
Computers are described in general, a few languages (COBOL, FORTRAN, 
and PL/1) are described and only once chapter on data processing is 
presented (Inventory Systems). Could not be recommended as a text, 
but would be good reading for inexperienced personnel. RB 


CoMPUTER SCIENCE, T(13), S(15- 16), P, L, Computers and Programming 
Gutde for Engtneers. Donala D. Spencer. Howard Sams, 1973, 288 pp, 


$12.95 (P). An elementary text including questions, solutions and a 
good outline of elementary FORTRAN and BASIC. The remainder makes in- 
teresting reading on such topics as real-time, timesharing, hybrid 
computers and simulation languages. The price does seem rather high. 
RB 
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CoMPUTER SCIENCE, P, Fintte Automata; Behavtor and Synthesis. B.A. 
Trakhtenbrot, Ya. M. Barzdin. Fund. Stud. in Comp. Sci., V. I. North 
Holland, 1973, xi + 321 pp, $15.50. Includes useful comments by the 
translator, D. Louvich, and the editors, E. Shamin and L. Landweber. 
Analyzes automata from a functional rather than structural viewpoint. 
Contains many important results, especially on existence of algori- 
thms. The first part studies finite-state machines and finite-state 
Operators. A metalanguage is established which is based on monadic 
second-order predicate logic. The second part studies problems of 
identification and synthesis. Obtains statistical estimates for the 
degree of distinguishability, accessibility and reproducibility. RWN 


SYSTEMS THEORY « T(17-18: 2), S, P, Bitlinear Control Processes: With 
Applications to Engineering, Ecology, and Medicine, Ronald R. Mohler. 


Acad Pr, 1973, xi + 224 pp, $17.50. The author considers a class of 
systems whose behavior is governed by a set of differential equations 
which are linear with respect to the state vector and with respect to 
the control vector, but not jointly linear as a function of both state 
and control. The first chapters establish a theoretical base for 

such systems, while the concluding chapters are concerned with appli- 
cations. A wide range of applications includes nuclear, ecological, 
and socioeconomic systems, JJ 


SYSTEMS THEORY - P, Systems Theory Research (Problemy Ktbernettkt), 
d: A.A. Lyapunov. Consultants, 1973, vi + 315 pp, $37.50 

(2), “17 papers including networks with delays, minimality of cir- 

cuits, generalized automata and control processes in organisms. RWN 


SYSTEMS THEORY » T(16-17: 1), Modern Control System Theory and Appli- 
cation, Stanley M. Shinners. A-W, 1973, xiv + 528 pp, $14.95. Es- 


pecially useful to appliers of control. Approaches control theory 
using transfer functions and state variables. Includes performance 
criteria, stability, feedback and optimal control. Mathematical 
bases are treated lightly. Interesting, diverse applications. Good 
exercises, half of which have answers in the back. RWN 


Systems THEORY, S(C16-1/7), P, Foundations of the Theory of Learning 
Systems. Ya. 2. Tsypkin, Transl: Z.J. Nikolic. Math. in Sci. and 


Eng., V. 101. Acad Pr, 1973, xiii + 205 pp, $15. Deeper and narrower 
than Adaptation and Learning in Automatie Systems by the same author. 
Considers approaches to the design of learning systems related to pat- 
tern recognition and learning filters. Algorithms of learning, sta- 
tistical decision theory, and applications. Good bibliography. RWN 


APPLICATIONS (B1oLoGy), P, Stochastte Processes and Applications in 
Biology and Medicine. M. Losifescu, P., Tautu. Biomathematics. V. 3 


& 4. Springer-Verlag, 1973. V. I; Theory, 331 pp; V. II; Models, 
337 pp, $21.80 each. Intended for mathematicians and biologists with 
strong mathematical backgrounds. Expanded versions of the earlier 
1968 Rumanian editions. Volume I treats the theory of stochastic pro- 
cesses of most interest in biology, i.e., Markov chains, diffusion 
processes, semi-Markov processes. Volume II, surveys, with abundant 
references, models for population growth, evolutionary processes, 
epidemics, TAV 


APPLICATIONS (COMMUNICATIONS), P, Proceedings of the Sympostum on Com~ 
puter-Communteattons, Networks and Teletraffiec. Ed; Jerome Fox. Wiley, 


1972, xxii + 664 pp, $30. 60 papers from Brooklyn Polytechnic, April, 
1972; includes a lot of diverse mathematical applications. LAS 
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(ENGINEERING), S(15), Binary Sequences. G. Hoffmann de 
Hoe ae tea oyiish G Pr, 1971, x + 118 pp, #1. 25 (P). Mathematical 
foundations and applications; linear filters; registers, especially 
linear feedback shift registers; linear prime polynomials; sampling, 
noise and drift. Intended for electrical engineering students. RWN 


Appttcattons (Puysics), S*(15-14), L. Mr. Tompkins tn Paperback, G. 
Gamow. Cambridge U Pr, 1965, xi + 186 pp, $1.95 (P). 1973 reprint 


of 1965 edition which combined the 1940 Mr. Tompkins in Wonderland 
and the 1944 Mr. Tompkins Explores the Atom with three new stories 
(on fission and fusion, steady state universe, and elementary parti- 
cles). An entertaining, informative classic replete with memorable 
analogies and valuable insights. LAS 


APPLICATIONS (PHysics), P, Metode Topologice tn Mecanteca Clasicd. 
Andrei Iacob. Editura Academiei Rep. Soc. Romania, 1973, 173 pp, 


(P). A study of classical mechanics looking at it through modern 
topology. In Rumanian. JAS 


APPLICATIONS (PHysics), P, Causality and Dispersion Relations, H.M. 
Nussenzveig. Acad Pr, 1972, xii + 435 pp, $26. An introductory 
monograph on dispersion relations in classical and non-relativistic 
quantum theory, with special emphasis on the bearing of this theory 
on concepts of causality. Uses standard techniques of functional 
analysis. LAS 


AppLiIcaTIons (PHysics), T(16-18), P, L. Unttary Symmetry and Elemen- 
tary Particles, D.B. Lichtenberg. Acad Pr, 1970, xiii + 246 pp, 


$13. A systematic elementary introduction to that part of group 
theory (e.g., representations, Lie groups, SU(3), Young tableaux, 
Clebsch-Gordon coefficients) which is most useful in contemporary 
particle physics. Concludes with chapters on the Eightfold Way and 
on the-Quark Model. LAS 


APPLICATIONS (PHysics), P, Funettonal Methods and Models in Quantum 
Field Theory. H.M. Fried, Mit Pr, 1972, ix + 214 pp, $8.95. A uni- 
fied presentation of major dynamic models of interacting fields em- 
ploying the functional methods of Feynman, Schwinger, et al. Photo- 
copied from a typed manuscript; correspondingly low price. LAS 


APPLICATIONS (PHysics), P, Mathematical Aspects of Stattstical Mech- 
antes, Ed: James C.T. Pool. SIAM-AMS Proc., V. V. AMS, 1972, ix + 
89 pp, $8. Seven papers from a 1971 symposium held in New York City. 
LAS 


APPLICATIONS (PHYSICS), P, Reeent Developments in Mathematical Phy-~ 
sities. Ed: Paul Urban. Springer-Verlag, 1973, vi + 610 pp, $57. 


Proceedings of the XII Internationale UniversitStswoches fur Kern- 
physik et Steiermark, Austria, February 1973. 12 papers, all in 
English. LAS 


Revtewers Whose Initials Appear Above 


Ralph Bjork, St. Olaf; Paul J. Campbell, St. Olaf; Steven Galovich, 
Carleton; James Johnson, St. Olaf; Paul S. Jorgensen, Carleton; 
Lorraine L. Keller, St. Olaf; Roger B. Kirchner, Carleton; Richard 

S. Kleber, St. Olaf; Dean Krafft, Carleton; Loren C. Larson, St. Olaf; 
Pierre J. Malraison, Jr., Carleton: R.W. Nau, Carleton; J. Arthur 
Seebach, Jr., St. Olaf; Lynn A. Steen, St. Olaf; T.A. Vessey, St. 

Olaf; Frank L. Wolf, Carleton, 


NEWS AND NOTICES 
EDITED BY RAOUL HAILPERN, SUNY at Buffalo 


Readers are invited to contribute to the general interest of this Department by sending news items 
to Mathematical Association of America, 1225 Connecticut Avenue, NW, Washington, D. C. 
20036. Items must be submitted at least two months before publication can take place. 


PERSONAL ITEMS 


California Institute of Technology: Drs. Joel Anderson and Colin Bennett, Bateman 
Research Instructors at Caltech, have been appointed Assistant Professors; Dr. Stephen 
Smith, Oxford University, has been appointed Bateman Research Instructor; Dr. R. A. Dean 
received an honorary D.Sc. Degree from Denison University in June 1973. 

University of Hawaii: Dr. R. C. Olson, University of Washington, has been appointed 
Assistant Professor; Assistant Professors G. L. E. Csordas and H. M. Hilden have been 
promoted to Associate Professors. 

Middle Tennessee State University: Associate Professors George Beers, Richard McCord, 
and Thomas Vickrey have been promoted to Professors; Assistant Professors Thomas 
Forrest and Earl Keese have been promoted to Associate Professors. 

University of South Carolina: Assistant Professor W. C. Chewning, Naval Postgraduate 
School, Monterey, has been appointed Assistant Professor; Dr. C. C. Hughes, North Carolina 
State University, has been appointed Visiting Assistant Professor; Dr. D. M. Jordan has 
been appointed Assistant Professor; Visiting Assistant Professor Eugene Norris has been 
appointed Assistant Professor; Assistant Professors T.L. Markham and J.S. Yang have 
been promoted to Associate Professors. 

Virginia Commonwealth University: Associate Professor R. L. Causey, University of 
Missouri at Columbia, has been appointed Associate Professor; Dr. W. A. Glynn, Chairman 
of the Department of Mathematical Sciences, has been promoted from Associate Professor 
to Professor. 


Professor John Baum will be spending three semesters, from January 1974 through 
June 1975, at the University of New South Wales, Australia, as Honorary Visiting Professor. 

Dr. Gordon Raisbeck, Arthur D. Little, Inc., Systems Engineering Section, has been 
named a Corporate Vice President. 


Associate Professor Augustus Frank Bausch, Kalamazoo College, died on June 11, 1973, 
at the age of 52. He was a member of the Association for seven years. 

Mr. Martin Blumberg, Los Altos, California, died on July 23, 1973, at the age of 59. 
He was a member of the Association for fifteen years. 

Professor George C. Caldwell, Georgia Tech, died on October 26, 1973, at the age of 54. 
He was a member of the Association for thirteen years. 

Professor Emeritus Griffith C. Evans, UCB, California, died on December 8, 1973, at 
the age of 86. He was a member of the Association for fifty-three years. 

Dr. Castle W. Foard, Rochester, New York, died on November 6, 1973, at the age of 76. 
He was a member of the Association for forty-two years. 
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Dr. Robert L. Poe, Berry College, Georgia, died on May 4, 1973, at the age of 43. He was 
a member of the Association for fourteen years. 

Dr. Charles V. L. Smith, Chevy Chase, Maryland, died on January 9, 1973. He was a 
member of the Association for thirty-one years. 


MATHEMATICAL ASSOCIATION OF AMERICA 


Official Reports and Communications 


BUSINESS MEETING OF THE NORTHERN CALIFORNIA SECTION 


The annual business meeting of the Northern California Section of the MAA was held 
in conjunction with the annual joint meetings of the AMS-MAA in San Francisco, 
California, January 19, 1974. Professor Craig Comstock of the Naval Postgraduate 
School, Chairman of the Section, presided. 

Professor Kenneth Rebman of California State University, Hayward, was elected Vice- 
Chairman; Professor Newman Fisher of San Francisco State University was elected 
Secretary-Treasurer to replace Professor G. L. Alexanderson who has resigned. Professor 
Comstock read a report on the Section’s Visiting Secondary School Lecturer Program in 
the absence of Professor L. F. Klosinski, director of that program. He also reported on the 
Contest administered in Hawaii by Professor Richard K. Coburn of the Church College of 
Hawaii. 

G. L. ALEXANDERSON 
Secretary-Treasurer 


1975 SUBSCRIPTION PRICES FOR 
MAA JOURNALS 


In the Fall of 1974 the Association will become the publisher of the Two-YEAR COLLEGE 
MATHEMATICS JOURNAL (TYCMSJ). The Association will then be the publisher of three 
journals: THE AMERICAN MATHEMATICAL MONTHLY (MONTHLY), THE MATHEMATICS MAGA- 
ZINE (MATH Masa), and the TYCMJ. 

These publications will be available at the following prices for members and nonmembers, 
effective for all subscriptions beginning in 1975. We are proud to continue the Association’s 
long tradition of offering the lowest subscription prices consistent with balanced operating 
budgets. 
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MONTHLY MATH MAG TYCMJ 
Individual Subscribers: 


MAA Member Privilege of $ 7.00 $ 5.00" 
Membership 
Non-Member $25.00 $10.00 $ 7.00 
Institutions and Libraries: $25.00 $10.00 $10.00 each, first two copies; 


$ 3.00 each, additional copies; 
all to same address 


We extend a special invitation to members of the Association with an interest in the 
teaching of mathematics at the freshman and sophomore levels, whether in a two-or four- 
year college, to become subscribers to the TYCMJ. 


SUMMER CONFERENCE OF THE MICHIGAN SECTION 


There will be a Summer Conference on Algebra and Number Theory at Northern 
Michigan University on July 29 — August 2, 1974. Lecturers are Irving Kaplansky and 
Hans J. Zassenhaus. Further information can be obtained by writing to William S. Mutch, 
Department of Mathematics, Northern Michigan University, Marquette, MI 49855. 


CHANGE OF ADDRESS 
AMERICAN MATHEMATICAL MONTHLY 
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CALENDAR OF FUTURE MEETINGS 


Summer Meeting 1974: There will be no joint summer meeting in 1974, in order that 
mathematicians may attend the International Congress of Mathematicians to be held in 
Vancouver, British Columbia, August 21-29, 1974. 

Fifty-eighth Annual Meeting, Washington, D. C., January 25-27, 1975. 

The following is a list of the Sections of the Association with dates of future meetings 
so far as they have been reported to the Editorial Director. 


ALLEGHENY MOUNTAIN 

FLORIDA 

ILLINOIS 

INDIANA 

Iowa 

KANSAS 

KENTUCKY 

LOUISIANA-MISSISSIP PI 

MARYLAND-DISTRICT OF COLUMBIA- VIRGINIA 

METROPOLITAN NEW YORK 

MICHIGAN 

MISSOURI 

NEBRASKA 

New JERSEY, Princeton University, Princeton, 
October 12, 1974. 

NorTH CENTRAL 

NORTHEASTERN, Lowell Technological Institute, 
Lowell, Massachusetts, November 30, 1974. 


NORTHERN CALIFORNIA, Chabot College, Hay- 
ward, February 1975. 

OHIO 

OKLAHOMA-ARKANSAS 

PACIFIC NORTHWEST, University of British Co- 
lumbia, Vancouver, August 21-24, 1974 
(business meeting only—no general meeting). 

PHILADELPHIA, Swarthmore College, Swarth- 
more, Pennsylvania, November 23, 1974. 

Rocky MOUNTAIN 

SEAWAY, St. John Fisher College, Rochester, 
New York, November 1-2, 1974. 

SOUTHEASTERN 

SOUTHERN CALIFORNIA 

SOUTHWESTERN 

TEXAS 

WISCONSIN 


FUTURE MEETINGS OF OTHER ORGANIZATIONS 


AMERICAN ASSOCIATION FOR THE ADVANCE- 
MENT OF SCIENCE 

AMERICAN MATHEMATICAL SOCIETY, Washing- 
ton, D. C., January 23-26, 1975. 

AMERICAN SOCIETY FOR ENGINEERING EDUCATION 

ASSOCIATION FOR COMPUTING MACHINERY, San 
Diego, California, November 11-13, 1974. 

ASSOCIATION FOR SYMBOLIC LoGic, Shoreham 
Hotel, Washington, D.C., January 23-24, 
1975. 

FIBONACCI ASSOCIATION 

INSTITUTE OF MATHEMATICAL STATISTICS 

Mu A.cpHA THETA, University of Arkansas, 
Fayetteville, August 4-7, 1974. 


NATIONAL COUNCIL OF TEACHERS OF MATHE- 
MATICS, Washington, D. C., January 25-26, 
1975 (joint meeting with MAA). 

OPERATIONS RESEARCH SOCIETY OF AMERICA, 
San Juan, Puerto Rico, October 16-18, 1974. 

Pr Mu Epsilon, Western Michigan University, 
Kalamazoo, August 19-20, 1975. 

SCHOOL SCIENCE AND MATHEMATICS ASSOCIA- 
TION, Sheraton-Gibson Hotel, Cincinnati, 
November 7-9, 1974. 

SOCIETY FOR INDUSTRIAL AND APPLIED MATH- 
EMATICS, Shoreham-Americana Hotel, Wash- 
ington, D.C., October 23-25, 1974. 


Just published—the new 


Carus Mathematical Monograph 


Number Seventeen 


THE SCHWARZ FUNCTION 
AND ITS APPLICATIONS 


by Philip J. Davis 


Division of Applied Mathematics, Brown University 


table of contents 


CHAPTER 
1. Prologue 10. Properties in the Large of the Schwarz Function 
2. Conjugate Coordinates in the Plane 11. Derivatives and Integrals 
3. Elementary Geometrical Facts 12. Application to Elementary Fluid Mechanics 
4. The Nine-Point Circle 13. The Schwarz Function and the Dirichlet Problem 
5. The Schwarz Function of an Analytic Arc 14. Schwarz Functions of Specified Type 
6. Geometrical Interpretation of the Schwarz Func- 


tion: Schwarzian Reflection 15. Schwarz Functions and Iterations 


16. Dictionary of Functional Relationships 


~~ 


. The Schwarz Function and Differential Geometry 
8. Conformal Maps, Reflections, and their Algebra 17. Bibliographical and Supplementary Notes 


9. What Figure is the \/—1 Power of a Circle? 18. Bibliography 


“Each reading made me marvel more and more at the applicability of so simple a 
concept as a Schwarz Function. The idea for the monograph is a most striking and a most 
novel one, and the range of topics touched upon is enough to make one anticipate and hope 
for more. 


‘‘.. . as I read along, | was reminded of Felix Klein’s ‘Matematik von Héheren Stand- 
punkt aus’, for Davis’ book seems to have the same sweep (though at a lower level). This 
monograph will take its place along with that of Boas’ little gem. 


..« This monograph will become a classic!”’ 


MAXWELL O. READE, 
Professor of Mathematics, University of Michigan 


Individual members of the Association may purchase one copy of the book for $4.00; 
additional copies and copies for nonmembers are priced at $8.00 each. 


Orders with remittance should be sent to: 


MATHEMATICAL ASSOCIATION OF AMERICA 
1225 Connecticut Avenue, NW 
Washington, D. C. 20036 


NUL GFFeRS YOU The BEST IN MATH 


LIN ANY LEVEL 


CALCULUS AND ANALYTIC GEOMETRY, 
by Abraham Schwartz, City College of New York 


This extensive revision of an outstandingly successful book is a careful exposition of the 
necessary topics in calculus. Some features to look for in this new edition are: more 
emphasis on the definite integral concept; the logarithm is now defined as a definite 
integral and the exponential function as its inverse function; new material on the triple 
scalor product and the triple vector product; an explanation of Kepler’s Laws of Plan. 
etary Motion; addition of proof of the Implicit Function Theorem; new matter on the 
center of gravity, and a new appendix article on sum notation. Almost all the exercises 
in each chapter are new and present new ideas and concepts. A detailed Solutions 
Manual will be available for instructors use. 


Spring, 1974/1150 pages (tent.)/$15.00 (tent.) 


CALCULUS FOR THE NONPHYSICAL SCIENCES 
With Matrices, Probability and Statistics 


by Simeon M. Berman, New York University 


The aim of this outstanding new textbook ts to teach mathematical methods to the 
non-math, non-science major. Expressly written for the student in social sciences, busi- 
ness, economics, or life sciences, the book may also be used as a supplement in such 
courses as genetics, mathematical sociology, or operations research. Over 600 illustra- 
tions and numerous applications and exercises from all areas of interest aid in making 
abstract theory accessible to students of the humanistic professions. The four main 
areas covered in the text are analytic geometry, matrix algebra, calculus of one and two 
variables, and probability/statistics. Each section is followed by an initial set of exercises 
devoted to drill techniques and then by more specialized problems and applications. 
Answers to the odd numbered exercises may be found in the back of the book; others 
are located in the comprehensive Instructor’s Manual. 


Spring 1974/672 pages/$13.00 (tent.) 
FINITE MATHEMATICS 


by John M. Peterson, Brigham Young University 


This textbook is designed for a one semester or a One quarter course for non-mathematics 
majors with introductory algebra as its only pre-requisite. The approach is intuitive and 
does not require or involve calculus. The chapters are written independently to allow 
for flexible arrangement and ordering of topics. Emphasis is on examples and applica- 
tions to provide today’s student with manipulative resources. Basic ideas, purposes, and 
uses of statistics are covered without excessive use of formulas and abstract theory. 
Concise chapter summaries and review exercises help make this new textbook a per- 
fect guide for the professor and his student. A workbook and Solutions Manual accom- 
pany the text. 


Spring 1974/350 pages/$12.00 


ALGEBRA 


by Thomas W. Hungerford, University of Washington 

This is a basic text for an algebra course at the beginning graduate level. The major 
areas of algebra are treated in sufficient breadth and depth for this level, including sets 
and cardinal arithmetic; groups; rings; modules and vector spaces; fields and Galois 
theory; linear algebra; commutative algebra; structure of rings; categories and functors. 
There are over 800 exercises of varying difficulty. 


December 1973/528 pages/$17.00 - 


| Kaye A. Widmayer, Advertising Editor 

_ HOLT, RINEHART AND WINSTON, INC. 
_ 383 Madison Avenue 

| New York, New York 10017 


For complimentary copies please | 
send your course title and | 
approximate enrollment to: 


a 


AMERICA 


ASSOCIATION OF 


NW. 


THE MATHEMATICAL 


1225 Connecticut Avenue, 


INNRA 


NC 


Wachinotan 


THE AMERICAN 


MATHEMATICAL MONTHLY 


(FOUNDED IN 1894 By BENJAMIN F. FINKEL) 
THE OFFICIAL JOURNAL OF 


THE MATHEMATICAL ASSOCIATION OF AMERICA 


VOLUME 81 


CONTENTS 


The Industrial Mathematician Views His Profession . , 
ee . R. E. GASKELL AND M. S. K LAMKIN 
The Shift ‘Operator . to Ce, P. A. FILLMORE 
Recursive Undecidability — An Exposition . Lo. . . . . J. P. JONES 
Nearness — A Better Approach to Continuity and Limits 
. P. CAMERON, J. G. HOCKING AND S. A. NAIMPALLY 


The Professor’s Song ee - ow em) TOM LEHRER 
Corrections to “‘Current Trends | in Algebra” . oo...) 6 GARRETT: ~ BIRKHOFF 
QUERIES . . , 2 wa 


MATHEMATICAL NOTES 
Reciprocity Theorem for Dedekind Sums . , - 2. . RC 
On Convex Polygons Determined by a Finite Planar Set .. . W. E. Bonnice 
A Direct Interpretation of Gandhi’s Formula. S. W 
A Theorem about Zig-Zags Between Two Circles . , 
. W.L. BLack, H.C. HowLaNp J AND B. How anp 


RESEARCH PROBLEMS 
The Exponential Diophantine Equation | +a+a2+-++a*°>'=p’ . . . ., 
H. M. EDGAR 


CLASSROOM NOTES 


Inverse Functions and Integration by Parts. . R. P. Boas, JR. AND M. B. Marcus 
Third Party Movements . ... . .  .  . R. E. PRATHER 
A Condition for Two Matrices to be Inverses of Each Other. . C. M. BANG 


(Continued on inside cover) 


AUGUST-SEPTEMBER 


NUMBER 7 


CODEN. AMMYAE 


699 
717 
724 


739 
745 
746 
746 
747 
749 


752 


754 


758 


760 
762 
764 


1974 


MATHEMATICAL EDUCATION 
A Personalized System of Instruction in an Undergraduate Mathematics Service 
Sequence. . . . . !$ .D.UL. YouNnG, H. E. MCKEAN AND F, L. NEWMAN 


ELEMENTARY PROBLEMS AND SOLUTIONS . 
ADVANCED PROBLEMS AND SOLUTIONS 
REVIEWS . 
NEWS AND NOTICES 
MATHEMATICAL ASSOCIATION OF AMERICA , 
The 1974 William Lowell Putnam Mathematical Competition ; 
New Secretary of the Association 
November Meeting of the Northeastern Section 
November Meeting of the Philadelphia Section 
March Meeting of the Southeastern Section 
New Sectional Governors of the Association . 
Calendars of Future Meetings 


767 


775 
784 
790 
817 
821 
821 
821 
822 
822 
823 
825 
826 


NOTICE TO AUTHORS 
Research papers per se are unsuitable; see statement of policy (Vol. 81, p. 1). 


Please follow the format in current issues of the MONTHLY. Manuscripts must be legibly typewritten or 
reproduced from typewritten copy, double spaced with wide margins. Three copies should be submitted to the 
appropriate editor and one kept by the author as protection against loss. The author’s full address must ap- 


pear at the end of the manuscript. 


Backlog: Main Articles 14 months, Math. Notes 24 months, Research Problems 14 months, Classroom 


Notes 22 months, Math. Education 20 months. 


EDITORIAL CORRESPONDENCE AND MAIN ARTICLES: to ALEX ROSENBERG, Department of Mathe- 
matics, Cornell University, Ithaca, N.Y. 14850; NOTES, etc.: to the corresponding Associate Editor; 
ADVERTISING CORRESPONDENCE: to RAOuL HAILPERN, Mathematical Association of America, 
SUNY at Buffalo, Buffalo, N. Y. 14214; CHANGE OF ADDRESS and SUBSCRIPTIONS: to A. B. 
WILLcox, Mathematical Association of America, 1225 Connecticut Ave., N.W., Washington, D.C, 20036. 


ALEX ROSENBERG, Fditor 
ASSOCIATE EDITORS 


JOSHUA BARLAZ ERIC S. LANGFORD J. ARTHUR SEEBACH, Jr. 
JANE W. DI PAOLA WILLIAM LUCAS IVAR STAKGOLD 
RICHARD GUY PAUL MIELKE FE. P. STARKE 

RAOUL HAILPERN CLEVE MOLER LYNN A. STEEN 
SHIRLEY HILL DAVID ROSELLE JAMES WELLS 


SEYMOUR SCHUSTER 


Annual dues for members of the Association (including a subscription to the American Mathematical Monthly) 
are $14.00 for each of the first two years of membership and $18.00 thereafter. Student Membership is available 


with annual dues of $9.00. For nonmembers the subscription price is $18.00. 


PUBLISHED BY THE ASSOCIATION at Washington, D. C., and Menasha, Wisconsin, during the months of January, 


February, March, April, May, June-July, August-September, October, November, December. 
Second-class postage paid at Washington, D. C., and additional mailing offices. 
Copyright © The Mathematical Association of America (Incorporated), 1974 
PRINTED IN THE UNITED STATES OF AMERICA 


THE INDUSTRIAL MATHEMATICIAN VIEWS HIS PROFESSION: 
A REPORT OF THE COMMITTEE ON CORPORATE MEMBERS 


R. E. GASKELL Ano M. S. KLAMKIN 


During 1972 the Committee on Corporate Members of the Mathematical Asso- 
ciation of America sought the views of the Heads of non-academic Groups of mathe- 
maticians on several points that seem pertinent to the Association’s relationship 
with a substantial fraction of its membership, viz., those in non-academic positions. 
The committee did not feel that it was ready for a survey, consequently a letter 
that we described as a “free form questionnaire” was sent to those listed as Heads 
of Mathematics Groups in the Administrative Directory. 

We asked some rather general questions, but we requested also that they not 
merely answer, comment and suggest, but give us the benefit of any remarks that 
would bring to the Committee a better understanding of the nature and practice 
of industrial mathematics. We emphasized that our concern was not so much with 
numbers and data as it was with uncovering and defining the issues. 

We asked the following three general questions, providing in each case some 
related questions or other comments to stimulate more extensive dialog. 


A. How do mathematicians fit into the industrial picture? Do they carry out mathe- 
matical research and/or analysis, either self-directed or directed by mathematically 
oriented superiors? Do they frequently serve as mathematical specialists within, a 
group of specialists? Are they retrained to work in other areas? Do they use mathe- 
matics only indirectly, benefiting principally from the discipline and logic that their 
mathematical training gives them? 


B. Are mathematicians adequately trained? Do any inadequacies consist of entire 
areas of mathematics, or lacunae within otherwise adequate areas of preparation? 
Is more advanced training the answer? Is there an unbalanced choice of courses? 
Should there be substitution of courses from other fields? Do you find a lack of 
personal qualities, or of proper attitudes, to have an important bearing? 


C. Within your environment, what is the climate of opinion with respect to mathe- 
matics and mathematicians? Does your company recognize mathematicians as 
professionals, with associated responsibilities and privileges? Does this recognition 
extend to encouragement? 

Responses were received from 28 groups, all of them showing evidence of careful 
thought, and all quite frank. Many gave very extensive discussions of the issues we 
raised and others they brought out themselves. Some of them gave analyses that, 
with slight modification, might well deserve publication as separate articles or 


699 


700 R. E. GASKELL AND M. S. KLAMKIN [September 


notes in the MONTHLY. Those signing the responses, with their affiliations, are listed 
at the end of this report. 

We are very greatly indebted to these individuals, and the organizations they 
represent, for the time they have taken, and for giving us the benefit of their very 
substantial cumulative experience in industry, industrial mathematics, and for many 
of them, their experience in the academic world as well. We extend to them our 
heartfelt thanks. 

Since inclusion of all of the many responses would make up a document of pro- 
hibitive length, we shall present a selection of direct quotes, arranged according 
to the issues. Three dots (...) are supplied for any omission within a quote. So 
that the reader may re-assemble the bits and pieces of people that are scattered 
about in this process, each quote is identified by a code number, which is retained 
for that person throughout. We agree that this may be a dangerous procedure, but 
in nearly all cases the quotes are of sufficient length to minimize or eliminate the 
risk of distortion. We caution the reader against taking a preponderance of state- 
ments one way or another as a “vote,” since all could not be quoted on each issue. 

And now we turn to the comments themselves. 


How do mathematicians fit into the industrial picture? 


“T’m often asked to provide examples of applied problems. This is hard to do, 
since people expect something that can be described in a paragraph or so, and once 
this has been done the ‘applied’ part is mostly over and what remains is a textbook 
problem. The applied part consists mainly in hearing a client’s description of his 
situation, plowing through his jargon, overcoming his tendency to start in the middle, 
digging out all the constraints that he has forgotten to mention, developing a model 
that takes account of enough detail to be realistic (but not so much as to become 
mathematically unwieldy), explaining it to the client in his language to determine 
if it is reasonable and relevant, solving whatever problems are suggested by the 
model, and explaining to the client, again in his language, how he can use the 
solution.” [18] . 

“The Ph. D. mathematicians ... normally carry out independent research within 
certain designated areas, which may be quite variable in breadth, and under the direc- 
tion ofanR & D manager of some kind. The manager may or may not have a lot 
of graduate training in mathematics as such, but he is almost always mathematically- 
oriented. The areas of research can encompass a wide variety of mathematical disci- 
plines, including numerical analysis, the formulation and solution of systems of 
ordinary or partial differential equations of varying degrees of complexity, transform 
theory, time series analysis, the solution of large systems of linear or algebraic 
equations, operations research techniques, potential theory, statistics, etc. Although 
quite basic mathematical work may be done, it is carried out with the objective of 
application toward some industry problem. ... In general, the problems tackled are 
very difficult and require pioneering research in the mathematical areas involved.” [19] 
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“In order for a mathematician to have effective communications with management, 
it is his responsibility to translate management’s problems into a technical statement 
and find a solution to that statement through the use of his own unique training. 
However, most of our graduates are not prepared to take the next step, that of trans- 
lating the solution back into the language generally used and understood by manage- 
ment. Without this skill, the mathematician is not able to perform a useful function 
for his company.” [8] 


Can a more specific description be given? 


“Often our mathematicians work on the development of mathematical models 
under the direction of an engineer, on the simulation of engineering problems or 
on data analyses. Ultimately this work nearly always involves computer 
programming.” [5] 

“I would describe our activity largely as problem-solving, although the word 
‘analysis’ is rather appropriate. Normally I would not describe our work as falling 
under the word ‘research’.”’ [20] 

‘People with Bachelor’s or Master’s degrees are used in considerable numbers 
either as assistants to Ph. D. people in research, or independently as computer 
scientists in various computer organizations.... There may be instances where 
such individuals are not using their mathematics training to any great extent, but 
I believe this is the exception rather than the rule.” [19] 

‘Most, but not all, of the mathematicians are associated with the use of the 
Company’s computing facilities to solve technical problems. A much smaller number 
are involved in operations research and mathematical modeling activities.” [23] 

“Our far more numerous electrical engineers and physicists use a good deal of 
mathematics, relying on our mathematicians quite often only for their computer 
programming or computations.”’ [5] 

“Much of my work is non-mathematical, involving logical and legal interpre- 
tations, controls, measurements, systems work, graphics, computer program- 
ming, etc.” [13] 


Does the mathematician do research ? 


“Only a very small fraction of those trained as mathematicians with graduate 
degrees carry out mathematical research, and the remaining fraction is engaged 
in mathematical analysis, ‘non-mathematical’ work or management.” [6] 

‘Actual mathematical research has practically no place in an industrial environ- 
ment, except where specific techniques are being developed to solve a pressing 
engineering problem... the mathematician entering industry cannot expect to 
‘perform research.’ He must be prepared to solve other people’s problems, not those 
which he generates himself.”’ [23] 

“As far as I know, there are almost no mathematicians in industry doing research 
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in mathematics, at least not as the academic mathematician would see it. We do 
have plenty of mathematicians using their math as a tool to do research in other 
fields. Even more use a little math and a lot of the discipline and habit of thought 
in their performance as problem solvers.” [21] 


‘Mathematicians are used in applications work; very little, if indeed any, basic 
mathematical research 1s performed.” [2] 


How is mathematics organized ? 


“Most mathematicians with graduate degrees... arc normally assigned to 
serve as mathematical consultants within teams of specialists (engineers, accountants, 
etc.) in charge of carrying out a particular project.... Only occasionally are the 


projects undertaken by our company purely mathematical, so that very seldom all 
the specialists on the team are mathematicians. Thus, most of the mathematicians 
with graduate training perform most of the time a support function as consultants.”’ [6] 


‘Mathematicians work in groups doing primarily mathematical studies under a 
mathematically oriented supervisor. Some find themselves as individual mathema- 
ticians within groups of some other specialty which, in my experience, is most 
frequently engineering.” [17] 

“To a large extent our research programs in Mathematics are self-directed by 
the Principal Investigators, though in recent years emphasis has shifted to ‘near 
term relevance’ and away from basic research.’’ [15] 


“A large fraction of those trained as mathematicians do carry out matheniatical 
research and/or analyses, either self-directed or directed by mathematically oriented 
superiors. One does not very often find a professional mathematician acting as a 
single consultant to a group of engineers or physicists.” [1] 


“(Of our approximately 110 people) about 1/3 work in computer sciences. Another 
1/3 serve with groups of specialists, largely engineers and economists. Except for 5 or 
6 who carry out mathematical research and analysis, the remainder benefit mostly 
from the discipline and logic that their training has given them.” [27] 


‘We employ approximately 20 mathematicians. These math analysts are directed 
by non-mathematically oriented supervisors. Most of our mathematicians are part 
of a group of specialists usually working in a system analysis section. We use per- 
sonnel with mathematical training in many other disciplines.... A significant 
number of mathematical trained personnel (more than 50%) do not use mathematics 
directly.” [10] 


Does he fit well, or must he be retrained? 


‘Frequently personnel with mathematical training, mainly those with under- 
graduate training, are retrained to work in another area. Probably the majority 
of those with undergraduate mathematical training hired by our company in the 
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last 10 years were retrained to work in computing and computer programming, 
and some were retrained to work in operations research and industrial engineering. 
Probably only a very small fraction of the pure mathematics training of our mathe- 
matically trained employees (undergraduate as well as graduate) is used directly 
in our work. Some benefit is derived, however, by these employees from the disci- 
pline and logic acquired through this training.... Certain areas in mathematics 
(mainly in pure mathematics) are not applicable in the activities of our Company. 
In the past we had to hire personnel with pure mathematics training and retrain 
them because it was impossible to find enough personnel with the right kind of 
training. ... This process is obviously rather inefficient and it appears not necessary 
in the present and anticipated near future job market situation. ... Several of our 
mathematically trained personnel, mostly at the graduate level, found it relatively 
easy to adapt to other non-mathematical assignments (e.g., in operations research) to 
which they had to be transferred as a result of these budget reductions. This perhaps 
implies that training in mathematics gives a person a fair amount of flexibility with 
respect to job assignments.” [6] 

“The bulk of the people in our group trained as mathematicians have entered 
the area of computing and computer programming. Mainly, these people hold an 
undergraduate degree, but many have had some graduate training up to and beyond 
a master’s degree —a few hold a Ph. D. degree.” [16] 

“Newly graduated mathematicians joining (us) receive on-the-job training in 
the particular specialty they work in. In this respect, they are... retrained to work 
in ‘applied mathematics.’ We find our mathematically trained employees do use their 
mathematics directly in whatever area of applications they work in.” [2] 

‘(Most mathematicians are retrained), except for those who majored in com- 
puter science or in probability and statistics.” [3] 

‘Mathematicians, in my experience, have been retrained to work in some other 
area other than pure mathematics. These areas are Management Sciences, Operations 
Research, or Systems Analysis. They do not use mathematics directly but the disci- 
pline and logic which they have learned through their training is a valuable part 
of their usefulness to the Company.” [8] 

“T would say that in industry not most, but all mathematicians are also trained 
in other fields, although I hesitate to draw lines which say that some of these are 
‘outside’ the domain of mathematics.” [21] 

“In my opinion mathematicians do not fit well into the industrial picture, especial- 
ly the Ph. D. To be successful most people with mathematical training are retrained 
to work in another area, or have to become competent in another area. In our 
Department, which employs most of the graduate trained mathematicians in the 
Company, it is necessary to learn some engineering, especially if you are a Ph. D. 
Almost without exception Bachelor and Master Mathematicians become computer 
programmers.” [14] 
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“IT believe that most of those with mathematical training are not retrained to 
work in another area, although their training must be widened. I expect that those 
with only a bachelor’s degree in mathematics, are more frequently retrained to be 
something other than a mathematician than are those who have studied beyond 
that level.’ [17] 

“T don’t believe that industrial laboratories hire mathematically trained indivi- 
duals merely because of the discipline and logic that their training gives them. When 
we hire a mathematician, we are interested in his or her analytic skills and the ability 
to recognize a mathematical problem in a real-world situation and to solve it in 
a useful way.” [1] 

“It has been my experience that unless a mathematician has (or acquires) a 
good background and understanding of the fields in which he applies his mathematical 
training he is not apt to be very successful in his efforts, and consequently, his con- 
tributions are not always well appreciated.’ [22] 

‘Mathematicians must be able to adapt themselves to any branch of the sciences 
of interest at the moment to their employer.” [3] 

“Whatever one would do in re-orienting curricula, this type of broad spectrum 
will continue to exist and it is all but impossible to predict during the years of study 
and formation of young men, be they mathematicians or other, to forecast the 
trends in their careers.’’ [11] 


Is there a transition problem? 


“From the employer’s point of view, a mathematician will be either a math 
major with a scattering of science or engineering courses, or a science or engineering 
major with extra math courses sufficient for him to be classed as a mathematician by 
his employer. It is our experience that individuals with either class of training will 
end up with the same type of job, but that the transition from university to industry 
is far easier for the latter.”’ [3] 

“Everyone seems to be introduced to the Diet Problem, with about five variables 
and five or ten equations. Students are taught the mechanics of solving such problems. 
Then the applied mathematician finds that real problems may have dozens or hun- 
dreds of variables, while the mechanics are done by a computer. I find that this turn 
of events proves bewildering.” [21] 


Are mathematicians adequately prepared? 


““.. . Most of the mathematicians that we hire have a BA degree from a relatively 
small school. The benefit of the mathematics training is primarily in the discipline 
and logic rather than in the actual mathematical courses. This group is used very 
heavily in computer programming. A smaller group of mathematicians, typically 
with an MS degree from larger schools, are used in operations research work. In 
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this area the mathematics training is used extensively, but for us the MS level is 
completely satisfactory. 

For our purposes the mathematicians are adequately trained. We have on our 
staff a sizable number of engineers, operations research specialists, geophysicists, 
statisticians and economists who have and use a substantial amount of mathematical 
training. This fits our needs as an industrial concern much better than a mathema- 
tician with a sprinkling of science courses.” [4] 

‘We have found them to be well qualified when they come to us from the uni- 
versities. These employees have good training in the basics of mathematics and in 
the disciplines and logic their training gives them.”’ [2] 

‘“‘Mathematicians are probably as adequately trained as any other professional 
group.... Overqualification, in my opinion, can be just as detrimental to personal 
progress as underqualification. After all, the person performing a job in numerical 
analysis for one of my computer routines need not know very much about Lie 
Algebras on Riemann Surfaces! But he should have some real skills in the area to 
which he is to apply his expertise.” [7] 

‘It’s easy for any industrial mathematician to point to large bodies of knowledge 
that he has acquired but never used. All of them contribute somewhat to his mathe- 
matical maturity, of course, and often it isn’t easy to say in advance which subjects 
will be used. Basically, however, I think that nearly all applied mathematics depends 
on these areas: : 


(1) probability (4) operations research 
(2) statistics (5) classical analysis 
(3) design of experiments (6) numerical analysis. 


It is important for an applied mathematician to be strong in one of these fields, 
and it is better if he is proficient in two or more, and he should be acquainted with 
the potentials of all of them. If all his training is in algebra or topology (as mine 
originally was) then he can eventually become useful, but only by taking the time 
to become good at one or more of these fields. I would not hire such a person unless 
others were unavailable.” [18] 

“The field of mathematics is so vast, and applications so varied, that one cannot 
possibly prepare in advance for all eventualities, even at the Ph. D. level. However, 
anyone with a broad, solid mathematical background can learn new topics as he 
encounters them.” [13] 

‘‘Many mathematicians (perhaps the majority) are not adequately trained for 
industrial work, but we have been successful in recruiting all the individuals required 
to fulfill our needs from those who are adequately trained. In recent years, most 
Bachelor mathematicians are obtaining training in critical subjects such as numerical 
analysis and computer science along with required basic courses in real and complex 
analysis, transform theory, matrix theory, etc. Hence, a larger percentage of under- 
graduates are obtaining training which will permit them at least to begin work in 
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industry.... As for the Ph. D. mathematicians, since 70-80% receive their special 
training in abstract fields such as topology, algebra, number theory, etc., most of 
these people are completely unsuited for industrial positions commensurate with 
their training.... A concerted effort must be made to direct more of these students 
into applied fields.” [19] 

‘““How many students, when asked to evaluate a finite integral whose integrand 
is a constant raised to a power which is a quadratic function of the variable of 
integration, know how to proceed? Think of the amount of effort wasted in trying 
to find an indefinite integral, and then giving up and using a computer to give a 
close approximation!” [21] 

“In my experience, mathematically trained individuals in industry have ample 
opportunity to use any applied mathematical training they had recetved. However, 
exposure to topics in pure mathematics, such as modern algebra, real-variable theory, 
number theory, topology, etc., does not, in general, turn out to be directly useful... . 
A curriculum in Applied Mathematics, in general, does provide the appropriate 
type of background, but such specialization is usually not given prime emphasis 
in many mathematics departments.” [23] 

‘“(More) emphasis on statistics and their practical applications to business 
problems.”’ [24] 

“The mathematicians we hire are fairly adequately trained, particularly those 
with master’s and doctor’s degrees. For many of our newly hired personnel it would 
have been nice if they had studied probability and mathematical statistics in their 
undergraduate and graduate course work in mathematics. A knowledge of computer 
programming is helpful but not necessary, and is readily acquired here on the job. 
I do not believe that a watering down of the mathematics curriculum by taking 
courses in other fields (other than engineering, computer science, statistics, operations 
research, and similar mathematically oriented sciences) would be of any practical use 
to us. In fact, the more mathematics courses that an individual has, the more useful 
he is to us, particularly if these courses comprise diverse fields of mathematics such 
as both abstract algebra and analysis.”’ [25] 

“The mathematical training of the mathematician entering industry with a 
bachelor’s degree, and usually even with a master’s degree, is not adequate for the 
kind of work he is expected to be able to do and should be able to do. The engineer, 
on the contrary, with the same level of training in his field, usually knows more 
mathematics than the mathematician in that he is aware of and can use a broader 
spectrum of mathematics.” [9] 

“The mathematical curriculum has not in general adequately prepared most 
mathematicians for entry into the fields of Management Sciences, Operations Re- 
search, and the Computer Sciences. The areas lacking are not technical but in general 
are those which equip mathematicians to deal with their Company’s management.” [8] 

‘“‘So far as college mathematics and to a certain extent high school mathematics 
are concerned, the curricula are so dominated by pure mathematicians (set theorists) 
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that students are often discouraged from pursuing the applied fields or find difficulty 
in finding appropriate courses.” [12] 

“Clearly the rise of both digital and analog computers has greatly influenced 
the mathematics courses in colleges. The result may be that the applications of non- 
computer oriented mathematics have been neglected in many collegiate mathematics 
courses. We have noted weaknesses in even the fundamental analytic techniques 
of Complex Variables and Probability Theory.” [3] 

“The push toward ‘near term relevance’ in our research programs has made it 
virtually impossible for us to afford the luxury of a topologist, an algebraist, .. . 
we can no longer afford an ‘impractical dreamer’. ... Several hundred applications 
from individuals at the Ph. D. — M. S. level cross my desk in a year and I’m certain 
that hundreds more at the B. S. level apply to the Company. Of those fresh from the 
universities I would guess that 99% do not have training suitable for consideration 
(even assuming positions were open).” [15] 


Is it more breadth that is needed? 


“A greater breadth of training would have been desirable in some cases. That 
is, the substitution of courses in applied areas for some of those in pure mathematics 
would have provided better preparation for the work they are now doing. Not unre- 
lated to this comment is the fact that many members of the group studied in the Mathe- 
matics Department (at — ) where pure mathematics dominates strongly.” [16] 

“The engineer is well grounded in the physical sciences, whereas the mathemati- 
cian often is not. This statement implies that the mathematician in industry should 
have been exposed to courses in the fundamentals of the physical (and biological and 
social) sciences. This does not mean just a ‘first course in physics’ or a ‘first course 
in chemistry’, or the like, but something more on the order of the Richard Phillips 
Feynman lectures of UCLA. . . . But —and this is where the training of the mathema- 
tician would differ from that of the engineer or physicist — for the mathematician 
the broad spectrum courses should be followed by follow-on in-depth courses in 
the same and other areas. These would be courses designed to formalize the heuristic 
arguments of the initial courses into more abstract and rigorous proofs, to increase the 
scope of the content, and to develop a greater appreciation and understanding of the 
interrelations of the many branches or areas of mathematics.” [9] 


Should other courses be substituted? 


‘“‘As far as courses in other subjects are concerned, our people would benefit 
from knowledge of physics, electrical engineering, systems engineering, computer 
science, economics, biology (we have problems ranging from medical systems to 
ecological studies), psychology, and others. Obviously you have to stop the list 
somewhere, but the point is that in applying mathematics you have to know (or be 
able to learn) enough about the area of application to be able to talk about it with 
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the client. Training could be improved by teaching courses in the formation of 
mathematical models — probably by showing students how to describe mathemati- 
cally and try to optimize some of the non-mathematical activities that they are 
familiar with in their everyday life...” [18] 

“In order for a mathematician to be effective and therefore be a desirable ac- 
quisition to an industrial organization, he should be educated in areas outside of 
mathematics so that he can effectively apply the mathematical training to real-world 
problems.” [23] 

“Students who wish to increase their facility in applied mathematics while at 
a university have found it necessary, in my experience, to resort to special courses 
set up by the engineering school or graduate chemistry and physics departments in 
order to obtain their training. I believe that I am not describing uncommon circum- 
stances. It is my opinion that two worthwhile developments would be the strengthen- 
ing of university curricula in applied mathematics under the aegis of the mathematics 
departments and the raising of requirements in associated fields which make con- 
siderable use of mathematics. 


‘The issue, as I mentioned above, is the availability in college curricula of strong 
courses in the common disciplines, e. g., differential equations, vector and tensor 
calculus, advanced algebra, complex variable theory, Fourier theory, analysis, 
transform theory, linear and dynamic programming, group theory, probability 
theory and so forth, taught, for example, with closer attention to practical applications 
in the physical and biological sciences than-to existence theorems.” [12] 


“Tf any improvement could be made, I believe it would be in the area of (a) making 
sure that each bachelor’s degree in mathematics has a solid content in both pure 
and applied mathematics including an insistence on such prosaic things as good 
algebraic manipulation together with a deep understanding of the foundations of 
the subject and (b) that the curriculum should include at least one course, seething 
with examples, showing how modern mathematics interfaces with engineering, the 
physical sciences, the biological sciences and to the degree possible, the social sciences 
and humanities.” [20] 


“TI would suggest that industrial mathematicians be consulted in regards to the 
preparation and counseling of math majors (and that more stress be placed) upon 
the obtaining of numerical answers to dirty physical problems together with tech- 
niques specifying and limiting the errors involved.” [3] 


Is there value in advanced training? 


“T prefer Ph. D.-level people for these reasons: 

(1) Many of our clients are research scientists with fairly good mathematical 
backgrounds. We can’t help them very much unless we know something they don’t 
know. 

(2) We get very few entirely routine problems. We must be able to make changes 
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in known techniques in order to fit the constraints of individual problems, and this 
means that we can’t use cook-book mathematicians or statisticians. 


(3) Much of our work is problem formulation rather than problem solving. 
The person who has the intelligence and common sense to do this has usually (barring 
extreme economic difficulties) had the foresight to equip himself with a Ph.D. 
degree.”’ [18] 

“While our work involves too little genuine mathematical research to justify a 
Ph. D. in this field, the master’s degree in mathematics, applied mathematics, sta- 
tistics, or computer science is highly desirable and almost essential in order to progress 
satisfactorily. This degree is often more valuable if obtained during or after employ- 
ment in industry.”’ [5] 


How do the fields of statistics, computer science, and numerical analysis enter the 
picture ? 


‘“‘An undergraduate emphasis on probability, statistics, computer science and 
applied mathematics, and on the applications of mathematics would be helpful] in 
providing a useful orientation for mathematicians, ... and it would facilitate their 
utilization in industry, with advanced training coming at a later time.,. . . Contact 
between students and industrial mathematicians could be very salutary.” [5] 

“In general, more advanced training in pure mathematics is not the answer to 
inadequate preparation, but a better balanced choice of courses taken is. In particular, 
courses in applied mathematics, numerical analysis, should be substituted for many of 
the pure mathematics courses taken, if the graduates of the program wish to compete 
for jobs that our company may have to offer in the future.” [6] 

‘“‘There is imbalance, not so much in the choice of courses as in the emphasis 
within each course: insufficient attention to numerical methods, estimating accuracy 
of answers from that of the inputs, methods of minimizing roundoff error, approxima- 
tions designed for solution by digital computers, etc. Touch base with the real world 
from time to time.” [13] 

“Probability theory and mathematical statistics should be included as part and 
parcel of mathematics — and not dismissed with an ‘Oh, but that’s just statistics’! — 
implying that, after all, that’s not really mathematics. The computer is here to stay, 
and should, of course, be considered an integral part of mathematical know-how, 
method and equipment, and should therefore be well imbedded in the mathematics 
curricula.”’ [9] 

“I find classical analysis, numerical analysis, probability and statistics to be used 
extensively in industry. Also linear algebra is used extensively but abstract algebra is 
not. [am surprised how difficult it is to get a bachelor’s degree in mathematics with- 
out studying abstract algebra but how easy it is in many schools to get through with 
little or no statistics. While the tendency to provide numerical analysis is increasing, 
as it certainly should, I see, if anything, the split between mathematics and statistics to 
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be getting larger on the academic side but certainly not so on the industrial side. What 
I’m saying is that I see overspecialization at the undergraduate level.” [17] 

“The mathematician often finds himself participating on a team with individuals 
of different technical background, usually in the role of numerical analyst and com- 
puter programmer, and on a few occasions, as a mathematical analyst. Within my 
sixteen years of experience managing mathematics and computing organizations, I 
have found that mathematicians who are not capable of being trained to be effective 
computer programmers or operations analysts do not have a place in the industrial 
environment.”’ [23] 

“Successful utilization of our mathematicians generally involves their learning 
computer programming, statistics, or a certain amount of engineering or physics. 
The willingness to learn something from these fields is very important to our mathe- 
maticians’ usefulness here, but those with a degree in physics or engineering, as well as 
in mathematics, often find themselves employed for their knowledge of that field 
rather than for their mathematics, which they may use infrequently although their 
knowledge of its potentialities serves them well.” [5] 


The question of communication was raised. 


‘“T am teaching a graduate seminar in computer systems at — in which I stress 
more than anything the ability of the candidates to communicate and interact. They 
all are chuckfull of facts and some knowledge, but they can rarely express themselves 
well orally, although many of them write reasonably well. Often they fail to extract 
maximal values from existing situations, lacking the most rudimentary management 
skills or ability to plan their personal lives.’’ [7] 


‘Personal qualities and proper attitudes are vital in any position requiring com- 
munication with others; adequate training should emphasize that fact. Indeed, it 
should be understood that communication is as important as anything else one does, 
and it merits much effort in writing and rewriting, as well as in face-to-face com- 
munication.” [5] 


“(Training is generally adequate) so far as purely mathematical concepts and tech- 
niques are concerned. Sometimes noi in the methods of applied mathematics, 1.e., 
ways of getting approximate analytical or numerical answers to real problems, Fre- 
quently (mathematicians) do not understand the language of physicists, engineers, or 
economists well enough to communicate effectively with people in these other dis- 
ciplines and to formulate the mathematical problems arising in these fields. The remedy 
would appear to be less mathematical specialization and more courses in the other 
sciences, including subjects like economics and psychology which are just now in the 
process of being mathematized.”’ [1] 

“Communication, written and oral, is very important, of course, and to the extent 
that they aid communication, English courses are helpful. I would ltke to see an 
English course in which the students learn to describe precisely some of the more 
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complex things that they understand but probably haven’t analyzed, like tying a shoe, 
mowing a lawn.” [18] 

“Above all, teach people to use the English language. At some point in every 
project, the mathematician’s work must be communicated in plain English to those 
who will use it.”’ [13] 

“Of course, a capability to write and speak coherently is important and training 
of such capabilities must naturally be included in any educational program.” [23] 


What is the climate of opinion with respect to mathematics and mathematicians? 


‘In the climate in which I have been engaged for many years, a truly competent 
mathematician who is capable of working with individuals of many different special- 
ties is respected and appreciated, but he must be flexible, capable of listening, and 
willing to dig deeply into those fields in which he is attempting to use his talents.’’[22] 

‘Inasmuch as mathematics provides the basis for most of our work here, it is 
highly respected for its usefulness, and mathematicians find themselves at no disadvan- 
tage in our electrical engineering environment. In fact, a large percentage of our una- 
dulterated Ph.D.’s in mathematics in the past (three of them come immediately to 
mind) have risen to the level of laboratory manager and laboratory director; although 
in most cases they found no application here for the specialty of their doctoral dis- 
sertations (partial differential equations or algebraic topology).”’[5] 

“I think the climate of opinion here has become quite favorable, though it has not 
always been entirely so. Mathematics in industry is not an end in itself, so that we are 
primarily a ‘service department.’ Our main problem has been to keep people aware of 
the fact that this doesn’t have to imply that our work is routine or low-level.’’ [18]. 

“To be perfectly frank, this is an engineering dominated Department and non-engi- 
neers do not have quite the status of engineers.”’ [14] 


Attitudes seem to play an important role. 


“Unfortunately, for many years the attitude in some quarters of the collegiate 
mathematical world toward mathematicians who worked in applied fields was not as 
healthy as it should have been. Some of this attitude still exists.”’ [22] 

“Proper attitudes are vital in industry. Many businessmen distrust ivory tower 
research people unless they can produce results of measurable net benefit to the 
company. The mathematician must be willing to drop his technical jargon long enough 
to explain his work in laymen’s terms without conveying the impression that he 
regards businessmen as shallow or stupid. This requires careful thought, patience, 
and mutual respect, but is a vital factor in gaining acceptance of the mathematician’s 
work and opinions.” [13] 

‘“‘The natural tendency for university programs at the Ph.D. level to emphasize the 
‘independent research tdeal’ tends to cause the development of a negative attitude 
toward ‘problem solving’ to the detriment of the student if he later turns to the in- 
dustrial job market.”’ [23] 
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“The first thing that universities must do, if they are to improve the situation in 
applied mathematics, is to stop training their students to believe that the only res- 
pectable mathematical activity is the proving of new, self-generated theorems. If a 
person has been taught to scorn problem solving and problem formulation, then he 
is useless in industry, regardless of specific training. Unfortunately the majority (I 
believe) of mathematicians produced in the last generation have been so taught. 
.... As long as most academic people divide all mathematicians tnto new-theorem- 
provers and plumbers, communication will be difficult.”’ [18] 

‘As is well known, some new Ph.D.’s in pure mathematics, as well as some pro- 
fessors, have the idea that applied mathematics is ‘dirty’, and that industrial mathe- 
matics is in some way inferior to university mathematics. However, such ivory- 
towerism is not found only among mathematicians! People who suffer from it do not 
generally seek or find employment in industrial laboratories. I would not say that 
we have found such attitudes a problem.” [1] 

‘“‘A solution of practical problems seems to be a second class way of life.’’ [14] 


“The majority of mathematicians in employment interviews do not seem to be 
sufficiently aware of the practical importance of finding usable and practical answers 
to the various problems presented to them. .. . We have interviewed many young 
graduates who would have made a much better impression if some job counsellor had 
told them about the industrial facts of life before they came here.”’ [3] 


“I believe that the advent of computers has pulled a large number of mathemati- 
cians into the electronic camp (where I see them much of the time). Many of them 
‘just work at their job’, often without perceiving research problems which practically 
dangle in front of their noses for years on end.”’ [7] ! 

“The answers the specialists seek are almost never controlled by purely mathe- 
matical considerations. In rare cases, a mathematician may be able to show that a 
proposed solution is mathematically impossible, but in many instances the physical 
scientists or engineers simply decide that their physical arguments (or intuition) 
should prevail.” [3] 

“Far too often I find recent graduates who refuse to recognize that the answer 
management must have, is the best possible that (can) be obtained before they make 
a decision. Many communications barriers exist between management and the mathe- 
matician because the mathematician has been guilty in telling management that the 
wrong decision has been made in the past rather than providing guidance for a 
decision which will be made at some future time. I find that the tendency to stress 
theoretically perfect (even though late) rather than practical answers becomes more 
prominent with advanced degrees, so much so that few Ph.D.’s are equipped to be 
useful in a corporate environment other than research labs.” [8] 

“I decided years ago that my work was at least as interesting and challenging (but 
I may be unusually lucky) as any puzzles or contests which I might consider — and 
I get paid better for the former.” [21] 
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All of the members of the Committee on Corporate Members are in industry or 
have had considerable experience in industrial mathematics. Perhaps the best way to 
sum up the reaction of Committee members is merely to say that the responses con- 
tained very few surprises. We feel that the remarks from this wide-ranging group of 
practicing mathematicians contain a great deal that should be taken to heart by those 
who are teaching or administering the teaching of mathematics. 

Both of the writers of this report have commented earlier in this MONTHLY, per- 
haps too mildly, on the divergence between mathematical education and mathematical 
practice. Our traditional educational procedures have provided only training in 
mathematical manipulation, with extremely little attention to problem recognition, 
formulation, and follow-up. Modern trends have even narrowed the field of vision, 
which may be a necessity for true research efforts but is a handicap forthe vast major- 
ity of our students who must compete with broadly trained individuals from other 
areas. 

Many of the items, in the extensive bibliography attached, show that we have 
not been alone in our recognition of this very disturbing phenomenon. It can hardly 
be described as a transient situation since it has existed for so long. We observe some- 
thing akin to a latent disease that the economic swings of the past twenty years have 
caused to surface, certainly as an embarrassment, and quite possibly as a dangerous 
threat to organized mathematical education. 

We cannot refrain from including just one more quote from an entirely different 
source: “Thomas Godfrey, a self-taught mathematician, great in his way, and after- 
ward inventor of what is now called Hadley’s Quadrant. But he knew little out of 
his way, and was not a pleasing companion, as, like most great mathematicians I have 
met with, he expected universal precision in everything said, or was forever denying 
or distinguishing upon trifles, to the disturbance of all conversation. He soon left us.”’ 
So complained Benjamin Franklin in his Autobiography, as he listed the members of 
his mutual improvement club, called the “‘Junto”” — two hundred fifty years ago! 


Appendix A 


Those responding to the questionnaire were: 

Albrecht, Mr. Norman E., Manager, Mathematical services, Investors Diversified Services, Inc., 
Eighth and Marquette, Minneapolis, Minnesota 55402. 

Bargellini, Dr. P. L., Senior Staff Scientist, Communications Satellite Corp., Box 115, Clarks- 
burg, Maryland 20734. 

Benedict, Dr. T. R., Head, Computer Mathematics Dept., Cornell Aeronautical Laboratory, Inc., 
P. O. Box 235, Buffalo, New York, 14221. 

+ Burington, Dr. Richard S., Naval Air Systems Command, Washington, D. C., 20360. 

Concus, Dr. Paul, Mathematics and Computing, Lawrence Berkeley Laboratory, University of 
California, Berkeley, California 94720. 

Donaldson, Mr. W. G., Technical Director, Federal Electric Corporation, 621 Industrial Avenue, 
Paramus, New Jersey 07652. 

Einhorn, Dr. Sheldon J., Project Manager, Kappa Systems, Inc., 1015 N. York Road, Willow 
Grove, Pennsylvania 19090. 
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Hammer, Dr. Carl, Director, Computer Sciences, Sperry Rand Univac Division, 1221 Wisconsin 
Ave. N. W., Washington, D. C. 20007. 

Hooke, Dr. Robert, Manager Mathematics Department, Research and Development Center, 
Westinghouse Electric Corporation, Pittsburgh, Pennsylvania 15235. 

Jacoby, Dr. Samuel L. S., Manager Analysis Systems, Boeing Computer Services, Inc., P. O. Box 
24346, Seattle, Washington 98124. 

Jenkins, Dr. T. R., Manager, Mathematics and Systems Analysis Laboratory, Lockheed Palo 
Alto Research Laboratory, 3251 Hanover St., Palo Alto, California 94304. 

Johnson, Mr. Myron O., Manager, Computing Department, Phillips Petroleum Co., Bartlesville, 
Oklahoma 74003. 

Karle, Dr. Jerome, Chief Scientist, Laboratory for the Structure of Matter, Naval Research 
Laboratory, Washington, D. C. 20375. 

Kennard, Dr. R. W., Manager, Systems Engineering, E. I. DuPont de Nemours and Co., Wilmin- 
gton, Delaware 19898. 

Lawwill, Dr. Stanley J., President, Analytic Services, Inc., 5613 Leesburg Pike, Falls Church, 
Virginia 22041. | 

McCready, Dr. R. R., Applied Mathematician, Engineering Technologies, Vought Systems Divi- 
sion, P. O. Box 5907, Dallas, Texas 75222. 

McKenzie, Mr. T. H., Vice President and General Manager, Electronic Systems Group, Western 
Division, GTE Sylvania, Inc., P. O. Box 188, Mountain View, California 94040. 

Morgan, Dr. Samuel P., Director, Computing Science Research Center, Bell Laboratories, 600 
Mountain Avenue, Murray Hill, New Jersey 07974. 

Newman, Mr. Robert W., Manager, Planning Research Development Staff, General Electric 
Co., 570 Lexington Avenue, New York, New York 10022. 

Nunnikhoven, Mr. J. A., Group Manager, Special Systems Services, American Can Co., Green- 
wich, Connecticut 06830. , 

Quade, Dr. E.S., Research Mathematician, The Rand Corporation, 1700 Main St., Santa Monica, 
California 90406. 

Rice, Dr. R. B., Manager, Physics and Mathematics Department, Denver Research Center, 
Marathon Oil Co., Littleton, Colorado 80120. 

Rosser, Dr. J. Barkley, Director, Mathematics Research Center, University of Wisconsin, Madi- 
son, Wisconsin 53706. 

Schlesinger, Dr. Stewart, General Manager, Information Processing Division, The Aerospace 
Corporation, P. O. Box 92957, Los Angeles, California 90009. 

Stahly, Mr. Glenn F., Chief, Mathematical Research, National Security Agency, Fort George G. 
Meade, Maryland 20755. 

Stuhlinger, Dr. Ernst, Associate Director for Science, National Aeronautics and Space Adminis- 
tration, George C. Marshall Space Flight Center, Alabama 35812. 

Van Wyk, Mr. R., Manager Applied Mathematics and Research Administration, Winchester 
Group Research, Olin Corporation, 275 Winchester Ave., New Haven, Connecticut, 06504. 

Young, Dr. John W., Scientific Programming Dept., Martin Marietta Corp., P. O. Box 5837, 
Orlando, Florida 32805. 


+ Deceased. 
Appendix B 
Members of the Committee on Corporate Members during 1972 were: 
F. A. Brooks, Jr., Mutual Benefit Life Corp. H. E. Pickett, Aerospace Corp. 
Jim Douglas, Jr., University of Chicago Andreas Thuswaldner, Communications Canada 
R. L. Graham, Bell Telephone Laboratories Leonard Tornheim, Chevron Research Lab. 
M.S. Klamkin, Ford Motor Co. A. B. Willcox, MAA 


R. E. Gaskell, Naval Postgraduate School (Chairman) 
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THE SHIFT OPERATOR 
P. A. FILLMORE 


1. Introduction. By a (simple, unilateral) shift operator we understand a bounded 
linear transformation S on a separable complex Hilbert space # for which there 
exists an orthonormal basis éo, e,,--- of # such that Se, = e,,, for all n= 0. Any 
two shift operators S: # > # and S’: #’ > #’ are unitarily equivalent. If {e,} and 
{e,\ are the corresponding orthonormal bases, the equations We, = e, for all n= 0 
determine an isomorphism W: #—#" such that WS = S'W. There are two 
realizations of the shift operator on concrete Hilbert spaces that are particularly 
useful. The first, on the space /* of square-summable sequences of complex numbers, 
is defined by 


S(Xo, 1,2, vee) = (0, XQ. X15 %25 vee), 


The other is on the Hardy space H?, consisting of all measurable complex functions 
f on the unit circle that are square-integrable with respect to normalized Lebesgue 
measure and whose Fourier coefficients of negative index all vanish: 


2n 
f(e*e"*dd =0, n=l. 
10) 


Here the shift gperator appears as 
(Sf) (e") = e* fe), 
and the corresponding orthonormal basis consists of the functions e", n = 0, where e 
is the identity function e”. 
The shift operator has been known for many years, at first as an interesting 
example, but more recently as a fundamental building block in the structure theory 


of operators on Hilbert space. The purpose of the present note is to make more 
widely known the modern role of the shift operator. 


2. Characterizations. The shift operator evidently has the following properties: 

(i) it is an isometry: | Sf | = | f'| for all fe F%, 

(ii) itis pure: ()p-pS"H = {0}. 

Is every pure isometry a shift? For example, consider the operator T determined 
by the mapping Te, = e,, on an orthonormal basis {e,/n 21}. This is a pure 
isometry, but not a shift. However, it is a direct sum of shifts in the following sense: 
for each odd integer k = 1, let Z@, be the subspace spanned by e,,e,,e4,,°°:; then 
these subspaces are mutually orthogonal and span the whole space, and in each, T 
is a shift. 


THEOREM 1. Any pure isometry is a direct sum of simple shifts. 
Proof. Let V be a pure isometry on #, and let # = (V#)", the orthogonal 
717 
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complement of the range of V. The subspaces V%, V?*.#,--. are contained in the 
range of V, and thus are orthogonal to %. Any isometry has the property 


VAVI=(h9),f, 96H 


and it follows that the subspaces #,V%,V*, ++» are mutually orthogonal. More- 
over these subspaces span #; indeed, # is spanned by the subspaces 


KVM VOL and VA 


for every n=1, and therefore by the subspaces “, V#, V?#,-- and 
Nru-p VV" = {0}. Now let {e,|«e A} be an orthonormal basis of #, and for each 
ae A let @, be the subspace spanned by the orthonormal set {e,, Ve,,Ve,, +++}. As 
in the example, these subspaces are mutually orthogonal and span #, and in each, 
V is a shift. (J 

On the other hand, any pure isometry may be regarded as a shift of a suitably 
general type. To make this precise, let “ be any Hilbert space, and let 1*(.%) be the 
Hilbert space of norm-square-summable sequences of vectors from %. The shift 
operator on /7(.%) is defined in the same fashion as the shift on I’. 


THEOREM 2. Any pure isometry V on a Hilbert space # is unitarily equivalent 
to the shift operator on 17(&), where # = (VH#H)-. 


Proof. It was shown above that the subspaces #, V%, V?%,-+»- are mutually 
orthogonal and span #. It follows that the map 


W: (ko, ky, ka, ++) > 2 V"k,, 
n=0 


is an isomorphism of 17(%) with #. Since 


WS(Ko, k1,°7:) = WO, ko, ky, °°) 


xX V"ttk, = VW(ko, ky, °°) 

n=0 
for all (ko, k,,:)El?(%), we have WS = VW as required. [J 

The next result describes the structure of arbitrary isometries. It was discovered 
by von Neumann [7] in the course of investigating extensions of symmetric operators 
(as will be explained in the next section). Recall that a unitary operator is an 
isometry of a Hilbert space onto itself. The structure of unitary operators is comple- 
tely described by the spectral theorem [1, §62]. 


THEOREM 3. Any isometry is uniquely the direct sum of a pure isometry and a 
unitary operator. 


Proof. Let V be an isometry on #. It must be shown that there is a unique 
subspace .W of # with the properties V4 <4, VM), V| M is unitary, and 
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V| M~ is a pure isometry. It is easy to see that W = (),2., V'# is the only pos- 
sibility for such a subspace. To see that this one works, observe that 


KH>a>VH DV*H D 


so that V.@ = 4, and that from this the first three requirements follow. The last 
one results from 

QV\M) << 1) V"H = M. 

n=0 n=0 

3. Symmetric operators. A symmetric operator on a Hilbert space # is a linear 

transformation A, defined on a dense linear man fold Y, in #, such that (Af, g) 
= (f, Ag) for all f,g € Z,. Such operators need not be bounded; the usual substitute 
is the requirement that A be closed (1.e., that the graph of A be closed in the Cartesian 
product # x #). Symmetric operators arise naturally in the study of differential 
equations. A useful example is the following: let #” = L7(0, 00), let Z consist of those 
feXH such that f is absolutely continuous, f’eL7(0,00), and f(0) = 0, and let 
Df = if’ for all fe Z. To see that D is symmetric, we need the fact that f(t) > 0 as 
t-— oo for fe Z. This follows from the formula 


t t 
[7 = \rop - [97 
10) 10) 
and the fact | ff’ | is integrable on (0, co). Then 
t 
lim | if 'g 
t-> 0 0 


= lim (f(g) — i) if 9’) 


t-> oa 


(Df; 9) 


t 
= tim | f(a") = (D9). 
It may also be shown that D is closed but not bounded. 

In [7] von Neumann proved that any symmetric operator possesses maximal 
symmetric extensions, and described the structure of these extensions. We give a 
brief account of his reasoning. Let A be symmetric with domain Y,. Then A + if is 
one-to-one on D,, so V = (A — il) (A + il)’ is a well-defined linear operator with 
domain JZ, = (A+ iD, and range 4, = (A — i1)D,. This operator is called the 
Cayley transform of A. That this is an isometry follows from the easy relations: 


(A+ ins? = | AF? + [FIP = 4 — ist? 


Not every (partially-defined) isometry arises in this way. In fact, with A and V as 


above we have 
(I —V)Dy = Yq, 
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and so (I — V)Y, is dense. Conversely, if V is an isometry such that UI — V)Y, is 
dense, then I — V is one-to-one on Y,, 


A=iI+V)U-V)7! 


defines a symmetric transformation on J, = U — V)Y,, and the Cayley transform 
of A is V. 

The basis of von Neumann’s argument is now clear: symmetric extensions of A 
correspond, via the Cayley transform, to isometric extensions of V. In particular, 
maximal symmetric operators correspond to maximal isometries. An isometry V is 
maximal if and only if either J, = # or 2, = #. Any isometry has such an ex- 
tension, and therefore any symmetric operator has a maximal symmetric extension. 

An interesting case occurs when both Y, and &, are all of #; 1.e., V is unitary. 
In this case A is self-adjoint and is described by the spectral theorem [1, § 66]. 

Now let A be maximal symmetric. Since Y, and &, are interchanged when A is 
replaced by — A, it can be assumed that J, = #, so that V is an isometry defined 
on all of #. According to Theorems 1 and 3, V is a direct sum of a unitary operator 
and a number of copies of the simple shift. Hence A is a direct sum of a self-adjoint 
operator and a number of copies of the simple maximal symmetric operator (i.e., the 
operator with Cayley transform the simple shift). 

To complete this discussion, we remark that the differential operator D introduced 
above is simple and maximal. In fact, if V is the Cayley transform of D and A(t) 
=e‘, then {h,Vh,V*h,---} is an orthonormal basis of L?(0, 00), and consequently 
V is a simple shift [1, §82]. 

4. Models. A subspace .@ of a space # is invariant for a linear transformation 
T on # if Tfe-.@ for all fe.Z. One way to obtain new operators from old is by 
restricting to invariant subspaces. By a part of an operator T we shall mean a re- 
striction of T to an invariant subspace. 

A part of a pure isometry is itself a pure isometry, and therefore, by Theorem 2, 
a part of a shift is another shift. On the other hand, an astonishing variety of operators 
arise as parts of the adjoint of the shift. This situation, discovered by Rota [9], will 
now be described. Recall first that the adjoint of a bounded operator T on a Hilbert 
space # is the unique operator T* satisfying 


(Tf, 9) = (4,T*9), f, ge #. 
The adjoint of the shift S on /*(#) is the backward shift, given by 
S*(fosfisfos) = Sirfasfas +). 
Let T be an operator on a Hilbert space , and consider the map 
Rif, Tf, T*f, ++), fek#. 


We want this sequence to be in /*(#), and for this it is sufficient that T be a strict 
T <1): 


contraction (1.€., 
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2n 


fl? =a-| TP)" [F IP < ©. 


E|ryps |r 
n=0 n=0 


Of course R is linear, and this computation also shows that it is bounded (by 
d — T||?)-*). Moreover, it follows from the inequality 
|Rf| 2 [Ff], fee 


that the range of R (call it /) is a closed subspace of 17(#). Then the closed graph 
theorem implies that the inverse operator R~': YW > # is bounded. Finally we have 


(Tf, T*f, T*f, _) 
S*(f, Tf, T*f, +) = S*Rf 


for all fin #. This says that R carries the action of T on # to that of S* on YW. Two 
operators related in this fashion, by a bounded operator with a bounded inverse, are 
said to be similar. Thus we have shown that T and S* IV are similar. 


RTS 


THEOREM 4. Any Strict contraction is similar to a part of a backward shift. 


This result has implications for the invariant subspace problem, which asks 
whether any bounded linear operator on a complex Hilbert space of dimension 
greater than 1 has a proper (different from {0} and #) invariant subspace, and 
which remains unsolved in spite of the efforts of many mathematicians. Since any 
bounded operator.can be “‘scaled’’ so as to be a strict contraction, the theorem gives 
the following reformulation of the problem: are the minimal nonzero invariant 
subspaces of backward shifts one-dimensional? Invariant subspaces of shifts are 
considered in the next section. 

Soon after Rota’s result appeared, De Branges and Rovnyak [3] and Foias [4] 
noticed that a modification of his argument will produce a description, up to unitary 
equivalence, of all the parts of backward shifts. Backward shifts have the properties 
| S* || S 1 and | S**f|] + 0 as n— oo for all f, as do all of their parts. These conditions 


are also sufficient. 


THEOREM 5. Any contraction with powers tending strongly to zero is unitarily 
equivalent to a part of a backward shift. 


Proof. Let T be such an operator. We want to duplicate the situation of the last 
proof, but with R replaced by an isometry. Now 


(2 -T*T)ff) =O) - UG, T*Tf) 
= [f\? - | WI? 20 
since T < 1. This means that the operator I — T*T is positive, and as such has a 


unique positive square root D [8]. Consider the map 


W:f-(Df, DTf, DT*f,---), fEek#. 
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Since 
2 = (T"f, D?T"f) 


(T"f, T'f) — (T'S, (T*T)T’S) 
| Ty ||* -— [resp 
* is telescoping, and we have 


y= |? 


DT"f 


the series 1°, DT"f 
| ws? = [4]? - tim [er 


since the powers of T tend to 0 strongly. Hence W is an isometry with range in 
I*(Z), where F is the closure of the range of D. The rest of the argument is as before. 


5. Invariant Subspaces. The result of the previous section makes the nature of 
the invariant subspaces of backward shifts a matter of great importance. For any 
operator T, the subspaces invariant for T* are precisely the orthogonal complements 
of the subspaces invariant for T. Thus it will suffice to study shifts. 

One of the few operators whose invariant subspace structure has been completely 
and satisfactorily described is the simple shift, in a fundamental paper of Beurling 
[2] (see also [5]). For this we use the realization of the shift as multiplication by e 
(the identity function e”®) on the Hardy space H?. To begin with, there are the obvious 
invariant subspaces e"H7’, consisting of all e"f, fe H*, and spanned by {e", e"*',-.-}. 
More generally, if ¢ ¢ H* is of unit modulus almost everywhere (such functions are 
said to be inner) then multiplication by ¢ is an isometry on H’, so the range ¢H? isa 
closed subspace that is evidently invariant. Conversely: 


THEOREM 6. Any closed nonzero invariant subspace of the shift on H? is of the 
form $H? for a suitable inner function ¢. 


Proof. Let .@ be invariant, and assume for the moment that the function 1 is not 
orthogonal to -Z@, so that the component yw of 1 in -Z@ is not zero. Then e"p € .@ for 
all n = 1, and therefore 


0 = (C1 —W= 5 [ eM Ment ~ GO) a0 


a 

21 

1 on in@ 1 om in® 
x | e yeoyae ~ + | e 


— _ i ™ ind 
2n Jo 


since y ¢ H?. By conjugation we obtain 


W(0) |7d0 


y(0) |7d0 


20 
[ e'"*| W(8) |?d0 = 0 for all n #0, 
0 


and so | (9) | is equal a.e. to a nonzero constant. Thus, a constant multiple of w is 
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inner, and it will suffice to show .W = WH’. It is clear that @ contains WH? (since 
contains e"y, n 20), so suppose that f is in @ and orthogonal to WH’. Since 
e" € WH? for all n = 0, we have 


0 = (hey) =5— [ "e™/(0O)d0, nn BO. 


On the other hand, arguing with (e"f, 1 — w), just as in the first calculation above, 
gives 
2n 
| e™F(OW(Add=0, nl. 
0 
Hence fi) = 0 a.e., and, since w has constant nonzero modulus, f = 0. Thus 
M = WH’. 

Finally, if 1 is orthogonal to -@, then all functions in have vanishing Fourier 
coefficient of order zero, so. WZ = eV with closed and invariant. Since JW # {0} 
there is a largest integer n for which 4 = e".Z@, with @, closed and invariant. Then 
by the above -4, = fH’ with ¢ inner, so W = e"pH? and e"d is inner. 

This representation of invariant subspaces in terms of inner functions is not 
unique; however, it is easily seen that if 6;H? = @,H’ with ¢, and ¢, inner, then 
#, /2 is constant almost everywhere. A great deal is known about inner functions [6], 
and therefore the theorem is a useful tool for answering questions about invariant 
subspaces of the simple shift. 

In particular, the question of the previous section can be shown to have an 
affirmative answer in this case: the minimal nonzero invariant subspaces of the 
simple backward shift are one-dimensional. The same is true of the backward shift 
on 17(#) for # finite-dimensional (see [5]), but the general question remains open. 


Based on a talk at the Indiana sectional meeting, Franklin College, May 13, 1972. 
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RECURSIVE UNDECIDABILITY — AN EXPOSITION 
JAMES P. JONES 


1. Introduction. The discovery of proofs to the effect that certain mathematical 
problems are unsolvable has been one of the more remarkable achievements of 
mathematics of the nineteenth and twentieth centuries. Consider the ancient Greek 
geometry problems, doubling the cube and trisecting the angle with compass and 
straightedge. The search for solutions went on for over 2000 years. Then it was proved 
that what was sought did not exist. The history of attempts to solve the fifth degree 
polynomial equation is a similar story. Early in the nineteenth century Abel, Galois 
and Ruffini proved the impossibility of solving it by means of radicals. Somewhat 
later Lindemann proved the transcendence of z, thus disposing of the age-old prob- 
lem of squaring the circle. 

The classical unsolvability proofs were a rich source of new ideas for mathematics. 
The work of Galois would later inspire the entire development of modern algebra. 
But bold explorers did not wait long before taking the next step: proofs of unprova- 
bility. 

In the first half of the nineteenth century Gauss, Bolyai and Lobachevsky obtained 
the independence of the parallel postulate. They proved that this postulate cannot be 
proved from Euclid’s axioms for geometry. Since the parallel postulate is consistent 
(assuming the theory of real numbers consistent), its negation is also unprovable. 
Thus the parallel postulate is undecidable on the basis of Euclid’s axioms. 

In 1931 K. Godel showed [13] that the theory of numbers also contains undecid- 
able propositions. More importantly, he proved that it was impossible to alter the 
foundations of mathematics so as to exclude undecidable propositions. In 1963, 
P. Cohen [7] proved that the axiom of choice and the generalized continuum hypothe- 
sis were independent of the axioms of Zermelo-Fraenkel set theory. Godel had 
already obtained the relative consistency of these two propositions in 1940 [12]. Thus 
these two famous problems were shown to be undecidable in axiomatic set theory. 

It is interesting to note that Carl Frederick Gauss may have anticipated such 
developments in mathematics already in 1816. The Paris Academy had proposed the 
proof or disproof of Fermat’s Last Theorem as its prize problem for the period. When 
attempts were made to persuade Gauss to compete, the Prince of Mathematicians 
replied: ‘‘Fermat’s Last Theorem is an isolated proposition which has little interest 
for me, because I can easily lay down a multitude of such propositions, which one 
can neither prove nor disprove.”’ 


This expository article contains an explanation of recursive unsolvability, examples of non-com- 
putable functions and an example of a two-person game in which neither player has an algorithm to 
win. The intention is to provide a simple explanation of the subject, comprehensible to the non-logic- 
ian. The results presented here are especially suited to this purpose because their proofs may be 
based entirely upon simple combinatorial arguments which avoid the formal arithmetization usually 
necessary in recursive function theory. 
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2. Recursive unsolvability. Dramatic as they may seem, the classical unsolvability 
proofs have nevertheless a distinctly relative character. The problem of doubling the 
cube can be solved if the use of a ruler in the form of a right angle is permitted. 

Similarly, the proofs of unprovability have their relative nature. There is no con- 
cept of a proposition undecidable per se, only that of a proposition undecidable on 
the basis of given axioms. The continuum hypothesis becomes provable if we sup- 
plement the axioms of set theory with Gédel’s axiom of constructibility [12]. More- 
over, the presence of undecidable sentences in a theory is not particularly surprising 
unless we feel that the axioms in question ought to be categorical. Before the discovery 
that the parallel postulate was independent, it had been believed for centuries that 
Euclid’s axioms were a categorical description of space. 

It is natural to ask if there are problems in some sense absolutely unsolvable. 

In the 1930’s, proofs of a different sort of undecidability appeared. For the first 
time mathematical problems were proven unsolvable in the sense that there is no 
finite algorithm for dealing with them. The early explorers were the logicians 
A. Church, K. Gédel, S. C. Kleene, E. Post, J. B. Rosser and A. Turing. Problems 
of the type then considered have come to be known as decision problems. 

Suppose we are given a countable set W and a particular subset A of W. By a 
decision procedure for A we mean an algorithm, in the form of a finite list of instruc- 
tions, which permits us to decide effectively, for each element of W, whether or not it 
is an element-of the set A. The decision problem for the set Ais the problem of finding 
such a decision procedure, or proving that no such procedure exists. The set A is said 
to be decidable or undecidable according as a decision procedure exists or not. In 
the case that it does not exist, one also says that the decision problem is recursively 
unsolvable. 

The original researchers, mentioned previously, defined the exact concept of an 
algorithm in the 1930’s. This important work made recursive unsolvability proofs 
possible. Of course these researchers were, at that time, motivated primarily by deci- 
sion problems in logic; questions of existence of mechanical procedures, like truth 
tables, for determining the truth or falsity of propositions. Today however, spurred 
by the advent of the large digital computer, questions of decidability have acquired 
much more than their former philosophical interest. The past quarter century has 
seen the solution of important decision problems in nearly every branch of mathe- 
matics. Let us consider some examples. 

One of the most important decision problems is the very difficult word problem 
for groups. Finitely presented groups arise in a natural way in algebraic topology, 
for example in the problem of classification of knots. A group is presented as a finite 
system of generators and relations. The word problem is the problem of deciding, 
given a word on the generators, whether or not this word is equal to the identity, in 
consequence of the relations. (Equivalently, whether two words are equal.) 

The word problem was one of the first decision problems to be formulated. It was 
first considered by M. Dehn and A. Thue in 1912-14. An important first step toward 
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its eventual solution (in the negative) was taken by E. Post and A. Markov in 1947. 
They (independently) proved the analogous word problem for semi-groups unsolv- 
able (cf. [8, Chap. 6]). As seems to be the rule rather than the exception in this sub- 
ject, the (negative) solution of the word problem for groups was also obtained nearly 
simultaneously in the East and West. During the period 1954—56, P.S. Novikov and 
W. W. Boone independently proved the word problem for groups undecidable. For 
groups the problem was much more difficult than for semi-groups. Novikov’s original 
paper [27] is 143 pages long. Boone’s proof, contained in a long series of six papers 
extending over four years, was later shortened by J. L. Britton. Britton’s proof is now 
available in a textbook [39]. 

Not only is the word problem for groups unsolvable in the general sense; Novikov 
and Boone produced particular groups with unsolvable word problem. Concerning 
this it is interesting to note that in consequence of the Higman, Neumann, Neumann 
embedding theorem [15], such groups must exist with only 2 generators. 

Not all results on the word problem have been negative. For many groups, for 
example finite groups and free groups, the word problem is solvable. K. Reidemeister 
proved that the word problem for an Abelian group is solvable [33]. Other positive 
results may be found in [20]. | 

The word problem concerns the elements of a group. More important to 
algebraists are decision problems concerning algebraic properties of groups as a 
whole. M. Rabin [31] and S. I. Adjan [1] (independently) obtained important results 
on these decision problems. They showed that for a wide class of algebraic properties, 
including finiteness, commutativity, cyclicity, simplicity, solvability and many others, 
there does not exist an effective method of deciding from presentations, whether the 
defined group has the property in question. This theorem led Rabin and Adjan to the 
negative solution of the isomorphism problem: There is no algorithm to decide, given 
two presentations, whether or not the groups defined by them are isomorphic. 

The Rabin-Adjan theorem also applies to the property of having a solvable word 
problem. Thus in general we cannot tell from a presentation, whether the word prob- 
lem is solvable or not. And oddly enough, it turns out that there is no partial 
algorithm to solve the word problem even for just those groups with solvable word 
problem. This last result is proved in [5]. More information on decision problems 
in group theory may be found in [25]. 

Since the word problem was not on its face a problem in logic, its solution did 
much to convince mathematicians that the work of logicians could have significant 
consequences outside logic. This opinion was further reinforced in 1958 when an 
undecidability result appeared in topology. A. Markov proved [21] that the 
homeomorphism problem for 4-manifolds was undecidable. Roughly, this is the prob- 
lem of deciding, given (suitable descriptions of) two 4-dimensional manifolds, 
whether or not they are homeomorphic (cf. [4]). The homeomorphism problem for 
2-manifolds is solvable by well-known methods. For 3-manifolds the problem is 
still open. 
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Also in combinatorial geometry one finds decision problems: the so-called domino 
problem (proved undecidable by Berger [2]) and various other problems of tiling the 
plane (cf. [37]). John Conway has announced that his ‘‘Game of Life’’ is undecidable. 

Decision problems arise naturally even in analysis. In calculus one is confronted 
with the elementary integrability problem. Recall that a function of a real variable 
is elementary if it can be built up from integers, the rational functions, nth roots, 
exponentials, logarithms, trigonometric functions and their inverses, by addition, 
multiplication and composition. The derivative of an elementary function is again 
elementary but some elementary functions do not have elementary integrals. For 
example, it is well known [35] that the following integrals are not elementary: 


| "ax, [ neo dx, [ sin(x?as. 
Thus it is natural to ask if there is an algorithm by means of which we may recognize 
whether a given elementary function is elementarily integrable or not. Interestingly 
enough, D. Richardson [34] has shown that no such algorithm exists. 

Bound up with many results in logic is the important Entscheidungsproblem, 
the decision problem for provability of sentences of an axiomatic theory. Numerous 
important cases of this problem have now been solved, notably by A. Tarski [40], 
and not all of them in the negative. A celebrated theorem of Tarski [41] asserts that 
there is a decision procedure for deciding the truth or falsity of all propositions of 
elementary algebra and geometry. The propositions of elementary algebra here 
include all formulas involving integers, inequalities, addition and multiplication in 
which the variables range over all real numbers. 

The tenth problem on David Hilbert’s famous list [16] was a decision problem. 
Hilbert asked for an algorithm to decide of a polynomial equation, in several 
variables, with integer coefficients, whether or not the equation had solutions in 
integers. Ju. V. Matijasevié recently showed that this problem is unsolvable. 
Matijasevié proved that there is no such algorithm [22], [23]. 

Hilbert’s tenth problem has had a long and interesting history. Hilbert first stated 
the problem at the International Congress of Mathematicians in Paris in 1900. At that 
time, one could imagine only a positive solution to the problem. The concept of 
algorithm had not yet been worked out. Indeed, largely for this reason, significant 
work was not done on the problem until the 1950’s. At about this time, the early 
fifties, Julia Robinson, Martin Davis and Hilary Putnam began studying Diophantine 
sets. [A relation R(x,, x2, -*-,x,) is said to be Dio phantine if there exists a polynomial 
P(X 15X25 °°s Xo Vio V5 °°» Ym)» With integer coefficients, such that R(x1,X2,°+',x,) holds 
if and only if integers y,, y2,---, ¥,, exist for which P(x1,%252*+sXysV1>Y20 7s Ym) = 9.) 
In 1961 Robinson, Davis and Putnam came very close to the negative solution of 
Hilbert’s tenth problem. They succeeded in showing that its unsolvability would 
follow from the existence of a single Diophantine predicate with exponential growth 
[10]. In 1970 Matijasevié was able to use this result to deliver the coup de grace to 


728 J. P. JONES [September 


Hilbert’s tenth problem. By means of clever number theoretic arguments, termed 
‘“‘elementary but ingenious’’ by J. W. S. Cassels, Matijasevi¢ proved that the relation 
‘‘y is the 2uth Fibonacci number’’ was Diophantine. 

The solution of this long outstanding problem is one of the most significant events 
to occur in pure mathematics in the last decade. Only one byproduct of the ingenious 
solution of Hilbert’s tenth problem is the long sought polynomial formula for the 
prime numbers. From results of Putnam [29] and Matijasevi¢ [22] [23] it follows 
that there exists a polynomial whose positive values are identical with the set of prime 
numbers. (Negative integers also appear in the range.) In reference [24] Matijasevi¢é 
has shown that 21 variables are sufficient in this polynomial. 

It is interesting to consider variants of Hilbert’s tenth problem. We may enquire 
about existence of solutions in sets of numbers other than the integers. Of course for 
complex numbers the problem is decidable. A polynomial has solutions in complex 
numbers if and only if its degree is nonzero. Also for the set of real numbers, the 
problem is decidable. This fact is less obvious. The algorithm of Tarski for elementary 
algebra [41] provides a decision method in this case. For the integers, non-negative 
integers and positive integers, the problem is unsolvable [23], [9]. Oddly enough 
however, for rational numbers the problem is still open. ) 

Unsolvability results have also appeared in game theory. M. Rabin proved in 
1957 [30] that there exists a two person win-lose game, with perfect information and 
decidable rules, in which neither player has a computable winning strategy. The 
author has also discovered an example of such a game (somewhat simpler than 
Rabin’s) [17]. We describe our Turing machine game in Section 7. 

In considering recursive unsolvability results, it is important to keep in mind the 
very wide scope of the concept of algorithm. An algorithm, in the form of a finite list 
of instructions, is potentially a quite powerful problem-solving procedure. Today, 
computing machines, using algorithms, not only play games, but /earn to play games. 
A computer can be programmed to play a better game of checkers than can be played 
by the person who wrote the program. Furthermore, the digital computer is the man- 
made analogue most closely resembling the brain. Thus an algorithmic unsolvability 
proof establishes unsolvability in a quite strong sense. Post has written [28]: Like 
the classic unsolvability proofs, these proofs are of unsolvability by means of given 
instruments. What is new is that in the present case these instruments, in effect, seem 
to be the only instruments at man’s disposal. | 


3. Turing machines. An algorithmic unsolvability proof is supposed to establish 
the impossibility of an algorithm. But the concept of algorithm is vague. Before it 
can be proved that something does not exist it must be defined precisely. What is an 
algorithm? 

If we analyze the notion we see that it is closely bound up with the concept of 
computability. Consider a function from the natural numbers to the natural numbers. 
Intuitively, the function should be computable if there exists an algorithm permitting 
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us to obtain its values for each argument. Conversely, the decision problem for a set 
reduces to the computation problem for a certain function; the characteristic function 
of the set. 

Thus we will have made our ideas precise once we succeed in defining the class of 
computable functions (of a natural number variable). What is meant exactly when 
we say that a function is computable? 

If an algorithm exists for computing a function then it should be possible to pro- 
gram a computer to carry out the algorithm and calculate the value of the function. 
At least this should be possible in principle, allowing the computer sufficient time (an 
arbitrary finite amount) and sufficient external storage for intermediate calculations 
(again an arbitrary finite amount). 

Today, one might attempt to base a definition of computability upon physically 
existing computers. However, this would be unsatisfactory. It would leave unanswered 
two very important questions. What is to be the exact relationship between the com- 
puter and its external memory (the machine-tape coupling)? And, more importantly, 
what operations need a computer be capable of in order to perform “‘all possible com- 
putations’’? 

For the purpose of defining computability one is forced to abandon physically 
existing machines. One must instead describe an idealized mathematical model of a 
computer. 

This is what was done by A. Turing in a classic paper published in 1936 [42]. In 
this paper, Turing defined the class of theoretical computing machines that now bear 
his name. Here is specified in exact detail a simple mechanical basis sufficient to carry 
out any computation whatsoever. 


We shall not reproduce here Turing’s original formulation in detail. Rather we 
present a simplification (due to Kleene [18] and Rado [32]). The essence of the 
conception is nevertheless Turing’s. 


One visualizes a Turing machine in the form of a finite reading and writing device 
operating upon a two-way infinite linear tape. The tape is ruled off into squares. 
Upon each square of the tape may be printed a symbol from a finite alphabet, includ- 
ing ‘‘0’’ (blank) and ‘‘1’’. At each moment of time, the machine is assumed to be in 
only one of a finite number of internal states, which we number 0,1,2,---n. The 
machine can scan only a single square of the tape at a time. Its behavior is completely 
determined by its current internal state and the contents of this scanned square. It 
erases the symbol on this square, prints a new one (possibly the same), shifts itself left 
or right on the tape (so as to scan an adjacent square), and changes itself into a new 
internal state (possibly the same state). 

Turing believed that any computation could be reduced to a succession of such 
simple acts. 


Turing machines operate sequentially, performing one act per unit of time They 
are assumed to begin all computations initially in state 1 (the starting state). State 0 
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is the stopping state. The machine is said to halt (cease operations) upon entering this 
inactive state. 

It is more accurate to think of each individual Turing machine as a program 
rather than a machine. We represent this program with a finite set of ‘‘computer 
cards’’. Each instruction card corresponds to an active state of the machine. When 
the alphabet is restricted to the two symbols °‘0”’ and ‘“‘l’’, this representation is 
particularly simple. 


EXAMPLE 1. A TURING MACHINE WITH Two STATES. 


Card 2 
0 1,L,1 
1 1,L,0 


The ith card represents the ith state of the Turing machine. On each card, the 
first column gives the scanned symbol, the second column ts the over print by column, 
the third column is the shift right or left column and the fourth column gives the 
next state to enter. 

Suppose the machine of example | is started in state | scanning the symbol 1, the 
remainder of the tape assumed blank. Then card | instructs it to leave this symbol 
unchanged, shift left on the tape and enter state 2. By assumption the square now 
scanned contains 0. Card 2 instructs the machine to overprint this 0 by |, move left 
and (re)enter state 1. The scanned square is again 0 so card | instructs the machine 
to overprint this 0 by 1, move right and enter state 2. Now the machine sees 1, so card 
2 instructs it to leave this | unchanged, shift left and stop. The result is three ones 
printed on the tape. 

One could represent the machine’s behavior with the sequence of successive tape 
conditions: 


OO! — OO! > Oll - Ill > III. 
l 2 l 2 0 


Apparently, the effect of this machine is to ‘‘add 2’’. If this machine is started in 
state 1 scanning the leftmost of n consecutive ones, then it will be seen to halt after 
4 shifts. And when it does, it will be scanning the leftmost of n+2 consecutive ones. 

We represent the natural number x on the tape with a string of x + 1 consecutive 
ones (tallies). The number 0 is represented on the tape as a single | to distinguish it 
from a blank square. An ordered pair could be represented with two groups of tallies 
separated by a blank (0). 

With these conventions we may now define computability for functions of a 
natural number. 
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DEFINITION. A function f is Turing computable if there exists a Turing machine 
M such that whenever M is started in state 1 scanning the leftmost of x + 1 con- 
secutive ones, M eventually halts scanning the leftmost of f(x) + 1 consecutive ones. 

In this sense the machine of example 1 computes the function f(x) = x + 2. The 
following Turing machine computes the function f(x) = 2x. 


EXAMPLE 2, A TURING MACHINE WHICH COMPUTES f(x ) = 2x. 


Card | Card 4 
0 0,R,4 0 0,L,4 
1 0,L,2 1 0,L,5 


It is important to note that although the amount of information stored at any one 
time by a Turing machine (on its tape) is always finite, we do not place any preassigned 
upper bound on this amount. To do so would be tantamount to making our defini- 
tion dependent upon computer technology and therefore mathematically uninterest- 
ing. 


4. Church’s Thesis. Is every computable function computable by a Turing 
machine? The answer to this question appears to be “‘yes’’. This may be difficult for 
the reader to believe. Perhaps, since computation is normally done on sheets of paper, 
it might be thought that the two-dimensional nature of paper is essential. However, 
as we allow any finite number of symbols in the alphabet, there is no reason why each 
individual tape square cannot be thought to correspond to an entire sheet of paper. 
Also, our insistence that there be only a finite number of symbols in the alphabet is not 
a severe restriction. If more symbols are needed it is always possible to use sequences 
of symbols in place of individual symbols. (Indeed, for this reason, we may restrict 
our machines to the use of only two symbols ‘‘0’’ and ‘‘1’’. It is well known that 
the class of functions computed is not diminished by so doing. For a proof of this see 
[ 26, p. 129]. 

The assertion that every computable function is Turing computable, is known as 
the Church-Turing thesis. It 1s called a “‘thesis’’ rather than a ‘‘theorem’’ because it 
is not susceptible to proof. The thesis is rather in the nature of a definition. It is a 
proposal that we identify our intuitive concept of computable function with the exact 
mathematical substitute (Turing computability). 

Turing believed that any process which could effectively be carried out, could 
actually be realized on one of his machines. And the years have tended to bear out 
Turing’s view. Today, the Church-Turing thesis is generally accepted by virtually all 
workers in logic. 

Convincing evidence for the Church-Turing thesis is provided by certain historical 
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events. Recall that Turing put forward his proposed characterization of computability 
in 1936 [42]. At about this same time, two other characterizations were also proposed: 
The A-definable functions (Church, Kleene), and the general recursive functions 
(Herbrand, Gédel). Superficially, the three formulations appeared to be different. 
Between them they encompassed all methods of calculation known at the time, in- 
cluding the various definitions by recursion (induction). Yet the three different 
characterizations were proved equivalent. The same (evidently fundamental) class of 
functions is obtained in each case. 

An additional argument in favor of the Church-Turing thesis is given by Kleene 
[18]: A great stock of intuitively computable functions (all that have been investigated 
in this connection) are known to be Turing computable. Likewise we have a great 
stock of methods or operations (for obtaining new intuitively computable functions 
from others) which are paralleled by operations for building new Turing machines 
from given Turing machines (or the analog in terms of recursiveness). If there were 
a function which is intuitively computable but not Turing computable, it would have 
to be ‘‘inaccessible’’ by any process of building up toward it from this stock of func- 
tions and operations already mastered. 

So it was that the recursive functions were discovered. Concerning this class of 
functions Gédel remarks [11]: “‘... with this concept of recursiveness one has for 
the first time succeeded in giving an absolute definition of an interesting epistemolo- 
gical notion, i.e., one not depending upon the formalism chosen.’’ Post has remarked: 
‘Indeed, if general recursive function is the formal equivalent of effective calculability, 
its formulation may play a role in the history of combinatory mathematics second 
only to that of the formulation of the concept of natural number.”’ [28]. 


5. A non-computable function. The machine presented in Example 1 is one of the 
highest scorers in a game invented by T. Rado [32]. Rado’s “‘Busy Beaver n game”’ 
is the problem of programming an n-state (2-symbol) Turing machine to print the 
largest possible number of ones onto a (blank) tape and halt. If the machine of 
example 1 is started in state 1 on a blank tape it will be seen to halt after 6 shifts and 
when it does there will be 4 ones printed on its tape. 4 is the highest score obtainable 
in the Busy Beaver 2 game. 

What is the highest score possible in the Busy Beaver n game? Formally, a 2- 
symbol Turing machine of n states is simply a mapping 


f: {0,1} x {1,2,3,---n} > {0,1} x {R,L} x {0,1,2, 3, --+n}. 


Thus there are exactly (4n + 4)*” Turing machines with n-states, a finite number. 
Some of these will fail to halt if started on a blank tape; the machine of example 2 
loops forever. However, among the machines which halt, there must be one or more 
which print the maximum possible number of ones. Let 2% (n) denote this maximum 
score. 

Evidently, & is a well defined function of n, because a finite set of numbers has 


1974] RECURSIVE UNDECIDABILITY — AN EXPOSITION 733 


a greatest element. The function 2 has been calculated for a few small values of n. 
It is known that 2 (1) = 1 and & (2) = 4. S. Lin proved in [19] that 2 (3) = 6. 
Also, one sees immediately that for each n, X (n) < X (n+ 1). For, with an addi- 
tional card, a machine may be instructed to move right (or left) across ones to over- 
print with 1 the first 0 encountered, and halt. 


Can a formula for Z (n) be found? 

There are difficulties in determining 2 (n) for large values of n. First of all, there 
is an enormous number of machines to consider. There are 25,600,000,000 different 
Turing machines with 4 states. Of course, many of these fail to halt, and may there- 
fore be eliminated from consideration. However, it is very difficult to decide, given a 
Turing machine, whether or not it will eventually halt. This is the so called halting 
problem. We shall see that the function 2 is not computable (non-recursive). 

Now, whether & were computable or not, one would nevertheless expect that it 
would be possible to give an upper bound for’. One would expect to be able to prove 
that (n) S 2" or perhaps Z(n) < n“” or at least some such inequality. Sur- 
prisingly enough, no such inequalities hold! These two proposed bounds are com- 
putable functions. Not only is 2 non-computable, Rado discovered [32] that = has 
no computable upper bound. 


THEOREM 1. Let f be any increasing computable function. Then for n sufficiently 
large, f(n) < X(n). In particular x is non-computable. 


The proof is almost trivial. Let M be a Turing machine with c states which com- 
putes f. Denote by T the Turing machine of 5 states which computes the function 
2x (example 2). 


For each x, let M® be a Turing machine with x + | states which will print x + 1 
consecutive ones onto a blank tape and halt scanning the leftmost of these. For 
example, M‘? could be taken to be the following machine: 
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Now consider the composition of machines, which we denote by 
M[T[M™]]. 


It is obtained by relabeling states and is constructed so as to print f(2x) + 1 ones 
onto a blank tape and halt. Since this composite machine has x + 6 +c states it 
follows that 


(i) f(Qx) < X(x+6+ 0). 


Now for x 26+ c we have x +6+cX 2x. Therefore, since f is assumed to be 
increasing, 


(11) f(x +6+ ©) < f(2x). 


Let n = x + 6+. Then for n = 12 + 2c we have f(n) < X(n) by (i) and (ii). 
Since & itself is increasing we have proved that x is non-computable. 


COROLLARY 1. Let f be any computable function (increasing or not). Then for 
n sufficiently large, f(n) < X(n). 


Proof: For each computable function f we can find an increasing computable 
function f such that f(n) < f(n). For example we may take 


M = 


f(n) = 


i 


f(i). 
0 


Intuitively, f is computable. (For a rigorous proof of this see [18], p. 224.) 


The halting problem. Evidently, the only obstacle to the computation of & is the 
halting problem: To decide, given a Turing machine M, whether or not M will 
eventually halt. The halting problem was the first decision problem to be proved 
unsolvable. Its unsolvability was obtained by Church in 1936 [6]. 


An informal proof of the undecidability of the halting problem may be given, 
based on the non-computability of &. Assume for contradiction that an algorithm A 
existed for deciding the halting problem. Then Z could be computed algorithmically 
as follows: Given n, list the (4n + 4)*" n-state Turing machines. Using A, strike out 
from the list those which will not halt. Operate the others until they halt. Examine the 
number of ones on their tapes for the largest. Since Z is not computable this ts a 
contradiction. (For a rigorous proof see [18].) 

For programming, the fact that the halting problem is recursively unsolvable 
means that there does not exist one program capable of determining of an arbitrary 
program whether or not that arbitrary program will eventually halt. 


7. An unsolvable game. Consider the following two-person impartial win lose 
game with perfect information. We shall refer to it as the Turing machine game. 
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THE TURING MACHINE GAME. There are two players, I and IT. They take turns 
choosing positive integers: 


first I picks n, 
then II picks m (knowing n), 
finally I picks k (knowing im). 


Player I wins if some n-state Turing machine halts in exactly m+ k shifts when 
started on a blank tape. Otherwise, player II wins. 

In contrast to many games considered in the theory of games, the Turing machine 
game may conceivably be played. It is possible to decide, after the game is over, who 
has won. After I and II have selected their integers, a referee need only list the 
(4n + 4)?" n-state Turing machines and then operate each of them through exactly 
m + k shifts to determine the winner. It is not necessary for the referee to be able to 
solve the halting problem. A machine can be programmed to decide the winner. 

Now it is well known that a game of finite length is determined. There exists a 
winning strategy for one of the players. In this case it 1s player IT. However, we shall 
show that the Turing machine game is nevertheless not trivial to play. In this game 
neither player has an algorithm for winning. 


THEOREM 2. In the Turing machine game neither player has a computable 
winning strategy. 


Proof: Let SH(n) be the maximum possible number of shifts which an n-state 
Turing machine can perform before halting (after being started in state | on a blank 
tape). Obviously X(n) < SH(n). A strategy for player II is a function m = f(n). 
Plainly, fis a winning strategy for player II if and only if SH(n) < f(n). Thus player 
IT has a winning strategy SH(n). However, by Corollary 1, for each computable func- 
tion f, eventually f(n) < X(n) S SH(n). Hence player Il has no computable winning 
strategy. 


8. Generalizations of the Busy Beaver problem. We have defined SH(n) to be the 
maximum possible number of shifts which an n-state (2-symbol) Turing machine can 
perform when started in state | on a blank tape. Analogously define SC(n) to be the 
maximum possible number of tape squares which an n-state Turing machine can 
scan in an active state before halting (when started in state | on a blank tape). Define 
H(n) to be the number of different n-state Turing machines which halt when started 
in state 1 on a blank tape. Plainly 

(1) X(n) S SC(n) S SH(n) and (2) H(n) < (4n + 4)*". 

From these inequalities it follows that the functions SC and SH are non-compu- 
table. The function H is also non-computable. For it is not difficult to show that if an 
algorithm existed for computing H, then the halting problem would be solvable. The 
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known values of these functions appear in the following table. 


TABLE | 


13 < |16<]| 35 < | 22,961 <]9 x 1041 < | 102x104 < 


104% 1044 < 


Results in Table 1 are due to T. Rado, S. Lin, C. Y. Lee, P. Fischer, M. Green, 
D. Jefferson, J. Slater and the author. 

As was already evident from Theorem 1, the rate of growth of the function & is 
astronomical. This is illustrated in row 1 by the very large scores in the Busy Beaver 
8 and 10 games (achieved by Green [14]). Not only is it true that &(n) < X(n + 1) 
for each n. Indeed it is easy to see that for any computable function f 


f(Z (n)) < TH+) 
for infinitely many values of n. Thus, for example, infinitely often we have 
x(n)! << L(n+ 1). 
The functions SC and SH are related to &. We can prove 
(3) SC(n) < X(3n) and (4) SH(n) S n- SC(n)-2°°™. 


Inequality (3) is derived from the fact that each n-state Turing machine may be 
simulated (on every other square of the tape) by a 3n-state Turing machine which 
records the number of squares scanned with ones. The inequality (4) is derived by 
counting tape-state configurations. These inequalities are due to T. Rado, S. Lin and 
the author. It is not difficult to show, using (3) and (4), that all four non-recursive 
functions have the same degree of recursive unsolvability (0’). The range of the func- 
tion & is an example of a hyperimmune set. The range of H is retraceable and there- 
fore immune but not hyperimmune. The set {(m, n): m < H(n)} is r.e. nonrecursive. 

Consider a Turing machine programmed by a monkey. The probability of such a 
random Turing machine halting when started on a blank tape might be expressed by 
the limit of the frequencies: 


nro (40 + 4)?” 
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From Table | we find that the first three values of this quotient are (approximately) 
.500, .471 and .451. However, the exact value of the limit is unknown. 


Acknowledgment. The author wishes to thank Professors Verena H. Dyson and Roger C. Lyn- 
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NEARNESS — A BETTER APPROACH TO CONTINUITY AND LIMITS 
P. CAMERON, J. G. HOCKING, anp S. A. NAIMPALLY 


This article advocates an unusual introduction to the theory of continuity and 
limits. Surely an ideal presentation would begin with a simple concept having strong 
intuitive appeal. That appeal should be retained along a direct line from the crude 
beginnings to complete rigor. Furthermore, a student should be able to ‘‘drop aff’’ 
at any point along that line without losing all his feeling for the topic. A natural uni- 
fication of related ideas should come easily as should the extensions to more ad- 
vanced material. And any presentation should lend itself to class participation. We 
think our approach comes closer to such an ideal than any other we have seen. 

In discussing continuity the calculus teacher frequently sets a subtle trap. There 
usually comes the moment when the teacher considers some fixed point c in the 
domain and says that points near c are to be carried to images near f(c). Then by 
looking at such a function as 1/x with c = 1/1000, he may refine this by saying that 
points as near c as you like must be considered. He may speak of the function having 
no jumps, etc. All of this discussion has led the unsuspecting students to a ‘‘co- 
variant’’ view of continuity. Then the teacher switches direction, hitting the students 
with the ‘‘contravariant’”’ «-d definition. The resulting confusion leaves the class 
foundering. 

Another major difficulty with the standard approach is what could be called its 
structural problems. From the usual ¢-6 definition it is not at all clear what really 
lies behind the basic concepts of limits and continuity. Students are apt to think 
that ordering, absolute values, etc., are involved with continuity. This makes the 
transition from Calculus to Analysis very difficult—a matter which was the subject 
of an MAA Panel Discussion (Winter Meeting, Denver, 1965). 

Our approach to continuity and limits attacks the difficulties just outlined. The 
basic tool is the topological concept of “‘nearness’’ introduced by F. Riesz in 1908. 
This idea appeals strongly to the students’ geometric intuition. It 1s very easily 
introduced, a very large majority of our students grasped its essence immediately 
and the passage to complete rigor is direct and readily accessible. The end result 
is equivalent to continuity in terms of the closure axioms but the entire theory 
remains closer to its intuitive foundations. In our experience students have more 
confidence in their own understanding even when that understanding is incomplete. 
We have found it considerably easier to lead a class to formulate definitions and to 
contribute to the proofs. The theory extends almost trivially to arbitrary topological 
spaces when necessary, and identical proofs hold in every setting. Finally, there is 
a striking unification of the theories of continuous functions, of various limits, uni- 
form convergence, uniform continuity, etc. Thus the bridge to intermediate level 
courses 1s very easy to cross. 


1. Nearness. Suppose @ #4 Ac X CR (or R”) and xe xX. The two notions 
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**x is near A’’ and its denial ‘‘x is far from A’’ are first suggested by means of dis- 
cussion of special examples such as 


1 ys, 
(1) A= ane} with x = 0,2, and N the set of natural numbers; 


(2) A=(0,1) with x = —1,0,1,2. 
Our goal here is to lead the class to a formulation of a precise definition. 


1.1 DEFINITION OF NEARNESS. If A < X CR(or R”) and xeX, then x is near 
A in X provided that for each r > 0 there exists ae A with |x —a|<r. We write 
x 6A. The denial x is far from A means either A = @ or for some r>0 we have 
|x —a| 2r for every ae A. The symbol is x$A. 

A class usually comes up with the basic properties (a), (b), (c) and (e) below 
but rarely will find (d). 


1.2 THEOREM. 

(a) x0A>AAZAD 

(b) xe A>XOA 

(c) x6(A UB)=x0A or xdB 

(d) x6A and YVae A, aoB>xodB 


(ec) xd{y} if and only if x =y. 

1.3 THEOREM. If A is finite, then x0A iff xEA. 

1.4 THEOREM. Xx0A, x €A=>x06(A-F) for any finite set F. 

1.5 DEFINITION. x <R (or R") is discrete iff x 3(X ~{x}) Vxe X ; 
1.6 THEOREM. Any subset of the set of integers is discrete. 


We foreshadow important ideas by pointing out that the proofs of these results 
depend only on the five ‘‘axioms’’ in Theorem 1.2. Then we provide (not necessa- 
rily metric) examples of nearness satisfying the axioms. These include 

1. x) A<xeA (the discrete topology). 

2. x0 A<A # © (the indiscrete topology). 

3. The nearness on N* = N U{co} from Definition 3.2 below. 

4. Some example involving family membership. (Mothers-in-law always seem 
to be far away by such definitions.) 


2. Continuous functions. A function is continuous if it preserves the nearness 
relation. This ‘‘covariant”’ definition is not only appealing to the intuition, it is 
precise. 


2.1 DEFINITION. Let ce X CR (or R") and f: X > R (or R") be a function. Then 
f is continuous at c provided that VA cX, cOA=>f(c)df(A). We say that f is 
continuous on X if f is continuous at every point of X and if f fails to be continuous 
at c, we say that f is discontinuous at c. 
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A little care in the discussion will lead a class to formulate this entire definition. 
Incidentally, the discussion always includes proofs of the first two statements in the 
next result. 


2.2 THEOREM. 

(a) Constant functions are continuous. 

(b) Identity functions are continuous. 

(c) Restrictions of a continuous function are continuous, 
(d) A composition of continuous functions is continuous. 


To illustrate the methods used to prove that the continuous functions on X c R™ 
to R form a ring, we include a proof of closure under addition. Note that we have 
written the (contrapositive) proof in very terse form. This is not the way we present 
it to a class. In fact, preparatory discussion results in the class constructing much 
of the proof. (We have experienced an unusually high degree of class participation 
throughout this entire presentation.) 


2.3 THEOREM. Let ce X CR (or R"). If both f:X +R and g:X >R are 
continuous atc, so is f+g. 


Proof. Suppose to the contrary that f+ g were not continuous at c. Then there 
would exist A <X such that cdA but (f+ g)(c)8(f+g)(A). In other words, 
for some r>0, |(f+ g9)(c)-—(ft+ g)(a)| =r for each aéA, or 


(*) If) — f(a) + g(c) — g(a) | > r for each ae A. 


Define sets 


A, = {ae A: | f(c) —f(@)| < r/2} 
A, = {aeA:| f(c) —f(a)| 2 r/2} = A- A). 


If ae A,, then we must have | 9(c) — g(a) | > r/2 or else (*) would be contradicted. 
Thus g(c)$g(A,). Since g is continuous at c we must have c¢A,. By identical 
reasoning, we obtain c$A,. Theorem 1.2(c) now tells us that c8(A, UA). Be- 
cause A, UA, = A, this contradicts the original assumption and completes the 
proof. 

We are careful to point out that such proofs depend only on the ‘“‘axioms’’ in 
Theorem 1.2. This is in preparation for our treatment of limits to be given in Sec- 
tion 3. The final step in this presentation of continuity is to establish the usual e-6 
characterization and discuss its utility. 


3. Limits. We have not used limits, in the usual sense, to define continuity. In 
order to develop the needed theories, however, we employ our knowledge of con- 
tinuity. By defining a limit to be an ‘‘expected’’ value, the value causing a certain 
new function to be continuous, all of our theorems on continuity apply directly 
to provide the properties of limits. 
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3.1 DEFINITION OF LIMIT OF A FUNCTION. Let X c R (or R”) and let cd(X — {c}), 
Given f: X ~ R (or R") we write 
lim f(x) = leR (or R), 


provided that the function f* on X U {c} defined by 
f*(x) = f(x) if xeX — {c}, f*(c) = I, 
is continuous at c. 
(At last we see the lim,_,, f(x) = f(c) property of continuous functions.) 
To study convergence of sequences we append an element oo to N and postulate 


that co is near A CN if Ais infinite. More precisely, on N* = N U {co} we provide 
a nearness 6 as follows: 


3,2 DEFINITION OF NEARNESS ON NV*. Let xe N* and 4 (N*. Then x64 pro- 
vided that either 

Gi) xéEN and xeéA, or 

(ii) x = o and o€A or A is infinite. 

The students easily verify that this nearness satisfies the ‘‘axioms.”’ 

If 6: N > R (or R") is a sequence, we again define its limit as an ‘‘expected’”’ 
value. 


3.3 DEFINITION OF LIMIT OF A SEQUENCE. Let ¢: N > R (or R") be a sequence 
and let Je R (or R"). Then ¢ > I or : 
lim @(n) = 1 


provided that the function ¢*: N* > R (or R") defined by 
p*(n) = d(n) if nEeN, A*(co) =/1 


is continuous at o. 


3.4 THEOREM. Let @ #4 A<X CR (or R") and letxeX. Then x6A iff there 
exists 6: N- A with d-> x. 


3.5 COROLLARY. Let X CR (or R") and consider f: X > R (or R"). f is con- 
tinuous at ce X iff, for each d:N> X, d>c>fod-f(c). 


In the same way, infinite limits, lim,_,,, f(x) are defined by producing a nearness 
on R* = RU{—oo, o} and then using obvious analogs of Definition 3.3. The 
same proofs hold in far more sophisticated settings, too. Let X be a set and denote 
by B(X) the space of bounded functions f: X —> R with the metric 


d(f,g) = sup | f(x) — g(x) |. 


This provides a nearness 6, on B(X) and if Definition 3.3 is used in this setting we 
have uniform convergence! 
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3.6 THEOREM. Let @: N — B(X) be a sequence of bounded real-valued func- 
tions on X and let gE B(X). Then o> g iff for each ¢>0 there exists moe N 
such that Yn> my) VxEe xX 


| },(x) — g(x)| <e. 


The point of this program is that the usual theorems about all of these variously 
defined limits are now no more than special cases of the corresponding results con- 
cerning continuous functions. We need leave nothing unproven because it is too 
difficult at an early stage nor need any proof be “‘left as an exercise’’ because its 
inclusion is too tedious. 


4. Proximities. The program sketched above does not include uniform conti- 
nuity and of course it need not. Even in an honors calculus course one usually evokes 
uniform continuity only to prove that a continuous function is integrable. That 
usage 1S unnecessary (see our Offer of sets of notes later.) However, in an intermediate 
analysis course uniform continuity becomes important and an easily motivated 
generalization of nearness applies. 

It is a natural step to pass from “‘nearness of a point to a set’’ to ‘‘nearness of 
a set to a set.’’ The latter notion, called a proximity, also was introduced by F. Riesz 
in his 1908 paper. 


4.1 DEFINITION. Let A,B < X <CR (or R"). We say that A is near B in X, and 
write AdB, provided that for each r>0 there exist points ae A and be B such 
that | a — b| </?. (Surely if B = {x}, this is precisely the definition of x6 A). 

By calling for properties analogous to those found in Theorem 1.2 the instructor 
can lead the class to formulate most of the next result. 


4.2 THEOREM. 
(a) AOB>AFO, BF OS. 
(b) AOB > BOA. 
(c) ANB# O=>AOB. 
(d) Ad(BUC)=AdBorAoéC. 
(ec) AOB and bdbCVbEB= AOC. 
(ff) If daxeX with xdA and xoB, then AdB. 


The converse of 4.2 (f) is not true. The standard counterexample is A = N and 
B = {n—1/n:neN}. 

4.3 THEOREM. If A and B are finite, then AOB iff ANB # @. 

4.4 THEOREM. AOB, ANB = @ = AO(B-F) for any finite set F. 


Examples of proximities satisfying the ‘‘axioms”’ (a)-(f) of Theorem 4.2 can 
easily be found. 

1. A 6, Biff ANB # © (the discrete proximity). 

2. Ad, B iff A # O # B (the indiscrete proximity). 
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3. 406, B iff 4x with xO A and xoB. 

4. Ao, B iff either 4 6, B or both A and B are infinite. 

5. On R, Ao, B iff either 46; B or both A and B are unbounded above or 
both are unbounded below. 

One of the motivations for Definition 4.1 is this: Starting with a topology, as 
given by a metric in our case, a proximity was defined so that whenever one of the 
sets involved is a singleton set, the definition reduces to that of the original nearness. 
One says then the proximity is compatible with the nearness. For instance, the prox- 
imities 3, 4 and 5 above are compatible with the usual nearness 1.1 on R. In fact, 
there are 2° different proximities compatible with 1.1 on R. One sees that it is very 
significant to pass from nearness to proximity. 


4.5 DEFINITION. Let X < R (or R”) and consider a function f: X > R (or R’). 
We say / is proximally or uniformly continuous on X provided that for all sets 
A,BcX, 

AdB = f(A) 6f(B). 


It is obvious that a uniformly continuous function is continuous. However, the 
converse is not true. For a counterexample, consider the function f: R > R defined 
by f(x) = x*. Let A = N and B = {n—(1/n):neN}. Then AOB but f(A) 8 f(B) 
because the distance | f(a) —f (b) | is never less than 1. 


4.6 THEOREM. 

(a) Constant functions are uniformly continuous. 

(b) Identity functions are uniformly continuous. 

(c) A restriction of a uniformly continuous function is uniformly continuous. 
(d) A composition of uniformly continuous functions is uniformly continuous. 


The algebra of uniformly continuous functions is not so well-structured as that 
of continuous functions. For instance, note that f(x) = x? is a product of identity 
functions but is not uniformly continuous on R. 

Of course, both the nearness and the ¢-6 definitions of uniform continuity should 
be known and used. However, the equivalence of the two is not a trivial theorem. 
It was proved first by Efremovié in 1952 (Geometry of Proximity, Math. Sbornik 
Vol. 31, pp. 189-200). Cleveland (this MONTHLY, 80 (1973) 64-66) has provided 
a readily accessible proof. | 

We conclude this article with an offer. A reader interested in the details of the 
material sketchily outlined here may obtain them from the author at his Thunder 
Bay address. There are thice sets of notes available at cost. The first covers material 
on continuity and limits needed in an elementary calculus course. A second more 
extensive set of notes augments an introductory analysis or advanced calculus 
course. The third set of notes on elementary integration theory was mentioned earlier. 
The level of difficulty is suitable for an honors calculus course, for instance, and 
the approach provides a proof of the integrability of continuous functions without 
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using uniform continuity. In fact, this theorem comes out naturally in a program 
leading to the fundamental theorem of calculus. 
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(*) This was performed at a blackboard, and the professor wrote: WVWWVVVVVVV W/W VV 


THE PROFESSOR’S SONG 


Words by Tom Lehrer — Tune: “If You Give Me Your Attention” 


from Princess Ida (Gilbert and Sullivan) 


If you give me your attention, I will tell you what I am. 
I’m a brilliant math’matician — also something of a ham. 
I have tried for numerous degrees, in fact I’ve one of each; 
Of course that makes me eminently qualified to teach. 
I understand the subject matter thoroughly, it’s true, 
And I can’t see why it isn’t all as obvious to you. 
Each lecture is a masterpiece, meticulously planned, 
Yet everybody tells me that I’m hard to understand, 

And I can’t think why. 


My diagrams are models of true art, you must agree, 
And my handwriting is famous for its legibility. 
Take a word like “‘minimum”’ (to choose a random word), (*) 
For anyone to say he cannot read that, is absurd. 
The anecdotes I tell get more amusing every year, 
Though frankly, what they go to prove is sometimes less than clear, 
And all my explanations are quite lucid, I am sure, 
Yet everybody tells me that my lectures are obscure, 
And I can’t think why. 


Consider, for example, just the force of gravity: 
It’s inversely proportional to something —— let me see — 
It’s r3 — no, r2— no, it’s just r, Pll bet — 
The sign in front is plus — or is it minus, I forget — 
Well, anyway, there is a force, of that there is no doubt. 
All these formulas are trivial if you only think them out. 
Yet students tell me, “I have memorized the whole year through 
Ev’rything you’ve told us, but the problems I can’t do.” 
And I can’t think why! 


7146 QUERIES 
CORRECTIONS TO “CURRENT TRENDS IN ALGEBRA’’ 


(This MONTHLY, 80 (1973) 760-782) 


GARRETT BIRKHOFF, Harvard University 


1. p. 763, last line. Change “Cayley (1878)”’ to ““Cayley (1858).”’ 

2. p. 765, lines —10, —9. Delete: “‘I shall... next lecture.’ 

3. p. 771, Section 10, lines 6-7. Change: “‘group... field... valuation” to “field... 
ideal... group.” 

4. p. 771, line -6. Change “‘students” to “younger colleagues.” For a list of Emmy 
Noether’s students, see Auguste Dick, “Emmy Noether,” Elem. Math., Beiheft No. 
13, Birkhauser, Basel, 1970. 


QUERIES 


EDITED BY A. C. ZITRONENBAUM 


This Department welcomes queries from readers about mathematics at the collegiate level, 
such as sources for exposition of a particular topic from a special point of view, references to 
vaguely remembered articles, descriptions of special kinds of courses or teaching methods, and 
methods for constructing illustrative examples for exercises of particular kinds (questions on 
research topics should, in general, be addressed to the ““Queries Department” of the Notices of 
the American Mathematical Society). Replies will be forwarded to the questioner and may also be 
edited into a composite answer for publication in this Department. Consequently all items sub- 
mitted for consideration for possible publication should include the name and complete mailing 
address of the person who is to receive the reply. Queries and answers should be sent to A.C. 
Zitronenbaum, Department of Mathematics, Cornell University, Ithaca, NY 14850. 


Replies to Query 4. In this Query, Professor Pedrick asked for material for an 
interdisciplinary seminar in mathematical ecology. Many readers responded with 
source material. The following is a selection of some of the suggestions: E. C. Pielou, 
An Introduction to Mathematical Ecology, Wiley 1969; J. M. Emlen, Ecology, Addison- 
Wesley 1973; the series of monographs edited by R. MacArthur and published by 
Princeton University Press on Population Ecology; B. C. Patton, Systems Analysis 
and Simulation in Ecology, Academic Press. An example of the misuse of mathematics 
in ecology can be found in the note by Brussard et al, Science 22 (1971), 174, 435-436. 
Professor S. Levin, Department of Theoretical and Applied Mechanics, Cornell 
University, Ithaca, New York 14850, has a detailed bibliography available. 


11. A. A. Mullin. I would appreciate receiving references to expository material 
on the use of lattice points to couple H. Minkowski’s theory of convex bodies and 
E. L. Post’s theory of recursively enumerable sets. 


MATHEMATICAL NOTES 
EDITED BY DAVID ROSELLE 


Material for this Department should be sent to David Roselle, Department of Mathematics, 
Louisiana State University, Baton Rouge, LA 70808. 


RECIPROCITY THEOREM FOR DEDEKIND SUMS 
R. C. GRIMSON 


For any real number x, let [x] denote the largest integer which does not exceed 
x and let ((x)) denote the function which is zero on the integers and x —[x]— 4 
elsewhere. The Dedekind sum s(a,b) is defined by 


von = 2 ((5)) ((5)) 


The sum is independent of the complete residue system (mod b) through which pu 
ranges but it is often convenient to let pw range through the simplest system 
0,1,---,b—1. In a recent article in this MONTHLY [1], Grosswald discusses the his- 
tory of Dedekind sums and presents a reconstruction of one of Rademacher’s proofs 
of the reciprocity theorem. 


RECIPROCITY THEOREM. If (a,b) = 1, then 


_ 1 1 /a 1 | 
(1) s(a,b) + s(b,a) = — 3+ = Stata | 


Several other proofs have been given for this fundamental result; see [1] for 
references. 
Using the familiar identity 


b-1 
(2) I = }(a—1(b- 1), 


equation (1) becomes 


—] 1 
(3) s(u,b) = Tap (40° — 2a — 3b) - ZAla, 5), 
where 
b-1 ay 
(4) A(a,b) = ¥ ul. 
w=1 b 


Rademacher [2] and [3] proved the following result which we shall regard as 
a Lemma. 
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LEMMA. If (a,b) = 1, then 
aA(a,b)+ bA(b,a) = 5 (a — 1)(b—1)(8ab-— a—b-—1). 


In this note we shail give a short elementary proof of the Lemma and, hence, 
of the Reciprocity Theorem. 
Proof of the Lemma. From (4) we have 


b-1 fap/b] 


A(a,b)=-d% Du. 


M=1 k=1 


Interchanging the order of summation and using (2), we find 


a~1 b-1 
A(a,b) = »& pa vi 
k=1 u=[bk/a]+1 
a-1 ,; 2 \ 
EBT) 
2 a1 a a: 
_ (a@—1)(6~1)Qb-1) 1°79 ai 
7 4 2,2, Lal’ 
Therefore, 
a1 2 _ _ _ 
(5) > B — (a= DO“ VEO YD _ 4 4a,5), 
k=1 a 2 ; 
Next put 
(6) bk = a[| +. 


Observe that 1 <r, S a—1 for k = 1,2,---,a—1. Furthermore, using the as- 
sumption that (a, b) = 1 and letting j and k be unequal integers which do not exceed 
a — 1, we see from (6) that r; 4 r,. Therefore, the sequence r,,r2,++-,r,-1 1S some 
permutation of 1,2,---,a—1. Accordingly, 


av} 2 _ aa—1)(a—1) 
7) nt 


Now, dividing both sides of (6) by a, then squaring both sides, and then replacing 
r,/a by bk/a — [ bk/a] only in the term 2(r,/a)[bk/a], we find that 


(e) Ee] + [a]+ (8). 


Summing on k from 1 to a — 1 in both sides of this expression, and using (7), we 
have 
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a~1l 2 
3 | _ (a= 1)(2a — 1)(b? = 1) ~ > 4(b, 4. 


(8) 7 6a 


k=1 
The proof of the Lemma is completed by adding (5) and (8). 


Proof of the Reciprocity Theorem. Note from (3) that 


abs(a,b) = C4 (4a — 2a — 3b) — aA(a, b) 
and 
(q— 
abs(b,a) = Sal = (dab — 2b — 3a) — bA(b, a). 


The Reciprocity Theorem follows at once by first adding these two equations and 
then applying the Lemma. 


This work was partially supported by a National Science Foundation summer research grant at 
Louisiana State University. The author wishes to thank the referee for some helpful suggestions. 
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ON CONVEX POLYGONS DETERMINED BY A FINITE PLANAR SET 
W. E. BONNICE 


This paper gives a short proof of the fact that if nine points are sprinkled on 
a plane, so that no three are collinear, then some five of these points are the vertices 
of a convex pentagon. This is the case n = 5 of the conjecture [4, p. 44; 1] that 
in a plane, any collection of at least 2””* + 1 points such that no three are collinear 
contains the vertices of at least one convex n-gon. For n = 5, this has been proved 
before by Kalbfleisch, Kalbfleisch and Stanton [2], but the conjecture is still open 
for n= 6. 

Given a finite collection of points in a plane, the statement that X is (k,,k2,---,k,) 
will mean that card X = k, +k, +--+ +k, and that the convex hull, conX, of X 
is a k,-gon; that, when the vertex set of con X is taken away from X, the convex 
hull of the points which remain is a k-gon; etc. Thus X ts (4,3,2) will mean that 
X has nine points, that con X is a quadrilateral, and that, when the vertices of the 
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quadrilateral are removed from X , the points of X that remain determine a triangle 
with two points of X in its interior. When a set Y contains the vertex set of at least 
one convex n-gon, we will say simply that Y determines an n-gon. Also ray v,v, 
denotes the ray emanating from a point v, through a point v,; v,v, denotes the seg- 
ment from v, to v2; v,v2°:-v, (k 2 3) designates a convex k-gon with the vertices 
ordered such that if the perimeter of this k-gon is traversed in a counterclockwise 
direction beginning at v,, the k vertices are encountered in the order of increasing 
subscripts. If abcd is such a convex quadrilateral with vertices ordered counterclock- 
wise, beam ab: cd denotes the section of the plane obtained by deleting con{a, b,c, d} 
from the convex section of the plane bounded by segment ab, ray ad, and ray be. 
Similarly, if x, y, and z are not collinear, beam x: yz will denote the infinite 
section of the plane obtained by deleting con{x, y,z} from the convex cone which 
has vertex x and is bounded by ray xy and ray xz. 


LEMMA. If Y is (3,3,2), or (4,3,1), or (3,4,2), then Y determines a pentagon. 


Proof. First, assume that Y is (3, 3,2). Let y,, y2, and y, be the vertices of con Y; 
let triangle v,v,v3 be the second triangle, con(Y— {)1, y2,y3}); and let z, and z, 
be the two points of Y interior to v,v,v3. We may assume that line z,z, intersects 
sides v,v, and v,v3 of v,v2v3 with the orientation such that ray z,z, intersects v,v,. 

The vertices y,, y,, and y, of the outside triangle are in the union of beam 
Z1Z2: 0203, beam z,: v,v3, and beam z,: v,v,. If one of these vertices, say y,, is 
in beam z,Z2: v2v3, then Z,Z,v2y,v3 is a convex pentagon. Thus we may assume 
that two of the three points y,, y., and y3, Say y, and y,, are in beam z,: 0,03. 
Since con{y,, 2,3} contains v,v,v3, triangle v,v,v, must lie in one of the open 
half-planes determined by line y, y,. Thus line y,y. does not intersect con{v,, v2, 03}, 
and therefore con{z, v1, 03,1, 2} is a convex pentagon. 

Now assume that Y is (4,3,1). Let y,, y2, y3, and y, be the vertices of con Y; 
let v,v,v, be the inside triangle, con(Y — {y,, ¥2, 3, ¥a}); and let z denote the point 
of Y inside it. Partitioning the plane outside v,v,v, into beam z: v,v;, beam z: 0,02, 
and beam z:v,v,;, we may assume that two of the four points y,, y2, 3, 4, Say 
y, and y,, are in beam z: v,v3. Then, as above, con{z,v,,03,)1,¥2} is a pentagon. 

Finally, assume that Yis (3,4, 2). The technique is the same: Let con{)y,, yz, y3}, 
V,V2030,, and z,z, be the triangle, quadrilateral, and line segment given by the fact 
that Y is (3,4,2). If line z,z, cuts off a vertex, say v,, of v,v,v3v,, then 
con{z,, Z2,02,03, v4} is a pentagon. So assume that line z,z, cuts sides v,v, and vv, 
with the orientation such that ray z,Z, intersects v,v,. As above, if there is a point 
of {¥1, 2, 3} in either beam z,Z.: v3v, or beam Z2z,: v4v2, a Convex pentagon is 
formed. Thus we may assume that {y,, y2, y3} is a subset of the union of beam z,:v,0, 
and beam z,:v,v;. In particular, we may assume that both y, and y, are in 
beam z,:v,v, whence, as before, con{z,, 01,04, 1, Y2} is a convex pentagon. 


THEOREM. If nine points in a plane have no three points collinear, then some 
five of the points are vertices of a convex pentagon. 
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Proof. If the set of nine points determines no pentagons, then it must be one 
of the following: (4,4, 1), (4,3,2), (3,4,2), or (3,3,3). Since no three points are 
collinear, each of the first two cases has a subset of eight points which is (4, 3, 1), 
and the last case a subset which is (3, 3,2). Thus the lemma applies to all cases. 

The question of whether 17 points always determine a hexagon seems considerably 
more difficult. One can appreciate this better if he considers that there are 12,376 
six-element subsets of a seventeen-element set whereas there are ‘‘only’’ 126 five- 
element subsets of a nine-element set. Also, there are 70 distinct tuples (k,,k2, ---, k;) 
which represent the different ways that the successive convex hulls of a seventeen- 
element set might nest if it determines no hexagons. 

In [1] Erdés and Szekeres claim to have constructed for each n an example of 
2"-? coplanar points which determine no convex n-gon. However, Kalbfleisch, 
Kalbfleisch, and Stanton [2] say that the proof in [1] is faulty, and they give 
a corrected version in [3] (unpublished). 

It is interesting to note that the following related question appeared [5] in the 
Eleventh International Mathematical Olympiad (IMO) held in Bucharest in 1969: 
Given n > 4 points in a plane such that no three are collinear, prove that one can 
find at least (">°) convex quadrilaterals whose vertices are four of the given points. 
Both this and the case n = 4 of the conjecture stated in our first paragraph follow 
easily from the following result: 


THEOREM. Let X be any finite collection of at least five coplanar points with 
no three collinear, and let v,,v2, and v, be any three vertices of conX. If a and b 
are any two points of X — {v,,02,03}, then they, together with some two points 
of {v1,02,03}, are the vertices of a convex quadrilateral. 


Proof. Line ab intersects exactly two or none of the three segments u,v, 0203, 
and v,v,. So we may assume that line ab does not intersect v,v,. Then a and b 
are both on the same side of line v,v, (in which case con{v,, v2, a,b} is a convex 
quadrilateral). For, otherwise, let p be the point of intersection of line ab and 
line v,v,. It is notational to assume that v, is between v, and p. Then vj Is in the 
interior of con{a, b,v,}, which contradicts the fact that v, is a vertex of con X 

To see that this theorem proves the statement given in the Eleventh IMO, fix 
any three vertices of the convex hull. The other n — 3 points determine ("3°) pairs, 
with each pair, associate the quadrilateral given in the theorem. 
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A DIRECT INTERPRETATION OF GANDHI’S FORMULA 
S. W. GOLOMB 


Let P, = p,P2°*: p, be the product of the first n primes. Then the next prime, 
Pn+1> 1S the unique integer m such that 


n ( d) 1 
(1) 1<2 (= po - 5) <2, 


This formula, first obtained by J. M. Gandhi [1], was the subject of a recent note [2] 
in this MONTHLY. The purpose of the present article is to make Gandhi’s mysterious 
formula totally transparent. As we shall see, Gandhi’s formula is merely the Sieve 
of Eratosthenes performed on the binary expansion 1 = .11111111.... 

To each positive integer n, assign the probability p(n)=2~". Note that L°*_, p(n) 
= 1. In this distribution, the probability that a random integer is a multiple 
of a fixed integer d is given by 


qd) = X p(nd)= LIM =>, 
n=1 n=1 2° — 1 
and the probability that a random integer is relatively prime to a given integer m 
is then 


1— Lq(pi)t+ 2X gpip.)- L% gQ(pipop3)+° 


pi|m P1p2|m Pip2p3|m 


= - > HO. 
~~ Pa u(d)q(d) ~~ Pa a4 _ 1’ 


where pj, P2, P3,°°° are distinct prime divisors of m and y(d) is the Mobius function. 
In particular, the probability that a random integer is relatively prime to P, (ie., 
is divisible by none of the first n primes) is given on the one hand by 


(2) (P,) = y KO 


d|P » 24 — 1’ 


but is given directly as 


(3) % pm) = = +—— + 


i + (reciprocals of some higher 
(m,P,)=1 2 DPnvi DPn +2 


powers of 2). 
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Comparing (2) and (3), we see that 


r(P,,) — | = 2 Hd) _} = + + (reciprocals of some higher 
2 d| Pn 2“ — 1 2 DPn+i1 DPnr2 
powers of 2), 
so that 
d) 1 
4 QPatil > Lu -;| = 1+46,, 
o (> zo 1 2 


where clearly 0 < 0, <1, which proves (1). In fact, for all n = 1, we know that 
Pnt2 2 Pnt1 + 2,80 that 0 < 0, <4. Moreover, 6, > 4, if and only if p,,,+2 = p,42 
which gives a (highly impractical) test for twin primes. 

All of this becomes even more obvious in binary notation. The probabilities of 
all the positive integers, written consecutively after the binary point, gives us 


Dd p(n) = 111L11111111111111... = 1. 


If we sieve out the even integers, we subtract 


~ 1 1 
2 p(2n) = .O1010101010101... = an it 
Subtracting, we get 
l 
r(P,) = .101010101010101... =1 — 3° 
Next we sieve out the multiples of 3, by subtracting 
(3) = .001001001001001... = _/ oi 
q(3) =. nC ar i 
but adding back the twice-subtracted multiples of 6: 
l 1 
q(6) = .000001000001000001 ... = 1 63 
At this stage we are left with 
r(P,) = .10001010001010001010001010... = 1 “5 — ; + a 
After sieving out all primes through p,, we are left with 
(5) r(P,,) = .100...010...10... = 275 + 27?"t! 4.27?" *? 4+ (reciprocals 


of some higher powers of 2) 


from which it is clear that r(P,) — 4 = .000...010--:-, where the left-most non-zero 
bit is in position p,4,. 
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Thus, Gandhi’s formula is nothing more than the-Sieve of Eratosthenes performed 
on the binary representation 1 = .11111111.... 

The ‘‘higher powers of 2”’ referred to in (3) and (5) have as exponents all the 
remaining positive integers relatively prime to P,. The first three positive integers 
relatively prime to P,, are always 1, p,,,, and p,+,2, since the first composite number 
which survives the sieve is (p,4,)7, which exceeds p,,, for all n = 1. 

The actual use of formulas (1) or (4) merely to compute the next prime is not 
recommended. It is just as easy to perform the Sieve (using the binary notation, 
if desired) to determine all the primes on the interval (p,,(p,+1)7), as indicated 
in (5). 


This research was supported in part by the U.S. Army Research Office under Grant No. 
DA-ARO-D-31-124-173-G167. 
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A THEOREM ABOUT ZIG-ZAGS BETWEEN TWO CIRCLES 
W. L. BLAcK, H. C. HOWLAND and B. HOWLAND 


Let I and I be two circles in euclidean 3-space, R°. Suppose: 
(1) There exists a number x such that each point on either circle is distance x 
from exactly two points on the other circle. 


Then we can construct a zig-zag line between the two circles, each segment of 
length x, as follows: 


Select a point Z, on T arbitrarily 


Select Z, on F with |Z, - Z,| = x 
Select Z, # Z, on I with |Z, —Z,| = x 
Select Z, # Z, on [ with |Z, — Z,| = x 


fond 


Select Z,,, # Z, on I with |Z,4, —Z,| = x 
Select Z,4,; #Z, on fT with |Z,414 — Zaa1| = x. 
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Fic. 1. Each straight line has length x, n = 3. 


It may happen (illustrated for the case n = 3 in Fig. 1) that Z,., = Z,; i.e., the 
zig-zag closes. We show that if this occurs, the zig-zag line can be started at any point 
on I and it will still close. 

This remarkable fact was observed while performing certain calculations about 
ball bearings on a computer [1]. It bears a superficial resemblance to Steiner’s 
Porism [2] and to Poncelet’s Closure Theorem [3]. However, both of these are 
theorems about coplanar circles and have no obvious extension to 3-space. 

Condition (1) can be simplified if the circles are coplanar. In this case one can 
easily show that an equivalent condition is: 


(1’) The smaller circle encloses the center of the larger circle. 


The proof requires the following: 


9 Bt+yy| 


LEMMA. Let B,n,y, and y, be vectors in R° satisfying ys | = | ¥2 
= |B+y, ,N* yy = N* Yo, and yy # yo. Then Bx n:(y, + y2) = 0. 


Proof: The first three conditions imply that y, — y, 4 0 is orthogonal to 
Yi + yY,, B, and n. Thus these vectors lie in a plane and so are dependent. 

The idea behind the proof is to compute how much Z,,, moves if Z, is slightly 
altered. If Z,4, = Z, we shall show dZ,,,, = dZ, and thus Z,,, , remains coincident 
with Z, as Z, is moved around I. More precisely, we shall select a point P on I and 
parametrize I by s, the directed arc length measured from P. Thus we can regard Z,, 
and so Z,_,, and ultimately t, the arc length from P to Z,,,, as functions of s. We 
shall express the derivative dt/ds as a smooth function f(s, 1), where f(s,s) = 1 for 
all s. If for Z, = P, Z,4, = Z,, then 1(0) = 0. Application of a well-known 
uniqueness theorem [4] assures us that the ordinary differential equation: 
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& = f(s; (0) = 0 


has only one solution. Since t(s) = s is a solution, we may conclude that Z,,, = Z, 
for all s. 
We will use the following notation: 


n and fare unit normals to I and I respectively. 
y; is the vector from the center of I to Z,. 
f, is the vector from Z, to the center of I. 


A is the vector from the center of [f to that at I. 


Imagine a slight motion of y, along I’. Since dy, is perpendicular to both n and y, 
we can write: 


dy, = nh xX Jt | dy, |. 
1 


17 | 
As y, moves, so must f,, and as above: 
dj, = fi x =e | dy, |. 
Fs 


The motion of yi, must be such as to keep |A +y,+ y,| = xX, or squaring and 
differentiating: 


(A + yi + Ji) *(dy1 + dh) = 9. 


Substituting into this last equation the previous expressions for dy, and df, gives: 


| dy, | _ — |F|At FD nx yy 

| dy, | Jyi] At yi) ax jy 
Similarly: 

| dy, | _ ly2|(A + y2) Ax F 

| ay, | Fi] A+ Fi) nx yy 


Multiplying these last two equations, using the lemma in the forms: 
(A+ ji):nx yy = — (A+ 9,)' 1X yo, 
(A+ y.)(#x Vy = — (A+ y2) AX jy, 


and noting that for all i, 


yi| = | Yia1| gives: 
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Multiplying n similar expressions gives: 


dt | dye | — At nai) AX Ina = fl(s,?) 


ds | dy. | (A+ yh 
Clearly ifZ,,, = Z,,theny,,, = y, and j,., = J,,soindeed f(s,s) = 1. This com- 
pletes the proof. 

The above proof assumes that none of the various denominators vanish. For- 
tunately this is guaranteed by condition (1). Suppose for example, that B x n+ y, = 0 
where B = A+ f,. From the lemma, B x n- y, = 0 also. Thus, y, — y, (which is 
non-zero) is normal to B x nas wellas Band n. This implies that B and n are depen- 
dent, i.e., that Z, is on the symmetry axis of T in contradiction to condition (1). 

The above proof is defective in the sense that it uses analytic techniques to prove 
what is presumably an algebraic theorem. It would be satisfying if one could obtain 
this theorem as a simple corollary of a general algebraic theorem, much as Poncelet’s 
closure theorem can be proven by an application of Chasles’ correspondence prin- 


ciple [5]. 
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RESEARCH PROBLEMS 
EDITED BY RICHARD GUY 


In this Department the Monthly presents easily stated research problems dealing with notions 
ordinarily encountered in undergraduate mathematics. Each problem should be accompanied by 
relevant references (if any are known to the author) and by a brief description of known partial 
results. Manuscripts should be sent to Richard Guy, Department of Mathematics, Statistics, 
and Computing Science, The University of Calgary, Calgary, Alberta, Canada, T2N 1N4. 


THE EXPONENTIAL DIOPHANTINE EQUATION 1 + a+ a2+ ++» + a*%7—! = p” 
HuGH M. EDGAR 


Throughout the article Latin letters denote positive integers, and p and q are odd 
primes. Various authors ([3], [7] and [8]) have shown, independently, that the title 
equation has at most one solution (x, y) if a > 1 and p are preassigned. Szymiczek 
[8] has proved the more general result for the equation a* — b* = (a — b)c” where 
a, b and c are preassigned. He also noted that another proof of his result could be 
obtained from the paper of Birkhoff and Vandiver [2]. 


THEOREM. If a > 1 and p are given then the equation 
(1) Ltatat+e. +a" = p 


has at most one solution (x, y). If (1) is solvable and if (x, y) is the solution then 
x = ord,a is a prime and y = uord, p for some u. (Here ord,,a = t is defined to 
be the least t such that a’ = 1(modm)). 


The easiest and most natural way to increase the mathematical content of the 
above theorem is to obtain some information about u. 


CONJECTURE. If the equation 
(2) L+qtQ@tr+t+ gt = p 
is solvable then we must have y = ord,p, i.e., u = 1 is forced. 


There seems to be a reasonable amount of evidence to warrant the conjecture. 
Although y = 1 is not always satisfied, y > 1 seems to be a pretty rare phenomenon. 
The only examples of equation (1) with y > 1, of which I am aware, are 1 + 18 + 187 
= 73 and 1+3+ 37 + 3° + 3+ = 117, where ord,18 = 3 and ord,,3 = 5 show u 
to be one. On the other hand, there is a substantial number of examples in which 
y = 1 so that u = 1 is forced. Bateman and Stemmler [1] found 776 examples of 
14+q+q? = p for p < 1.275 x 10!°. With the same upper bound on the prime p 
they found sixteen examples of (q° — 1)/(q — 1) = p, six examples of (q’ — 1)/(q — 1) 
= p, one example of (q'! — 1)/(q — 1) = p and three examples of (q'3 — 1)/(q — 1) 
= p. 
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Various conditions are known to be satisfied by u. Ljunggren [5] has shown that 
u is odd and also that 3 / u if ord,a 4 — 1 (mod 6). His results apply to the more 
general equation (a* — 1)/(a — 1) = c’. It is easily seen that we always must have 
u < ord,a — 1. 

The conjecture is also known to hold in certain special cases. The requirement 
u S ord,a — 1 guarantees that u = 1 in the special case ord,a = 3. Recent un- 
published work of Jamison and the writer shows that u = 1 is forced whenever 
x and y form a twin prime pair. In still other cases one can prove that the equa- 
tion has no solution; an example is 1 + q + q* +.q° + q* = p? (see Inkeri [4]). 

Marshall [6] has shown that the two sets of conditions 


(3) p’ > q* and p’|o(q*) 
and 
(4) p’ = a(q") 


are equivalent (o(n) is the usual sum of the positive integral divisors of n), so we can 
reformulate our conjecture. 


CONJECTURE. If (2) is solvable then we must have 


ord gp > q ordpq-1 


p 


We conclude with two related questions. 
QUESTION I. (Erdés) Does y > 1 occur infinitely often? 


QUESTION 2. Can q > p occur in (2)? The example 1 + 18 + 18% = 7° shows that 
a> pcan occur in (1). 
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THIRD PARTY MOVEMENTS 
R. E. PRATHER 


Often a classroom presentation is most successful when it seems to impart a 
degree of relevance to an otherwise classical subject. Then it does not matter if the 
model is not entirely faithful; the effect is more important. And the model can then 
be made more realistic as a result of the ensuing classroom discussion. In this note, 
we present just such an application for material usually encountered in an elementary 
course in differential equations. 

Assume, as in the United States, that the political arena is dominated by two 
major parties, but that we wish to examine the effect created by an emerging third 
party. At time t, let A(t) and p(t) denote the per-unit (percentage/100) of the voting 
population belonging to the two established parties, on the left and right, respectively. 
If y(t) similarly represents the per-unit figure attained by the new party, we have 


v(t) + A(t) + p(t) = 1 


at all times. With the major parties ideologically close to the political center, the 
chances are that the third party will emerge at an extreme end of the spectrum. 
Suppose therefore, without much loss of generality, that our new party is a radical 
left-wing movement. There being virtually no tendency for conservative defections 
to the new party, we may view p(t) = p as constant in this simplified treatment. 

The rate v’(t) of increase would seem to be influenced by several factors. We 
should expect a contribution proportional to v(t) itself, reflecting the ‘‘ground-swell’’ 
aspect of the movement. Thus, the larger is v(t), the more extremists would there 
be found in local elected office and in other increasingly influential positions, where 
they would be able to bring about a still larger percentage in their number. 

Because their programs and aspirations are somewhat compatible, the liberals 
(i.e., those of the major party on the left) might be expected to cooperate with the 
radical left initially, at least to some degree. And defections to the new party would 
not be uncommon. But we cannot expect this trend toward collusion to continue, 
say for v > 4. The major parties seem to have an amazing resilience, and in fact, 
the earlier tendency toward cooperation may be reversed entirely at this point, and 
a real political struggle would very likely ensue. So let us suppose that an other- 
wise linear support-opposition balanced at v = A is reinforced to a degree that 
is inversely proportional to A(t) so as to reflect this resilience: the fewer the libe- 
rals, the more resourceful and defiant they become in their attempt to re-establish 
their relative strength. 

We are thus led to the first order differential equation 


v—A 
A b] 


where a,b > 0 are the “‘ground-swell’’ and (in this case) “‘radic-lib’’ coefficients, 


/ 


v'=av—b 
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respectively. Our equation involves only the variable v after the substitution 
A=(1-p)-v=c—y 
and we have 


2v—- ¢ 


v =av+b— 
v—C 


where c is the per-unit non-conservative figure “‘up for grabs.”’ 

A fairly realistic situation might result if we were to choose, for the sake of argu- 
ment: 

(i) a=b=3 

(ii) p = 3/8 (c = 5/8) 

(iii) v(O) = 1/8 
with a decade as the unit of time. One then obtains a corresponding initial value 
problem for w(t). And the student may be asked to show that 


(a) lim v(t) = ~M + y28t 


lim ig = .36 (< 3/8 = p); 


(b) A(t) < p(t) inside four years time; 

(c) A(t) < v(t) within seven years time. 

It follows that within the span of one quadrennial election, the conservatives would 
come into power; and by the next election, the liberals cease even to be a ma- 
jority party. And yet, the new party will never dominate. 

Of course, the problem is also well suited for illustrating the various numerical 
methods. And the preliminary results above give some idea as to what to expect 
in these investigations. The instructor wishing to pursue this aspect more carefully 
may appreciate a few tabulations. We include results for v(t) with the Euler Method, 
An Improved Euler Method, The Three-Term Taylor Series Method, and the 
Runge-Kutta Method, for spacings of .01 and .001 respectively. 


t EULER IMPROVED EULER TAYLOR RUNGE-KUTTA 
0.0 0.12500000 0.12500000 0.12500000 0.12500000 
0.1 0.16716628 0.1669909 1 0.16699334 0.16699223 
0.2 0.20538056 0.20501940 0.20502412 0.20502220 
0.3 0.23904472 0.23850628 0.23851291 0.23851063 
0.4 0.26775577 0.26707067 0.26707854 0.26707647 
0.5 0.29139296 0.29061136 0.29061966 0.29061830 
0.6 0.31015722 0.30933976 0.30934769 0.30934737 
0.7 0.32453751 0.32374268 0.32374967 0.32375042 
0.8 0.33521202 0.33448533 0.33449109 0.33449271 
0.9 0.34292387 0.34229259 0.34229708 0.34229924 
1.0 0.34837548 0.34784946 0.34785283 0.34785519 


.O1 spacing 
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t EULER IMPROVED EULER TAYLOR RUNGE-KUTTA 
0.0 0.12500000 0.12500000 0.12500000 0.12500000 
0.1 0.16700961 0.16699222 0.16699224 0.16699223 
0.2 0.20505794 0.20502217 0.20502222 0.20502220 
0.3 0.23856383 0.23851059 0.23851066 0.23851063 
0.4 0.26714405 0.26707641 0.26707649 0.26707647 
0.5 0.29069532 0.29061823 0.29061832 0.29061830 
0.6 0.30942787 0.30934729 0.30934737 0.30934737 
0.7 0.32382871 0.32375035 0.32375042 0.32375042 
0.8 0.33456434 0.33449264 0.33449269 0.33449271 
0.9 0.34236156 0.34229917 0.34229922 0.34229924 
1.0. 0.34790722 0.34785513 0.34785516 0.34785519 


.001 spacing 


On the basis of all of these results, will the student conclude that third party 
movements are to be discouraged to one’s own side of the political spectrum? 
Probably not. It is more likely that he will decide that the model needs revision. 
And it is here that the classroom discussion can become most interesting. One may 
ask why there is no accounting for the special powers of an incumbent party; or 
what provision should be made for treating the effects of a political scandal. More- 
over, it would probably be observed that the model does not allow for the eventual 
demise of the third party, as seems so often to happen in actuality. Perhaps a dis- 
enchantment or apathy factor should have been included. But in any case, these 
and other ramifications should lead to an active student participation, and this is 
all to the good. 
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A CONDITION FOR TWO MATRICES TO BE INVERSES OF EACH OTHER 
C. M. BANG, Emory University 


1. Introduction. It is not being presumptuous to say that we teach some forms 
of elementary matrix theory virtually at every college. Defining two matrices A and B 
to be inverses of each other if BA = I = AB, we would quickly prove the following 
fact: 

(a) If BA=I= AC, then B=C. 

The proof, B = BI = BAC = IC = C is very simple. To show in examples 
that A and Bare inverses of each other, we have to check both the conditions BA = I 
and AB = I. At this point, we may guide the class to think through the following 
handy theorem and call for its proof or disproof. 
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THEOREM. Two n x n matrices A and B are inverses of each other if (and, 
of course, only if) BA =I or AB=I. 


Most students who just saw the short, simple proof of (a) may try to get 
AB = I = BA from the given one condition in a similar manner by playing around 
with matrix identities. This is not possible, as we all know (see Epilog). Indeed, a 
perfect proof of this little theorem would involve some nontrivial results about 
linear transformations or determinants. The main purpose of this paper is to give 
a simple proof of the theorem by two different approaches. 


2. Unique solution method. This method is for the course if a study of matrices 
is preceded by a study of systems of linear equations. An n x n system of linear 
equations 


A44X%4 FT Ay2X%2 Ft Hy yX, = Sy 


Q74X]1 + A472X%2 + see + AanXn = S42 


() 


Anim + Qn2X2 Feet AnnXn = Sy 


has a unique solution if, and only if, the left side of («) can be elementarily transfor- 
med to a diagonal form 


L J 
L J 


rm 


X2 


wy = L I. 


Since elementary transformations include additions and multiplications only and no 
divisions at all, we can carry out any elementary transformations on s,,--:,s, what- 
ever these constant terms may be. Thus, the following is true. 

(b) If an n x n system of linear equations once has a unique solution for one 
set of constant terms, then it has a unique solution for any replacement of the 
constant terms. 


Let us next prove the theorem. Assume BA = I. Then, for any n x | matrix S, 
the system“’? AX = AS obviously has the solution X = S and, besides, it is unique 
since T = BAT = BAS = S whenever T is another solution, ie., AT = AS. Thus, 


(1) Right after the introduction of matrix multiplication, we can write systems of linear equations 
in matrix forms. Here, X = [x1,°-:, Xn]' is the matrix of the unknowns and AS is the matrix of 
constant terms. 
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by (b), the system AX = D, has a unique solution for any n x 1 matrix D,. Put 
D; — [oi ]i=1,.0 0 = LO, +50, 1,0, 0], 


with 1 at the jth position, and let C,; be the corresponding solution, that is, AC; = Dj. 
If we construct an nxn matrix C = [C,,C,,:-:,C,], then clearly AC =I. We 
now have BA = I = AC and hence by (a), we are finished. 


3. Vector method. This is a suitable method when we introduce the vector 
space of k-tuples and learn some basic results about bases: 


(c) Any k linearly independent k-tuples form a basis for the vector space 
of k-tuples. : 
(d) Every vector is a linear combination of the elements of a basis. 


Let us again prove the theorem. Assume BA = I. We view an n x n matrix 
as an n*-tuple vector. Let E,, be the n x n matrix having all zero entries except | 
at the (i,j)-th position. We claim that {AE,,}, , is a basis for the n*-tuple vector space 
by (c), since 


» m,;AE;; — 0 implies [mij]i.; — BA » m,;E;; — B » m,,AE,; = 0, 


le., m = 0. Therefore, by (d), J is a linear combination of the basis, say, 
I= Yn,AE, = AC with C= Ln, = [njy]j,;. We now have BA =I = AC 
and hence we are finished by (a). The point we should note in this method is that 
we need to know nothing about linear transformations nor about the confusing 
theory of matrix representation of linear transformations. 


4, Epilog. A related interesting question is to ask how to convince students 
that they cannot prove the theorem in the way we proved (a). Consider two infinite 
square matrices 


—O 100. . .7 -0 0 0 — 
0010... 1 0 QO 
0001... 0 1 0 

B= A= 
tee 0 0 1 


Then, clearly BA = I, but AC # I for all matrices C since the first row of AC is 
always zero. This example, hopefully, should convince students that the proof of 
ihe theorem must use somewhere the finiteness of sizes of the involved matrices. 
Thus, we cannot give an (a)-type proof which is free of sizes. In fact, the finiteness is 
absolutely necessary to get our needed claims such as (b), (c), and (d). This paper 
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originally included a third proof using elementary matrices only and, as the referee 
pointed out, a similar one to it can be found in [1]. We feel that these proofs are 
reasonable for an elementary course, if not perfect. 
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Editorial Announcement. Experiments in various forms of self-paced modular 
instruction are now widespread. The editors continue to receive many articles dealing 
with this topic. A necessary, but not sufficient, condition for acceptance of such an 
article will be that it include a careful analysis of the results, or a serious statistical 
study, or an innovative idea that has not appeared in these pages before. 


A PERSONALIZED SYSTEM OF INSTRUCTION IN AN UNDERGRADUATE 
MATHEMATICS SERVICE SEQUENCE 


D. L. Younc, H. E. MCKEAN AND F. L. NEWMAN 


Summary. The problem of teaching required mathematics courses to students 
in the behavioral sciences with widely varying backgrounds and interests is a major 
one and is growing with increased emphasis on quantitative methods. Dissatisfaction 
with the traditional methods of instruction is also multiplying with these increased 
demands. This report describes using the Personalized System of Instruction (PSI) 
for teaching a nine hour sequence of mathematics and statistics to students in the 
behavioral sciences at New Mexico State University. The PSI method embodies 
student self-pacing, aspects of mastery learning and use of student proctors for 
immediate feedback and reinforcement. 


Introduction. Many mathematics departments have the responsibility of teaching 
one Or more courses in mathematics and/or statistics to students in the behavioral 
sciences. In particular, the Department of Mathematical Sciences at New Mexico 
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State University is in charge of a nine credit sequence of three courses required 
of students in such areas as business, economics, agriculture, psychology, biology 
and police science. Briefly, these courses (Math 121, Math 122 and Stat 251) review 
algebra and cover various aspects of finite mathematics and elementary statistics. 
In the past these courses were taught in large lecture sections, meeting three times a 
week with an additional recitation section taught by graduate assistants. The courses 
were taught differently each semester with the content varying appreciably according 
to the inclinations of the instructors in charge. The students entering the courses 
had widely disparate mathematical backgrounds and interests. An alarming number 
feared mathematics, and because of the open-door policy adhered to by most public 
institutions, many were generally poor students. The “curve” required to get a 
reasonable number of students through the courses was often very low and the success 
rate was discouraging. The areas serviced by these courses frequently complained 
that their students retained little of the material to which they were exposed. These 
problems were further compounded by a doubling of the number of students taking 
these courses over the past five years to the point where their enrollment presently 
exceeds that of the traditional calculus sequence. 

The problems of teaching the unwilling the unwanted are well known to those 
teaching such service courses. They have been discussed often and some solutions 
proposed; the reader is referred to Riner [7] and Stein [9] for recent accounts. The 
solution proposed at NMSU was the introduction of the Personalized System of 
Instruction (Keller Plan) with certain modifications and extensions which seemed 
appropriate for teaching mathematics. 


Personalized System of Instraction. The Personalized System of Instruction (PSI) 
is primarily the product of the psychologist Fred S. Keller and is described in various 
publications [3], [4], [5]. It has been used with considerable success in many disci- 
plines ranging from psychology to engineering. (See Dessler [1] for a description 
of various courses and experiences.) PSI as developed by Keller and his followers 
entails the following five essential ingredients: 

(1) Dividing the content of the course into small meaningful units of instruction. 

(2) Devising clearly written behavioral objectives and other study materials for 
each unit (usually in conjunction with a text). 

(3) Allowing the individual student to proceed through the course at his own 
pace, thus using lectures or demonstrations only for motivation and not as sources of 
critical information. 

(4) Establishing a unit perfection requirement in the form of a quiz to be taken 
on a when-ready basis by the student with no penalty for unsatisfactory performance 
regardless of how long it takes to meet the requirement. 

(5) Using student proctors whose presence in acceptable numbers provides immedi- 
ate grading of quizzes in the student’s presence, immediate feedback and reinforce- 
ment and the personal aspect of the teaching process. 
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PSI views testing as a learning experience rather than a basis for deciding what 
percentage of material was learned in a given amount of time for the purpose of 
determining a grade; incorrect responses to quiz items are guides to misunderstood 
concepts. While reviewing a quiz with a proctor the student discovers what he has 
and has not learned, receives information on what needs to be studied again and 
where he can find it, and then is encouraged and required to repeat (as often as 
necessary) a quiz on the same material until it is mastered. 

Before discussing how PSI can be used to teach mathematics and statistics, 
let us consider the manner in which an individual learns. PSI should be implemented 
in such a way as to aid the learning process. 


A Learning Model. In considering how an individual learns the learning process 
described in the following model seems to hold: 

(L1) An individual first learns definitions and basic ideas via audio or visual 
stimulation — this is called the stimulus-response phase. 

(L2) These new definitions and ideas are put to work in the formulation of 
concepts and the utilization of them through problem solving — the concept formu- 
lation phase. 

(L3) An individual repeats steps (L1) and (L2) and then is able to consolidate 
the information as an integrated whole — the consolidation phase. 


This learning model seems to be quite appropriate in mathematics. A student 
first learns a few basic definitions and ideas; he then works problems involving the 
definitions and ideas; and then he consolidates the concepts with other notions in 
mathematics which have been presented via the first two phases (L1) and (L2). 


Basic Implementation of PSI. With a model of how mathematics is learned PSI 
should be applied to provide an efficient and effective way to carry out the various 
phases of the model. How this was done at NMSU will now be described. 


SEGMENTATION. As a first approximation to dividing the material in the three 
courses into small, logically self-contained units of instruction and also to provide 
for a reasonable amount of material for the consolidation phase (L3) of the learning 
model, each of the three credit hour courses in the sequence was segmented into 
three one-hour courses, so that the nine-hour sequence consisted of nine separate 
one-hour courses. The logical flow of the segments, as well as a brief description of 
each, appears in Figure 1. : - 

This segmentation allows a great deal of flexibility to the student for scheduling 
purposes (e. g., a student might be able to fit one or two segments into a crowded 
schedule but not an entire three hour course). Also provided for is the omitting of 
segments which the student has had elsewhere and which he would have had to 
repeat under the previous system of three three-hour courses. 
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Fic 1 


Logical Flow of the Segments 


Segment | Segment 3 Segment 7 Segment 8 Segment 9 
Algebra +jProbability |-|!Descriptive |-|Statistical |—|Statistical 
Review Statistics, Inference Relationships 
Binomial 
Distribution 
4 Y 
Segment 6 Segment 4 Segment 5 
Math. of }—J|Linear >|Linear 


Finance Algebra Programming 


THE LEARNING CYCLE. Each segment (or one-hour course) has been further 
subdivided into four units to yield the small meaningful units of instruction men- 
tioned in the sections describing PSI. The unit is roughly equivalent to one week’s 
work in a conventional course. Each unit in turn provides an execution of the first 
two phases of the learning model (L1) and (L2) as follows. 


Step 1. The student receives a study guide which consists of two parts: 
(a) a tutorial-style narrative which steps the student through the reading assignment 
for the unit, and which, as needed, may explain, supplement or otherwise clarify 
the reference text; (b) a list of behavioral objectives which state what definitions, 
ideas and basic concepts the student should memorize and know in the unit. 

When the student believes he has mastered the behavioral objectives at the re- 
quired level he takes a brief closed-book quiz. There is no time limit imposed for 
taking the quiz and help may be asked of the proctors if difficulty is encountered 
in interpreting the questions. When the quiz is completed a proctor immediately 
goes over the quiz with the student and discusses the student’s mastery of the material, 
pointing out strengths and weaknesses and offering suggestions for further study. 
The grade — provided it is above a prescribed level (we currently require 60% 
although higher requirements are under consideration) — is recorded on the student’s 
progress sheet for the segment. Similar versions of the quiz must be repeated until 
the prescribed level is attained. The student may then elect to take the quiz once 
again in an effort to raise his grade or better master the material. Only the highest 
quiz grade is retained. Step 1 corresponds to the stimulus-response phase (L1) of 
the learning model. 


Step 2. After satisfactory completion of the closed-book quiz and the first phase 
of the learning process, the student obtains an open-book quiz over the unit. The 
open-book quiz provides for the utilization phase of the learning model as the quiz 
is in essence a problem set. Again there is no time limit imposed for completion 
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and the student may consult his text and notes in working the problems and consult 
the proctors for points of clarification. It is ultimately required that the student 
present to a proctor a perfect set of well-organized solutions to the problems, and 
moreover, be fully prepared to discuss the questions and answers with the proctor. 
No penalty 1s exacted for incorrect solutions, but on the other hand, no credit is given 
until the solutions are completely correct. Thus the open-book quiz provides the 
unit perfection requirement of PSI. The proctor discusses the problems with the 
student and provides encouragement and hints for working the problems. The 
proctor does not solve the problems for the student. 

After the open-book quiz is finished Steps 1 and 2 are repeated in the next unit 
and so on until all four units of the segment are completed. The next unit may not 
be started until the previous unit is finished. 


Step 3. At the end of each segment a comprehensive examination is given to 
interrelate the four units. Again the exam is graded immediately and there is no 
time limit for completion. The student is allowed to take a second version of the 
examination if he is unhappy with his performance. This step incorporates the con- 
solidation phase (L3) and is akin to a final examination in a conventional course. 


GRADING SYSTEM. Each student’s grades for a segment are recorded on a separate 
individual. grade sheet. One can tell at a glance how a student is progressing on a 
particular segment by reviewing the grade sheet. The basis for assigning a grade for 
a segment is the simple average of the grades on the three parts of the learning cycle: 
the closed-book quiz average, the open-book quiz average, the comprehensive 
examination score. Because of the unit perfection requirement the open-book quiz 
average is automatically 100%. We have used the following basis for assigning 
grades: 95° and above — A, 87% to 94% — B, 78% to 86% — C, 69% to 77% — D. 
If a segment is unfinished at the end of the semester a grade of W (withdrawal) 
is assigned with the provision that the student may pick up where he left off the 
next time he enrolls for the segment. Because progress to the next unit is impossible 
until completion of the previous one, all open-books in a segment must be completed 
and all closed-book quizzes must be at a prescribed level so that grades below D 
are impossible. In our experience the preponderance of grades for those finishing 
a segment are in the A-B range. 


Further Details of Implementation. The above section describes the basic meshing 
of the learning model with PSI. In dealing with the large number of students (approxi- 
mately 1000 per semester) taking the nine hour sequence at NMSU the solution of 
several other problems became necessary for the effective and efficient handling of 
the sequence. 


QuIZ GENERATION. As can readily be seen if students are to progress at their 
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own pace, if students are to be allowed to repeat quizzes and exams and if one de- 
sires that each student truly know the material and not just specific responses to 
questions on a few specific quizzes, it is required that a large number of different 
individual quizzes be available. This has been accomplished in two steps: (a) the de- 
velopment of a large data bank of quiz and examination questions and answers 
which were key-punched on cards and then transferred to a master tape; (b) develop- 
ment of a computer program for randomly selecting questions and generating and 
printing individualized quizzes and exams with answers appearing on a separate 
page. The program can subsample from strata of questions with a great deal of 
flexibility. The end effect is that each student receives a “‘custom-made’”’ quiz. 


SLIDE-TAPE SHOWS. Again since students may progress at their own pace con- 
ventional scheduled lectures become almost useless unless they are available on a 
when-ready basis. Another problem stems from the fact that all students do not 
learn in the same way and learning by reading alone may not provide the best results. 
As an attempt to overcome these difficulties a verbal-pictorial presentation of the 
material via “‘slide-tape shows” has been provided for each unit. A slide-tape show 
consists of a prerecorded cassette tape and a set of slides which provide a discussion 
of various aspects of the material. The apparatus for reviewing and listening to a 
show consists of a slide projector, cassette tape player and headphone which have 
controls enabling the student to pause for reflection or for checking calculations, 
or to repeat parts of the program that were not understood. The apparatus is housed 
in a specially built carrel. Again allowance has been made for student self-pacing. 


LEARNING CENTER. Finding an adequate room in which to run the PSI program 
also presented problems. This problem was solved by the remodeling of the base- 
ment of the Mathematical Sciences Building and the construction of the Mathematics 
Learning Center. The Center is open approximately 40 hours a week and has a seating 
capacity of around 100. The students are required to take all quizzes and exams 
in the Learning Center. Every effort has been made to make the Learning Center 
a pleasant place for learning mathematics and statistics. It contains the carrels for 
viewing the slide-tape shows, a student lounge, several small conference rooms, 
several rooms for desk calculators, separate areas for taking the closed-book and 
open-book quizzes, partitioned study tables, a grading area for reviewing students’ 
quizzes and an office for storage of quizzes and materials. 


Advantages and Disadvantages of Using PSI. The advantages of PSI are readily 
apparent. The student is allowed great flexibility to learn on his own terms. He may 
take quizzes when he is ready and repeat them until he has mastered the material. 
He is not penalized for failure but rewarded for his final success. Course content 
must be explicitly defined and objectives stated very clearly. This aids in standardiza- 
tion of the courses and provides the student with a list of the things he must know. 
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Rather uniformly high standards are able to be maintained for student performance 
thus eliminating the problem of “lowering the curve’ and helping to maximize 
the amount of material covered and learned. The responsibility for learning and how 
fast he learns is placed more squarely on the student’s shoulders while he receives a 
great deal more individual one-on-one help than is possible in most traditional 
courses. 

The problems and disadvantages in using PSI are not as apparent at first glance. 
As an instructor of a PSI course one must be prepared to relinquish the security and 
relative ease of lecturing, infrequent testing and little student contact. One must 
write study guides, state behavioral objectives (perhaps for the first time in one’s 
career), prepare numerous quizzes and be ready for a great deal of student contact. 
Those who use PSI become course managers rather than course instructors and often 
feel that they are not really “‘teaching.”’ 

Many university administrators view PSI with horror because of the many ad- 
ministrative modifications necessary to run a PSI course efficiently. Often one’s 
own colleagues are suspicious of PSI because of its newness and the large percentage 
of good grades obtained by students. 

Student reaction to PSI is often mixed. As a rule students feel that they work 
harder in a PSI course than a conventional course. With more work and time required 
it is sometimes the case that a student doesn’t progress as fast as he thinks he should 
and becomes a bit discouraged. It is also true that more students receive grades of W 
(withdrawal) in our PSI courses than in the traditional courses due to the increased 
work load and the fact that progression from one unit to the next is virtually im- 
possible without mastery of material. Students are also highly suspicious of any- 
thing new and many adamantly maintain they cannot learn unless a teacher “‘teaches”’ 
the material to them. This attitude is difficult to overcome as is the fear of mathe- 
matics which students so often have. Because of these attitudes toward a new system 
and mathematics, students at times just don’t get started in the segments. Thus far 
our success rate (grades of C or better) has been no better than the conventionally 
run course, but the percentage receiving D or F grades has dropped to almost zero. 
Our subjective feeling is that the students do learn more. 

Another problem which has been encountered at NMSU is that of handling 
the almost 1000 students enrolled in the nine hour sequence each semester. It becomes 
difficult to keep track of such a large group — we presently have a secretary working 
on that full time — and the number of proctors required is quite large. The recom- 
mended ratio of students to proctors is around 10:1 and the problem of obtaining 
enough qualified proctors has been a major one. We have used various sources to 
obtain proctors, including students who have done well in the courses, undergraduate 
mathematics majors, graduate assistants and faculty members. We have provided 
remuneration for the undergraduate proctors by offering them academic credit in 
an undergraduate reading course when money was not available (as is usually the 
case). One of the great advantages to proctoring is that the proctor is the one who 
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learns the most. Training proctors in the material as well as the philosophy of PSI 
is not easy but has been greatly facilitated by a proctor manual written by Newman [6]. 
Proctors can make or break a PSI course. Properly trained and qualified proctors in 
adequate numbers are an absolute must. 


Recommendations. Our experience has shown that special attention must be 
given to various points if a PSI course is being contemplated. We make the following 
recommendations: 

(1) Start small, perhaps with a single section of your course. 

(2) Work up study guides, behavioral objectives and quiz items well before the 
semester begins. You will have more stress than you anticipate during your first 
try at PSI, and you will not have time to handle everything in addition to writing 
materials. 

(3) Try to generate enthusiasm among the students and recruit the best of them 
as proctors. 

(4) Spend time with your proctors. Train them at the beginning of the semester 
or at the point in time when they will be used. Meet with them regularly. 

(5) Consider segmenting your course into one credit courses. This gives enormous 
flexibility, and the students can choose the topics they may require. 

(6) In no way compromise the intent of the PSI system. (See Sherman [8] for 
possible consequences of perverting the system.) If you must of necessity play with 
the system as your course grows larger, do so gingerly and only after you have had 
considerable experience with PSI in its pure form. 

(7) Be sure PSI is right for you. See Green [2] and honestly assess whether your 
situation fits into any of those described there. 

(8) If you possibly can, obtain the backing of a high administrator. Be frank with 
him and explain the pros and cons as experienced by others experimenting with PSI. 
If he is reluctant or wishes to impose constraints upon you, quietly drop the idea. 
(It’s better to do this than wasting a year writing materials and then having to drop it!) 

(9) If you do go the PSI route, be visible to the students, be outgoing and be 
ready to modify your execution of the model to accommodate the students, provided 
it does not affect the main thrust of PSI. Make every effort to get your students 
started in the course. 


Conclusions. Is PSI really worth it? We believe the answer is yes if PSI is used 
properly. Although our views are only subjective (we hope to do a comparison study 
in the near future), students do seem to learn more and those who finish like PSI. 
PSI has enormous potential and could have tremendous impact on a university 
system which on the whole is outmoded and under fire. 
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ELEMENTARY PROBLEMS 


Solutions of Elementary Problems should be sent to Problems Group, Mathematics Department, 
University of Maine, Orono, ME 04473. To facilitate their consideration, solutions of Elemen- 


tary Problems in this issue should be typed (with double spacing) and should be mailed before 
December 31, 1974. 


An asterisk (*) means neither the proposer nor the editors supplied a solution. 


E 2486. Proposed by L. C. Washington, Princeton University 

Let p be an odd prime. Show that there exist perfect squares which when expressed 
in base p terminate in arbitrarily many repetitions of the digit ‘‘1’’. (This is in contrast 
to the result for base 10; see the 1970-1971 Putnam Examination, Problem A-3 
[1971, 765-767 ].) Is there a similar result for higher powers? 


E 2487. Submitted by S. R. Conrad, Benjamin R. Cardozo High School, Bayside, 
New York (attributed to D. J. Newman) | 


Let S, = xe txp te +xt If S, =k fork = 1,2,---,n, find Set 


E 2488. Proposed by Richard Stanley, University of California, Berkeley 

Let p be an odd prime. It has been conjectured that there exists a natural number | 
k < p —1 which is a primitive root modulo p and which is relatively prime to p — 1. 
Prove this conjecture in the special case that p = 1 (mod 4) and 3¢(p — 1) > p — 1, 
where ¢ denotes Euler’s totient function. 


E 2489*. Proposed by Bruce Reznick, California Institute of Technology 
Suppose that f is a continuously differentiable function which maps [0, 1] onto 


itself and which satisfies f(0) = 0 and f(1) = 1. Can the arc length of f ever exceed 
the arc length of the composition fo f? 


E 2490. Proposed by James Brink, Pacific Lutheran University 


Let A = (a;;) be an n xX n matrix with the property that there exist constants 
C1,°*',¢, Such that 


for 1 Sj Sk Sn. Find the eigenvalues of A. 


E 2491. Proposed by S. W. Golomb, University of Southern California 
Find all natural numbers n with the property that [ J n]| is a divisor of n. 


1974] ELEMENTARY PROBLEMS AND SOLUTIONS 777 
SOLUTIONS OF ELEMENTARY PROBLEMS 
A Non-Generalization of an Identity of Euler 


E 2403 [1973, 315]. Proposed by W. A. Al-Salam, University of Alberta, and 
A. M. Chak, West Virginia University 
It is known that a generalization of the binomial theorem is Euler’s identity 


n F(n g)qk* 19/2 
1 1+x)(14+qx):(1+q"7'x) = ne a nh an 
(1) (L+ x) tax) (Lt ax) = 2 FT Fe a) 
where q is a fixed complex number which is not a primitive kth root of unity for any 
k = 2, where 


k 
F(k, q) — ps (1 + Qt + q’—"), 
jJ=1 


and where F(0, q) = 1. (Thus F(k, 1) = k!.) 
Show that the only solution of 


(2) +x) +e¢x) (Ud +e¢,-1.x)= & Pn yA 

k=0 %n—KPr 
is this identity of Euler. That is, if given a sequence c,, c,,--- of complex numbers 
there exist sequences @p, $1, °°'3 &o,%1,°°°3 Bo, By, °°: such that (2) holds identically 
for all values of n, then necessarily c, = c,/c,-; = q 1s constant for n = 2,3,--- and 
thus (2) must have the form of (1). : 


Solution by Leonard Carlitz, Duke University. We note first that no c; = 0, for 

if c, = 0 and c; #0 for i<n, then 

n+1 "i 

(l+x)(1+e¢x)-(l+eq-.) Q)= Y —ttt—x' 

k=0 %+1—-KBx 
and the left-hand side is a polynomial of degree n, whereas the right-hand side is of 
degree n+ 1. Now put po = py = 1 and py = cyCy++'G,-, for kK 22 and put B, 
= y,/p, for k = 0,1,--- so that (2) of the problem statement becomes 


(3) (4x) (1 eyx) (tex) = D 2 prt. 
k=0 %-kYk 


We can assume without loss of generality that 7) = yo = 1 and thus ¢y = 1 also. It 
follows from (3) that @,/«, = ¢,/y, = 1 and so ¢, = a, = y, for n = 0,1,---. Thus 
(3) becomes 


(4) (+x) (1 +¢x)-(L+ 1x) = XD —p,x'. 
k=0 %—K&%K 
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We now show that c; = cj for all i, using induction. Suppose first that c, is not a 
primitive nth root of unity for any n= 2. Assume inductively that c; = c’, for 
i = 1,2,---,n —1 and consider 


n+1 
(1+x)(1+e,x)(1+¢,x) = EY —Zett pi xt. 
k=0 %+1—K%x 


Comparing the coefficients of x and of x”, we have 


Leyte +c, = 4, 


—1 —1, _‘'%n+1 On+1 
CyCg eg tey te +e, } = “—p, = C102 °° Cy—15 
Ai a), A1a, 


and thus 
te te te =¢(l +cep> + +7"). 

Then, by the inductive hypothesis, 
Ltete74+-4tet'+e,=¢(ltep +tep7 te te7"t) +1, 
Cetepte te! =e(ep* +e? ++ +e7"""), 

Cy tet te tep! = eect t+ cy 7 + + cy). 

If n = 2, we can cancel the common factor of c, on both sides, showing that 

C, = cj. If n> 2, we note that by assumption, c, is not a primitive (n — 1)st root of 

unity, so that c,‘+ c?7 ++» +c} ' #0, and again c, = c} follows. 


It remains to be shown that c, cannot be a primitive nth root of unity for any 


n = 2. Suppose to the contrary that it is. Using the above argument, we can show that 
c, = c, for i = 1,2,++-,n; the proof breaks down in trying to show c,4, = c”*’. 
But look at the coefficient of x in the left-hand side of (4); it is 1 +c, +++» +¢,_, 
=1+c¢,+c7+---+c%! = 0. The coefficient of x on the right-hand side of (4) is 


0, |G, 1%, #0, a contradiction. The result is shown. 
Also solved by O. P. Lossers (Netherlands), and the proposers. 
A Twin Prime Counting Function 


E 2425 [1973, 692]. Proposed by C. A. Nicol, University of South Carolina 
For each positive real number x let 2,(x) denote the number of twin primes 
not exceeding x . Show that 
7 


_ _ n! . @ [(n—2)! 
T(x) = 2+ singin +2)/" | sin 3"| - |. 


where brackets denote the greatest integer function. 
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Solution by Allen Stenger, student, Pennsylvania State University. If n> 5 
is composite, then (n—2)!/n is an even integer so that 


sin jn [OI = Q. 


n 
If p is prime, then by Wilson’s theorem, (p—2)! =—(p—1)! = 1 (mod p) implying 
je _ @-a!-1 


Pp p 
Thus if p > 5, then 4|(p—2)! and so 
ak (p-2yt] wm, 
sin P| 2) = sin Fp 2)!-1l) = - 1. 


It follows that for n > 5, the term indexed by n in the sum is zero if either n or n + 2 
\ is composite and is (—1)(—1) = 1 if both n and n+2 are prime. The ‘‘2 +”’ is 
necessary to count the twin prime pairs (3,5) and (5,7). 


Also solved by Gwydion Anllw, M. G. Greening (Australia), D. Z. Kilhefner, E. S. Lander, 
Harry Lass, L. E. Mattics, M. R. Murty & V. K. Murty, Bob Prielipp, Kenneth Rosen, Michael 
Steiner (Sweden), E. W. Trost (Switzerland), and the proposer. 


Editor’s Note. As pointed out by Greening, Kilhefner, and Prielipp, the statement should read 
‘*,, number of twin primes (p, p + 2) with p < x.” 


Inscribing a Regular 7-gon in a Regular (7 -+ 1)-gon 


E 2426 [1973, 807]. Proposed by C. A. Long, Bowling Green University 

It is easy to show that the equilateral triangle can be inscribed in a square, and 
that a square can be inscribed in a regular pentagon. Can a regular pentagon be 
inscribed in a regular hexagon? 


Solution by N. G. Gunderson, University of Rochester. A regular (n — 1)-gon 
cannot be inscribed in a regular n-gon for n 2 6. To show this, assume for some 
n = 6 that the regular (n — 1)-gon A,A,---A,-, with unit side is inscribed in a 
regular n-gon B,B,---B,; we can assume that A, is on side B,B,, that OS A,B, 
< A,B, for all i, j, and that A, is on side B,B,. Then A, is on B,B,, A, is on B,Bs, 
and A, on B,B,. Let XA,,,A,;Bj4, = a, and xA,;A;4,B;4, = B,, for j = 1,2,3,4. 
Compare angle sums to get for j = 2,3,4 that 


@;, = jy + 2a/n(n — 1) and B; = B;-1, — 2n/n(n—1). 
Since B; = (2n/n) — a,;, for j = 1,2,3,4, we have for j = 2,3,4 that 
;-4 + PB; = 2n(n — 2) /n(n — 1) 
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and 

aj-1 — By = &, — Bp + 4n(j — 2) /n(n — 1). 
Now apply the Law of Sines to triangles A,;A;,,B,.,(i = 1,2,3,4) to obtain for 
j = 2,3,4 that 


B,B,4, sin X B;_,B,Bj4, = (B,;A; + A;B;+1) sin (a — 22/n) 
= sing;_, + sin B; 
2sing(a;_1 + Pj) cos}(a;-1 — B;) 


2 sin =) gos [27™U =) _ 
= 2 sin n(n a1) COs fe “TH + 4a, Ba}. 


Since the n-gon is regular, the left-hand side of the above is independent of j and 
since the sine factor on the right is nonzero, we must have 


n(n — 1) 


for 0 = 4(a, — B,). Since the cosine cannot assume the same value three times in an 
interval of length less than 27, this is a contradiction. 


cos 0 = cos lawn +9 = COS 4 4 
n(n — 1) 


Also solved by J. Alonso and his Bennett College Students, Anders Bager (Denmark), C. S. 
Gardner, Michael Goldberg, O. P. Lossers (Netherlands), L. E. Mattics, S. P. Morgan, D. K. 
Pickard, Primer for Research Group, Michael Shimshoni (Israel), and Leon Steinberg. Partial 
solution by Eric Chipman. Four correspondents claimed the inscription to be possible. 

Alonso et al. state that a convex equilateral (” — 1)-gon can be inscribed in a regular n-gon. In 
fact, any point of the contour of the n-gon can be chosen as a vertex of the equilateral (7 — 1)-gon. 
Also, if 2 is even, a convex equiangular (n — 1)-gon can be inscribed in the regular n-gon in such a 
way that the two polygons have a common vertex. They ask the question: ‘‘What points on the con- 
tour of a regular n-gon are possible vertices of an inscribed convex equiangular (n — 1)-gon?” 


Bounds for Egyptian Fraction Partitions of Unity 


E 2427 [1973, 807]. Proposed by Harry Ruderman, Hunter College Campus 
School 

Suppose that 1 is written as a sum of n distinct Egyptian fractions. Find upper 
and lower bounds for the smallest fraction in the sum. 


Comment by Paul Erdés, Mathematical Institute, Hungarian Academy of 
Sciences, Budapest. Write 


1 
1=—+..- + — 
Xn 


with x, integers and x; Sx, S++: Sx, and set y, = max x,, the max being over all 


such partitions. It is well known that 


(1) Yn = Vn-1Vn-1 + 1). 
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This was given byO. D. Kellogg, On a Diophantine problem, this MONTHLY 28 (1921), 
300-303 and later by D. R. Curtiss, On Kellogg’s Diophantine problem, this MONTHLY 
29 (1922), 380-387. A generalization of (1) is proved in my paper, On a Diophantine 
equation, Mat. Lapok 1 (1950), 192~210 (in Hungarian). For further literature on 
Egyptian fractions see my paper Quelques Problémes de la Théorie des Nombres, 
Monographie de L’Enseignement Math., No. 6, problemes 72, 73, 74. (See also 
M.N. Bleicher, A new algorithm for the expansion of Egyptian fractions, J. Number 
Theory 4 (1972), 342-382, which has a good bibliography.—Ed.) 

To determine min x, is much more difficult; x, <+-- < x, has to be assumed here, 
otherwise x, = +++ = X, = n provides a trivial solution. Evidently 


Xn > Tet 


(for sufficiently large n) which follows from 
1 


1 
-+—>—+ 
X4 Xn Xn 


1 1 
dove ob 


; X, — 1 X,-~ n+l 


| 
| 
+ 


= logx, — log(x, — n) — O(n-"). 


Write z, = minx,. 1 am reasonably sure that 


nh 
(2) Zn < ( + o(1)) t—er7!l ’ 
but (2), if true, will not be easy to prove; I think even z, = O(n) will be very hard. 
(See the tables for small n given in the Editor’s comment below—Ed.) The bound 
Z, < n(log n)* may follow by the methods of two papers of M. N. Bleicher and myself 
(Denominators of Egyptian fractions I and II, to appear in J. Number Theory). 

One could also try to investigate max x; and min x; for i < n. Certainly minx, = 2 
is trivial and maxx, can be determined asymptotically as follows: assuming 
X,; <-+++ <x, to avoid trivialities, we know 

1 l 1 | | 


l= — eee — < — eee es 
x x, xx, +1 xX, tn —-—1 


(3) 
= log(x, +n) — logx, + O(n~’), 


so that writing y, = max x,, we have for sufficiently large n 


-_? 
Yi e— 1 . 
In fact, I can show that for any ¢ > 0 there exist x, < +++ < x, with 


n 
x,>Ud- 2 re 
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This follows from an argument similar to the one given by Straus and myself in our 
solution to Problem E 2232, this MONTHLY 78 (1971), 302-303. The exact determina- 
tion of max x, except for small values of n seems hopeless to me. For k > 1, maxx, 
can be estimated fairly accurately, too. 

As for max x,~1, it follows fairly easily from my Hungarian paper that max x, _, 
= 2y,—,—but only if x,_, = x, is permitted. If we insist on x, < ++» <X,~1 <Xq 
then I think that maxx,_, = $y, —~, can be proved without too much trouble. 


Editor’s comment. Jane Evans, M. G. Greening (Australia), Helen Marston, and the proposer 
all discovered formula (1) above, although none had a convincing proof. The proposer noted that 
by induction, y, < 2! where t = 2"~ 1 _1 and Arthur Marshall pointed out that if 7 is not of the 
form m(m — 1), then | = 1/2 + 1/6 + ++» + 1/n(a — 1) + I/n so that z, < n(n — 1). 

The following list of sums was submitted by E. P. Starke, who admitted that he has no general 
procedure and does not know if all of the sums are best possible. 
Let z, be the denominator of the desired least-valued fraction. Then 


z3 = 6, z4 = 12, and 
Z5 < 15, Z6 < 15, 27 < 18, Z8 < 20, Z9 < 24, 
Z10 < 24, 211 < 35, Z12 S 36, etc. 


These figures correspond to the sets of unit fractions having the denominators shown: 


n=5: 2, 4, 10, 12, 15 

n= 6: 3, 4, 6, 10, 12, 15 

n=T7: 3, 4, 9, 10, 12, 15, 18 

n=8: 4, 5, 6, 9, 10, 15, 18, 20 

n= 4, 5, 8, 9, 10, 15, 18, 20, 24 

n=10: 5, 6, 8, 9, 10, 12, 15, 18, 20, 24 

n=I11: 5, 6, 8, 9, 10, 14, 15, 18, 24, 30, 35 
n=12: 4, 6, 8, 12, 14, 15, 18, 20, 24, 30, 35, 36. 


we 


9 


An Inequality of Statistical Interest 


E 2428 [1973, 807]. Proposed by M. S. Klamkin, Ford Motor Company 
If a; (i = 1,2,--+,n) denote real numbers, show that 


nmin(a;) S$ La;-SS La; +S <n max(a)), 
where 
(a-)S*= LZ (a,;-a,) (S = 0) 


1Si<j<n 
and with equality if and only if a; = constant. 


I. Solution by Ellen Hertz, Bronx Community College; Carolyn MacDonald, 
University of Missouri; Wolfe Snow, Brooklyn College; and Melvin Tews, Univer- 
sity of California, Berkeley (independently). 
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We can assume that a, Sa, S+:: Sa,. Then 


_—a,’*< 
=z 2 Eas 


x (i — 1) (a, - ay)” 


IIA 


Dx —ai)’s | > (a; — a} 


i=1 


Taking square roots we obtain 


na, La;-S. 
i=1 
Similarly, 


n-1 
Ss 5 EHD @,-4)s | 
| oon 1 j=l 


NH 2 
2 (a, ~~ a)| 


jJ=1 


from which follows that 


It is clear that equality holds anywhere if and only if it holds throughout and this is 
true if and only if a; = constant. 


II. Comment by O. P. Lossers, Technological University, Eindhoven, the 
Netherlands. A statistical interpretation is possible. Let a,, a5,-::,a, (n 22) bea 
random sample of a random variable A with mean p and variance o*. As estimates 
for # and o” one usually takes 


i 
5 | 
Ais S — 
1 


5 (a; — a)’. 


n—I j24 


. Ll 
q = — 
n 


i= 


The inequalities in the problem then take the form 


(*) mina; S$ d- -—<44+4—— < max a;. 
Jn jn 
Note that if A, is the random variable defined by averaging samples of size n from A, 


then the mean of A, is also p, but its variance is o*/n, so that quantities in (*) are 
related to the parameters of A,,. 


Also solved by M. T. Bird, Brother Alfred Brousseau, Frederick Carty, Lawrence Dickson (Aus- 
tralia), Jane Evans, P. K. Garlick, Clark Givens, M. G. Greening (Australia), Ignace Kolodner, 
Robert Kopp, L. Kuipers, O. P. Lossers (Netherlands), L. E. Mattics, M. R. Modak (India), V. N. 
Murty (Indonesia), Radha Nath & Woon-Chung Lam, Robert Patenaude, Edward Rozema, Oto 
Strauch (Czechoslovakia), Temple University Problem Solving Group, George Tsintsifas (Greece), 
and the proposer. 

The proposer notes that the case n = 3 is due to D.S. Mitrinovi¢, Analytic Inequalities, Springer- 
Verlag, Heidelberg, 1970, p. 215. 


7184 ADVANCED PROBLEMS AND SOLUTIONS [September 


A Generalization of the Euler-Fermat Theorem 


E 2430 [1973, 808]. Proposed by John Masley, University of Illinois at Chicago 
Circle 

Let a and m denote natural numbers, and let @ denote Euler’s totient function. 
Euler’s generalization of Fermat’s ‘‘Little Theorem’’ asserts that if (a,m) = 1, then 


(*) a?™*1 = @ (mod m). 


Show that (*) holds if and only if the following: If p is a prime that divides a, then 
p*|a whenever p* | m. 


Solution by G. A. Heuer, Mathematisches Institut der Universitdt zu Koln, 
Germany. First assume the proposed condition holds. Let p® be any maximal prime 
power factor of m (ie., p®|m but p°*' /m). If p|a we have pla. If p Ya, then 
a?) = 1 (mod p*), and since ¢(p*)|¢(m) we have a®”=1 (mod p’). Thus 
p°|a(a*” — 1) in each case. Hence m|a(a*™ — 1). 


Conversely, if p|a while some p*|m but p‘ ya, then p* /a(a*” — 1), since 
obviously p ¥(a*™ — 1). Thus m 4 a(at™ — 1). 


Also solved by D. M. Bloom, W. E. Bodden, S. C. Currier, Jr., L. J. Dickson (Australia), H. M. 
Edgar, E. W. Ewing, P. K. Garlick, R. A. Gibbs & Harold Stocker, Emil Grosswald, L. Kuipers, 
Eric Langford, P. W. Lindstrom, O. P. Lossers (Netherlands), Merry McDonald & Gary McDonald, 
M. R. Modak (India), Catherine Murphy, Alayne Parson, David Pickard, Bob Prielipp, W. J. 
Sanchez, Alan Stein, Temple University Problem Solving Group, E. T. H. Wang, J. A. Wehlen, 
Charles Wexler, and,the proposer. 


Editor’s Comment: The interested reader is referred to Roger Osborne, A good generalization of 
the Euler-Fermat Theorem, Math. Mag. 47 (1974), 28-31; another generalization (with bibliography) 
is given by David Singmaster, A maximal generalization of Fermat’s Theorem, Math. Mag. 39 (1966), 
103-107. 


ADVANCED. PROBLEMS 


All solutions of Advanced Problems should be sent to J. Barlaz, Rutgers — The State University, 
New Brunswick, N. J. 08903. Solutions of Advanced Problems in this issue should be typed (with 
double spacing) on separate, signed sheets and should be mailed before December 31, 1974. 


An asterisk (*) means neither the proposer nor the editors supplied a solution. 


5982. Proposed by R. L. Bishop, University of Illinois 

Let A be a (not necessarily associative) finite dimensional algebra over a field K. 
If x4,++:,xX, are indeterminates and w is a nonassociative word in them, then for 
each a,,:::,a,in A we get w(a,,:+:,a,)¢A by substituting x; = a;. Prove that there 
are words w,,-::, w, such that for every a,,-:+,a, the algebra generated (using products 
and linear combinations over K) by a,,++:,a, is the linear span of w,(a,,--:,a,), 
i= 1,-,q. 


p 
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5983*. Proposed by H. D. Ruderman, Hunter College Campus School 
Let x | be the distance of x to the nearest integer, i.e., 
| x | = min{x —[x], 1+[x]-— x} 


for real x. For positive integers N find the greatest lower bound for N : | Nu | and 
for N+ | N /2|]. 


5984*. Proposed by Clark Kimberling, University of Evansville 

Suppose {x,} and {y,} are sequences of positive real numbers such that 
Lim) oo 27=0Xi%X_—-; = O and lim, L7-o0 ViVn-i = 0. Do we have lim,., . DireoXVn—j 
= 0? (The proposal is equivalent to a question about convolutions 


f*g(x) = | foe — tjdt 


of positive-valued functions f and g defined on [0, 00); namely, if f# f(x) +0 and 
g*g(x) 0, then must f * g(x) > 0?) 


5985*. Proposed by Siemion Fajtlowicz, University of Houston 
Let f be a continuous function of the plane E into itself. Does there exist a closed 
proper subset X of E such that f(X)¢ X? 


5986*. Proposed by D, E. Daykin, Reading University, England 
Let E be the real Euclidean plane and 0 < « < 1. What can be said about maps 
f: E-E which send each triangle T into a triangle fT with area (fT)S «@ area (T)? 


5987. Proposed by H. Kestelman, University College, London, England 

If {n,} is an increasing sequence of positive integers, prove that | [7_, cos n,.x = 0 
for all real x apart from a set of Lebesgue measure zero. Can the exceptional set be 
uncountable? 


SOLUTIONS OF ADVANCED PROBLEMS 
Finite Hausdortf Spaces 


5912 [1973, 564]. Proposed by R. B. Kirk, Southern Illinois University 

Let X be a compact Hausdorff space, and let C denote the space of continuous 
functions on X. Assume that C can be written as a countable union of equicontinuous 
sets. Prove that X is finite. 


Solution by T. S. Bolis, State University College, Oneonta, New York. The 
space C with the uniform norm is a Banach space and hence a Baire space. Taking 
intersections with balls of integral radius if necessary, we may assume that C is the 
union of countably many equicontinuous bounded and closed sets (the closure of an 
equicontinuous set is equicontinuous), These sets are compact by Ascoli’s Theorem. 
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Since C is a Baire space, one of these sets must contain a ball. Therefore C is finite 
dimensional and since X is Hausdorff, it must be finite. 


Also solved by J. B. Conway, George Crofts, G. Cybenko, J. A. Guthrie, R. E. Hodel, M. J. 
Hoffman, P. D. Humke, A. A. Jagers (Netherlands), E. M. Klein, R. J. Loy (Australia), Arunava 
Mukherjea & J. R. Gard, S. A. Naimpally & P. L. Sharma, Lewis Pakula, M. Bhaskara Rao (Eng- 
land), R. F. Wheeler, J. B. Wilker, David Wong (Jamaica), and the proposer. 


Editor’s Note. Wheeler with his solution raises another question: When does C contain a count- 
able family of equicontinuous sets whose union is dense in C (with the sup norm topology)? His 
answer: only when_X is metrizable. 


‘Area’ of a ‘Triangle’ in Complex Hilbert Space 


5913 [1973, 564]. Proposed by D. E. Daykin and J. K. Dugdale, University 
of Reading, England 

Let H be a real or complex Hilbert space and let x, y, z be points in H. We call 
<x, y, Z> a triangle. As usual 


L(y, 2) = {y + ay — z): a a scalar} 
is the line through y and z; and the distance of x from L(y, z) is 
p(x, L(y, z)) = inf {| x—wW | we L(y, z)}. 


For convenience put a = | x —y 


9 b=|y-z 


, c= | z - x| and 
s = Wa+tb+c). 


Euclidean geometry suggests two definitions 


4p(x, L(y, z)) || y — 2] 


A, 
and 
A, = 4/s(s — a) (s — b) (s—c) 


for the area of triangle <x, y,z>. Compare the values of A, and A, and determine 
when they are equal. 


Solution by J. R. Kuttler, The Johns Hopkins Applied Physics Laboratory. 
Initially, let z = 0. Then straightforward computation shows 


Ay 


2 Vl] |)? |v? - |e)? 


3 /| ||? | y |? — [Re@ »)? 


where (, ) is the inner product of H. Clearly 


A, 


A; S$ A, 
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with equality if and only if (x, y) is real. The general case can be reduced to the 
special by a translation by —z, and the condition for equality becomes (x—z, y—Z) 
real. 


Also solved by D. Z. Djokovié, O. P. Lossers (Netherlands), Oto Strauch (Czechoslovakia), 
Phil Tracy, J. B. Wilker, and the proposers. 


An Analytic Inequality 


5914 [1973, 564]. Proposed by D. E. Daykin, C. E. Linderholm, and Albert 
Wilansky, University of Reading, England 

Show that if A = {2,,2,,°::,Z,} is a finite set of n complex numbers, there is a 
subset B of A such that 


Lz 


zeB 


n 
>n-' Dd |Z; 
i=1 


I. Solution by H. E. Debrunner, University of Bern, Switzerland. Reorder the 
n+1 numbers Z,, 22,°°'5Z,, —(Z; +22 +°:: +2Z,) to a sequence w,,°°',W,4, in 
such a way that the corresponding sequence arg w,,-::, arg w,4 , (where we put 
arg w = Oif w = 0) is monotone. In the complex plane the partial sums w,, w, + wo, 
“Wy +--+ + Ww,4, then form the vertices of an oriented convex polygon P of which 
W1.°''sW,4, are the side vectors. The diameter d of P is realized as the distance 
between two vertices of P and can be written as d = | ie Z| for some subset B of 
{1,-+-,n}; for the perimeter p of P we get.p = X|w,| = Li] z;|+| Ljz,|. The 
assertion results if we substitute these values in the well known inequality z- d(Q) 
= p(Q) which 1s satisfied by the diameter d(Q) and the perimeter p(Q) of any compact 
convex figure Q of the plane (cf. Bonnesen-Fenchel, Theorie der konvexen Korper, 
p. 77). 

If in place of 2: d = p we use Reinhardt’s result (Jber. Deutsch. Math.-Ver. 31 
(1922), 251-270) that the maximum of p(Q)/d(Q) as Q varies through convex polygons 
with 2k + 1 vertices is realized by the regular (2k + 1)-gons, we get the stronger 
assertion: for some B c {1,--:,n} we have 


\ | > sin (ka /(2k + 1)) ( | y ). 


(2k + 1) sin(z/(2k + 1)) 


“i 


ic B i=1 


where k = [4(n + 1)]. 


II. Solution by H. S. Witsenhausen, Bell Laboratories, Murray Hill, N. J. 
The problem may be considered as finding the infimum over all n > 0 and all non- 
vanishing sequences z,,:°:,Z, of vectors in E* of the maximum over 0;¢ {0, 1} 
(equivalently [0,1 ]) of 


2; 


zr az. | 5 | 
i=1 fps] 
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This however is the definition of the Macphail number of the space E*. (See M. S. 
Macphail, Absolute and unconditional convergence, Bull. Amer. Math. Soc., 
53(1947), pp. 121-123). That the Macphail number of E" is 2~*2-#T'(n/2)/T'\((n + 1)/2) is 
contained in the results of A. Mayer (Grdsste Polygone mit gegebenen Seitenvektoren, 
Comm. Math. Helv., 10 (1938), pp. 288-301). For more general normed spaces see, 
e.g., Witsenhausen, Some games on convex bodies and related inequalities, J. of 
Math. Anal. and Appl., 40 (1972), pp. 79-106, where further references may be found. 


Also solved by Ralph Boas, E. D. Bolker, Robert Breusch, R. G. Buschman, P. R. Chernoff, 
J. E. Connett, D. Z. Djokovié, M. S. Klamkin, E. M. Klein, Douglas Lind, O. P. Lossers (Nether- 
lands), L. E. Mattics, D. S. Mitrinovi¢ (Yugoslavia), M. R. Murty & V. K. Murty, D. B. Price, 
Kenneth Rosen, K. A. Ross, and the proposers. 


Editor’s Note. Additional references provided for the problem are 


(1) D. S. Mitrinovié, Analytic Inequalities, p. 331. 

(2) W. W. Bledsoe, An inequality about complex numbers, this MONTHLY, 77 (1970) 180-183. 

(3) E. D. Bolker, A class of convex bodies, Trans. Amer. Math. Soc., 145 (1969) 323-345 (Section 
4). 

(4) R. P. Kaufman and N. W. Rickert, An inequality concerning measures, Bull. Amer. Math. 
Soc., 72 (1966) 672-676. 

(5) Compare also Problem E 2373 [1973, 1139-1140]. 


Bound for II(1 — 1/p) 


5915 [1973, 595]. Proposed by D. M. Battany, Oceanside, California 
Let p,, be the nth prime. Show that 


(a) 
PZPieepn p Pn 


for all prime p, or isolate the exceptional values. 


Solution by P. T. Bateman, University of Illinois. Let ((x) = X,-- log p. By a 
theorem of Mertens and the prime number theorem we have 


T (1- =) es ns ee 
PSPis-pn ( P. log (py _ Pn) C(Pn) Pn 
where y is Euler’s constant. Thus the desired result holds for sufficiently large n. To 
obtain the result for all n we need some results from the paper, Approximate formulas 


for some functions of prime numbers, by J. B. Rosser and L. Schoenfeld, Illinois J. 
Math. 6(1962), 64-94. By Theorem 7 of that paper we have 


1 er | 1 e~? 1 
I (1 7 -) < log x (1 +a] S jogx ( +a) 


for all x = 30. From Theorem 10 of the same paper we can get, after some calculation, 


1974] ADVANCED PROBLEMS AND SOLUTIONS 789 


4 


3 
(Pn) > “5 Pn n 2 3. 
Thus 
I] (\--) <2 <3 <5 
<piepn p! = S(p,) 20 4 Pn Pn 


for n = 3. The proposed inequality is easily verified forn = 1 andn = 2 and therefore 
holds for ali n. 


Also solved by Robert Breusch, J. R. Kuttler, Arthur Marshall, L. E. Mattics, C. A. Nichol, 
David Seff, J. H. van Lint (Netherlands), S. S. Wagstaff, Jr., and the proposer. 


Collections of Ordered Subsets 


5918 [1973, 697]. Proposed by S. W. Golomb, University of Southern California 

Prove or disprove: Let C be a collection of distinct subsets of the positive integers 
which are totally ordered by the inclusion relation. Clearly C must be either a finite 
or a countable collection. 


Solution by Robert Gilmer, Florida State University. The collection C need 
not be finite or countable. For a proof, let f be a one-to-one correspondence between 
the set N of positive integers and the set of rational numbers. For each real number 


t, let S, = {neN | f(n) < t}; C = {S,},-R2 is an uncountable collection of distinct 
subsets of N totally ordered by inclusion. 

Results of Reinhold Baer in Dichte, Archimedezitdt und Starrheit geordneter 
Korper, Math. Ann. 188(1970), 185-205, yield the following result. 

If « is an infintte cardinal, then there is a totally ordered field F of cardinality « 
that can be imbedded as a dense (in the order topology) ordered subfield in a totally 
ordered field F* of cardinality 2". 


The preceding result, in turn, can be used to obtain the following theorem related 
to Problem 5918. 


If X is an infinite set of cardinality «, then there is a collection C of distinct 
subsets of X such that C is totally ordered by inclusion and has cardinality 2*. 


Also solved by J. T. Annulis, James Bookey, R. W. Brooks, Jane Buddenhagen, P. W. Carlton, H. 
D. Carroll, D. Z. Djokovié, E. W. Ewing, James Fickett, Daniel Gallin, William Glassmire, F. D. 
Hammer, Melvin Henriksen, Ellen Hertz, G. A. Heuer (Germany), R. E. Hodel, J. P. Jones, J. E. 
Keesling & Nicholas Passell, K. O. Leland, P. W. Lindstrom, L. E. Mattics, Ka Menehune, J. G. 
Michaels, J. C. Morgan II, Masakazu Muro (Japan), Donald Plank, Jiirg Ratz (Switzerland), P. L. 
Renz, Nina M. Roy, Eugene Sadowski, John H. Smith, S. K. Stein, Oto Strauch (Czechoslovakia), 
Herbert Taylor, Albert Wilansky, Thomas Wray, and the proposer. 

(1) Hammer notes that the problem appears in Gratzer’s Lattice Theory, 7 28, p. 117. Henriksen 
notes that the problem is solved by Sierpinski in Cardinal and Ordinal Numbers, p. 82, and in an 
earlier paper. Another version is given on p. 37 (4 104) of Wilansky, Topology for Analysis. (2) 
Menehune notes that the problem and solution are similar to Problem 5622 [1969, 836], wherein a 
change from ‘“‘simply ordered”’ to “‘well ordered”’ made the statement of 5622 true; likewise with the 
present 5918. 


REVIEWS 
EDITED BY J. ARTHUR SEEBACH, JR. AND LYNN A. STEEN 


with the assistance of the mathematics departments of St. Olaf and Carleton Colleges 
COLLABORATING EpIToR FOR FILMs: SEYMOUR SCHUSTER, CARLETON COLLEGE 


We invite readers to submit reviews of significant recent college-level mathematics books. 
We especially encourage reviews based on classroom use, or comparative reviews of several 
related books. Reviews should ordinarily not exceed two pages (per book) typed double spaced. 
Manuscripts of reviews as well as books submitted for review should be sent to: Book Review 
Editor, American Mathematical Monthly, St. Olaf College, Northfield MN 55057. 


A First Undergraduate Course in Abstract Algebra. By Abraham P. Hillman and 
Gerald L. Alexanderson. Wadsworth, Belmont, California, 1973. xiii + 413 pp. 
$12.95, 


The prospect of teaching a first course in algebra to a mixed class of high school 
teachers on summer vacation and ambitious science students hoping to get done 
with their math credits a little faster is disheartening, to say the least. One expects 
a basic lack of enthusiasm, complicated by the summer doldrums, so I selected this 
text largely for its brief biographies of famous men and women of mathematics and 
its highly attractive appearance. It was a marvelous surprise to find that the many 
exercises are so interesting and so finely graded that when my students came to the 
problems labelled ‘“‘Challenging and Supplementary,” they not only did the ones 
I assigned them’, but also tried many of the rest. The authors never condescend in 
their exposition, and have avoided the old-fashioned and irritating forms “he” and 
‘“‘himself”? when referring to the reader, so the book is very pleasant to read. More- 
over, the exposition is so clear and direct that several students read the material 
on extension fields by themselves, even though I had skipped it in favor of Euclidean 
constructions. 

The authors list several possible one-semester goals for their book. One such 
is the Euclidean construction goal which covers the following material: basic prop- 
erties of the integers such as the Euclidean algorithm; groups, which begins with 
permutation groups, proceeds to groups of symmetries and abstract groups, and 
covers cosets, the alternating group, and quotient groups; mappings and homo- 
morphisms: only the bare essentials are recommended by the authors, but they 
include Cayley’s theorem, direct product, and even the fundamental theorem of 
Abelian groups; rings and ideals, where the relationship between ideals and homo- 
morphisms is brought out and integral domains and fields are introduced (the 
chapter contains much more); polynomials (over a commutative ring), through 
integral and rational roots, splitting, partial fractions, extension fields, and the in- 
solvability of the quintic; and finally Euclidean constructions, which describes 


790 


REVIEWS 791 


closure under Euclidean construction, closure under square roots and finally con- 
structible points, lines and circles. | 
Each chapter has a set of review problems and a set of supplementary and chal- 
lenging problems which my students found very invigorating. 
In sum, this text presents mathematics in such a way as to have convinced my 
students that mathematics is alive, vivid, and within their reach. 
JUDITH Q. LONGYEAR, Dartmouth College 


Modern Geometries. By James R. Smart. Brooks/Cole, Monterey, California, 1973. 
viii + 371 pp. $9.95. (Telegraphic Review, November 1973.) 


Judging from the number of new geometry books published during the past 
five years, there appears to be a revival of interest in geometry at the undergraduate 
level. This interest is partly a response to the need for new and better ways of teach- 
ing geometry in -the secondary schools, but it is also a recognition that better geo- 
metric insight will be beneficial to all persons who use mathematics. It has been 
said that geometry is the result of a particular way of thinking, rather than a well- 
defined body of knowledge, and a student of mathematics discovers that the con- 
cepts and methods of geometry permeate every branch of mathematics. 

Smart’s book is a survey of a number of facets of modern mathematics which 
can be designated as geometry. The table of contents indicates the main topics, which 
are: finite geometries, geometric transformations, convexity, advanced Euclidean 
geometry, constructions, inversion, projective geometry, geometric topology, and 
non-Euclidean geometry. The chapters are largely independent of each other, so that 
the instructor can organize the content to fit mathematical interests and the time 
available. For example, three different professors at Miami University have used 
this textbook in a one-quarter course, and each has presented a different subset of 
the topics. Seldom is this kind of flexibility found in a mathematics text, and it is 
especially welcome in an area whose subject matter is so diverse. 

While the content and organization of this book are commendable, the text 
itself leaves something to be desired. For example, many definitions are stated in- 
formally in the course of an expository paragraph. The resulting lack of precision 
causes considerable confusion for some students. The proofs of most theorems 
are also given in an informal, conversational style. This is certainly acceptable, but 
some proofs appear before the statement of the theorem, some immediately after, 
some after an intervening paragraph, and others not at all. This inconsistency, 
coupled with some “‘hand-waving”’ and the author’s failure to designate the beginning 
or ending of a proof, frequently leaves the reader uncertain as to just what has been 
proved. 

There are a number of errors in the text, most of them of a typographical nature. 
The chapter on convexity seems to be especially “error prone.”’ There is an occasional 
blunder, such as in the proof of Helly’s theorem in 3-space. Here the author uses 
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mathematical induction on the number of sets, N, beginning with N = 4. In the 
proof, however, he assumes the truth of the statement for N = 5. That this follows 
from the truth of the statement for N = 4 requires a nontrivial lemma, which the 
author has overlooked. 

The book contains a large number of easy exercises, which help the students 
to sharpen their understanding of definitions and the consequences of theorems. 
However, there is a need for more non-trivial exercises which will challenge the 
students at higher levels of conceptual understanding. 

When students who had already taken calculus and linear algebra used Modern 
Geometries as a textbook, they rated it ““good to average” as far as format, content, 
exercises, and usefulness for self-study were concerned. Expository style drew an 
“average” rating, and the examples were considered “average to poor.’ These 
students perceived the book’s greatest strength to lie in the fact that it is easy to 
read and covers many interesting topics. Weaknesses noted were: vague or super- 
ficial explanations, unclear proofs, and not enough details or examples. 

This book can still be recommended for its flexibility and breadth, but the instruc- 
tor should be prepared to supplement it in those areas where it is deficient. 

D. E. KULLMAN, Miami University 


Fundamentals of Abstract Algebra. By Neal H. McCoy. Allyn and Bacon, Boston, 
Mass. 1972. x + 470 pp. $11.95. (Telegraphic Review, October 1972.) 


First Course in Algebra and Number Theory. By Edwin Weiss. Academic Press, New 
York, 1971. xi + 547 pp. $12.95. (Telegraphic Review, November 1971.) 


McCoy is an expansion of an earlier book by the same author to make it more 
suitable for use in a year course for average students at the junior-senior level. First 
Course in Algebra and Number Theory is designed to serve as a text in a year long 
introductory course for freshmen and sophomores. Each author succeeds in writing 
at the level of his intended readers. 

Fundamentals of Abstract Algebra expands the author’s 1968 book Introduction to 
Modern Algebra. Since almost all of the material in the previous book appears intact, 
Fundamentals of Abstract Algebra retains a classical approach. Rings, integral dom- 
ains, and fields are considered first and are carefully tied to familiar number systems. 

A major change is the addition of four new chapters on special topics. Two new 
chapters on the structure of finite groups appear after basic group theory. One presents 
the decomposition of a finite abelian group as a direct sum of cyclic subgroups of 
prime power order while a second gives rather elegant proofs of the Sylow theorems 
using double cosets. Another new chapter, this one on field extensions, follows the 
material on vector spaces and breaks up the four linear algebra chapters. The dis- 
cussion here extends through uniqueness of splitting fields. The fourth new chapter 
is at the end of the book and provides a brief glimpse into such topics as quater- 
nions, principal ideal domains, modules, and Zorn’s lemma. 
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The added chapters are concise; main ideas are presented succinctly, few examples 
are given, and exercise lists are short. Students for whom the rest of the book is 
appropriate may well find this material quite difficult, and the instructor who decides 
to include it should be prepared to motivate, explain, and expand. 

A minor criticism: the exercise sets throughout McCoy’s book could be enriched, 
particularly with exercises of a more challenging nature. Again the instructor should 
be prepared to give extra problems to the best students. 

The two editions of McCoy’s Introduction to Modern Algebra have enjoyed rather 
wide adoption, particularly at smaller schools offering only one semester of abstract 
algebra during the junior or senior year. The additions make this new book much 
more useful for longer courses taught at the-same level of sophistication. This level is 
intentionally below that of I.N. Herstein’s Topics in Algebra. In summary, Fundamen- 
tals of Abstract Algebra warrants serious consideration for use in a course where 
Herstein’s book would be too difficult. 

In the preface to First Course in Algebra and Number Theory, Weiss argues that 
modern algebra should be offered at the freshman-sophomore level in place of linear 
algebra. He contends that topics in abstract algebra can be chosen and presented ina 
way more suited to the mathematical sophistication of such students. Weiss, remem- 
bering his proposed audience, takes great pains to write with care, precision, and 
thoroughness. Indeed, his book is one of the most carefully written books this reviewer 
_has ever studied. Concepts are often rephrased several times for greater clarity, 
new material is carefully related to the preceding, and many theorems are proved in 
more than one way. The result is a slow-moving, detailed presentation with no 
ambiguities. | 

Again with an eye toward the intended reader, Weiss concentrates on a narrow 
range of topics with number theoretic origins. There are only four chapters in this 
book, each of considerable length. Chapter 1 contains standard topics in elementary 
number theory. Chapter 2, whose main goal is to present the integers as the only well- 
ordered domain, presents a very careful formal axiomatic approach to rings and 
integral domains. Chapter 3 considers polynomial rings in general and looks at the 
specific problem of solving polynomial equations with coefficients in Z,,. Chapter 4 
is a study of groups, presented mostly as pure algebra with some remaining number 
theoretic influence. 

Each chapter begins a new topic and progresses to more advanced material. 
Accordingly, I would expect many students to have difficulty with the sections on 
quadratic reciprocity and the group Z* of units in Z,,, the last sections in Chapters 
3-and 4, respectively. 

A strong feature of the text is the extensive list of problems at the end of every 
section. Also, each chapter closes with a collection of challenging miscellaneous exer- 
cises (237 in all). Many of these problems introduce concepts not treated in the main 
body of the text and could serve as a vehicle for independent study by the best 
students. 
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While Weiss’ book is very well suited to its intended audience, smaller schools do 
not generally offer an abstract algebra course at the freshman-sophomore level, their 
curricula being filled with courses either of a more elementary nature or with greater 
application to other disciplines. To use the text in an introductory course for juniors 
and seniors would involve a decision to treat a narrow range of subjects in some 
depth. Topics often included in such a course but omitted from this book include: 
structure of finite groups and the Sylow theorems, ideals (these are defined in the 
miscellaneous exercises), fields, vector spaces, homological algebra, and categories. 

The material in Weiss is particularly applicable to classes of prospective or current 
elementary and secondary teachers. For example, the basic number theory in Chapter 
1 should be thoroughly understood by anyone teaching at those levels. 

To summarize, the quality of writing makes First Course in Algebra and Number 
Theory a book strongly recommended to any instructor teaching a course for which 
it is appropriate. 

CHARLES JEPSEN, Grinnell College 


The Fascination of Groups. By F. J. Budden. Cambridge University Press, New York, 
N.Y. 1972. xviii + 596 pp. $19.50. (Telegraphic Review, January 1973.) 


This book was designed to provide background material for teachers and supple- 
mentary material for university students. It covers only as much actual group theory 
as would occupy about thirty pages of a standard text. The fact that it takes the author 
over 500 pages to reach the same point indicates the extreme leisureliness of the 
development. He devotes a whole chapter to each of the group axioms and does not 
define a group until page 73; he savors each individual group to the fullest, in one 
case spending 13 pages on a single group. 

After defining a group he gives examples, both finite and infinite, and discusses 
subgroups, cosets, isomorphisms, normal subgroups, quotient groups, homomorph- 
isms (though omitting even the First [Isomorphism Theorem), direct products, genera- 
tors and relations and automorphisms. There is a wealth of illustrative and motiva- 
tional material backed up by an ample bibliography. The author shows how groups 
arise in many unexpected places. He includes chapters on groups in geometry, in 
music (with a separate chapter on campanology) and in the symmetry of polyhedra 
and patterns. There are innumerable questions and exercises with answers, largely 
dealing with specific finite or infinite groups. 

In his preface the author states his intention “to interest, to enlighten and to 
transport the reader, rather than provide him with the strict discipline of a mathema- 
tical education.” There is no doubt that he succeeds in being interesting or enlighten- 
ing but unfortunately the strict mathematical discipline is lacking, in many places, to 
the extent that certain vital hypotheses are missing from the statements of theorems. 
Fermat’s theorem is stated without the assumption of co-primeness. One exercise 
asks the reader to prove that “every Abelian group is the direct product of cyclic 
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groups” (unreasonably difficult without a lead-in, even in the finite case, for a book at 
this level), and another states that “the mapping x > x? is an automorphism... if and 
only if the group is Abelian and contains no element of even period.” The proof that 
A, is simple needs some adjustment since it assumes that the 24 5-cycles in A; forma 
single conjugacy class. The section which touches briefly on soluble groups and the 
solution of equations by radicals is somewhat confused with statements such as ‘‘the 
fact that A,, A; and A, do allow themselves homomorphic images may be shown to 
account for the fact that quadratic, cubic and quartic equations may be solved...”’, 
“to solve the general equations of the mth degree it would be necessary to find a chain 
of subgroups |1aG, a G,-:<1G,”’, and “... it is not even known whether the 
number of [non-Abelian simple] groups is finite.” The convention that “subgroup” 
shall imply “non-trivial proper subgroup” is made but then frequently ignored. 

Apart from such defects this book could be recommended not only for the 
beginner, but also for someone who wishes to widen rather than deepen his knowledge 
of group theory. 

C. D. H. Cooper, Macquarie University, Australia 


The Theoretical Side of Calculus. By Colin Clark. Wadsworth, Belmont, California, 
1972. xv + 240 pp. $10.95. (Telegraphic Review, April 1973.) 


This book solved my problem of choosing a text for a one-semester introduction 
to analysis course. Most existing books were over the heads of the students, too long 
to cover in a semester, or completely oriented towards applications. Clark’s book 
seemed to avoid these pitfalls. The students were juniors and seniors, all of whom 
had had three semesters of primarily cookbook calculus, including basic multivariable 
calculus. 

The preface indicates that Clark wrote his text to offer an “‘approach in which the 
theoretical part of elementary calculus is studied after the technical aspects of the 
subject have been mastered in an earlier course.” The book begins with the real 
number system and pr@ceeds to develop rigorously the classical theorems of basic 
calculus. The first chapter discusses sequences and the real number system. Attention 
is given to the growth properties of exponential sequences. Sequences are employed 
to discuss the Completeness Axiom and the uncountability of the reals, and a brief 
account of infinite series is given. Chapter 2 introduces limits, continuity, and differen- 
tiability, while Chapter 3 develops standard theorems about continuous and uniformly 
continuous functions. Chapter 4 covers the definition of the Riemann [ntegral, im- 
proper integrals, uniform convergence, and power series. Chapter 5 considers limits 
and continuity in n-space. 

The book is very well written. Students found it to be quite readable, and I was 
able to concentrate on problems during class rather than constantly lecturing. Clark 
provides a great deal of numerical motivation (almost too much) for the main 
theorems. He finds space to insert some history of the development of the concepts 
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of calculus. I particularly like his inclusion of material that students are often assumed 
to know but have never had, such as his detailed study of suprema and infima. 

The main fault I found with the book is the very hasty treatment of infinite series. 
Only a few of the standard convergence tests are given, and this necessitated much 
supplementation to the class. By way of atonement, however, an unusually clear 
treatment of Taylor’s Theorem is presented. 

The text is well suited for a one-semester introduction to analysis course, particu- 
larly if additional material on series can be given. It supplies the theoretical details 
customarily skipped in introductory calculus, and it provides enough new material to 
challenge the best students. I look forward to using the book again. 

R. P. WEBBER, Longwood College 


What Are Numbers. By Louis Auslander. Scott, Foresman and Co., Glenview, Illinois, 
1969. 128 pp. $3.95. 


This book is one that ought to be listed under the heading, Caveat Studiosus. 
According to the author, it is suitable for precalculus students as well as those in 
teacher-training programs or engineering courses. For any of these audiences the re- 
sults well might be disastrous for four reasons, one of which is the source of the 
book’s strength. Auslander presents one of the most beautiful constructive treatments 
of the real numbers that I have ever seen. The approach uses sequences of finite 
decimals to approximate real numbers (written as infinite decimals). This is the heart 
of the text and the subject of the middle chapter of this three chapter work. 

The problem is that the treatment is not elementary. For example, using the 
approximating sequences a, and f, of positive finite decimals whose limits are 
the infinite decimals a and f, respectively, the author proves that if the distance 
between the sequences can be made arbitrarily small, then the real numbers a and 8 
are the same (Theorem II. 1.14, p. 68). But to do this he first needs four lemmas 
and one theorem. The theorem and one lemma establish the result for those real 
numbers that have two different decimal forms. Theorem II. 1:14 is presented without 
proof, but with the suggestion that it should be done by induction using the argument 
of the previous lemma which is a case of the theorem. The other three lemmas estab- 
lish the curious relationship of the distance between two finite decimals and the 
number of digits that the decimals have in common, i.e., if there are enough common 
digits, then the decimals are close to each other, but they may be close without having 
many common digits. 

To prepare the student to cope, the first chapter should at least contain material 
dealing with induction and indexing sets. But neither topic appears. Instead, there is 
an abundance of subjécts on a much lower level, enough to bore even the poor student. 
The sections on the geometry of inequalities, composition of mappings, the graph ofa 
mapping and working with absolute values and inequalities (sections 1.4, 1.5, 1.6, 
1.8), could be shortened considerably without taking anything away from the theory 


1974] REVIEWS 7197 


of inequalities necessary to understand what happens when approximations are used 
instead of the “‘real’’? numbers. 

In the final chapter, the author considers convergent sequences and series. The 

motivation is natural since a convergent sequence can be defined in terms of an 
approximating sequence. But from this point on leaps in reasoning abound. In about 
ten pages, Auslander covers the basic properties of convergent sequences and the 
evaluation of their limits, using methods which never really make clear the need to 
devise a suitable “‘e-radius challenge, N(e) starting index response” routine. For 
example, in J. Chover’s, The Green Book of Calculus, (Review this MONTHLY, October 
1973), these ideas occupy the greater part of chapters 8 and 9, a total of about fifty 
pages. . 
Finally, the number of errors 1s astonishing. In the first hundred pages there are 
about two dozen errors, the majority typographical or incorrect citations of previous 
definitions and theorems. The errors in worked out examples and in the answer 
section only compound the problem. 

This book was used with a class of sophomores most of whom had intentions of 
majoring in mathematics or computer science. I chose it because I thought the formal 
approach to real numbers would be a good introduction to the required abstract 
algebra courses of the upper division, while the discussions of how errors behave 
when finite decimals are used as approximations for real numbers are important for 
computer science courses. The better student emerged with a healthy skepticism for 
the printed word; the average student was confused and frustrated; the poor student 
simply turned off. 

FRANCINE ABELES, Kean College of New Jersey 


FILMS 


Fundamental Mathematics: A Mixed-Media Program. By James Streeter and Gerald 
Alexander. Harper and Row, New York, N. Y., 1972. Unit | $119.00, Unit 2 
$137.00, Unit 3 $137.00, Unit 4 $99.00. Study Guides $2.35 — $2.95 each. 


Audio cassettes, 35 mm color film strips and multilithed study guides comprise 
this self-study program package covering standard pre-calculus algebra and trigono- 
metry. The program is separated into four units: Fundamentals of Algebra, Interme- 
diate Algebra, College Algebra and Trigonometry. The units are subdivided into 
modules each consisting of coordinated film-tape materials — about forty frames of 
film and about thirty minutes of unbroken running time — and a printed study guide. 

New material and associated problems are introduced in the film-tape portions 
of the program with the study guides providing review, further exercises, practice 
tests (with solutions) and mastery tests (solutions separate). The latter measure how 
well objectives outlined at the beginning of each module are met. The objectives are 
realistic and include those topics calculus instructors wish their students to know. 
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Unit 1, Fundamentals of Algebra, in twelve modules, includes basic set termino- 
logy and notation, the natural numbers, arithmetic operations on the integers, linear 
equations, factoring, operating on fractions, the rectangular coordinate system, and 
solutions of linear equations. 

Unit 2, Intermediate Algebra, in fourteen modules, covers the real numbers, 
polynomials and factoring, rational algebraic expressions, quadratics, relations and 
functions, inequalities, exponents and radicals. 

Unit 3, College Algebra, in fourteen modules, reinforces the material of Units 1 
and 2, and introduces new material on matrices, determinants, sequences, series, the 
binomial theorem, and the exponential and logarithmic functions. 

Unit 4, Trigonometry, in ten modules, develops the circular functions via a 
wrapping of a number line around a unit circle and includes the usual graphs, identities 
and equations of trigonometry, some numerical solutions of triangles with applica- 
tions to vectors, and the sine and cosine laws. The unit concludes with an introduc- 
tion to complex numbers and the theorem of DeMoivre. 

The film visuals are neatly done in two colors on a light green background. 
Problems appear on a yellow background with solutions on the following frame 
with a blue background. The first several and the last several frames of each module 
are color-matched to their plastic containers and corresponding study guides. 

The advantage of the film strips over simply a profusely illustrated workbook 
eludes the reviewer. A large percentage of the visuals are merely displayed relations 
and equations. As an extreme example, the display on frame 17, Module 5, Unit 
IV is “Problem: Find the tangent of 25°22’.” 

The narration on the tapes is smooth and clear. The pace is unhurried and is 
keyed to the film strip. The monotony of a single narrator is avoided by having three 
— one female and two males. 

The study guides are well-produced summaries but not suitable as texts if used 
alone. Except for some minor inconsistencies in notation, no serious errors were 
detected. 

This reviewer shares the authors’ feeling that while the program 1s self-contained 
it is best used in conjunction with regular classroom sessions or conferences with 
instructors. Although the requirement of recorder and projector is judged an in- 
convenience, the film-tape combination permits the student to go back as often as 
necessary to points which are giving him difficulty. 

The authors claim that student response to the program has been favorable and 
that classroom test results indicate improvement in the performance of students using 
the materials. 

Institutions offering pre-calculus courses might consider augmenting them with 
this mixed-media program. The different units are available separately. 

J. D. E. KONHAUSER, Macalester College 
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TELEGRAPHIC REVIEWS 


Telegraphic reviews are designed to give prompt notice of new 
books with sufficient information to assist our readers in deciding 
whether to order an examination copy or to suggest library purchase. 
Possible uses are indicated as follows: 


T textbook P professional reading 
S supplementary reading L undergraduate library purchase 
13 to 18 = freshman to second year graduate level usage 
1 to 4 = appropriate time in semesters tocover text 
Asterisks (*) or question marks(?) denote special positive or nega- 
tive emphasis, respectively. Publishers are denoted by standard 
abbreviations; complete addresses may be found in Books in Print. 


Ht fi 


GENERAL, P*, L, La Math&matique, Les Mathématiques, La Mathématique 
Moderne. M.-L. Guerard des Lauriers. Doin, 1972, 184 pp, $8.30 (P). 
Discussion of the ends, essence and consequences for pedagogy of 
modern mathematics, especially the "new math." More philosophical 
in nature than Morris Kline's Why Johnny Can't Add. Despite strong 
criticism of aspects of le bourbakisme ("It reduces mathematics to 
an esoteric game"), the author concludes with the slogan " A bas 
L'ensembltsme; et, alors, vive Bourbaki!l", PJC 


GENERAL, [(13: 1), S(13), L, Number Systems, Benjamin Bold, Alan 
Wayne. American Book, 1972, vi + 266 pp, $2.52 (P). A semi-formal, 
semi-axiomatic development of the real and complex number systems 
from the Peano postulates for the natural numbers, with frequent di- 
versions into elementary number theory (e.g., congruences, primes) 
and abstract algebra (e.g., rings, matrices). Intended as a transi- 
tion between intuitive high school and rigorous college mathematics. 
LCL 


GENERAL, 1(15-14), S*, P*, L, Ze Livre du Probleme, IREM de 
Strasbourg. CEDIC, Paris, 1973. Fasctcule 1: Pedagogie De L'Exercices 
et du Probleme, 100 pp, (P); Fascicule 2: Exercices Elementatires de 
Geometrie Affine, 93 pp, (P); Fasetcule 8: A Propos D'un Theme Mathe- 
mattque: La Partte, 53 pp, (P). Three pamphlets on teaching mathema- 
tics. No. 1 is an exposition of the underlying philosophy while Nos. 
2 and 3 apply the principles of the first volume to affine geometry 
and the notion of parity. Written as a collective effort, this is an 
excellent series. Volume 1 should be required reading for any mathe- 
matics teacher; the other two volumes would be good for short (interim) 
courses. The level of the books is very wide-ranging. The French is 
easy, but a translation would be worthwhile. PJM 


GENERAL, I*(13-15: 1), S*, P*®, L, Soetal Issues in Computing. C.C. 
Gotlieb, A. Borodin. Acad Pr, 1973, xiv + 284 pp, $9.50. An excellent 


treatment of a wide spectrum of issues including, for instance, in- 
vasion of privacy, effects on unemployment, anti-trust suits, and 
various uses of computing to improve society. Balanced presentation 

of conflicting viewpoints on each of the topics. No technical know- 
ledge of computers or computer programming assumed or provided. In- 
tended for wide readership. Good references at end of each chapter.DAA 


GENERAL, P, Transacttons of the Moscow Mathematical Society for the 
Year 1971, V. 25. AMS, 1973, tii + 288 pp, $22.95. 
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Basic, $(13), Geometry for the Praetteal Man, Third Edition. J.E. 
Thompson. Van N-Rein, 1962, xv + 256 pp, $3. 95 (P). Essentially the 
content of a classical high school geometry course. Written for self 
study. Contains some historical perspectives. Probably not as ef- 
fective as modern "programmed" texts. TAV 


Basic, $(13), Artthmetice for the Practical Man, Third Edition. J.E. 
Thompson. Van N-Rein, 1962, xiv + 266 pp, $3.95 (P). For home study 
to- review arithmetic techniques. Includes a variety of topics inclu- 
ding logs, progressions, measures, areas, graphs, interest, etc. A 
few exercises are included. TAV 


Basic, S(]13), Algebra for the Practtcal Man, Third Edition. J.E. 
Thompson. Van N-Rein, 1962, xvii +:277 pp, $3.95 (P). For home 
study as a review of algebraic manipulations and techniques. Covers 
introductory high school algebra through cubics with introductions to 
probability, Boolean algebras and series. TAV 


PrecALCULUS, S(13), Trigonometry for the Practical Man, Third Edttion. 
J.E. Thompson. Van N-Rein, 1962, xv + 199 pp, $3.95 (P). Essentially 
the content of a 1940 high school trigonometry course taught from the 
point of view of "solving triangles" as opposed to the properties of 
the trigonometric functions as functions. Intended for self study.TAV 


Fintte MatHematics, [*(13-15: 1, 2), S, L, ‘Introduction to Finite 
Mathematics, Third Editton, John G. Kemeny, J. Laurie Snell, Gerald 


L. Thompson. P-H, 1974, xi + 484 pp, $11.50. A thorough, refreshing 
face-lift, including mostly new or revised problems, an introduction 
to BASIC, less emphasis on logic and sets, completely revised treat- 
ment of linear programming and matrix game theory. An attractive, 
contemporary version of the canonical textbook of finite mathematics. 
LAS 


FINITE MATHEMATICS, T(15: 1), Fintte Mathematies. John M. Peterson. 
HR&W, 1974, viii + 307 pp, $12. One semester finite math text written 


at the pre-Calculus level. Topics: logic, basic set theory, counting, 
discrete probability, descriptive statistics, matrix algebra, linear 
programming, and game theory. SG 


Fintte MatHematics, 1(13: ]), Fundamentals of Finite Mathematics. 
R.W. Negus. Wiley, 1974, xiii + 402 pp, $10.95. The first 100 pages 
concern sets, deductive reasoning and symbolic logic; for the book's 
intended audience, this amount seems excessive. What follows: rela- 
tions and functions, matrices and vectors, linear inequalities and 
linear programming, counting patterns, probability, Markov chains. 
Attractive style and format. Many exercises with an applied flavor. 
DFA 


FinttTe MATHEMATICS. I*(13: 1), S*, L*, Graphs, Models, and Finite 
Mathemattes. Joseph Malkevitch, Walter Meyer. P<H, 1974, x + 515 


pp, $10.95. Guiding philosophy: present mathematics that is "in« 
teresting, useful, and accessible.“ Mathematical modeling and graphs 
(networks) replace usual opening chapters on logic and sets; prob- 
ability, matrices, game theory, linear programming, computers, a 
chapter on theory of elections. The level lies somewhere between 
Jacobs and Kemeny. The presentations are lively and fun to read. LCL 
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EDUCATION, P*,. Dialogues sur la Géométrte; Dessi, Mati, Logt. 
Lucienne Félix. Blanchard, 1971, vii + 153 pp, (P). A geometer re- 
Sponds ta the French algebraists. An attempt to bring to his audience 
(probably high school teachers) a modern French development of geome- 
try, up to.and including a little topology, based on discovery. The 
format is that of a dialogue, with interludes of recapitulation, a- 
mong three "students", Dessi, Mati, and Logi, who make some pretty 
sophisticated discoveries "on their own." Definitely out of the 
ordinary. JAS 


EDUCATION, S,.P, L, Teaching School Mathematies. Ed: W. Servais, 

T. Varga. Penguin, 1971, 308 pp, $4.50 (P). A ‘UNESCO source book 
designed to assist persons involved in curriculum development. In 
three parts, one on practice and theory of teaching mathematics, one 
on the new mathematics, with sample syllabuses, and the last on 
teacher training. Excellent for those wanting a better understanding 
of European mathematics education. Emphasis on secondary level. 
Should be available to all methods students. PSJ 


EDUCATION, 1(13-14: 2), Mathematics for Elementary Teachers. W.H. 
Spragens. Allyn, 1972, vii + 328 pp, $9.95. Fora one-year mathematics 
course for elementary teachers. Develops number systems from natural 
numbers to rationals with intuitive consideration of reals: metric 
geometry. Deductive proof central; can be de-emphasized. Answers to 
selected exercises. PSJ 


EpucaTIon, 1(14, 17: 1), Modern Algebra for Elementary Teachers. 3. 
Eldon Whitesitt. A-W, 1972, ix + 290 pp, $10.50. For pre- and in- 
s@rvice elementary teachers. Meets CUPM recommendations for a course 
in algebra to follow number systems course. Completely solved ex- 
amples precede exercises. Answers to selected exercises. PSJ 


EDUCATION, S, R, L, The Psychology of Learning Mathematics, Richard 

R. Skemp. Penguin, 319 pp, $2.25 (P). Written by a mathematics 
teacher turned psychologist. The book is in two parts. The first 
attacks the question: what is understanding and how can it be brought 
about? The second part applies the knowledge of the first part to 
develop some basic mathematical notions such as number, problem solv- 
ing, mapping and functions, and geometry. For teachers of mathematics 
and laymen. PSJ 


EDUCATION, T(15- 1/7: 1), Mathematies and the Elementary Teacher, 
Second Edition. Richard W. Copeland. Saunders, 1972, ix + 336 pp, 
$9.25. Methods text for pre- and in-service elementary teachers. 
Revision includes strong emphasis on implications of Piaget's re- 
search. Geometry plays significant role; introduced before arith- 
metic topics. Laboratory approach also emphasized. Solutions to 
selected exercises. pPSJ 


EpucaTIon, S$(15-16), P, L, The Mathematics Laboratory; Theory to 
Practtce, Robert &. Reys, Thomas R. Post. Prindle, 1973, xwii + 


297 pp, $9.95. Develops a rationale for laboratory method of in- 
struction; also provides suggestions to illustrate applications of 
the theories proposed. Based on theories of Gagne, Piaget, Dienes, 
Bruner and others. Appendices include good bibliographies and 
sources of laboratory materials. An important book for use in 
methods courses for elementary and secondary teachers. PSJ 
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EDUCATION, 1(13: 1, 2), L, Toptes in Elementary Mathematites. Abe 
Mizrahi, Michael Sullivan. HR&W, 1971, xi + 394 pp, $10. Accurate, 
easily readable text for training students intending to teach at the 
elementary school level. Adheres to Level I recommendations of CUPM 
(development of real number system, applications). LCL 


EDUCATLON, P, Enseignement Elémentatre 1: Somme de Naturels, Addition 
dans N. Marguerite Robert. CEDIC, 1973, 96 pp, (P). Modern math 
fa elementary school teachers, intended to clarify notions about ad- 
dition and provide specific hints about teaching it. PJC 


HISTORY, P, Rapport historique sur les progres des setences mathéma- 
ttques depuis 1789, 3.B.3. Delambre. B.M. Israel, 1966, vii + 362 pp. 
Unaltered reprint of original Paris. edition of 1810, tracing develop- 
ments in the period of 1789-1808 in geometry, algebra, mechanics, as- 
tronomy, geography, physics, industry. LAS 


HISTORY, P, L, Coulomb and the Evolutton of Phystes and Engineering 
in Eighteenth- -Century France. C. Stewart Gillmor. Princeton U Pr, 
1971, xvii + 328 pp, $13.50. First biography of the man, including 
a full account of his life and an assessment of his work in physics 
(torsion, electricity and magnetism) and engineering (strength of 
materials, soil mechanics, structural design, and friction). PJC 


HISTORY, P, L, Fssat sur L'Applteation de L'Analyse a la Probabiltté 
des Décistons. M. le Marquis de Condorcet. Chelsea, 1972, cxci + 
304 pp, $10.50. A photographic reprint of the 1785 work which played 
a major role in the beginnings of the theory of probability. JAS 


FoUNDATIONS, S*(1/7-18), P**, L*, Studies in Model Theory. Ed: M.D. 
Morley. Stud. in Math., V. 8. MAA, 1973, 197 pp, $8. Six well- 


written expository essays: Barwise (infinitary logic), A.R. Bernstein 
(non-standard analysis), Chang (saturated models), Keisler (forcing 
and omitting types), A. Robinson (model theory and algebra), and J. 
Silver (large cardinals and constructibility). Also, short ap- 
pendices on predicate calculus, ultrapowers, ZF axioms. A jewel of 

a book! Readers will need some sophistication, however. PJC 


FOUNDATIONS, I (16-17), P, Formal Semanttes and Logic. Bas C. van 
Fraassen. Macmillan, 1971, xi + 225 pp, $9.95. Intended for philo- 


sophy students with one previous course in formal logic. Follows 
current trend in emphasis on applications to non-classical logics 
and non-classical interpretations of classical logic. Formal langu- 
ages, evaluation spaces, ultraproducts and compactness, classical 
quantification and identity theory, appraisal of logical systems, 
and non-classical logics. Argues that Tarski's theory of truth does 
not carry over unchanged to non-classical logics. PJC 


Founpations, [C14-17: 1, 2), Symbolic Logte; An Introduetton. 
Richmond H. Thomason. Macmillan, 1970, xiii + 367 pp, $9.50. MTwo- 
valued sentential logic and predicate "logic with identity, plus chap- 
ters on set theory and mathematical induction. Uses natural deduction 
modeled after Fitch, proves completeness theorem after fashion of 
Henkin. No non=classical logics. Open, informal style will help 
bridge the reader over the conceptual difficulties and interpretation 
of the symbols. Greater depth than similar texts; suitable for a 
mathematical logic course, although aimed at philosophy students with 
no specialized training in mathematics. PJC 
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FounDATIONS, | (17-18: 1, 2), S, P*, Li Medel Theory. C.C, Chang, 
H.J. Keisler. Stud. in Logic and Found. of Math., V. 73. North- 
Holland, 1973, xii + 550 pp, $27.50. For the first time, a defini- 
tive and encyclopedic coverage of first-order model theory and many 
of its applications to algebra and set theory. A significant and 
massive undertaking-——ten years in the making. Suitable for a wide 
variety of model theory courses. LCL 


FOUNDATIONS, S, Za Théorte des Ensembles, Deuxtéme Hdition. Alain 
Bouvier. Pr U France, 1972, 124 pp, (P). Popular exposition of 
elements of naive set theory in the series Que sats-je. Proceeds 
through elementary notions, Cartesian products, relations, functions, 
and order and equivalence relations. A quick chapter on cardinals, 
and another on the history of set theory and its paradoxes, close 
the book. Starts slow but accelerates, PJC 


FOUNDATIONS, P, L, Philosophical Problems of Space and Time, Second 
Enlarged Edition. Adolf Grtinbaum. Boston Stud. in Philo. of Sci., 
V. XII. Reidel, 1973, xxiii + 884 pp, $17.90 (P). Corrected reprint 
of the influential 1963 original edition published by Alfred Knopf 
together with seven new chapters reprinted or revised from the 
author's recent papers, modified by an extensive appendix giving re- 
cent interpretation, reactions to critics, or major corrections to 
each of the preceding 22 chapters. A definitive contemporary trea- 
tise on a problem of fundamental interest to mathematics, physics 
and philosophy, marred only by the patchwork nature of the enlarged 
edition. LAS 


FOUNDATIONS, P, 4 General Interpreted Modal Calculus. Aldo Bressan. 
Yale U Pr, 1972, xxviii + 327 pp, $15. Introduces quantifiers into 
modal logic and features a new analysis of predication in modal logic 
which does not compel all predicates to be extensional. Heavy on no- 
tation. Author, is a physicist and he uses the modal calculus pre- 
sented to make sense out of Mach's definition of mass in classical 
mechanics. Includes development of proof-theory and proof of rela- 
tive completeness for the language. PJC 


ComBINATORICS, I(1/7: 2), S, P, Graphs, Groups and Surfaces, Arthur 
T. White. Math. Stud., V. 8. North-Holland, 1973, x + 142 pp, $7.50 
(P). Introduction of graphs is followed by study of automorphism 
groups of graphs. Group presentations lead to Cayley color graphs. 
Finally, these concepts are related to the study of surfaces. Among 
the topics encountered after the basics are: imbedding problems, 
genus of a group, map coloring (including the author's interesting 
work on K-degenerate graphs), quotient graphs and quotient manifolds. 
A careful exposition, with exercises, an extensive bibliography and 
index. SS 


COMBINATORICS, P, Graphes et questtonnatres. Claude-Francois Picard. 
Gauthier-Villars, 1972. Tome 1: Graphes, xiv + 145 pp, (P); Tome 2; 
Questitonnatres, xv + 211 pp, (P). “Questionnaires are valued graphs 
which serve as models of choice or decision involving some informa- 
tion (in the technical sense). Standard graph theory, plus details 
of graphs appropriate to questionnaires, is developed in the first 
volume, with an entire chapter devoted to theory of information 
through discrete sources. Second volume sets out the elements of 
information theory and investigates optimality of various kinds of 
questionnaires, Extensive bibliography, by chapters. PuJC 
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ComBLNATORICS, I*(1/7-18: 2), S, P*, Graphical Enumeration, Frank 
Harary, Edgar M. Palmer. Acad Pr, 1973, xiv + 271 pp, $14.50. Long- 
awaited definitive treatise on enumeration of graphs, classes of 
graphs and related structural configurations. Contains complete and 
detailed treatment of basic techniques, numerous exercises ranging 
from routine to extremely difficult. Extensive bibliography, index 
of symbols and definitions. SS 


NUMBER THEORY, S(13), L, Perfect Numbers. Richard W. Shoemaker. 
NCT 1973, iii + 28 pp, $1 (P). Focused on the fascinating proper- 
ties "OF perfect numbers~-all generally well-known with the exception 
of the section on perfect numbers in base negative two. Written es- 
pecially for secondary teachers. Scattered exercises. LCL 


WUMBER THEORY, P, L, Zmptrtcal Study of Altquot Series. Jack Alanen. 
Math Centrum, 1972, 121 pp, DFL. 12,50 (P). The author's disserta- 
tion. History and analysis of aliquot series (e.g., n, s(n), s@(n),... 
where s(n) is the sum of all positive divisors of n except n it- 
self.) Considerations include recurrence relations, asymptotic for- 
mulae, upper and lower bounds of various sorts, a related oriented 
graph, numerical investigations of certain problems. SG 


LINEAR ALGEBRA, | (16- =). S, P*¥, L, Won-Negative Matrices: An Intro- 
duetton to Theory and Applications. E. Seneta. Halsted Pr, 1973, x 


+ 214 pp, $19.50. A valuable and much needed presentation; aimed at 
breadth with a view toward relating various aspects of the theory. 
First four chapters on finite matrices, final two on infinite analo- 
gues. Particularly useful to workers in applied fields such as prob- 
awlity, numerical analysis, demography, mathematical economics, dyna- 
mic programming; presumes knowledge of matrix theory, real variable 
and some complex variable. Extensive bibliographic remarks; exer- 
cises,. LCL 


ALGEBRA, SCJ4-15), Topies in Pure Mathematics, 16 Volumes. Open Uni- 
versity. Har-Row, 1973, 1041 pp, $56.15 set (P). Modular workbooks 
for a multi-media self-instructional second level course for the Open 
University of Great Britain designed to supplement four regular texts 
on set theory, algebra, topology and machine theory. Syllabus covers 
sets, groups, metric spaces, rings and ideals, recursive functions, 
categories, topological spaces, compactness, proof theory, fundamental 
groups, fixed point theorems, and Galois theory. Each volume is avail- 
able separately for $1.75-S5.50, as are 33 associated films ($150@) 
and eight tapes $10@); see Har-Row catalog for details. LAS 


ALGEBRA, P*, Cohomology Theories for Compact Abelian Groups. Karl 

H. Hofmann, Paul S. Mostert. Springer-Verlag, 1973, 236 pp, $18.50. 

A compact abelian group combines two of the nicest structures in ma- 
thematics. In developing a cohomology theory, one would want to take 
advantage of the combination, That is the approach and motivation of 
the authors in this excellent book. After studying cohomology of 
abelian groups, and finding it lacking for most compact abelian 
groups, the authors look at the Cech cohomology--not of the space 

of the group, for that would be ignoring the multiplicative structure-- 
of the classifying space. An appendix by Eric Nummela extends results 
to compact monoids (=groups without inverses). PJM 
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ALGEBRA, 1(16-18: 1), S, P, 4tgekvate Theory of Lattices, Peter 
Crawley, Robert P. Dilworth. P-H, 1973, vi + 201 pp, $11.95. Self- 
contained but advanced. Focuses on structure; modularity, decomposi- 
tions, representations, dimension theory. Routine proofs left to 
reader. Includes open problems and conjectures. Takes reader to 
level of current research, LH 


ALGEBRA, P, Lecture Notes tn Mathematics-359: Homology in Group 
Theory. Urs Stammbach. Springer-Verlag, 1973, viii + 183 pp, $7 
(P). Uses homological methods to obtain results about extensions 
with abelian kernel in an arbitrary variety of groups, lower central 
series, central extensions, and localization and rationalization of 
nilpotent groups. The main tools are the functors V, V of an arbi- 
trary variety V. DFA 


AuceBraA, 1(15-16: 1, 2), $, L, Introduction to Group Theory. W. 
Ledermann. B&N, 1973, vii + 176 pp, $5 (P). Starts from scratch 
and treats finitely generated Abelian groups, the Jordan-Hdlder 
Theorem and the Sylow Theorems, as well as the usual more elemen- 
tary topics. About 80 exercises, with solutions to most of them. 
Very clearly written; should make an excellent text. A bargain for 
the price, even though it is a paperback. JD-B 


ALGEBRA, 1(18), P, Infinite Linear Groups. B.A.F. Wehrfritz. 
Ergebnisse der Math., B. 76. Springer-Verlag, 1973, xiv + 229 pp, 
$21.90. An account of the group-theoretic properties of infinite 
groups of matrices written for graduate students of group theory 
wishing to make a serious study of the subject. LCL 


CALCULUS, 1*(13), S*, Problems for A Computer-Oriented Calculus 
Course wtth an Appendix on Elementary Fortran Programming. Richard 
C. Allen, Jr., G. Milton Wing. P-H, 1973, xiii + 206 pp, $3.50 (P). 
One-third problems and exposition, one-half (!) selected solutions 
(computer printouts--lots of white space), one-sixth FORTRAN intro- 
duction. De-emphasizes computer itself (used strictly as a tool), 
stresses demonstrating basic concepts of calculus: function evalua- 
tion, limits, differentiation, integration, sequences, series, Taylor 
polynomials. Numerical analysis avoided, so no trapezoid or Simpson's 
rule. Smoothly written, carefully designed. Would go better without 
including so many solutions (complete solutions available in separate 
teachers manual)--they could be posted. Using a time-sharing system 
would seem more in tune with the authors' intentions not to let the 
computer get in the way. PJC 


CaccuLus, 1(13: 1, 2), Cateulus for Business, Biology, and the Social 
Setences. David G. Crowdis, et al. Glencoe Pr, 1972, xii + 547 pp, 
$10.95. Suitable for one or two semester courses. Approach is intui- 
tive, with probability as model for integration, marginal considera- 
tions for differentiation. Examples and exercises taken primarily 
from economics and biology, Contains partial derivatives, max-min 

in several variables (no Lagrange multipliers), multiple integrals 

and 32 pages bound upside down. TAV 


CaLcuLus, S(15), L, Laplace Transforms: Programmes and Problems. Kk. 
A. Stroud. Wiley, 1973, x + 275 pp, $5.75 (P). Programmed text which 
assumes some familiarity with differential equations. Definitions, 
solution of scalar linear equations and 2-dimensional systems, trans- 
forms of the Heaviside unit step function, periodic functions, the 
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Dirac delta function. Discussion of the convolution (and other) 
theorems. “If you read the frames carefully and follow the directions 
exactly, you are bound to learn", the author tells the reader; he's 
right. DFA 


CaccuLus, T(15: 2), L, Applicable Mathematics: A Course for Seten~ 
tists and Engineers. R.J. Goult, et al. Crane, Russak, 1973, wiii + 
491 pp, $12.75. The usual fare for this genre of text, but with these 
exceptions: a high level of rigor prevails in much of the book, and 
presentation of numerical techniques takes place throughout. For its 
intended user, the text makes challenging reading; unfortunately, the 
exercises are all routine. DFA 


CALCULUS, 1?(13), S, Cateulus for the Practical Man, Third Edition. 
JE. Thompson. Van N-Rein, 1962, xvi + 280 pp, $3.95 (P). For home 
study as a review of calculus. The content is guite standard for a 
1950's course. The style is informal. There are very few exercises, 
a major flaw. One would probably do better with a Schaum Outline or 
Similar work. TAV 


REAL ANALYSIS, 1(14-15: 1), 4n Introduction to Real Analysis. Derek 
Ball. Pergamon Pr, 1973, xvii + 305 pp, $7.25 (P). For an inter- 


neddate level course. An introduction motivates subsequent topics: 
sets, relations and functions; numbers; sequences; series; functions 
of a real variable; the derivative; some important functions and ex- 
pansions; the Riemann integral. Written for students in a British 
college of education. RBK 


REAL ANALYSIS, I(J4-15: 1), Real Analysis: An Introductory Course. 
J.R. Giles. Wiley, 1972, ix + 171 pp, $13.50. Elementary advanced 


calculus--real numbers, sequences, series, continuity, differentia-~ 
tion, integration. Neighborhood concept de-emphasized in favor of 
sequential approach to limits. No open or closed sets, cluster 
points, topological or metric spaces. Very short sections. Exten- 
sive solutions to selected exercises. PJC 


CompLex Anacysis, T***(17: 2), S, P*®, L, Introduction to the Theory 
of Enttre Funetions. A.S.B. Holland. Acad Pr, 1973, x + 221 pp, 


$18. A beautifully written introduction to entire functions, read- 
able to any with a first course in complex analysis. The treatment 
through elementary Nevanlinna theory is orderly and compelling. An 
excellent preparation for reading R. Boas' recent Enttre Functtons 
and W. Hayman's Meromorphie Funettons. Contains an excellent biblio- 
graphy as well. TAV 


CompLex ANALYSIS, P*, @Quasteonformal Mappings tn the Plane, Second 
Editton, O. Lehto, K.I, Virtanen. Transl: K.W. Lucas. Grund. math. 


Wissenschaften, B. 126. Springer-Verlag, 1973, ix + 258 pp, $27.50. 

A translation of the 1945 German edition, the definitive treatment of 

QC mappings. The geometric treatment of Grdtzsch is employed to give 
new insights into the subject. A welcome English version of a siyni- 

ficant work. TAV 


CompLex ANALYSIS, P, Vatlue-Distributton Theory, Part A. Ed: Robert 
O. Kujala, Albert L. Vitter III. Dekker, 1974, xi + 269 pp, $15.50; 
Part B: Defiett and Bezout Estimates, Wilhelm Stoll, 1973, xi + 271 

pp, $15.50. Papers from a special semester-long program (spring, 


1973) at Tulane on value distribution theory in complex analysis and 
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differential geometry. Lecture notes of a course given by Stoll com- 
prise Part B; various short papers from other participants comprise 
Part A, LAS 


Complex ANALYsis, TC18: 1), P, 4n Introduction to Complem Analysis 
tn Several Vartables. Lars HOrmander, Math, Lib., V. 7. North- 


Holland, 1973, x + 213 pp, $14.50. Uses the § partial differential 
operator to develop the properties of analytic functions of several 
variables (in analogy to the Cauchy~Riemann equations for one vari- 
able). Differs from the earlier edition (TR, January 1967) in expan- 
sion of results on L* existence theorems and updated bibliography. 
TAV 


DIFFERENTIAL EQUATIONS, P, Linear Parttal Differential FEquattons. 
Francois Tréves. Gordon, 1970, x + 120 pp, $17.50. A brief gradu- 


ate level introduction. Begins with a review of some functional 
analysis, esp. approximation theorems; other topics: L 2 inequali- 
ties (e.g., Hormander, Garding, and hyperbolic inequalities), exist- 
ence and uniqueness of solutions, L2 estimates and pseudo- convexity. 
SG 


DIFFERENTIAL EQUATIONS, P, Linear Differential Transformations of 
the Second Order, Otakar Bordvka. Transl: F.M. Arscott. English U 


Pr, 1971, xvi + 254 pp, £5.45. Linear homogeneous second-order ordi- 
nary differential equations in Jacobian form. Provides classical 
qualitative theory, then studies dispersions and general transforma- 
tions, often using an algebraic approach. Adds material on the ab- 
stract algebraic model of the transformation theory--and its reali- 
zation in the analytical case--to the 1967 German edition. DFA 


DIFFERENTIAL EQUATIONS, P, Won-Homogeneous Boundary Value Problems 

Appltcations, V. II. J.L. Lions, E. Magenes. Transl: P. Kenneth. 
Grund. math. Wissenschaften, B. 182. Springer-Verlag, 1972, xi + 242 
pp, $18.40. Joins volumes I (TR, August 1972) and III (TR, February 
1974). Studies regularity, transposition, and interpolation for para- 
bolic and (Petrowski and Schroedinger) hyperbolic evolution operators. 
Applications to optimal control problems. Notes, open problems, 400 
references. DFA 


DIFFERENTIAL Equations, T(14-15: 1), S, Applted Differential Equa- 
tions. N. Curle. New Math. Lib., V. 1. Van N-Rein, 1972, viii + 


108 pp, $5.95. A brief introduction to differential equations stres- 
sing applications. Covers standard first and second order equations 
only. No power series, no systems, no existence and uniqueness. A 
modest number of exercises. SG 


DIFFERENTIAL EQUATIONS, P, Nonlinear and Random Vibrations, Florea 
Dinca, Cristian Teodosiu. Transl; Cristian Teodosiu. Editura 
Academiei Romania, 1973, 413 pp, $29.50. Concerns mechanical single- 
degree-of—freedom conservative and dissipative systems. Studies 
free vibrations of nonlinear ones and forced vibrations of nonlinear 
ones with deterministic excitations and of linear and nonlinear ones 
with random excitations. Qualitative and quantitative; valuable to 
engineers. Updates original. DFA 


DIFFERENTIAL EQUATIONS, P, Qualitative Theory of Second~Order Dyna- 
mite Systems. A.A. Andronov, et al. Transl: D. Louvish. Wiley, 1973, 


xxiii + 524 pp, $44. Translation of the first volume of Andronov's 
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two-volume treatise, the second of which appeared in English (Theory 
of Bitfureattons of Dynamte Systems on a Plane, Israel Prog. for 
Scientific Transl.) in 1971. Classical theory together with results 
of Leontovich, Maier and Gubar'. The exposition and a handy appendix 
make the book usahle for an introductory course. DFA 


NUMERICAL ANALYSIS, I T(15-16: 1), Numerical Computation. P.W. Williams. 
B&N, 1972, viii + 191 pp, $6.95 (P): $13.75. Numerical methods for 
science and engineering students. Errors are exemplified and discussed 
but not analyzed. Topics include nonlinear equations, linear systems, 
ODEs, curve fitting, numerical integration and matrix eigenvalue prob- 
lems. Good numerical examples. RWN 


NUMERICAL ANALYsIsS, T(17-18: 1), P, Spline Analysis, Martin H. 
Schultz. P-H, 1973, xiii + 156 pp, $10.50. "A unified and mathema- 


tically rigorous approach to the finite element method." Theoretical 
basis using variational formulations for applications to interpola- 
tion, least squares, integral equations, eigenvalue problems, elliptic 
and parabolic differential equations and optimal control. Uses easily- 
followed model problems. Although not complete, this book provides a 
solid basis for the rest of the literature. Exercises. RWN 


NUMERICAL ANALYSIS, P, Cardinal Spline Interpolation. I.J. Schoen- 
berg. CBMS Reg. Conf. Ser. in Appl. Math., No. 12. SIAM, 1973, vi 

+ 125 pp, $7.40 (P). An excellent summary of the mathematical pro- 
perties of cardinal splines, including B-splines, exponential splines, 
semi-cardinal splines, the relationship with finite splines, inter- 
polation, quadrature, extremal problems and applications. RWN 


NUMERICAL ANALYsIs, I(17-18: 1, 2), S, P, Solutton of Equations in 
Huelidean and Banach Spaces. Third Edition of Solutton of Equattons 


and Systems of Equattons. A.M. Ostrowski. Acad Pr, 1973, xx + 412 
pp, $34. Smaller print and about 25% more material than the second 
edition. As the change in title indicates, much of the addition 

uses recent works (including several by the author) applying function- 
al analysis. Includes preliminary definitions and essential theory, 
general Newton-Raphson methods, convergence tests, acceleration, and 
applications to polynomials and finite systems. This book will con- 
tinue to be a major reference. RWN 


NUMERICAL ANALYSIS, P, Lecture Notes tn Mathematics-333:; Numerische, 
tnsbesondere approaimationstheoretische Behandlung von Funkttonal- 
gleitchungen. R. Ansorge, W. Tornig. Springer-Verlag, 1973, vi + 

296 pp, $10.80 (P). Papers from a meeting in Oberwolfach in December 
1972. JAS - 


FUNCTIONAL ANALYSIS. P, Algebraie and Analytic Aspects of Operator 
Algebras. Irving Kaplansky. CBMS Reg. Conf. in Math., No. 1. AMS, 


1970, iv + 20 pp, $2.20 (P). From lectures at a Regional Conference 
at the University of Hawaii in June 1969. Concerns C*-algebras and 
special classes of them (W*, AW*, CCR, GCR). Descriptive in nature, 
with 98 citations and few proofs, DFA 


FUNCTLONAL ANALYSIS, P, Compact Non-Self-Adjoint Operators. John R. 
Ringrose, Van N-Rein, 1971, vi + 238 pp, $9.95 (P). Hilbert space set- 


ting. Von Neumann-Schatten classes of operators, Fredholm theory for 
trace class operators, superdiagonal representation of compact linear 
operators. From a graduate course at Pennsylvania in 1964-65. Presup- 
poses acquaintance with elementary functional analysis. DFA 
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OPTIMIZATION, T(15-18: 1), §, Nonlinear Optimisation. L.C.W. Dixon. 
Crane, Russak, 1972, ix + ‘214 pp, $11.95, Basic introduction to 
several optimization techniques. Static and dynamic problems. Ex- 
tensive references, adequate examples, but no exercises for students. 
Explicit description of many algorithms using block diagrams. LH 


OPTIMIZATION, SC16-17), P, Lecture Notes in Economies and Mathematt- 
cal Systems-63: Monte Carlo Stmulatton tm Operattons Research, J. 
Kohlas. Springer-Verlag, 1972, vitl62 pp, $6.20 (P). An account (in 
German) of Monte Carlo simulation methods written for students of eco- 
nomics and operations research. A long chapter on the generation of 
random numbers is followed by a discussion of the use of simulation 

in two concrete examples and in queueing theory. JD-B 


OPTIMIZATION, P, L, Fortran Codes for Mathematteal Programming: 
Linear, Quadratte and Discrete. A.H. Land, S. Powell. Wiley, 1973, 
249 pp, $14.95. A well-documented set of programs for linear, quad- 
ratic and discrete programming. Intended as a reliable package for 
running test cases, comparisons and modification; not particularly 
efficient. RWN 


OPTIMIZATION, P, Zoptes in Differential Games. Ed: Austin Blaquiére. 
North-Holland, 1973, ix + 450 pp, $25.50. A number of papers from all 
over the world dealing with recent advances in both zero-sum and non- 
zero-sum games. JAS 


ANALYSIS, P, Introducere in Teoria Punetelor Fixe. Vasile I. 
Istratescu. Editura Academiei Romania, 1973, 426 pp, (P). Fixed 
point theory with applications to functional analysis; in Rumanian.JAS 


ANALYSIS, P, Harmonie Analysis on Homogeneous Spaces. EQ: Calvin C. 
Moore. Proc. of Symp. in Pure Math., V. XXVI. AMS, 1973, x + 467 pp, 
$43.50. Invited lectures and seminar papers from a 1972 summer sym- 
posium at Williams College. LAS 


ALGEBRAIC GEOMETRY, P, Algebrate Geometry, Oslo 1970. Ed: F. Oort. 
Wolters-Noordhoff, 1972, viii + 332 pp, $31.50. The proceedings of 
the 5th Nordic Summer School in Mathematics, Oslo, August 5-25, 1970. 
Part of an attempt to provide access to modern methods of algebraic 
geometry more efficiently than through the more than 1900 pages of 
Grothendieck and Dieudonné. JAS 


DIFFERENTIAL Geometry, [(16-17:; 1, 2), P,  Géométrie différentielle 
intrinséque, Paul Malliavin. Hermann, 1972, 307 pp, 60F. A moder- 


ately abstract approach to differential geometry. Four parts: differ- 
entiable manifolds, differential calculus on manifolds, local theory 
of Lie groups, and calculus of variations. The French is intermedi- 
ate in difficulty. PUM 


Geometry, S* (14-16), L*, fuecltid and His Modern Rivals. Lewis 
Carroll. Dover, 1973, xxxi + 275 pp, $3,50 (P). “Oh, give it full 
marks! What have we to do with logic, or truth, or falsehood, or 
right, or wrong? 'We are but markers of a larger growth'..." A 
stunningly witty dramatic satire of the many nineteenth century 
British geometry textbooks which sought to improve on Euclid's pre-~ 
sentation. A fun way to learn some classical geometry as well as an 
invitation to imagine twentieth century parallels. LAS 
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Geometry, 1C18), S, P, Zavmonie Analysis on Homogeneous Spaces. Nolan 
R. Wallach. Dekker, 1973, xv + 361 pp, $25.75. A text for, or a sup- 
plement to, a one-year course in Lie groups or Lie algebras. It does 
contain a number of problems but has a rather brief index for use as 
a reference-text. An attempt to give access to some of the newer and 
more complex (pun intended) areas of geometry. JAS 


Geometry, 1(13: 1), S, Conceptions of Space: Beginning Geometries for 
College. William Hemmer. Canfield Pr, 1973, 112 pp, $5.95 (P). In-~- 


tended for students who have not previously studied geometry, this 
delightful, but expensive, “workbook" maintains an elementary charac- 
ter while strongly emphasizing axiomatics in its investigation of 
Euclidean, hyperbolic and elliptic geometries. Unfortunately, each 
geometry is carried only to the determination of the angle sum of a 
triangle. JNC 


Geometry, 1(14-16: 1, 2), §, Géométrie pour 1l'eléve-professeur. 
Jean Frenkel. Hermann, 1973, 353 pp. 52F (P). From the author's 


preface: "Without geometry, algebra is blind; without algebra, geome- 
try is paralyzed." The book covers affine, Euclidean, and finite di- 
mensional projective geometries, primarily from an affine viewpoint, 
but always with the idea in mind that geometry is a form of linear 
algebra. The French is intermediate in difficulty. A good book, if 
not as a text (because of the language) surely as a secondary refer- 
ence. PJM 


PROBABILITY, 1(13-17: 1, 2), P, L*, 4n Introduction to Bayestan In- 
ference and Decision, Robert L. Winkler. HR&W, 1972, xi + 563 pp, 


$12.50. Elementary probability, Bayesian inference for discrete and 
continuous probability models, decision theory, the value of informa- 
tion, Bayesian and other approaches to inference and decision com- 
pared, plus 80 pages of tables. Requires no previous knowledge of 
probability or statistics, only college algebra. Excellent chapter 
references, Classified by level and emphasis, based on 20-page bib- 
liography. Examples, exercises are "realistic"; none require use of 
computer. Solutions manual available. PJC 


PROBABILITY, P, Proceedings of the Fourth Conference on Probability 
Theory. Ed: Bernard Bereanu, et al. Editura Academiei Romania, 1971, 
644 pp. Invited papers, communications and abstracts from a Septem- 
ber, 1971 conference in Brasov, Romania. LAS 


PROBABILITY, P, Modele Matematice ale Asteptarit. Gh. Mihoc, et al. 
Editura Academiei Romania, 1973, 464 pp. Exposition of basic queueing 
theory in Romanian. JAS 


PRoBABILITY, 1(15-16: 1), ‘Introduction to Probability. James E. 
Huneycutt, Jr. Merrill, 1973, vi + 185 pp, $8.95. A somewhat ab- 


stract approach using only the Riemann integral. Does not ,consider 
stochastic processes or the central limit theorem. FLW 


PRoBABILITY, SC16), P, Colleetion of Problems in Probability Theory. 
L.D. Meshalkin. Transl: Leo F. Boron, Bryan A. Haworth. Noordhoff 
Intern, 1973, x + 148 pp, $19.50, More than 450 problems (with an- 
swers). Covers topics from basic concepts to infinitely divisible 
distributions and Markov chains. Tables for normal, t, y2, Poisson 
distributions appended. TAV 
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STATISTICS, T(13-14: 1, 2), S*, Basie Statisties tn Business and Eco- 
nomtes. George W. Summers, William S. Peters, Wadsworth, 1973, 445 
pp, $11.95; Self-Correcting Exerctseg, 184 pp, $3.95 (P); Self Ins- 
tructional Supplement, Freeman F. Elzey, Charles P. Armstrong, 294 pp, 
$3.95 (P). A well-developed package of instructional materials. The 
text is composed of four major sections: the first is descriptive; the 
second is on probahility and contains an introduction to Bayesian de- 
cision procedures; the third covers classical statistical inference 
through analysis of variance and regression and correlation; and the 
last is a collection of specialized topics including nonparametric 
statistics, sample survey methods, time series and index numbers, 

and Bayesian statistics. The approach tends to be descriptive, and 
requires No mathematics beyond algebra. Self-Correcting Exeretses 

is a collection of problems related to the text, together with com- 
plete solutions. Self-Instructtonal Supplement is a set of program- 
med materials designed to provide supplemental instruction on the 
first three sections of the text. An Instructor's Manual is available 
which gives solutions for the exercises in the text, and suggestions 
for course organization and utilization of supplementary materials. 
Also available, for $10 upon adoption of the text, is a Test Item 

Card File, which contains 168 multiple-choice tests items with stu- 
dent performance ratings for each item. RSK 


StaTistics, S, L, The Art and Setence of Deciston Making.M. Tainiter. 
Timetable Pr, 1971, 79 pp, $1.85 (P). A well written, informal intro- 

duction to probability and the basic ideas of decision theory in busi- 
ness. FLW 


STATISTICS, | (16-17: 1, 2), S, L, #stimation Theory with Applications 
to Communications and Control. Andrew P. Sage, James L. Melsa. Mc- 


Graw, 1971, xi + 529 pp, $17.50. Stochastic processes, stochastic 
differential equations, decision theory, estimation theory, the opti- 


mum linear filter, and nonlinear estimation. "Questions of true ma- 
thematical rigor have been largely ignored." "Written for engineers." 
FLW 


Statistics, |(14-17: 1), Modern Methods for Statistical Analysis. 
Harold L. Pazer, Lloyd A. Swanson. Intext, 1972, ix + 483 pp, $12. 
Intended for a second level course in statistics for business and 
social science students. Uses some calculus, but assumes no previous 
exposure. Advanced topics include chi-square tests, analysis of vari- 
ance, regression and correlation, analysis of covariance, and nonpara- 
metric and distribution-free tests. Employs both Bayesian and classi- 
cal approaches. Appendices describe the use of canned FORTRAN programs 
which are available to institutions using the text. RSK 


STATISTICS, T(18), P, Random Data: Analysts and Measurement Procedures. 
Julius S. Bendat, Allan G. Piersol. Wiley, 1971, xv + 407 pp, $21.50. 
Extensive revision of the authors’ 1966 book Measurement and Analysts 
of Random Data (TR, May 1967). Assumes background in probability, 
Statistics, stochastic processes and transform methods of applied 
mathematics, although each is reviewed briefly. Primarily concerned 
with the measurement and analysis, including both analog and digital 
procedures, of stationary data representing one dimensional (time 
series) random processes. Concludes with a chapter on nonstationary, 
transient, and multidimensional data. RSK 
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STATISTICS, P, Families of Frequency Distrtbutiong. J.K. Ord. 
Griffin's Stat. Mono., No. 30. Hafner, 1972, viii + 231 pp, $14.95 
(P). Discusses the main properties of the major systems of prob- 
ability distributions, both continuous and discrete, beginning with 
the well-known Pearson family of curves. Also discusses the problems 
involved in selecting and fitting an appropriate model. Good list of 
references and tables. RSK 


STATISTICS, T (17: Ll, 2), S, P| Statisties of Directional Data. Kk.V. 
Mardia. Acad Pr, 1972, xx + 357 pp, $19.50. Presupposes undergradu- 


ate statistics. Extensive bibliography. FLW 


STATISTICS, T(13-17: 2), Probability and Statisttes for Decision 
Making. Ya-lun Chou. HRE&W, 1972, xv + 623 pp, $12. Non=-calculus 


course in probability and statistics for business and economics stu- 
dents. Abundance of "realistic" examples and exercises. All the 
standard topics, plus chapters on Bayesian inference, trending, and 
short-run fluctuations. Good references at end to where topics treat- 
ed can be pursued further. PJC 


STATISTICS, T(V4-17: 1), Fundamentals of Experimental Design, Second 
Edition. Jerome L. Myers. Allyn, 1972, xii + 465 pp, $12.95. As- 


sumes a background of college algebra and elementary statistics, but 
no previous analysis of variance. In addition to the usual material 
on various designs, it contains short sections on such topics as 
analysis of covariance, multiple comparison procedures, analysis of 
interaction, and trend analysis by means of orthogonal polynomials. 
Emphasizes understanding why as well as how. RSK 


STATISTICS, P**, L*, Multtvariate-Analysis: A Selected and Abstracted 
Btbliography, 1957-1972, Kocherlakota and Kathleen Subrahmaniam. 
Dekker, 1973, xi + 265 pp, $19.75. Gives abstracts of 1189 papers 
(no books) dealing with the multivariable normal and related distri- 
butions, and*then classifies them by subtopic. Begins with 1957 
since T.W. Anderson's 1958 book, An Introductton to Multivariate 
Statistical Analysis, has an excellent bibliography of all previous 
work. More descriptive and up-to-date, because of its specialized 
nature, than Anderson, Gupta and Styan's A Btbliography of Multi- 
variate Statistical Analysts (TR, October 1973). RSK 


Statistics, S, P*®, lL'Analyse Des Données, J.-P. Benzécri, et al. 
Dunod, 1973. JI, La Taxinomte, viii + 615 pp; IZ, L'Analyse des 
Correspondances, viii + 619 pp. Structured collection by authors 
from the statistical laboratory of the University of Paris VI. First 
volume concentrates on factor analysis, pattern recognition, numeri- 
cal taxonomy, and theory of classification; the second on use of the 
metric, automatic classification, and analysis of questionnaires. 
Both volumes emphasize algorithms; some camputer programs are repro- 
duced in the appendices. Most valuable of all are the research stu- 
dies in batany, zoology, economics and psychology where the tecbni- 
ques are shown in use; these articles comprise 40% of the book. PJC 


STATISTICS, S, Bustness Control Through Multtple Regression Analysts: 
A Technique for the Numerate Manager. James H. Heward, Peter M. 
Steele. Halsted Pr, 1973, 116 pp, $8.50. An informal discussion 
with case histories and suggestions concerning computer use. FLW 
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STATISTICS, S(13), Statistical Thinking; A Structural Approach. John 
hillips, Jr. Freeman, 1973, xv + 124 pp, $5.95; $2.50 (P). De- 
signed to be used for a unit on statistics as part of another course, 
or to provide a framework for further study. Its purpose is to intro- 
duce quantitative concepts in a logical manner, emphasizing relation- 
ships while de-emphasizing computations. Treatment is somewhat un=- 
even-—very good in sqme sections, but possibly confusing in others. RSK 


STATISTICS, S(18), P, Zime-Sertes., M.G. Kendall. Hafner, 1973, ix + 
97 pp, $11.95. A basic treatment, presenting both theory and practi- 
cal PP tlications. Contains many examples and references. RSK 


STATISTICS, 1(13-14: 1, 2), General Statistties, Second Editton. Audrey 
Haber, Richard P. Runyon. A-W, 1973, xiii + 401 pp, $9.95. Presupposes 
only high school mathematics. Same basic structure as the first edi- 
tion reviewed here in October 1969. FLW 


STATISTICS, T(]6-17: 1, 2), S, P. L. Bayesian Inference in Statisti- 
cal Analysts. George E.P. Box, George C. Tiao. A-W, 1973, xviii + 


588 pp, $16.95. Considers the Bayesian approach to standard problems 
of inference and to many problems where the classical approach is awk- 
ward. FLW 


STATISTICS, P*, Cluster Analysis for Appltcations. Michael R. 
Anderberg. Acad Pr, 1973, xiii + 359 pp, $25. In their Probability 
and Mathematical Statistics Series. Designed to present a unified 
treatment of the diverse material in the literature on the subject, 
which deals with techniques for finding the "natural groups" or 
clusters in sets of data. Lengthy appendices contain listings of 
computer programs of all the major methods developed. Good set of 
references. RSK 


STATISTICS, P, Regresston Estimation from Grouped Observattons. Yoel 
Haitovsky. Griffin's Stat. Mono., No. 33. Hafner, 1973, x + 94 pp, 
$8.50 (P). Treats the problems arising from trying to treat grouped 
rather than raw data. The topics covered include regression from 
cross Classified, partially cross classified and one way tables as 
well as the treatment of bias introduced. A useful book. TAV 


STATISTICS, 1(13: 1), Principles of Statisttes and Probability. 
Robert A. Crovelli. Prindle, 1973, xi + 307 pp, $9.95. Elementary 
introduction, emphasizing concepts rather than techniques. First 
half is devoted to descriptive statistics; last half to probability 
and statistical inference, concluding with a very short chapter on 
hypothesis testing. RSK 


CompuTER SCIENCE, P, L, Cybernetie Machines, T. Nemes. Transl: W.A. 
Ainsworth. Gordon, 1970, 260 pp, $18. Translated from the Hungarian 
and German editions. The history, design and construction of machines 
which attempt to simulate limited human intellectual activities, e.g., 
game-playing, theorem-proving, translating, decision-making, percept- 
ion. Includes many of the author's inventions. Somewhat dated. De- 
finitely of historical value. RWN 


CoMPUTER SCIENCE, P, Theory of Machines and Computations, Ed: Zvi 
Kohavi, Azaria Paz. Acad Pr, 1971, xiii + 4146 pp, $12.50. Papers 
presented at an international symposium at Haifa, Israel, in August, 
1971, touching on computability theory, formal languages, automata 
theory and switching theory. LAS 
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CoMPUTER SCIENCE, T?C15-17: 1), S, P, L, 4 Programmer's Introduectton 
to Computability and Formal Languages. Reino Kurki-Suonio. Auerbach, 


1971, 140 pp, $7.95. Aims to introduce computer science students to 
relevance and limitations of applying computability theory and formal 
languages to computer programming. Turing machines, Markov algori- 
thms, Chomsky's hierarchy of formal languages, finite automata and regu- 
lar languages, pushdown automata and context-free languages and rele~- 
vance of syntax analysis to programming of compilers. Short for a full 
term; also, few exercises. Neatly reproduced from typescript. PJC 


ComMPUTER SCIENCE, P, On Programming: An Interim Report on the SETL 
Project. Jacob T. Schwartz. Courant Inst, 1973. Installment TI: 
Generalities, viii + 160 pp, $3.75 (P); Installment II: The SETL Lan- 
guage and Examples of Its Use, viii + 520 pp, ‘$13 (P)3 A SETLB Primer, 
Henry Mullish, Max Goldstein, v + 201 pp, $5.25 (P). SETL is a set- 
oriented language developed at NYU under the direction of Jacob 
Schwartz. The set operations include union, intersection, symmetric 
difference, etc. The language also contains facilities for operating 
on more standard data types, e.g., numbers and strings. Program logic 
resembles that of ALGOL and PL/I. The current implementation, desc- 
ribed in the primer, is based on BALM (which appears to be a compromise 
between LISP and ALGOL 68). The usefulness and generality of the 
language is demonstrated by a wide variety of sample programs. At 

the moment, the main difficulty is inefficiency. Part of this is due 
to basing the implementation on a high-level language. Another reason 
is the inherent conflict between unordered objects and ordered machines. 
Installment III: Extenstons and Optimtzatton may discuss ways to con- 
trol this problem. RWN 


CoMPUTER SCIENCE, [| (16-17: 1), Computer Semantics: Studies of Algort- 
thms, Processors and Languages. John A.N. Lee. Van N-Rein, 1972, xvi 


+ 397 pp, $17.95. Uses an extension of the Vienna Definition Langu- 
age to describe and analyze data structures, algorithms (arithmetic 
and sorting), a processor (PDP-8) and a language (BASIC). After the 
system is informally described, a formal definition machine is de- 

fined, studied and applied. No exercises. RWN 


CompuTeR Science, 1(15-16: 2), S, P, L, 4 Practical Guide to Mint- 
computer Applicattons. Ed: Fred F. Coury. IEEE Pr, 1972, vi + 211 


pp, $9.95. A collection of 28 reprints from various sources, all 
devoted to minicomputers. Organized into four sections: Peripheral 
and Software Considerations, Selecting a Minicomputer, General Ap- 
plications and Specific Applications. Aimed primarily at the user 

or potential user with some computing expertise. Two papers giving 
methods for ranking the various models are of particular interest.TAV 


ComPUTER Sc1ENcE, 1(15), S, Operating System for Multiprogramming 
with a Variable Number of Tasks, Ivan Flores. Allyn, 1973, xiv + 


431 pp, $17.50. Useful for 360 users. Based on some of the author's 
previous books. Management of memory, time, interrupts and tasks. 
Use of IOS, LINKPACT, etc. RWN 


Computer SCIENCE, SC13), L, Data Processing. B.H. Blakeley. SMP 
Computing in Math. Cambridge U Pr, 1973, xi + 68 pp, $3.75. Although 


very short, this book highlights many important aspects of data pro- 
cessing. The author has taken the teacher's work register to illu- 
strate file storage, updating, usage, sorting and merging. No prob- 


lems or exercises. RB 
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CompuTER Science, T(13-15: 1), S$, Computing and Computers, 15 Volumes. 
Open University. Har-Row, 1973, 1059 pp, $68.45 set (P). Eight 
volumes (realiy, chapters) of text material accompanied by seven 
modular workbooks for a "post-experience" course of the Open Univer- 
sity in Great Britain. Each module is available separately ($2.25- 
$6.50@), as are 12 related films ($150@) and four tapes 610@); see 
Har-Row catalog for details. Syllabus covers systems analysis and 
design, people in the electronic age, computability, computer struc- 
ture, computers in action and three case studies. LAS 


CoMPUTER SCIENCE, SC14-15), An Algorithmic Approach to Computing, 7 
Volumes. Open University. Har-Row, 1973, 756 pp, $36 set (P). Modu- 


lar workbooks to accompany two standard computer science texts (by 
Forsythe, Keenan, Organick and Stenberg) for the Open University of 
Great Britain. Each workbook is available separately for $3.75-$5.75, 
as are 10 related films ($150@) and three tapes ($10@). Syllabus 
covers algorithms, BASIC, computer hardware, data structures, strings, 
compiling, other programming languages. LAS 


CoMPUTER SCIENCE, S(13), BASIC. Robert L. Albrecht, LeRoy Finkel, 
Jerry Brown. Wiley, 1973, ix + 325 pp, $3.95 (P). Starts on a very 
elementary level (perhaps too much so) and ends with an advanced 
topic on files. Each chapter ends with a self test section with 
answers. A good book for self-instruction, but may not be complete 
enough for a full classroom course. RB 


APPLICATIONS, P, L*, 4 Treatise on Time and Space. J.R. Lucas. 
Methuen, 1973, xi + "321 pp, $25. A broad-ranging, elegant philoso- 
phical treatment using just enough mathematics and physics tomake 
subtle concepts precise. Essentially neo-Kantian, Lucas often argues 
that the space-time continuum is the way it ought to be. An impres- 
sive amalgam of humanistic and scientific scholarship. LAS 
APPLICATIONS « P, The Study of Time. Ed: J.T. Fraser, F.C. Haber, G. 

H. Muller. Springer-Verlag, 1972, viii + 550 pp, $20.30. Proceedings 
of a 1969 interdisciplinary conference at Oberwolfach on the nature of 
time including physical, biological, philosophical, sociological, psy- 
chological and religious issues. Each paper has since appeared in the 
journal Studium Generale. LAS 


APPLICATIONS, P, La Mathémattsattion des Doctrines Informes. Georges 
Canguilhem. Hermann, 1972, 237 pp, 46F (P). Papers and discussions 
from a colloquy held at the Institute of the History of Science, Uni- 
versity of Paris, June 1970. Doctrines informes in this context re- 
fers to "informal ideas" or "unstructured theories"--examples in this 
collection being drawn from mechanics, physics, biology, psychology, 
economics, and social science. Mathématisation is meant to include 
quantification, axiomatization, and reduction to simpler or better- 
described theories and structures. Several essays are historical in 
nature, including J.R. Ravetz's “Galileo and the mathematisation of 
"speed'", the only one in English. Worthy of note are F. Bresson's 
survey of mathematization in psychology and F. Perroux's description 
of the limits of modelling in economics. PJC 


APPLICATIONS CARCHLTECTURE), P, Computers in Architectural Practice. 
Bryan Guttridge, Jonathan R. Wainwright. Halsted Pr, 1973, xiii + 


121 pp, $7.75. Analysis of current use in Britain of computers in 
pre-contract stage of architectural activities, with some comparisons 
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to the U.S. Uses mentioned: networking, scheduling, site analysis, 
cost control, system building, design and production information, 
brief information, schedules of accommodations. Includes 18 pages 
of sample printouts. Greatest potential appears to be in data re- 
trieval at conclusion of design stage. High cost deters British 
firms from more widespread computer use. PJC 


APPLICATIONS (ARCHITECTURE) , S, Dome Cookbook of Geodeste Geometry. 
David Kruschke, 2135 W. Juneau Ave., Milwaukee, Wisc., 53233, 1972, 
46 pp, $2 (P). For Fuller freaks of a mathematical bent. Author 
gives a correct construction of chord factors for a 3-frequency tri- 
acon dome all of whose ground-level vertices are coplanar; the proof 
is not provided. This construction puts to shame the authors of 
various books on domes (except Fuller), especially Domebook Two, 
which claimed such a dome was impossible. The booklet is hand- 
lettered with slightly sloppy illustrations. It also includes cal- 
culations (to 10 decimal places, of which perhaps 5 are significant) 
of chord factors for the 4-frequency dome, which agree closely with 
Fuller's unpublished results. This booklet would have been unneces- 
ary if Fuller had published his derivations. PJC 


APPLICATIONS (URBAN PLANNING), S**, P*, L*, Compact City: A Plan for 
a Liveable Urban Environment, George B. Dantzig, Thomas L. Saaty. 


Freeman, 1973, xi + 244 pp, $4.50 (P); $9. A specific bold proposal 
and feasibility study by operations researchers for a Soleri-like 
new city, designed to exploit the vertical (thru layering) and time 
(thru 24-hour scheduling) dimensions. Includes chapters on layout, 
transportation, cost ("bargain"), advantages, how to get it built. 
Lots o£ quick-and-dirty estimates. Parts II and III discuss the role 
of operations research in urban planning and the social implications 
of Compact City. Many illustrations and diagrams, attractive format. 
An intellectually convincing study, but the question lingers: who 
would like to,live in Compact City? PJC 


APPLICATIONS (PHysics), P, Lecture Notes in Mathematics-313: Spectral 
Properties of Hamiltontan Operators, Konrad JOrgens, Joachim Weidmann. 
Springer-Verlag, 1973, 140 pp, $6 (P). N-particle Hamiltonians in 
quantum mechanics: summary of preceeding work is followed by new re- 
sults on the essential spectrum. JAS 


APPLICATIONS (PHYSICS), P, Zables of Branching Rules for Representa- 
tions of Simple Lie Algebras. Jiri Patera, David Sankoff. Pr U 
Montreal, 1973, 99 PP, $6.25 (P). Computer generated tables designed 
to assist physicists in determining possible inclusions among semi- 
Simple Lie groups and corresponding branching rules. LAS 


Revtewers Whose Initials Appear Above 


Donald A. Alton, U. of Iowa; David F. Appleyard, Carleton; Ralph 
Bjork, St. Olaf; Paul J. Campbell, St. Olaf; Judith N. Cederberg, St. 
Olaf; John Dyer-Bennet, Carleton; Steven Galovich, Carleton; Loren 
Haskins, Carleton; Paul S. Jorgensen, Carleton; Roger B. Kirchner, 
Carleton; Richard S. Kleber, St. Olaf; Loren C. Larson, St. Olaf; 
Pierre J. Malraison, Carleton; R.W. Nau, Carleton; Seymour Schuster, 
Carleton; J. Arthur Seebach, Jr., St. Olaf; Lynn A. Steen, St. Olaf; 
T.A. Vessey, St. Olaf; Frank L. Wolf, Carleton. 


NEWS AND NOTICES 


EDITED BY RAOUL HAILPERN, SUNY at Buffalo 


Readers are invited to contribute to the general interest of this department by sending news 
items to Mathematical Association of America, 1225 Connecticut Avenue, NW, Washington, 
D. C. 20036. Items must be submitted at least two months before publication can take place. 


PERSONAL ITEMS 


Ithaca College: Assistant Professors S. R. Hilbert, C. F. Keleman, and J. W. Rosenthal 
have been promoted to Associate Professors. 

State University of New York College at Oswego: Assistant Professors Fredrick Barber 
and Spyros Magliveras have been promoted to Associate Professors. 

Assistant Professor R. W. De Gray, Utica College, has been elected Coordinator, Science 
and Mathematics Division. 

Assistant Professor Robert Johnson, Ohio State University, has been appointed Assistant 
Professor at Morningside College. 

Assistant Professor R. A. Johnson, Washington State University, has been promoted to 
Associate Professor. 

Associate Professor S. G. Leelamma, State University of New York College at Geneseo, 
has been promoted to Professor. 

Assistant Professor J. L. Murphy, California State College, San Bernardino, has been 
promoted to Associate Professor. 

Assistant Professor W. M. Patterson, U. S. Air Force Academy, has been promoted to 
Associate Professor. 

Assistant Professor P. J. Ryan, University of Notre Dame, has been appointed Associate 
Professor at Indiana University, South Bend. 

Associate Professor Hari Shankar, Ohio University, was the recipient of the ‘‘Outstand- 
ing Teacher’’ of Mathematics award in recognition of his outstanding teaching abilities and 
effective insight into the educational process. This honor bestows on him the title of Univer- 
sity Professor and an honorarium of $1,000. 

Assistant Professor Jesse Williams, Cheyney State College, has been promoted to Assoc- 
iate Professor. 

Dr. Susan Williamson, Regis College, has been appointed Academic Dean. 


Dr. Harold W. Bailey, Richmond, Virginia, died on January 24, 1974, at the age of 72. 
He was a member of the Association for fifty-two years. 

Dr. Julius G. Baron, Rye, New York, died on July 7, 1973. He was a member of the 
Association for twenty years. 

Professor Emeritus Herbert E. Buchanan, Tulane University, died on January 17, 1974, 
at the age of 92. He was a Charter Member of the Association. 

Dr. Richard S. Burington, Consultant, Naval Air Systems Command, U. S. Navy, died 
on December 24, 1973, at the age of 72. He was a member of the Association for forty-seven 
years. 

Professor William Fitch Cheney, Jr., University of Hartford, died on February 7, 1974, 
at the age of 79. He was a member of the Association for forty-seven years. 

Professor Emeritus Walter H. Durfee, Hobart and William Smith Colleges, died on De- 
cember 22, 1973, at the age of 84. He was a member of the Association for fifty years. 
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Assistant Professor Harold Thomas Fitzpatrick, Mohawk Valley Community College, 
died on June 30, 1973, at the age of 30. He was a member of the Association for five years. 

Professor Emeritus Aubrey J. Kempner, University of Colorado, died on November 18, 
1973, at the age of 93. He was a Charter Member of the Association. 

Mr. Lawrence L. Mitchell, Eugene, Oregon, died on December 12, 1973. He was a 
member of the Association for seven years. 

Dr. L. L. Silverman, University of Houston, died on October 18, 1973, at the age of 89. 
He was a Charter Member of the Association. 

Professor Joseph L. Walsh, University of Maryland, died on December 10, 1973, at 
the age of 78. He was a member of the Association for fifty-three years. 


A RENEWED APPEAL FOR THE PRESERVATION OF ARCHIVAL MATERIALS 
BY THE CBMS ADVISORY COMMITTEE ON HISTORY 


Mathematics as a specialty and mathematical research are nearing their centenary in the 
United States — if we take as their beginning such symbolic bench-marks as the founding of 
the Johns Hopkins University (opened to students in 1876) and the publication of The Ameri- 
can Journal of Mathematics (founded by Sylvester in 1878). Our major mathematical orga- 
nizations (the A.M.S., M.A.A., and N.C.T.M.) have all celebrated their semi-centennials 
relatively recently. The beginnings of American mathematics are rapidly passing out of the 
realm of personal knowledge and oral anecdote into written history. It is now more than 
proper, it is urgent that original sources and archival materials which are the basis of this 
history be preserved. This committee made an appeal for such preservation through notes in 
the mathematical journals a few years ago [see the MONTHLY, Vol. 77 (Jan. 1970) pp. 
110-112]. A renewed and expanded appeal seems appropriate today with the passage of 
time and of many funded projects and committees. Our previous appeal suggested that: 

1. Individual mathematicians and their families should preserve such items as unpub- 
lished and semi-published materials, course notes and photographs of important colleagues, 
data on the organization and early days of societies. College archives, local museums, 
academies, and historical societies are potential depositories. For example, the Archive of 
Contemporary History at the University of Wyoming has been given materials by the Rudolph 
Langer family and is interested in acquiring materials relating to mathematics and science; 
the Harvard University Archives have papers of Benjamin Osgood Peirce and George D. 
Birkhoff; while the Niels Bohr Library of the Centre for the History of Physics has copies of 
mathematical notebooks of Herman Minkowski. [There is a Guide to Archives and Manu- 
scripts in the United States by P. M. Hamer (Yale University Press, 1961), the Library of 
Congress maintains The National Union Catalogue of Manuscript Collections, and the Center 
for the History of Physics maintains a National Catalog of Sources for the History of Physics 
and Astronomy. ] 

2. Organizations should be diligent in preserving their records. 

3. Mathematics Departments of colleges and universities were also urged to take appro- 
priate action. We would like to extend this latter suggestion as follows: 

(a) have a department history written and deposited in the department office or in the 
college’s library and archives. The committee is aware of such materials at Dartmouth, 
Harvard, and Michigan, but has found that most traces and memories of an important 
American mathematician, including a diary of studies abroad, have largely disappeared at 
another university which formerly went so far as to establish a fellowship in his name. 

(b) collect, date, and label photographs of staff members, visiting lecturers, participants in 
colloquia and conferences held on campus. 
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(c) collect and preserve the unpublished minutes and proceedings of committees, con- 
ferences, projects, and perhaps even staff meetings. 

(d) urge staff members to prepare a skeleton key to their own publications. 

The Committee suggests that persons with historical interests would do the mathematical 
community a service by undertaking such tasks as are listed above and by pursuing studies of 
periods, people, or influences upon American mathematics such as the influx of foreign 
mathematicians in the period centered about World War II. 


CARL B. BOYER KENNETH O. MAY 
CHURCHILL EISENHART DAvID ROSENBLATT 
PHILLIP S. JONES, Chairman CHARLES WEINER 


1974-75 SABBATICAL EXCHANGE INFORMATION SERVICE 


In 1973-74 the MAA initiated a new service for its members, called the MAA Sabbatical 
Exchange Information Service (SEIS), to assist faculty members in universities and colleges 
(both two- and four-year) in arranging what might be called ‘‘No-Cost Sabbaticals.’’ We 
are happy to announce that SEIS was successful and will be repeated in 1974-75. For the 
benefit of readers who missed the 1973 announcement of SEIS we repeat here the complete 
original description, with an additional suggestion for an innovative use of this service. 

Many MAA members are in institutions not offering faculty members a program of 
Sabbatical leaves. Even in institutions with sabbatical leave programs individual faculty 
members often find themselves ineligible for such a leave at a time when the desire for one 
is strongest. We all recognize the rejuvenating effect of an occasional change of scene, even if 
it does not involve release from teaching duties. The Association therefore suggests that an 
occasional exchange between two faculty members of similar interests, training, and ex- 
perience at different institutions could be of great benefit to the individuals and also to their 
institutions. The individuals and institutions all stand to gain from the refreshment of ex- 
changed ideas and insights. 

It is often possible for two such faculty members to trade identities, so to speak, for a 
year. Such an exchange might involve trading teaching responsibilities, living quarters, and 
some departmental responsibilities. The extent of the exchange would depend on the indi- 
vidual circumstances. It is suggested, however, that salaries should not be exchanged or even 
discussed. Each faculty member would remain on the payroll of his permanent institution 
and receive all of his normal fringe benefits. Financially, his institution would not recognize 
the exchange at all. 

A type of exchange that might be attractive in view of today’s employment market is the 
following: Occasionally, a university with a research-oriented graduate program employs 
one of its own new Ph.D.’s in a postdoctoral position for‘a fixed term, usually one or two 
years. The young mathematician may be attracted to such a temporary position because of 
the opportunity for one or two more years in a research center. However, having received 
his Ph.D. he may be more concerned about his credentials and preparation for a more per- 
manent position, which may not be primarily in research. Even though he anticipates a 
career in a smaller teaching-oriented institution, the new Ph.D. may remain in such a post- 
doctoral position while waiting for the right opportunity to materialize. Under these cir- 
cumstances, the young mathematician might be happier at a smaller teaching-oriented 
institution for this transition year. At the same time an established mathematics faculty mem- 
ber at such a teaching-oriented institution frequently feels the desire to return to a research 
center for a year of mathematical refreshment. 
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These two individuals can both benefit from an exchange with each other. The new Ph.D. 
obtains valuable teaching experience enhancing his credentials for a permanent position in a 
similar institution. The teaching-oriented institution benefits from the stimulating enthusiasm 
of a young mathematician fresh from several years in a research center. The older colleague 
benefits from a return to the well, and he undoubtedly contributes much to the teaching 
staff of the university from his years of classroom experience. 

For these reasons we urge young mathematicians who anticipate occupying such post: 
doctoral positions in 1975, and who might be interested in an exchange of the type described 
above, to list themselves in SEIS. We also urge mathematicians in research centers who 
counsel prospective and recent Ph.D.’s to have on hand copies of the SEIS list in case such 
an exchange should be suggested. Finally, we urge faculty members in smaller colleges who 
would be interested in an exchange involving a return to a research center to list themselves 
in SEIS. 

The MAA proposes to become involved only to the extent of assisting in bringing to- 
gether like-minded mathematics faculty members who are interested in an exchange. The 
information exchange will be accomplished by the annual publication by the Association in 
December of a list containing the names, addresses, and other pertinent information about 
members of the Association interested in arranging a‘‘Sabbatical Exchange’’ with a colleague 
in another institution. This list will be sent free of charge to all those on the list and to any 
other MAA member who request it. 

Members interested in being listed in December 1974 should write to ““SSEIS, The Mathe- 
matical Association of America, 1225 Connecticut Avenue, N. W., Washington, D. C. 
20036,’’ enclosing the following information about themselves: 

. Name 

. Institution 

. Department 

. Address 

Rank ; 

. Major field of interest 

Highest earned degree 

. Names of from one to five courses recently taught 
. Normal teaching load 

Section of country preferred for visit: Northeast, Southeast, Northcentral, South- 
central, Northwest, Southwest. 

11. Period for which exchange is desired, e.g., all of the academic year 1975-76, or the 

first two quarters of 1975-76, or the second semester of 1975-76, etc. 

Communications must reach the Washington office by November 18, 1974, for inclusion 
in the December 1974 list. 


OW WANN PWN E 


—_ 


FACULTY EXCHANGE CENTER 


The Faculty Exchange Center aims to make it possible for a faculty member to exchange 
positions for a year with a colleague from another institution either here or overseas where 
instruction is in English. The F. E. C. will publish a catalog containing details on those who 
register. For more information and registration forms write to the Faculty Exchange Center, 
P. O. Box 1866, Lancaster, Pennsylvania 17604. 


MATHEMATICAL ASSOCIATION OF AMERICA 
Official Reports and Communications 


THE 1974 WILLIAM LOWELL PUTNAM MATHEMATICAL COMPETITION 


The thirty-fifth annual William Lowell Putnam Mathematical Competition will be 
held at participating institutions on Saturday, December 7, 1974. This competition is sup- 
ported by the William Lowell Putnam Prize Fund for the Promotion of Scholarship and is 
under the sponsorship of the Mathematical Association of America. Colleges and universities 
in the United States and Canada may register eligible undergraduates in the competition. 
Application forms will be mailed to institutions on the competition’s mailing lists by Sep- 
tember 23, 1974. Forms may also be secured by writing the director, A. P. Hillman; William 
Lowell Putnam Mathematical Competition; University of New Mexico, P. O. Box, 10; 
Albuquerque, New Mexico 87131. Completed applications must be received by October 28, 
1974; this deadline will be enforced strictly. 

Further details are provided in the Announcement Brochure which is mailed with the 
registration forms. Reports of previous competitions, including examination questions and 
outlines of solutions, may be found in past issues of the MONTHLY. The most ‘recent of these 
reports were in the November 1973, February 1973, August-September 1971, and August- 
September 1970 issues. 


NEW SECRETARY OF THE ASSOCIATION 


Professor David P. Roselle of Virginia Polytechnic Institute and State University has 
been elected by the Board of Governors as Secretary of the Association for the five-year term 
1975-79. He will assume his responsibilities after the Washington, D. C. meeting of the 
Association in January 1975. Effective January 28, 1975, all correspondence for the Secretary 
of the Association should, therefore, be addressed to him. 

Professor Roselle has been a member of the Association since 1971. He is well known to 
the readers of this MONTHLY as the Associate Editor for Mathematical Notes and Classroom 
Notes. He has also served the Association in many other capacities including membership 
on the Committee on Institutes since January 1973 and the CUPM Panel on Applied Mathe- 
matics since 1973. He was a panelist at the MAA Conference on Special Problems of Minority 
Groups in Atlanta, Georgia, in February 1972. He is presently serving on the ad hoc Com- 
mittee to Review Financial Management and Control and on the Nominating Committee 
for an Associate Executive Director of the MAA. He has been an invited speaker at con- 
ferences and meetings held throughout the United States and Canada. His mathematical 
interests are in number theory and combinatorics, and have resulted in numerous publica- 
tions in various professional journals. 

In order to assure a smooth transfer of responsibilities of the Secretary, Professor Roselle 
has, over the period of the last year and a half, acquainted himself thoroughly with his new 
duties by visiting the Secretary’s office in Davis, by attending all meetings of the Board of 
Governors, the Executive Committee, and the Finance Committee, and other committees 
since August 1973, and by reviewing all recent history of the Association. As a result of my 
close work with him over the past year and a half, I have become convinced that the Board 
has elected an unusually well-qualified member as its new Secretary. I am very pleased to 
be able to turn over my duties to Professor Roselle. 

HENRY L. ALDER, Secretary 
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NOVEMBER MEETING OF THE NORTHEASTERN SECTION 


The nineteenth annual meeting of the Northeastern section of the MAA was held at 
Boston University, Boston, Massachusetts, on November 24, 1973; there were eighty-eight 
people in attendance. The section chairman, John Fraleigh, presided at the morning session 
at which the following talks were given: 


Matrix Automaton Transformations of Continued Fractions, By G. N. Raney, University of 
Connecticut. 
Some of the Algebra in Algebraic Topology, by F. P. Peterson, Massachusetts Institute of Techno- 


logy. 


At the afternoon business meeting Ernest Schlesinger, Chairman of the Nominating Com- 
mittee, proposed the following slate of officers for the coming year: Chairman, L. Aileen 
Hostinsky, Connecticut College; Vice Chairman, Anne F, O’Neill, Wheaton College; 
Secretary-Treasurer, G. W. Best, Phillips Academy. The slate was elected unanimously. The 
nominating committee also recommended that the section consider amending the by-laws 
so that the immediate past chairman of the section join the current officers and sectional 
governor as a member of the executive committee. The business meeting concluded with 
Donald Small giving a report on the recent meeting of the section officers. 

The following talks completed the program: 


Irregular Primes: Their History and Some Current Problems, by R. W. Johnson, Bowdoin College. 
Applications of Interactive Computer Graphics to Classical Number Theory (with computer 
generated illustrations), by C. M. Strauss, Brown University. 
G. W. Best, Secretary-Treasurer 


NOVEMBER MEETING OF THE PHILADELPHIA SECTION 


The forty-eighth annual meeting of the Philadelphia Section of the MAA was held at 
Drexel University, Philadelphia, Pennsylvania, on November 17, 1973. The Section Chair- 
man, Professor W. J. Pervin, presided at the meeting. The meeting was attended by 179 
persons, including 154 members of the Association. 

The following section officers were elected: Chairman, Professor J. W. P. Mayer, Lebanon 
Valley College; Vice-Chairman, Professor E. A. Klotz, Swarthmore College; Secretary- 
Treasurer, Professor P. E. Bedient, Franklin and Marshall College; Executive Committee 
Members-at-Large, Professor J. P. King, Lehigh University, and Professor S. H. Plotkin, 
Montgomery County Community College. 

The top performer from the Section in the 1972 Putnam Competition, D. S. Hough, 
Swarthmore College, was recognized and awarded a one year membership in the Associa- 
tion. Honorable mention citations were also presented to: D. S. Shucker, Swarthmore 
College, and Kim Schroeder, Bucknell University. 

The following papers were presented: 


Mathematics and the behavioral sciences, by David Rosen, Swarthmore College. 
Ghosts of departed quantities, by M. D. Davis, Courant Institute, New York University. 
The use of computers in undergraduate mathematics teaching, by Marialuisa McAllister, Moravian 
College. 
Some mathematical operations research in government, by A. J. Goldman, Chief of Operations 
Research, National Bureau of Standards. 
A. E, FILANo, Secretary-Treasurer 
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MARCH MEETING OF THE SOUTHEASTERN SECTION 


The fifty-third annual meeting of the Southeastern Section of the MAA was held at the 
University of Tennessee, Knoxville, Tennessee, on March 29-30, 1974. A total of 324 persons 
attended the meeting, including 234 members of the Association. The local arrangements 
committee was headed by J. H. Carruth. 

Three invited addresses were given: Professor J. W. Neuberger (Section Lecturer) of 
Emory University on “Derivatives and multilinear algebra’; Professor R. J. Plemmons of 
the University of Tennessee on ‘“‘Modern algorithms for solving linear systems,’ and Profes- 
sor Ernst Snapper of Dartmouth College on ‘“‘Algebraic foundations of geometry’’. There 
was a Symposium on Mathematics in the Two-Year Colleges, featuring a talk by A. B. 
Hartung on “What are we looking for in a two-year college mathematics teacher?’’ and a 
panel discussion with Professors Hartung, Don England and Morris Marx. 

There were nine sessions for contributed papers, including one session of papers by 
students. Presiders for the general sessions were H. V. Park (Chairman of the Section), 
Lida K. Barrett, D. L. Hunter, W. R. Wilson and J. H. Wahab and for the special sessions 
were J.C. Halsey, M. F. Neff, T. J. Pignani, F.C. Toney, V. R. R. Uppuluri, J. C. Wilson, 
T. H. Blackburn, H. E. Taylor and S. M. Lukawecki. Two MAA films were shown on 
Friday night. 

Officers elected for 1974-5 were: Chairman, J. H. Wahab, University of South Carolina; 
Chairman-Elect, J. R. Wesson, Vanderbilt University; Vice-Chairman, D. L. Hunter, Cent- 
ral Piedmont Community College; Section Lecturer, W. R. Mann, University of North 
Carolina at Chapel Hill. 

At the business meeting, Mr. A. S. Kyle of Davidson College was presented as the winner 
of the $25 given to the student in a Section school who scores highest in the Putnam Com- 
petition. 

The following papers were presented : 


1. Characterizations of some standard concepts in nonstandard topology, by J. W. Hall, Clayton 
Junior College. 

2. Pointwise limits of Darboux functions, by M. H. Miller, Jr., University of Alabama. 

3. Convex topology, by Douglas Moreman, Emory University. 

4. Gamma spaces and gammafications of topological spaces, by J. A. Bond, Jr., Macon Junior 
College. 

5. Note on one-dimensional planar clans, by Jewell McMorris, University of Dallas. 

6. A polynomial technique for factoring graphs, by J.T. B. Beard and Ann D. Dorriss, The Univ- 
ersity of Texas at Arlington. 

7, F-reflexive modules, by C. B. Myers, Austin Peay State University. 

8. An application of pairwise balanced designs to constructing nonisomorphic quasigroups satisfying 
two variable identities, by C. C. Lindner, Auburn University. 

9. Generalizations of the spectral theorem for matrices, by R. E. Hartwig, North Carolina State 
University. 

10. Necessary and sufficient conditions for a matrix to be completely positive, by D. M. Jordan, 
University of South Carolina. 

11. Obrechkoff formulas and summation, by C. H. Frick, White Rock, South Carolina. 

12. Matrix theory versus the theory of the Fredholm integral equation, by F. Virginia Rohde, 
Mississippi State University. 

13. A proof of Stoilow’s theorem (for analytic functions) suitable for a first course in complex 
analysis, by H. T. Mathews, The University of Tennessee, Knoxville. 

14. Piecing functions together, by K. E. Whipple, Georgia State University. 

15. A series that represents any number, by F. L. Celauro, George Peabody College for Teachers, 
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16. Mathematical modelling — pro and con, by Robert Fennell and John Luedeman, Clemson 
University. 

17. Galton’s quincunx revisited, by J. D. Austin, Emory University. 

18. Some changes in the verbal behavior patterns of mathematics teachers during training in 
interaction analysis, by J. W. Daniels, East Carolina University. 

19. Teaching mathematics by the Keller plan, by Suzanne McGill, University of South Alabama. 

20. Are axioms assumed to be true? Are theorems proved to be true?, by Fredrick Binford, Tennes- 
see State University. 

21. A time-sharing computer system demonstration of Fourier series approximation of functions, 
by L. L. Long, Tennessee Technological University. 

22. Numerical differentiation for calculus students, by D. A. Smith, Duke University. 

23. The use of computer programming in the teaching of a service course in statistics, by C. F. 
Kossack, The University of Georgia. 

24. Computer assisted instruction in statistics, by T. F. Higginbotham, Auburn University. 

25. Computer assisted linear algebra, by R. D. Fray, Furman University. 

26. Mathematical serendipity from a computer program, by F. R. Norris and Thad Dankel, Jr., 
University of North Carolina at Wilmington. 

27. Describing puzzles to a computer, by R. W. Gibson, Auburn University. 

28. Monthly problem E 2446, by Nanetta B. Lowe, Bennett College. 

29. Monthly problem E 2435, by Gloria J. Phillips, Bennett College. 

30. Monthly problem E 2461, by Reba M. Turner, Bennett College. 

31. Two combinatorial problems, by D. L. Webb, The University of Tennessee, Knoxville. 

32. Monthly problem E 2450, by Cynthia Hardy, Bennett College. 

33. Construction of a strictly increasing continuous singular function in [0,1], by J. W. Crawley, 
Jr., The University of Tennessee, Knoxville. 

34. The extremal length problem, by Jeffrey Wiener, Emory University. 

35. Weierstrass theorems in p-adic fields, by C. G. Wagner, The University of Tennessee, Knox- 
ville. 

36. On the correspondence between semigroups of operators and transition functions, by Thad 
Dankel, Jr., University of North Carolina at Wilmington. 

37. Uniqueness criteria for solutions of initial value problems for ordinary differential equations, by 
T. C. Gard, The University of Tennessee, Knoxville. 

38. Some oscillation criteria for delay-differential equations of even order, by R. D. Terry, Georgia 
Institute of Technology.. 

39. A generalization of the basis concept in Banach spaces, by D. M. Dorris, Lawton, Oklahoma. 

40. Expository pitfalls in elementary algebra, by S. A. Stricklen, Southern Technical Institute. 

41. An investigation and evaluation of goals of mathematics education for prospective elementary 
teachers, by Iris Mack Dayoub, Atlanta, Georgia. 

42. The small college mathematics program in the South, by W. M. Mitchell, Peabody College. 

43. Transformational geometry for teacher training, by J. W. Lott, Georgia State University. 

44, One on one mathematics, by D. M. Jordan, University of South Carolina. 

45. A billiard table in E" space, by H. S. Hahn, West Georgia College. 

46. Explicit solutions of a class of countable linear systems of ordinary differential equations, by 
W. P. McKibben, Georgia Institute of Technology. 

47. Ambushing random walks I. Finite models, by W. H. Ruckle, R. Fennell, C. Fennemore and 
P. Holmes, Clemson University. 

48. A disaggregated optimal control model of private incentives to housing maintenance, by L. L. 
Dildine and F. A. Massey, Georgia State University. 

49. The protein vector — armament for nutritional self-defense, by B. A. Fusaro, Queens College. 

50. A gradient method for long-term optimal scheduling of a reservoir system, by E. C. Anderson 
and Ming Chen Shiao, Tennessee Valley Authority. 

J. D. NEFF, Secretary-Treasurer 
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NEW SECTIONAL GOVERNORS OF THE ASSOCIATION 


The following have been elected Governors of the Association representing the Sections 
indicated: 


FLORIDA Robert C. Meacham, Eckerd College 

ILLINOIS John A. Schumaker, Rockford College 

IOWA Elsie C. Muller, Morningside College 
LOUISIANA- MISSISSIPPI Russell A. Stokes, University of Mississippi 
MARYLAND-DC-VIRGINIA Robert H. Owens, University of Virginia 
MICHIGAN Ruel V. Churchill, University of Michigan 
NORTH CENTRAL C. Murray Braden, Macalester College 
PHILADELPHIA David Rosen, Swarthmore College 

SOUTHERN CALIFORNIA Thomas N. Robertson, Occidental College 
TEXAS Charles R. Deeter, Texas Christian University 


The highest percentage of voters was 43%, occurring in the Iowa Section. 
The Louisiana-Mississippi Section was the runner-up with 38 %. 
A. B. WILLCOx, Executive Director 
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CALENDAR OF FUTURE MEETINGS 


Summer Meeting 1974: There will be no joint summer meeting in 1974, in order that 
mathematicians may attend the International Congress of Mathematicians to be held in 
Vancouver, British Columbia, August 21-29, 1974. 

Fifty-eighth Annual Meeting, Washington, D. C., January 25-27, 1975. 

The following is a list of the Sections of the Association with dates of future meetings so 
far as they have been reported to the Editorial Director. 


ALLEGHENY MOUNTAIN, Duquesne University, 
Pittsburgh, Pennsylvania, May 9-10, 1975. 

FLORIDA, Manatee Junior College, Bradenton, 
March 7-8, 1975. 

ILLINo!s, Rockford College, Rockford, May 9-10, 
1975. 

INDIANA, Indiana University — Purdue Univer- 
sity at Indianapolis, Indianapolis, November 
30, 1974. 

IowA, Iowa State University, Ames, April 18-19, 
1975. 

KANSAS 

KENTUCKY 

LoUuUISIANA-MISSISSIPPI, Centenary College, Shre- 
veport, Louisiana, February 1975. 

MARYLAND-DISTRICT OF COLUMBIA-VIRGINIA 

METROPOLITAN NEW YoRK 

MICHIGAN 

Missour!, Missouri Western College, St. Joseph, 
Spring, 1975.’ 

NEBRASKA, Nebraska Wesleyan University, Lin- 
coln, April 18-19, 1975. 

NEW JERSEY, Princeton University, Princeton, 
October 12, 1974. 


FUTURE MEETINGS OF 


AMERICAN ASSOCIATION FOR THE ADVANCEMENT 
OF SCIENCE 

AMERICAN MATHEMATICAL SOCIETY, Washington, 
D. C., January 23-26, 1975. 

AMERICAN SOCIETY FOR ENGINEERING EDUCA- 
TION, Colorado State University, Fort Col- 
lins, June 16-19, 1975. 

ASSOCIATION FOR COMPUTING MACHINERY, San 
Diego, California, November 11-13, 1974. 

ASSOCIATION FOR SYMBOLIC LoGic, Shoreham 
Hotel, Washington, D. C., January 23-24, 
1975. 

FIBONACCI ASSOCIATION 

INSTITUTE OF MATHEMATICAL STATISTICS 

Mu ALPHA THETA 


NorRTH CENTRAL, Moorhead State College, 
Moorhead, Minnesota, October 26, 1974, 

NoRTHEASTERN, Lowell Technological Institute, 
Lowell, Massachusetts, November 30, 1974. 

NORTHERN CALIFORNIA, Menlo College, Menlo 
Park, February 8, 1975. 

OuIo, University of Cincinnati, Cincinnati, 
November 1-2, 1974. 

OKLAHOMA-ARKANSAS, Central State University, 
Edmond, Oklahoma, April 4-5, 1975. 

PACIFIC NORTHWEST 

PHILADELPHIA, Swarthmore College, Swarth- 
more, Pennsylvania, November 23, 1974. 

Rocky MounrtTAIN, Mesa College, Grand Junc- 
tion, Colorado, April 11-12, 1975. 

SEAWAY, St. John Fisher College, Rochester, 
New York, November 1-2, 1974. 

SOUTHEASTERN, University of South Alabama, 
Mobile, March 21-22, 1975. 

SOUTHERN CALIFORNIA 

SOUTHWESTERN 

Texas, Angelo State University, San Angelo, 
April 1975. 

WISCONSIN, University of Wisconsin — Superior, 
Superior, April or May 1975. 


OTHER ORGANIZATIONS 


NATIONAL COUNCIL OF TEACHERS OF MATHE- 
MATICS, Washington, D. C., January 25-26, 
1975 (joint meeting with MAA). 

OPERATIONS RESEARCH SOCIETY OF AMERICA, 
San Juan, Puerto Rico, October 16-18, 
1974. 

Pr Mu EPSILON, Western Michigan University, 
Kalamazoo, August 19-20, 1975. 

SCHOOL SCIENCE AND MATHEMATICS ASSOCIA- 
TION, Sheraton-Gibson Hotel, Cincinnati, 
Ohio, November 7-9, 1974. 

SOCIETY FOR INDUSTRIAL AND APPLIED MATHE- 
MATICS, Shoreham-Americana Hotel, Wash- 
ington, D. C., October 23-25, 1974. 


Just published—the new 


Carus Mathematical Monograph 


Number Seventeen 


THE SCHWARZ FUNCTION 
AND ITS APPLICATIONS 


by Philip J. Davis 


Division of Applied Mathematics, Brown University 


table of contents 
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1. Prologue 10. Properties in the Large of the Schwarz Function 
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“Each reading made me marvel more and more at the applicability of so simple a 
concept as a Schwarz Function. The idea for the monograph is a most striking and a most 
novel one, and the range of topics touched upon is enough to make one anticipate and hope 
for more. 


‘*, . . as | read along, | was reminded of Felix Klein’s ‘Matematik von Héheren Stand- 
punkt aus’, for Davis’ book seems to have the same sweep (though at a lower level). This 
monograph will take its place along with that of Boas’ little gem. 


*..» Fhis monograph will become a classic!”’ 


MAXWELL O. READE, 
Professor of Mathematics, University of Michigan 


Individual members of the Association may purchase one copy of the book for $4.00; 
additional copies and copies for nonmembers are priced at $8.00 each. 


Orders with remittance should be sent to: 


MATHEMATICAL ASSOCIATION OF AMERICA 
1225 Connecticut Avenue, NW 
Washington, D. C. 20036 


DEVELOPMENTS IN 
MATHEMATICAL EDUCATION 


Proceedings of the Second International Congress 
on Mathematical Education 


Edited by A. G. Howson 
Some of the world’s most distinguished mathematicians contribute to 
this comprehensive account of the present state, new developments and 


emerging trends in mathematical education at all levels. 
Cloth $14.50 Paper $6.95 


MATHEMATICS: SOCIETY AND CURRICULA 

H. B. GRIFFITHS and A. G. Howson 
This is the first serious attempt to investigate the function of mathe- 
matics in meeting the needs of society. With a wide range of examples 
and exercises, it relates theoretical and practical matters, calling atten- 


tion to what is being taught, why, and to what purpose. 
Cloth $22.50 Paper $9.95 


NORMAL TOPOLOGICAL SPACES 

RICHARD A. ALO and HARVEY L. SHAPIRO 
The authors discuss recent developments in general topology, new areas 
of research, and the need for defining a methodology, thus bridging 


the gap in set theoretical] topology between introductory text and spe- 
cialized monograph. $18.50 


TOPOLOGICAL RIESZ SPACES 

AND MEASURE THEORY 

D. H. FREMLIN 
Measure theory is approached in this text through the properties of 
Riesz spaces in order to identify and explain for beginning graduate 


students those concepts in measure theory most relevant to functional 
analysis. $17.50 


STATISTICS FOR BIOLOGISTS 


Second Edition 
R. C. CAMPBELL 


A new edition of the introductory book that has been widely adopted 
by colleges and universities. Cloth $15.50 Paper $5.95 
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MATHEMATICAL REFLECTIONS 
SALOMON BOCHNER 


Part I. Purely Mathematical Americana 


My first awareness of American mathematics came soon after my enrolling as a 
student at the University of Berlin, in the late fall of 1918. In the early part of 1919 
there began to appear Leonard Dickson’s three-volume work History of the Theory 
of Numbers (1919-23), the scholarship of which made a deep impression. For instance, 
it was a rumor among students that the proof-reading of the galleys took Dickson 
two whole years. 

It is a curious feature of this work, which I discovered only much later, that it 
apparently nowhere states, — certainly not with due emphasis, — the ‘‘fundamental 
theorem” on prime numbers, namely that every natural number is a product of primes, 
and uniquely so. The report does have statements, in abundance, which correlate 
properties of a natural number to properties of its prime number factors, but it is 
shy of stating — emphatically at any rate — that every natural number js a product of 
prime numbers and uniquely so. This reluctance to present the fundamental theorem 
in an otherwise very conscientious historical account may be due to the fact that, 
while this theorem is sometimes vaguely attributed to Euclid, it had apparently not 
been stated expressly before 1801, when Gauss featured it in his Disquisitiones 
arithmeticae, with some emphasis, and rather early in the work. The nearest that 
Euclid himself came to this theorem was his proposition (vii, 24): “if two numbers 
be prime to any number, their product also will be prime to the same.” 

G. H. Hardy and E. M. Wright, in their An Introduction to the Theory of Numbers, 
first edition 1938, make the following statement, on page 182, which, as they acknow- 
ledge on page 188, was triggered by remarks made to G. H. Hardy by myself, and I 
well remember that the remarks were made, sometime in 1933, in Hardy’s large 
living room in Trinity College, in Cambridge, England: 


“It might seem strange at first that Euclid, having gone so far, could not prove 
the fundamental theorem itself; but this view would rest on a misconception. 
Euclid had no formal calculus of multiplication and exponentiation, and it would 
have been most difficult for him even to state the theorem. He had not even a term 
for the product of more than three factors. The omission of the fundamental 
theorem is in no way casual or accidental; Euclid knew very well that the theory of 
numbers turned upon his algorithm, and drew from it all the return he could.” 
(Hardy and Wright, loc. cit.). 


This is a 20th century insight, whereas Dickson’s book is still rooted in Victorianism, 
and the difference is a telling one. Altogether, the work of Hardy and Wright, how- 
ever technical, is a rich source book for the history of mathematical ideas. 
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Of course, what had discomfited Dickson was not just the fact that the fundamental 
theorem does not occur in Euclid, but, undoubtedly much more so, that none of the 
great number-theorists in the 17th and 18th centuries, like Fermat, Wallis, Euler, 
Lagrange, etc., had chanced upon it either. This may have been a general malaise 
among Victorian number theorists from which Dickson was unable to free himself. 
In fact, some textbooks in the 19th century did present and analyze the fundamental 
theorem in a forthright and satisfactory manner. But even when they expressly cred- 
ited the fundamental theorem to Gauss, they did so in a very circumspect manner, 
as if to leave for themselves an escape tunnel in case somebody should suddenly 
discover that the theorem had been explicitly known in the 18th century after all. 


But their circumspection was not called for. It was a very natural development 
of mathematical ideas that the fundamental theorem reached the stage of explicit 
articulation in the 19th century only. In my book The Role of Mathematics in the 
Rise of Science, (1966) on p. 16, I put it thus: 


‘“‘Arithmeticians have been showing embarrassment over the fact that the 
express formulation of the [fundamental] theorem came so late, and they have 
been trying to “‘pre-date”’ it. But there is no substance to assertions that the fun- 
damental theorem had been consciously known to mathematicians before Gauss, 
but that they had neglected to make the fact known. We think that the 17th, and 
even the 18th, century was not yet ready for the peculiar kind of mathematical 
abstraction which the ‘‘fundamental theorem’’ involves; just as only the 19th 
century was comfortably prepared to conceptualize satisfactorily the notions of 
real number, limit, derivative, convergence, etc.” 


I am stating this here because, while Leonard Dickson was not yet receptive to 
this kind of explanation, a Charles Sanders Peirce, who was even almost a generation 
older than Dickson, already had been. I could not off-hand quote a reference in C. S. 
Peirce to this kind of comprehension, mainly because Peirce never wrote any kind of 
comprehensive treatise himself and because his purely mathematical writings have 
not yet been published at all. But they are being edited, by Carolyn Eisele, in 4 or 5 
volumes, and some day I hope to trace this sort of thinking to Peirce, who was very 
advanced in many things of this kind. 

Altogether, something about Dickson’s History makes it a very ‘“‘old-fashioned”’ 
number theory, and if one wants to have a brief concise summary of this old-fashioned 
number theory, then one may take to hand an article, from around 1928, by E. 
Bessel-Hagen, in the so-called Pascal’s Repertorium der héheren Mathematik. 
But if one wants a good whiff of modernity, of genuine modernity, not just of surface 
“radicalism,” then one may take to hand the 1923 book on number theory by E. 
Hecke (Vorlesungen iiber die Theorie der algebraischen Zahlen), which, I think, has 
never been translated. One of the first statements in the book is a formulation and 
proof of the then “‘abstract”’ theorem that a finite abelian group is a product of cyclic 
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groups. Before Hecke’s book, this beginner’s theorem was only presented in the midst 
of applications, usually in the theory of the cyclotomic equation for primitive roots 
of unity. Also, around 1923, there was still something “‘ancillary” about ‘“‘abstract”’ 
theorems of this kind. Thus, among my fellow students in Berlin there was some brow 
knitting over the fact that Heinz Priifer, who was several years older, dared to initiate 
his academic career in mathematics, for which he was obviously heading, with a 
doctoral thesis in 1921,—entitled Unendliche Abelsche Gruppen von Elementen 
endlicher Ordnung — on nothing other than the structure of abelian groups, albeit 
his groups were infinite ones. Some of us students took it even for granted — I 
don’t know why — that the great algebraist Issai Schur, who was Priifer’s thesis 
advisor, was rather lukewarm towards this work. 

Returning to Dickson it must be said that he himself was also quite “‘advanced”’ 
in some specialized directions. Thus, Issai Schur in a middling advanced classroom 
course, referred emphatically to his book: Linear groups with an exposition of the 
Galois field theory, which appeared, in English, in the prestigious Teubner Collection 
in 1901, as the source book for Galois Fields, i.e., finite fields. Around that time only 
very few books of this Collection were in a language other that German. However, 
several years after my student days van der Waerden’s Algebra came out, in which 
the Galois Field theory occupies only several pages altogether ; and the book of Dick- 
son was soon eclipsed and forgotten. 

Another book by an American, of which I became aware very early, was the 
Elementary Principles in Statistical Mechanics by Josiah Willard Gibbs, which ap- 
peared in 1902, and was almost instantly translated into German by somebody who 
later became a big name, namely by Ernst Zermelo, creator of the Axiom of Choice. 
And Zermelo performed the translation very admiringly even though Gibbs did 
not even quote Zermelo for animportant theoretical objection — the so-called Wieder- 
kehreinwand — to the assertion that the entropy is steadily increasing. This objection, 
raised by Zermelo in 1896, argues that “‘the usual kinetic model of a completely and 
permanently isolated gas behaves quasiperiodically” in time, and thus should not 
be endowed with a quantity, like the entropy, whose growth in time is in no wise 
periodic. An earlier objection, the so-called Umkehreinwand raised by Joseph Los- 
chmidt already in 1876, is the “‘crude’’ argument that a mechanical system, and thus 
also any physical process described by a mechanical system, is reversible with regard 
to time, whereas the growth of the entropy is not. For references and details see 
Paul and Tatiana Ehrenfest, The Conceptual Foundations of the Statistical Approach 
in Mechanics (1912), Cornell University Press 1959, especially pages 14 and 15. 

I do not remember whether I ran up against the name of Gibbs in a lecture course 
or by myself; but I do remember most distinctly that it was in a lecture course, again 
of Issai Schur, that I was introduced to the name of Joseph Henry Maclagan Wedder- 
burn, which Schur wrote out, fully and solemnly, on the blackboard, as that 
of the ‘‘true” expert on “‘Schiefkérper,” that is “‘non-commutative fields.’’ Schur 
also mentioned that Wedderburn was at Princeton, in the U.S.A., and this was the 
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first time that I was introduced to the name of the place with which I would become 
associated for so long. 

I do not think that Schur at the time introduced the word “‘hypercomplex system,”’ 
or some such expression, and I am most certain that he did not speak of AN algebra, 
as a mathematical object with certain properties. Algebra was a part of mathe- 
matics, namely the part dealing with symbols, and AN algebra was, around 1920, 
still totally unfamiliar to a student on the Continent, like myself. In fact, AN 
algebra, asa term and object, is in my present-day view, the most outstanding 19th 
century “‘native’’? American contribution to present-day mathematics, and I must 
briefly report on how I found out about it. I heard the term for the first time 
sometime in 1925, in Oxford, at a small seminar of G. H. Hardy, in which there 
were, among others, myself, Besicovitch, Oppenheim, perhaps Titchmarsh and Echo 
Dolores Pepper, a young American girl on a fellowship. She came from Chicago, 
and she gave at this seminar a lecture on algebras, which left all of us totally 
uncomprehending what it was all about. She spoke in a well-prepared, well- 
articulated self-confident manner, but none of us had remotedly heard before 
the terms she used, and we were lost. 

Still, to my own astonishment and education, only ten years later, in 1935, there 
appeared a German book by a young algebraist — no more than 28 years of age — 
one Max Deuring, with the title: Algebren, (Algebras). The word Algebren in German 
sounded to me harsh and unappealing, and yet when I turned over the pages in the 
book, the references were to mathematicians all over the world, with American 
mathematicians perhaps not even predominating. 

This did not still in methe quest for knowing when the concept of AN algebra 
had really come into being. However, this quest was dormant in me for many years, 
and only about 10 years ago did I make an earnest attempt to answer the quest. 
I had to go back surprisingly far, until I finally landed in Benjamin Peirce’s famous 
essay, Linear associative algebra, first published, quite informally, in 1870-71, based 
on lectures given in 1866-70 to the National Academy of Sciences, and then pub- 
lished formally in volume 4 of the American Journal in 1882. 

I now wish to make some external observations on this article. It not only speaks 
of an algebra, but it also uses the plural “‘algebras,”’ and this probably for the very 
first time anywhere in the English language. It also created the terms idempotent 
and nilpotent in our present-day sense. It tried to introduce a nilfactor which was 
used sporadically, but this is nowadays a zero divisor. Correspondingly, it also tried 
to introduce an idemfactor, to indicate a solution of ab = a for b ¥ 1, but this has 
apparently not caught on at all. 

Furthermore, and very importantly, the edition of the essay in the American 
Journal is annotated by the son of Benjamin Peirce, Charles Sanders Peirce, by far 
the greater intellect of the two. C. S. Peirce created American pragmatism, which I do 
not understand at all, and which is, objectively speaking, not easy to define or charac- 
terize. For the latest about “‘Pragmatism,”’ see the article under this title, by Philip P. 
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Wiener, in the Dictionary of the History of Ideas, 1973. In a different direction, 
C. S. Peirce created the algebra of relations, or algebra of “relatives,” as he called it. 
This is probably his most specific achievement of a mathematical turn, and probably 
his most durable. But he also tried to create something specifically philosophical of 
a mathematical hue, which, if successful, would have become his greatest feat. In 
this he failed, even decisively so, but to this I want to devote the entire second part 
of this paper, because it was his most deeply mathematical attempt, although in a 
very non-technical, purely philosophical sense. In continuing, I want to report on 
three Americana, which I have chanced upon, one from the 20th century, and two 
from the 19th century. 

The one from the 20th century is a very peculiar one, one that is hardly realized. 
Carathéodory published three major works: firstly his large book on real variables 
which appeared in 1918; afterwards, a book on the Calculus of Variations which 
appeared in the early 1930’s, and finally a two-volumed work on functions of one 
complex variables (Funktionentheorie) which was put through the press posthumously 
in 1950. Actually Carathéodory was planning the book on complex variables ahead 
of the book on the calculus of variations, but what was holding up the book on com- 
plex variables was a widespread presumption among analysts in the 1920’s that any 
book on complex variables, if to be complete, and to deserve the name, has to contain 
a complete and rigorous proof, without any prerequisites, for the theorem of C. 
Jordan that a simple closed curve in the plane decomposes the plane into two disjoint 
parts, an interior and an exterior. The analysts in the 1920’s knew full well that this 
was a “‘topological’’ theorem, which already in 1911 had been extended by L. E. J. 
Brouwer from a simple closed curve in two dimensions to an (m — 1)-dimensional 
topological sphere in n dimensions. Also, in 1923, K. Kerekjarté published an exten- 
sive work on two dimensional topology in which the Jordan curve theorem, and all 
other two dimensional prerequisites of complex function theory, as then needed, 
were treated in great rigorous detail. But, for all that, the complex variable analysts 
of the time were still vying with each other in the quest for producing, for the Theorem 
of Jordan, a proof to end all such proofs, and Carathéodory was experimenting for 
many years with a proof of his own. 

What finally did persuade Carathéodory, however reluctantly, to dispense with 
such a proof of his own, was the following. About 1930 he made a grand tour of the 
United States, in which he was received almost regally in all great places on the East 
Coast, on the West Coast, and in the Mid-West. Now, at a stopover at Princeton, he 
met James Alexander, who had recently not only given a very elegant topological 
proof of Jordan’s theorem for (n—1)-dimensional spheres in E,, but had even 
succeeded in giving a meaningful extension to lower dimensional spheres in Euclidean 
E,, something European mathematicians did not have in their vision at all. This 
finally gave Carathéodory the excuse for abandoning efforts of his own, and the 
published version of Carathéodory’s work accepts two-dimensional topology as 
known. 
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Another American mathematical event in the 20th century, also a topological 
one, that had a sobering effect on Carathéodory was the great work of Marston Morse 
around 1928. Until then, Carathéodory mastered everything and anything ever 
produced in the Calculus of Variations, but I think the Morse Theory was something 
he no longer understood. I remember an evening, sometime in 1931 or 1932, in the 
home of Carathéodory, with S. Lefschetz, who was passing through Munich, also 
present, at which a student of Carathéodory tried to present the main paper of Morse. 
It was obvious to me that nobody present understood much. I was looking into the 
face of Lefschetz trying to gauge how much he understood at least, but he was very 
good at not giving himself away. 

But now, for two very separate Americana from the 19th century. For the first 
I must return to my earliest student days. One of the first mathematics books I ever 
bought, perhaps literally THE first one, was Hermann Weyl’s Die Idee der Riemann- 
schen Fldche, (1913), or, as the translation has it, The Concept of a Riemann Surface. 
I studied this book for years on end — on and off, of course — , and many a piece of 
work of mine originated this way. But there was one thing in it that I have never 
been able to assimilate, to my own way of thinking, and this is the so-called Riemann- 
Roch theorem. On page 137 it reads as follows: 

On a surface of genus p, if dis a divisor of order m (m =m, +: +m; d = 
py pm, Mg S 0), if B is the number of linearly independent (in the complex sense) 
differentials which are multiples of d; and if A is the number of linearly independent 
meromorphic functions which are multiples of \/d, then 


A+(p-1=B4+™m. 


This is undoubtedly an aspect of a very comprehensive duality theorem, which 
lies athwart all of mathematics. Schematically, as I see it, the most important typical 
aspects of the comprehensive duality theorem are the following ones. If both sides 
of the duality are continuous sums, then the duality is a functional equation of the 
Riemann-Hecke type for zeta functions in number theory, and the functional equation 
is somehow a key to the Riemann hypothesis. If in the duality, one side is a continuous 
sum and the other is discrete, then in the simplest classical case this is the relation 
between a periodic function and its Fourier series, or, almost equivalently, it is 
the Cauchy residue formula; and in a very modern recondite version it seems to be 
the general Selberg trace formula. (The inversion formula for Fourier integrals, in 
which the sums on both sides are continuous, is a “‘limiting”’ case of this, and does 
not belong to the Riemann-Hecke functional equation.) The role of this formula 
is clear to me, I think. It is, in classical physics, the duality between an electromagnetic 
field on the one hand, and electric and magnetic ‘“‘discrete’’ charges on the other 
hand. And in quantum physics it is the much more trenchant Janus-like de Broglie 
duality between the undulatory and corpuscular aspects of the same elementary 
particle valid simultaneously. 

But in the Riemann-Roch theorem both sides are discrete sums, and both finite, 
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and the relation to the other aspects of the duality theorem is not easy to state. 
(The reciprocity formula for Gaussian sums, in which both sums are finite, does 
not belong here, but is a degenerate case of a Jacobi modular relation for theta 
functions which underlies the Riemann-Hecke functional equation; see my paper: 
Remarks on Gaussian sums and Tauberian theorems, Journal of the Indian Mathema- 
tical Society, vol. 15 (1951), 97-104.) Undoubtedly the Riemann-Roch duality is 
linked to the duality between gradience and co-gradience, and homology and co- 
homology, both of which have first been stated by Poncelet in projective geometry 
and by Grassmann in his nascent tensor calculus; but these links are somehow too 
obvious, and not too enlightening to me. Now, in my search for an understanding 
of the Riemann-Roch theorem, I have been looking at the references in the footnotes 
of Weyl’s book. There, on pages 136 and 137 (of the English edition) there is a refer- 
ence to one E. Ritter who in 1894 was one of the first who, except for one relatively 
minor flaw, gave a proof of the Riemann-Roch theorem even for so-called fractional 
divisors. And later on in Weyl’s book, in a footnote to page 147, this E. Ritter is 
even credited with formulating an extension of the entire Riemann-Roch theorem 
from system of differentials and functions that are univalent on the closed Riemann 
surfaces to such differentials and functions that are defined on the covering space 
of the Riemann surface, but are reproduced by the elements of the Poincaré mono- 
dromy group by a fixed multiplicative character of the group. And Weyl adds that ina 
later paper in 1896 (Math. Annalen, vol. 47), E. Ritter even further generalizes this 
to solutions of certain types of differential equations on the Riemann surface. 
This sounded to me like the work of a very good mathematician, and I wondered 
why I had not heard from Ritter otherwise. So, one day I decided to look up the last 
quoted paper, and I had a surprise. The very last sentence of the paper announces a 
continuation, but there is a sad footnote by the editor attached, stating that, alas, 
there will be no such continuation. The author, Dr. Ernst Ritter, had accepted a 
call to Cornell University at Ithaca, but on the way to Ithaca, in New York, he 
succumbed to a typhus attack, on September 23, 1895. Also, the footnote announced 
a detailed obituary in the Jahresbericht der Deutschen Mathematiker Vereinigung. 
This obituary was done by F. Klein, and is, oddly enough, dated September 25, 
1895. It made me doubly unhappy for Cornell, and the U.S.A. in general, for having 
missed out on such a gifted mathematician. Ritter had been born in January 9, 1867, 
and thus was only 284 years old when he died. He had become a Privatdozent at 
Gottingen only two terms before receiving the call from Cornell. It was meant to be 
a big, purely scientific position by which Cornell wanted to become aligned with 
other mathematically forward-striding great American universities. Klein added 
that at sailing time Ritter did not feel well, but having a robust constitution ignored 
it. Immediately on arrival he was taken to the Government hospital at Ellis Island, 
where he passed away, surrounded with all the care which friendly American mathe- 
maticians could show him. J have been unhappy for American mathematics since. 
Our last item of Americana is about a mathematician at the other end of the 19th 
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century, at the beginning of it. This one did arrive in this country, he was active here, 
very much so, in fact, he was even hyperactive in a sense, and he even managed to 
carve out for himself a niche, an extremely tiny one, but a niche in the Hall of Im- 
mortal Mathematical Fame, so that he was something of a pioneer of American 
mathematics, beyond question; and yet it is extremely difficult to assess what it is 
that American mathematics really owes to him, durably, that is. 

His name was Robert Adrain, and the best and most accessible source of informa- 
tion about him is an article by the somewhat redoubtable Harvard mathematician 
Julian Lowell Coolidge, entitled ‘Robert Adrain, and the beginning of American 
Mathematics,” in the American Mathematical Monthly, volume 33, 1926, p. 61-67, 
in which earlier biographical information is listed. Of interest is also a subsequent 
brief appraisal, in the Dictionary of American Biography, volume 1, 109-110, by the 
able historian of mathematics, David Eugene Smith, who taught at Columbia Univer- 
sity. 

Adrain was born on September 30, 1775, at Carrickfergus, Ireland, came to the 
U.S. around 1800, and lived here until his death on August 10, 1843, on his farm in 
New Brunswick, New Jersey. He must have been a tempestuous person, because he 
was frequently changing jobs, not always for better ones. He was a master in the 
Academy of Princeton, New Jersey; then principal in similar schools in York, Pennsy]l- 
vania, and in Reading, Pennsylvania; then Professor at Rutgers College (then called 
Queen’s College) in New Brunswick, New Jersey; then Professor at Columbia College, 
New York City; then again at Rutgers; then at the University of Pennsylvania where 
he even became vice-provost; then, teacher at the Columbia College grammar 
school, yes grammar school, after which he retired, or was retired to his farm at New 
Brunswick. Far the most part he published only middling-interesting mathematics, 
mainly through books and in a short-lived journal of his own, called the Analyst, 
or Mathematical Companion (1808); but even this middling-interesting activity pro- 
duced, in ajournal called the Mathematical Correspondent (founded 1804 by George 
Baron), a curve called by Adrain the catenaria volvens, which half a century later 
was rediscovered, quite independently and very systematically, by the leading alge- 
braic geometer Alfred Clebsch. 

But Adrain’s actual claim to fame was the presentation of two versions of what 
the 19th century called “‘the exponential law of (accidental) errors (of observation),”’ 
one of which even appeared in print a year before the publication of the version of 
Gauss, by whom the law was subsequently known and after whom it is usually 
named. The 19th century produced a large number of versions of the exponential 
law of errors (see, Emanuel Czuber, Theorie der Beobachtungsfehler, Leipzig 1891), 
and Adrain’s versions are perhaps among the least satisfactory ones (see the article 
of Coolidge). But Adrain did achieve a measure of firstness in the matter, although 
adumbrations of the law reach back into the 18th century, to the work of De Moivre 
(see also I. Todhunter, A history of the mathematical theory of probability from the 
time of Pascal to that of Laplace, 1865); so that D. E. Smith may by forgiven for the 
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extravagant statement: “If, instead of being a self-made mathematician, he had come 
under the influence of men like Laplace, Legendre, and Gauss, [Smith might have 
here added the name of Poisson], he (Adrain) might have been a great leader. As 
chance had it, he was in a mathematical desert.”’ 

It is rash to assert, as D. E. Smith seems to do, that Adrain received no mathema- 
tical stimuli from the “‘ecological’’ setting in this country. The fact is that throughout 
the 19th and into the first decades of the 20th century there was in this country a 
broad interest in, and cultivation of, the kind of mathematical probability and statis- 
tics into which the 19th century law of errors naturally falls. The best evidence for 
this is the fact that even the above-named gentleman-mathematician J. L. Coolidge 
wrote a book on this subject. By mathematical avocation, Coolidge was a geometer, 
as evidenced by a string of textbooks, all published by the Clarendon Press, Oxford, 
and they were as follows: (1) The elements of Non-Euclidean geometry, 1909; (2) 
A treatise on the circle and the sphere, 1916; (3) The geometry of the complex domain, 
1924; (4) Algebraic plane curves, 1931; (5) A history of geometrical methods, 1940; 
and (6) A history of the conic sections and quadratic surfaces, 1945. And he even 
ended his book-writing career with, —also for the Clarendon Press —(7) The 
mathematics of great amateurs, 1949. Now, amidst all such books of a rather uniform 
trend, he also had a very different book in 1925, likewise at the Clarendon Press, 
under the title: An introduction to mathematical probability, which also had chapters 
on “errors of observation,” “‘errors in many variables,” “indirect observations,” 
“the statistical theory of gases,” and, note, on “‘the principles of Life Insurance.” 
And in the introduction the author states that “the present work is based upon the 
lectures which I have delivered, usually in alternate years, at Harvard University.”’ 
This book, however hodge-podgey it may appear to be to a mathematician of today, 
was still very much in the style of 1925, and, in fact, the book of Coolidge was quickly 
translated into German, and I myself so read it. 

But it is a curious fact that only a few years afterwards, this kind of book simply 
went out of style; and it is not the fault of J. L. Coolidge, if very soon after the appear- 
ance of his book, the work, original and translation, began to collect dust on the shelf 
which it has not shaken off since. Suddenly, around 1930, different conceptions of 
the cognitive nature and of the role of probability and of the role of statistics, and 
of their mutual relations came into being, and a different kind of textbook became 
necessary. All of a sudden, ‘“‘exponential law of errors,” which in the 19th century 
statistical activity was a household word, a state of mind, asit were, almost disappeared 
from textbooks and their subject indexes; and what — to a discerning antiquarian — 
was left of it were simply some versions of the so-called law of large numbers, more- 
or-less, and of some other asymptotic laws, perhaps. And it should be added that 
very soon after the change-over entirely different American crews joined in the ““New 
Directions,”’ both in probability and in statistics, and have been on top of develop- 
ments since. 

In some peculiar manner, the American folks-genius must have had some kind of 
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awareness in the late 1920’s that an important phase of mathematical statistics had 
come to an end, because an American professional statistician even wrote a valedic- 
tory summary on this entire period. It was called Studies in the History of Statistical 
Method, with Special Reference to Certain Educational Problems (1931), and the author 
was Helen M. Walker, then Assistant Professor of Education, Teachers College, 
Columbia University. It is also a remarkable feature of this book, — and a comment 
on the still very nineteen-centuryish American outlook of it on Life and Education — 
that the educational aspect in the title of the book is taken very seriously indeed in 
the body of the book. Thus Chapter VII has the title: Statistics as a subject of Instruc- 
tion in American Universities, and the sections of the chapter are as follows: 
(1) Purpose and method of the chapter, (2) Instruction in Statistics in 1890, (3) First 
College Courses in Statistics, (4) Pioneer Courses in Various Departments, 
(5) Outline of the Development of the Teaching of Educational Statistics in America, 

(6) The present situation, and, MARK!!, (7) Remarks by Florence Nightingale 
concerning Instruction in Statistics. 

To come back to Adrain, I would like to repeat that it is not at all certain that 
by being in this country he was lost in a mathematical desert. It iseven more hazardous 
to speculate that by staying in Europe, and in the right places in the vicinity of the 
right people, he might have come under the influence of men like Laplace, Legendre 
and Gauss, and thus become a great leader. Adrain’s true activity falls into the period 
between 1790 and, say, 1830, a so-called Age of Upheaval in the terminology of the 
New Cambridge Modern History (1 myself called it, for my purposes, The Age of 
Eclosion, and extended it from 1776-1825); and this era is, on record, one of the most 
difficult and recalcitrant to analyze and comprehend with regard to intellectual 
developments and spontaneities, and with regard to the influence of intellectuals 
upon each other. By what is known, but not comprehended about this era, it is equally 
valid to speculate — or at least could not be gainsaid — that it was precisely the rela- 
- tive isolation in the United States which brought out whatever originality there was 
in Adrain, and that, if he had stayed in Europe, whatever originality he was endowed 
with might have been nipped in the bud altogether, or smothered and choked off 
entirely. Because, if it is true that in the United States this era was in some respect a 
desert, then in Europe it was, in the same respect, a suffocating jungle, and it would 
be rash to say that Adrain would have fared better in a jungle than in an alleged 
desert. 

What was reminiscent of a jungle in Europe at that time was an overwhelming out- 
burst and uncontrollable proliferation of all kinds of knowledge, on all kinds of 
levels, all over the landscape. Leaving aside at first (and I mean at first) mathematics, 
and mechanics in all its parts (mechanics of point systems, and of continuous and of 
hydrodynamic and elastic media), it can be asserted that a whole spectrum of sciences, 
natural social, and even humanistic, came then into being; and if the sciences did 
not all actually come into being only then, it can nevertheless be stated that they 
then organized themselves in such a way, as if this were their true beginning, finally. 
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During that period there was the true beginning of physics proper (of thermodynamics, 
electricity, magnetism, even of optics, ancient as this discipline was), of chemistry 
(beginning with Dalton and Avogadro), of geology, biology (Lamarck), psychology 
(Herbart); of systematic sociology (Auguste Comte); even of economics, certainly 
of mathematical economics, or, at least of economics built on models; of linguistics; 
of the so-called “higher criticism’’ in all kinds of ancient literature, the Old Testament 
and Homer among others; of various specialized histories, like history of astronomy, 
of medicine, of Roman law, etc. (For allthis, compare my book Eclosion and Synthesis, 
1970.) 

Evenin mathematics the developments during that period were much more radical, 
and much more difficult to account for rationally than commonly realized, even if, 
externally, the developments did not appear to be as tumultuous as in other areas 
of knowledge, scientific or other. During this era mathematics and mechanics separa- 
ted from each other; the conception of an existence theorem, and of a uniqueness 
theorem, and of a necessary and sufficient condition, was finally born, and only 
then. One need only compare the spirit of, and approach to analysis in Lagrange 
and Cauchy, — who after all were in a common French tradition—to see how 
radically analysis was reoriented. Lagrange and Cauchy simply do not speak the same 
mathematical language, whatever the similarity of vocabulary and grammar. For 
instance, to single out only one point, no matter how much Lagrange may assert 
and insist that a function is for him an “‘abstract’’ mathematical object, in his thought 
patterns it somehow is residually a mechanical orbit or perhaps a physical function 
of state; whereas in Cauchy, orbits and forces and pressures are always functions, 
as they are for us today. The history of this transition in mathematics must of course 
be pursued, to the limit of possibility, as a problem of the genetic unfolding of mathe- 
matics as mathematics. But it is also a fact that this transition in mathematics has 
parallels to transitions in many other areas of academic pursuits; and in order to 
round out the comprehension of the transition in mathematics such other transitions 
must be taken into account too. 

The leading transition mathematicians were Laplace, Gauss, and Poisson. The 
provenance of Laplace is easy to see; he was in a continuing French tradition, 
from Lagrange to Cauchy. Poisson, although also a French mathematician, is much 
harder to understand and to place. And it is a curious fact that he is the only French 
mathematician of consequence whose Oeuvres Complétes have never been edited, 
and about whom there is no decent scientific biography. And Gauss, finally, is totally 
inexplicable as to his “‘ethnic’’ origin. His only mathematical “forbear’’ would be 
Leibniz. But it is very farfetched to attach him to Leibniz, and it is simply impossible 
to say where Gauss came from, mathematically, that is. He was suddenly there, 
just as some of the greatest prophets of the Old Testament were suddenly there. 
For instance, the first such great prophet in the Old Testament was Elijah, and the 
Bible introduces him suddenly, without any warning, as “Elijah the Tishbite, who 
was of the inhabitants of Gilead.” That is all; no father’s or grandfather’s name, no 
name of a clan, nothing. 
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Also, our assertion that Gauss, for all his greatness, was the figure of a transition 
period, is borne out by the fact that while he already felt the mathematical need for 
giving a rigorous proof, and in fact more than only one proof, for the fact that every 
polynomial with complex coefficients has a zero, he was not yet in an intellectual 
frame to define the convergence of a sequence, or of a series of numbers. satisfactorily, 
that is. This was done only by Cauchy, who had the unusual distinction of being the 
first to give a reasonably satisfactory definition of continuity as it occurs in mathe- 
matics. 

Part II. Charles Sanders Peirce 


The statement just made about Cauchy is my cue for presenting my last and most 
significant item of Americana. In a very peculiar sense, which I shall try briefly to 
sketch, the conception of continuity was in the center of a dominant theme of 19th 
century intellectuality, in all its compartments, in and out of mathematics. And itis a 
remarkable fact that Charles Sanders Peirce was most peculiarly preoccupied with 
this theme, overtly and covertly, directly and by contrast. It was an intellectual 
obsession with him. At any rate, it is possible to view much, or even most, of his 
philosophical work, in all its complexity, as variations, however diverse, on the theme 
of continuity. If his work is now so viewed, it is admissible to say, that the preoccu- 
pation with this all pervading 19th century theme of continuity made Peirce into the 
greatest philosopher America has produced thus far, but that it also un-made him, 
as evidenced by the fact that Peirce was never able to compose a key treatise through 
which to express himself and in which to summarize himself, as philosophers are 
wont to do. His was a real American Tragedy. A great philosopher, and an even 
greater failure. 

This harsh judgement was not originally mine. I encountered it in the book 
of Murray G. Murphey, The Development of Peirce’s Philosophy, Harvard University 
Press, 1961, but found it very appropriate and just, however harsh it be. But Murphey 
did not substantiate it sufficiently, and I undertook to rationalize it from my own 
approach in the article: “Continuity and Discontinuity in Nature and Knowledge,” 
which has appeared in the Dictionary of the History of Ideas, 1973. 

Before briefly expounding my own view on the matter, I would first like to quote 
the decisive statement in Murphey, which is the last paragraph in his book. This 
is its text. 


‘“‘As one reads through the thousands of pages of manuscript which are all 
that remain from Peirce’s life’s labor, one cannot escape the feeling that these 
are the ruins of a once great structure. Every paragraph and every doctrine seem 
to be fragmentary parts of some larger whole. As Morris Cohen has remarked: 
‘In his [Peirce’s] early papers, in the Journal of Speculative Philosophy, and in his 
later papers, in the Monist, we get indeed glimpses of a vast philosophic system 
on which he was working with an unusual wealth of material and apparatus.’ 
(Charles S. Peirce and a Tentative Bibliography of His Published Writings, 
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Journal of Philosophy, Psychology and Scientific Methods, X\II, 727 December 21, 
1916.) But this is an illusion — Peirce’s illusion: the grand design was never ful- 
filled. The reason is that Peirce was never able to find a way to utilize the continuum 
concept effectively. The magnificent synthesis which the theory of continuity 
seemed to promise, somehow always eluded him, and the shining vision of the 
great system always remained a castle in the air.”’ 


We ought to observe though, that Murphey was in no wise implacable in his 
criticism of C. S. Peirce. Thus, after the book, Murphey also contributed the article 
on Peirce to The Encyclopedia of Philosophy, and there this kind of criticism does 
not occur at all. 


But now we are turning to our own analysis, in which we will repeat much from 
our above-mentioned article in the Dictionary of the History of Ideas. 


Continuity is a perplexing concept. The mere name of it poses a puzzle. Our 
common familiar name of it comes from the latin verb con-tinere which means “‘to 
hang or hold together,” and forms of the verb continere are attested since the 3rd_ 
century B.C., from which the earliest large-scale Latin texts have come down. But 
long before that, a Greek equivalent of the entire word-complex had been in use. 
In fact, the Greek word for our “‘abstract’? noun “‘continuity,’’ as standardized by 
Aristotle, is the adverbial form to syn-echés (to ovveyéc), and the cognate verb 
syn-echéin is likewise translated in dictionaries by “‘to hang or hold together.” To 
a layman this would suggest that the two words con-tinere and syn-echéin ought to 
be close linguistic relatives, especially since the prepositions con and syn have such 
similar sounds. But, surprisingly, the works on Indo-European linguistics which have 
been consulted in my layman’s way, do not, in general, “identify” con and syn, and, 
in particular, they do not assert that the Greek and Latin stem words for continuity 
had a common root in Sanscrit. 


Now, in Greek, this synechés has a venerable ancestry, meaning that it already 
occurs in Homer, than which there are no earlier texts. In fact, both the verb synechéin 
and the adverb synechés occur in Homer, and it is most remarkable that already in 
Homer they occur on different levels of abstraction, and that this difference has not 
worn off entirely ever since. The verb occurs on a lower level of abstraction. It occurs 
in Iliad, 4, 133, in the expression “‘the golden clasps of the belt were held together,” 
in which its meaning is quite concrete. But the adverb, which is used twice, is both 
times used in a semi-abstract meaning, namely in the meaning continually (in time). 
The first occurrence is in J/iad 12,15—26, thus: ““Zeus made it rain continually” ; and 
the second occurrence is in Odyssey 9, 74, where Ulysses, in the narration of an adven- 
ture, uses it thus: ‘“There for two nights and two days we lay continually.” This 
peculiar intellectual tendency to have a heightened awareness of the abstractness and 
intricacy of continuity when dealing with continuity of Time has been with Philosophy, 
in all its compartments, ever since. For instance, a good deal of the philosophy of 
Henri Bergson can be so envisaged. But, of importance to us, is a section in Peirce, 
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6.86, entitled Time, in which the statements are rather intricate and even obscure, 
even by standards of the writings of C. S. Peirce, in which obscurity is a recurrent 
phenomenon. 

Returning to Homer, to the passage in the Odyssey in which synechés means 
continually (in time), it is remarkable that the adverb synechés is there reinforced 
by the adverb aiei (avet) which means always, ever, eternally. The Odyssey thus 
adumbrated a tripartite bond between continuity, time, eternity; and this bond — 
by the inclusion of eternity — has been variously contemplated and exalted in theolo- 
gically oriented (general) philosophy ever since. This bond is nowhere stronger than 
in the Old Testament, which, in a sense, is a vast dissertation on the Lord’s continuous 
(because unceasing) concern for his “‘Chosen People,” but the extant canon of the 
Old Testament does not have at all a word whose functions would correspond to those 
of synechés. It is further remarkable that both this bond and the intellectual preference 
for temporal continuity are verified by the order in which the cognates of our English 
word continuity have come into use. According to the entries in the Oxford English 
Dictionary, out word continual (in time) was the first to emerge. It occurs as early 
as 1340 A.D., in the phrase: “‘great exercise of body and continual travail of the spirit,”’ 
in one of the so-called English Prose Treatises of the hermit Richard Rolle of Hampole 
(1290-1349). But for all other cognates of continuity the same dictionary quotes 
only from Chaucer, who wrote about half a century after Hampole, or from later 
sources, even much later ones. Thus, according to this dictionary, our adjective 
continuous gained currency in the 17th century only. | 

In mathematics, continuity is nowadays defined precisely and unequivocally, 
but only nowadays, since Cauchy, that is. There is no reason for being overly surprised 
at the fact that continuity has become a precise mathematical concept so relatively 
recently only, and one must not judge, as sometimes done, that mathematicians 
before that were “‘confused,”’ or in some sense ‘“‘defective’’ in their cognition. Con- 
tinuity is nowadays as vital a mathematical conception as can be, but, for all that, 
it is not at all a mathematical conception to begin with, very far from it. This cannot 
be sufficiently emphasized. It is one of the greatest triumphs of mathematics that it 
has somehow managed to turn continuity into a genuinely precise and sharply defined 
concept as no other academic area of cognition has, although to begin with, con- 
tinuity is not a peculiarly mathematical category of cognition at all. Rather, to begin 
with, it is a sprawling all-pervading notion, occurring, in all precincts of perception 
and intellection, ideation and abstraction; and outside of mathematics, it is ambigu- 
ously conceived and loosely applied, and it merges and fuses with neighboring con- 
cepts, like uniformity, steadiness, constancy, etc., all of which have, in mathema- 
tical contexts of today, definitions of their own. 

That continuity has many meanings, or, at any rate, many shadings of meaning, 
can be recognized by the fact that it has many antonyms. The leading antonym to 
“continuous” seems to be not “discontinuous” but “discrete.”? But others are: 
saltatory, sudden, intermittent, indivisible, atomic, particulate, even: monadic. 
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A Monad however, being a kind of synonym to Unity and One-ness, may suggest 
both continuity and discreteness, self-dually. The monad of Leibniz, as presented in 
his Monadology, is apparently of such a kind; that is, it also suggests continuity, 
even if it is an irreducible ultimate unit, not only of physical structure but also of 
consciousness, cognition, and metaphysical coherence. Charles Sanders Peirce 
has a much more sophisticated version of duality between continuity and discon- 
tinuity, or at least an anticipation of such a duality, a version of duality which reached 
into the 20th century and even became a hallmark of it — but, of this, later on. 

In one matter, though, Leibniz’ insight may have been deeper than Peirce’s. It 
concerns the relation between “‘function”’ and “continuity.’’ A young mathematician 
nowadays is taught, even in high school, that the concept of a “function” y = f(x) 
is a primary datum, whereas the property of “‘continuity’’ of a function is a secondary 
datum. A function, he is taught, is, to begin with, an “‘arbitrary” association of some 
y with each x, whereas continuity is a restrictive mode of association, which can 
only be brought about if the spaces of the objects x and of the objects y carry “‘topo- 
logical structures,’’ so called. Now, in the actual genesis of the two conceptions in 
the mathematics since 1600 there was no such hierarchical subordination of “con- 
tinuity” under “function.” It was almost the other way around; it was the urge to 
come to grips mathematically with the concept of continuity that was greatly respon- 
sible for the gradual emergence of the conception of a mathematical function too. 
Now, from my reading in Leibniz and in Peirce, such as it has been, I have the impres- 
sion that Leibniz somehow knew better than Peirce what, cognitively, the true hierar- 
chical relation between continuity and function really is. 

Returning now to continuity per se we note that a most challenging problem in 
the History of Ideas and Knowledge, which has not yet been studied at all, are the 
manner and stages by which the sharp mathematical strand of continuity of today 
has arisen and evolved within the sprawling, weaving, undulating texture of continuity 
in the broad spread of cognition and knowledge in our total mental awareness. 
Also, most surprisingly, the study of Greek Rationality does not help at all. On 
the contrary, the Greek situation makes the problem ever so more perplexing, from 
our retrospect at any rate; the brutal fact being, that Greek mathematics, as known 
to us from the many documents that have come down to us, has absolutely never 
and in no wise come to grips with the conception of continuity at all, in a plain, 
honest, direct confrontation, that is. 

In extant Greek mathematical texts, the word synechés occurs extremely rarely, 
and never, but never, in a technical sense; nor does any kind of recognizable express 
circumlocution appear in a technical sence. From knowing all extant Greek mathe- 
matical texts, but only those, and no philosophical texts, it would be impossible to 
surmise, that synechés was a potent philosophical concept that appeared in very 
meaningful philosophical contexts, meaningful and intricate ones. The most articula- 
ted such occurrence is in Aristotle’s Physics, especially in his analysis of Zeno’s 
puzzles (the flying arrow, Achilles [and the tortoise], the midpoint, the race-course). 
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But already well over a century before, synechés occurs in the great ontological poem 
of Parmenides; and the following two passages in which it occurs must be read 
slowly and thoughtfully, if the meaningfulness of the occurrence is to be savored. 
(The passages are lines 3-6 and 22-26 from fragment 8 in Diels-Krantz; all our 
translations of Parmenides are those of Leonardo Taran.) 


‘Being is ungenerated and imperishable, whole, unique, immovable and com- 
plete. It was not once [upon a time only], nor will it be [only in the future], 
since it is now altogether, one, continuous (synechés).”’ 


““Nor is it divisible, since it is all alike. Nor is there somewhat more here and 
somewhat less there that could prevent it from holding together (synechéin); but 
all is full of Being. Therefore it is all continuous (synechés), for being is in contact 
with Being.” 


Now, at first hearing this may sound like just another philosophical gibberish. 
Try however to replace here “‘Being,”’ by ‘“(Dedekind-Cantor) linear continuum,”’ 
be it one-dimensional, two-dimensional, three-dimensional, etc., and then the pas- 
sages immediately sound much more meaningful. The second passage especially 
has a thrilling ring, thus! 


‘Nor is it divisible, since it is all alike. Nor is there somewhat more here and 
somewhat less there, that could prevent it from holding together. But all is 
full of continuum. Therefore it is all continuous (synechés), for continuum is in 
contact with continuum.” 


After this take the first passage, but in the sense of natural philosophy, and ina 
suitable paraphrase, thus: 


“Continuum is ungenerated, and imperishable, whole, unique, immovable and 
complete. It was not just sometimes in the past, nor will it be only in the future, 
since it is now altogether, one continuous (synechés).”’ 


Before continuing with the subject matter proper, we wish to comment briefly 
on a famous passage in Parmenides in which he suggests that the universe has the 
shape of a homogeneous sphere: (lines 42-49 of fragment 8). The passage becomes 
rather luminous if one not only replaces “Being” by ‘‘(Cantorian) continuum,” 
but also “‘non-Being’’ by “a gap (as ina Cantor ternary set)’’ in the following text. 


“But since there is a furthest limit, it isin every direction complete (tetelesmenon); 
like the body of a well-rounded sphere, from the middle everywhere of equal 
strength; for it need not be somewhat more here and somewhat less there, for 
neither is there non-Being to prevent it from reaching its like, nor is there Being 
so that it could be more than Being here and less than Being there, since it is all 
inviolable; for from every point it is equal to itself, staying uniformly in the 
limits.” 
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That — from our retrospect — it is justified to impute to Parmenides a measure 
of preoccupation with the nature of the linear continuum is corroborated by develop- 
ments engendered by Parmenides, not so much in the work of Melissus of Samos, 
as in the famed work of Zeno of Elea, both of whom were prominent successor- 
disciples of Parmenides. Melissus introduced some features of infinitude into the 
universe of Parmenides, and thus contributed, however slightly, to its eventual mathe- 
matization. And Zeno’s puzzles contributed much more so, however slowly and even 
circuitously. 

The work of Zeno, as known today, had two major aspects, which for our pur- 
poses are separable, however much a philosophical analysis in depth may find them 
overlapping, or even coextensive. One aspect was the general problem of One-and- 
Many, with which we need not concern ourselves as such; and another aspect was 
the more special, and more renowned, problem of the “puzzles” or difficulties relat- 
ing to motion, with which any study of the notion of continuity in its metaphysical 
entirety must concern itself, in one form or another. The manner in which we are 
concerning ourselves with the puzzles is a purely negative one. We are not going to 
examine the puzzles at all on their own Zenonian standing and merit, or on the many 
philosophical expostulations and critiques of them, but we are pointing out, emphati- 
cally, the following closely interlocking facts. 

(1) Whatever, nowadays, the philosophical interest in the puzzles continues to 
be, our working science and working mathematics is totally unaffected by them. There 
is not a trace of a hint of the puzzles in Newton’s Principia, or in Lagrange’s Méca- 
nique Analytique, and a physicist of todayis not less of a physicist if he does not know 
anything about the puzzles at all. In fact, there is not a trace of a hint in all of Greek 
scientific documentation that Archimedes was in the least interested in the puzzles, 
or that he had ever heard of them at all. I am not asserting or even suggesting that 
Archimedes never heard of them, but I am only pointing out chat in the extant 
corpus of Greek writing there is not a trace of a hint of an allusion to his having 
known anything about them, and I do maintain that it is very pertinent and very 
important so to point out. 

(2) The puzzles are known only because Aristotle reports on them, in Book VI 
of the Physics, and his purpose in reporting them is not “‘to save them for posterity,” 
but to refute them. Now, from our retrospect, Aristotle’s refutation consists, in his 
own thought patterns, in the following interconnecting attempts. (a) He attempts to 
establish the prerequisite continuity properties of the (Cantor-Dedekind) linear 
continuum. (b) He attempts to represent a uniform motion on the line by a linear 
function x = ct, and this is especially difficult for him, because the Greeks simply 
had no kind of analytical anticipation of a function in our sense. (c) And he finally 
attempts to argue that in this would-be linear function, the mathematical structural 
paradigm of the two quantities x and tis the same, namely that of the linear continuum 
so that, indeed, as we know it today, the puzzles simply do not arise. 

(3) Now, a most remarkable commentary on these interlocking facts is this, that 
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these heroic attempts of Aristotle to establish such very basic and indispensable 
verities of analysis are not reflected in the least in the mathematics of the Greek 
professionals at all. While Aristotle is “experimenting” not only with the notion 
of “‘continuity”’ (synechés), but also with neighboring notions of the linear continuum, 
like: “‘together,”’ ““continuous,” “overlapping,” “‘everywhere dense,” etc., professional 
mathematics is deathly silent about any such notions. One is forced to conclude that 
Greek professional mathematics was simply too cowardly to face the conception of 
continuity head-on, front-face, in a direct confrontation, as Aristotle, and perhaps 
also some other philosophers, had so urgently been prodding it to do. And the con- 
sequences of this ‘“‘cowardice’”’ were immeasurable. If nothing else, it took the Evolu- 
tion of Ideas almost 2000 years fully and unequivocally to recognize that the puzzles 
of Zeno are, if properly viewed, problems of mathematics. At any rate, it appears 
that the first such recognition can be documented by a book of 1647 only, namely 
by the Opus geometricum quadratura circuli et sectionum coni of Gregory St. Vincent. 
Before that, the puzzles belonged to Physics, more-or-less, as they had so belonged in 
Aristotle, whatever Physics may have been understood to be, in Antiquity and in the 
Middle Ages. 

Of course, it would be wrong, even preposterous, to say, that Greek mathemati- 
cians did not do anything about continuity at all. Of course they did, and even some 
of their most glorious achievements pertained to that part of our present-day analysis 
in which continuity is domiciled. Such achievements were: their theory of propor- 
tions, as presented in Book V of Euclid’s Elements, and their theory of exhaustion that 
pervades the work of Archimedes. But, as far as continuity is concerned, these “‘sub- 
stitute’? achievements, when viewed coldly and unsentimentally, were maneuvers of 
evasions, instead of battles of confrontation; and Greek mathematics, and mathema- 
tics long after the Greeks, paid a high price for putting up with such evasions, the 
price -teing some unbelievably crude and obvious gaps in syllogistic reasoning — 
gaps which only the 19th century identified and filled. 

Such a crude gap occurs in the very first theorem of Eculid’s Elements. In it 
Euclid tacitly assumes that if a circle is given in the plane, and if a point inside the 
circle and a point outside the circle are connected by an arc (or a segment, or any 
simple curve), then the arc must meet the circumference of the cirle in at least one 
point. This gap is a gap in the knowledge of the structure of the linear continuum. 
And since Greek mathematics never faced up, directly, to the problem of the structure 
of the continuum — as the work of Aristotle should have urged it to do — it managed 
not to become aware of the gap at all. Not only did Archimedes accept this kind of 
gap unquestioningly, but even the great Gauss still did, when, in one of the proofs of 
the theorem that a polynomial with complex coefficients has a complex root, he takes 
it for granted that a polynomial with real coefficients of odd degree meets the real 
axis somewhere. And it must be stated again unsentimentally, that this gap in 
Gauss is of the same size and shape as the gap in the first theorem in Euclid, 21 
centuries before. Only after Gauss, even soon after Gauss, did analysis finally deal 
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with the problem frontally, and even so it took mathematics the best part of the 
19th century to master the problem. 

About a century before Cauchy and others began to make the conception of con- 
tinuity mathematically rigorous and operationally productive, Leibniz began to 
make it philosophically tangible, articulate, and useful. Thus he, finally, overcame 
the Aristotelian (meta-) physical contrariety between motion (Kinesis) and rest 
(eremia) by pointing out, in terms of today, that rest is the limiting case of motion 
when velocities reduce to the value 0. But this was only a particular statement of 
Leibniz, which, in his view, was only a particular instance of a general Law of Con- 
tinuity (lex continui) which runs through his entire metaphysics and science. Leibniz, 
from prudence or incapacity, did not present this law — important as it was to his 
thinking —in a systematically thought-out study of its own, but he frequently 
reverted to it in divers contexts, presenting some of its aspect each time. Perhaps 
the most representative single statement of the Law of Continuity is the maxim of 
cognition that “‘when the essential determinations of one being approximate 
those of another, as a consequence, all the properties of the former should also 
gradually approximate those of the latter.” (Leibniz selection, edited by Philip P. 
Wiener, 1959, p. 187; see also pertinent passages in Hermann Weyl, Philosophy of 
Mathematics and Natural Science.) 

This leading statement may be interpreted to assert that functions, and functional 
dependencies in nature are usually continuous. We know nowadays that this is an 
over-assertion, since chemical processes and nuclear processes can be discontinuous, 
even violently so. And Leibniz’ emphasis on continuity was to an extent a part of 
his general attitude of optimism — which is a leitmotif of the 18th century althogether 
— that the world is rational, progressive, self-ameliorating, and perhaps even the 
best of all possible worlds. Nevertheless, the lex continui was an important event 
indeed, in that it revealed an aspect of (mathematical) continuity that had been 
hidden from view until then. Whatever insight into continuity Aristotle and other 
ancient and medieval philosophers may have had, this insight always referred only 
to the structure of the linear continuum, that is, to the topological structure associable 
with linear ordering; whereas Leibniz discovered, even if in a blurred way, the possibil- 
ity of continuity of a function, that is, of a mapping from one topological space into 
another, and he even advanced towards a conception of a general function in the 
process. Professional mathematics and philosophy of mathematics pride them- 
selves on the insight — and they spent the entire length of the 19th century on arriving 
at the insight — that a function, whatever that be, need not be continuous. But, as 
already stated before, it is ‘a most significant fact that, in relatively recent Western 
Thought, the conceptions of function and of continuity have evolved simultaneously 
and in close intellectual interpenetration with and in dependence on each other, 
however much they were later disengaged from each other, in fact, or perhaps only 
in intent. The lasting residual dependence of these two conceptions upon each other 
comes about in the following way. It is all very well to say that a function is an “arbi- 
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trary’ correspondence between two sets of objects, the domain and the range. It can 
be argued that however “‘arbitrary’’ a correspondence may appear to be, it does 
follow some kind of pattern nonetheless, and if one philosophically extends and 
generalizes the concept of continuity to subsume the presence of “‘any’’ kind of 
pattern, regularity, orderliness, etc., then, of course, most functions in Thought 
and Cognition are continuous indeed. The possibility of such an extension has been 
recognized and attempted by Charles Sanders Peirce, and it was this attempt in 
which he failed, or rather in which he never succeeded. Of course, his attempt was 
not quite as simplistic as our first statement, just made, would suggest, and we will 
try to describe, to an extent, how un-simplistic it was. 

Returning to Leibniz, we have to say that it is not easy to assess the direct effect, 
if any, of the Law of Continuity on the growth of professional mathematics and phys- 
ics or even on philosophy itself. There seems to be no manifest reference to the lex 
continui in Immanuel Kant’s analysis of his a priori Space and Time, however much 
continuity of one kind or another is involved in their structure and mystique. Nor 
is there a manifest reference to the lex continui in the unusually slow unfolding of 
the conception of continuity in the working mathematics of the 18th and 19th 
centuries. 

Of course, the ‘‘Law”’ of Leibniz may have been burrowing deep inside the texture 
of our intellectual history, thus affecting the course of Knowledge and Cognition. 
But the only outright corroboration for this is the fact that about 150 years after 
Leibniz a lex continui came into being in the thinking of C. S. Peirce and permeated 
it to a considerable extent. Except that Peirce called it not Jex continui or Law of 
Continuity, or something similarly synonymous, but synechism, thus going back to 
the Greek form of the word continuity instead of the Latin. And may I state in paren- 
theses that it was this ‘‘accidental,’’ or perhaps not so accidental, trait of nomenclature 
that attracted my attention to Peirce, the general philosopher, at first. Peirce obvi- 
ously did not want to admit, to himself or to others, his indebtedness to Leibniz in 
this matter, and he has been very successful in this respect, inasmuch as nobody 
states it outright that synechism is a lex continui by another name, however much 
Peirce may intend to differ from Leibniz in particular or general attitudes. It is alto- 
gether remarkable that in the vast collection of Peirce’s papers the name of Leibniz 
appears extremely rarely, although Peirce apparently had Leibniz very much on his 
brain (see Max H. Fisch, Peirce and Leibniz, Journal of the History of Ideas, 33 
(1972), 485-496). And, finally, Peirce absolutely never refers to the fact, which must 
have been known to him, that the verbal switch, in philosophical jargon, from “‘con- 
tinuity”’ to “‘synechés” had been made earlier in the 19th century by the philosophers 
Johann Friedrich Herbart (1776-1841) and Gustav Theodor Fechner (1801-87), 
the first famous for psychology and pedagogy, and the second for the Webner- 
Fechner Law of quantitative psychology (intensity of sensation varies as the logarithm 
of the stimulus). 

It must be stated though that Herbart uses synechés only in a descriptive manner, 
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while Peirce uses it very prescriptively, whereas Fechner uses it somewhere in-between. 
Thus Herbart has in his Metaphysics a long section on what he terms “‘Synechology,”’ 
in which he describes, from the approach of a peculiarly Herbartian compound of 
psychology and realism, various basic features of continuity that are inherent to 
space, time, and matter; Peirce however maintains very prescriptively, that continuity 
— of a Peircean hallmark, of course — pervades the decisive categories of cognition. 
Whereas Fechner, in a position somewhere in between, — which cannot beilluminated 
because Fechner is there impenetrably obscure — enlarges on the “‘synechological 
outlook versus the monadological outlook”’ (Die Tagesansicht gegeniiber der Nacht- 
ansicht, 2nd edition, 1904, p. 204). Also, when Herbart and Fechner turned to the 
Greek root word synechés for the formation of ‘‘synechology”’ then this was much 
less of a linguistic affectation than when Peirce coined his “synechism.’’ Because 
Herbart and Fechner wanted the adjective ‘“‘synechological,”’ in the sense of “‘pertain- 
ing to, or descriptive of continuity,” which cannot be readily formed from “‘continere”’ 
whereas Peirce’s coinage of “‘synechism,”’ to take the place of Law of Continuity, 
had no such justification. 

Now, Peirce’s failure to establish his Law of Continuity as he envisaged and 
wanted it, had the following overall reason, stated schematically. Peirce was aiming 
at a conception of continuity that would be metaphysically at least as all-pervasive as 
Leibniz had envisioned it, be cognitively even vastly more general than the notion 
of Leibniz, and yet be as rigorous, unequivocal and precise as the mathematics and 
mathematical logic of Peirce’s era could make it. But with this ambition Peirce 
was striving after an impossibility. Carrying out this program would have amounted 
to fusing mathematics with metaphysics and general cognition in their entirety, 
which, however, seems impossible. Mathematics is not as large as are philosophy 
and cognition in their full scope. To formulate this precisely, “‘if a conception from 
general philosophy has been made mathematically rigorous, then it can wear the 
vestments of mathematical rigor to advantage only when moving about in areas of 
mathematics proper, or, at best, in border areas which mathematics is in the process 
of penetrating, but certainly not when moving about in areas which are well outside 
of mathematics’ sphere of influence” (Dictionary of the History of Ideas, vol. 1, 
p. 502), and outside of the philosophy of mathematics also. 

It is not clear from the statements of Peirce, and it may have never become 
clear to himself, whether synechism is intended to be present effectively outside of 
areas of philosophy of mathematics, or whether, conversely, the philosophy of 
mathematics is meant to extend into every precinct of metaphysics in which the pres- 
ence of synechism is detectable. Peirce was one of the first of a species of philosophers 
who by trend, intent, or circumstances had been blurring the several demarcations 
between mathematics, mathematical logic, philosophy of mathematics, and general 
philosophy. Outside of Peirce, very prominent representatives of this new species 
of philosopher were A. N. Whitehead and Bertrand Russell; and it is worth observing 
that they frequently mused that it ought to be possible to trespass on philosophy 
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proper with conceptions from mathematics, and they even made attempts in this 
direction. But they were prudent enough, especially Whitehead, not to become en- 
tangled in difficulties into which Peirce was stepping only too boldly. Philosophers 
like Whitehead and Russell were saved from the kind of impasse into which Peirce 
maneuvered himself, because they disciplined themselves to write up their findings 
in full-scale texts and monographs from time to time. Whatever did not fit into a 
monograph or become a monograph, simply had to be dropped or at least de- 
emphasized. Peirce —from whatever reason, perhaps from reasons of personal 
hardships — did not compose a single basic philosophical treatise of this kind, 
and it is probably idle to muse, whether he did not write a treatise because he was 
unable to think through synechism, or whether, conversely, he was not forced into 
making an intellectual decision with regard to synechism because he did not compose 
a systematic treatise about it. 

After leveling these criticisms against Peirce, it must be stated that although his 
efforts to ‘‘synechize”’ our Universe, in its external and internal manifestations, did 
not succeed — and in fact, from our retrospect, were bound to fail—he did go 
about this self-appointed task in a very knowledgeable and interesting way. His 
outlooks and presumptions were much less “‘naive’’ than those of Leibniz; not 
only were they attuned to some of the scientific and other cognitive insights-in- 
depth of his late Victorian times, but they even foreshadowed some of the radical 
intellectual change-overs of the early decades of the 20th century too. 

First of all, Peirce knew as sharply as anybody before him, that one cannot have 
continuity all by itself, only and exclusively, without any kind of discontinuity also 
present, however much the discontinuity be subordinate to continuity, existentially. 
This had been known long before Peirce. For instance, in the thinking of Leibniz, 
his /ex continui, however universally valid, was inseparable from his monadology, 
which posited that anything there is anywhere, in nature and life, physics and meta- 
physics, logic and being, reality or mysticism, thought and impressions, perception 
and conception, is somehow built up of some ultimate units, which Leibniz called 
monads, and which, by their One-ness, somehow represented continuity and discrete- 
ness, both. 

A very crude, low-leveled, but effective way of summarizing the monadology 
of Leibniz is to point out that even a physicist who abhors mechanics of discrete 
mass systems, but delights in mechanics of continuous media — and professes a 
scientific creed that only a mechanics of continuous media is metaphysically and 
ontologically meaningful — nevertheless knows that, in everyday life, all matter is 
somehow granulated, that there could be no chemistry without the assumption, 
however fictitious it be, that there are molecules, and that, however beautiful, perfect 
and meaningful Maxwell’s purely field theoretic system of electrodynamics may be, 
it somehow is impossible not to perceive, at least in fictitious thought, that something 
like electrons are conceivable too. Now, this kind of physicist is not just a strawman 
of ours, there had indeed been such a one, long before Leibniz, and it was none other 
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than Aristotle. Aristotle was strongly opposed to the atomism of Leucippus and 
Democritus, and for very meaningful scientific reasons of his; but he understood 
atomism masterfully, and greatly respected it as an intellectual achievement. 
Furthermore, a relatively recent study of the history of “‘philosophical’’ atomism by 
Andrew G. van Melsen, in his illuminating book From Atomos to Atom (1952), 
has shown that, nevertheless, Aristotle had a theory of smallest particles, 
which the middle ages called minima, and that actually all along, after Aristotle, 
there had been, however ambivalently, two kinds of theories, or rather two kinds 
of irreducible elements, one being atoms and the other being minima. 


Now, Peirce has also something corresponding to Leibniz’ monadology as a 
companion to the lex continui; but, going far beyond that, Peirce has something 
which, incipiently, corresponds to the 20th century de Broglie duality between (con- 
tinuous) waves and (discrete) corpuscles; and he furthermore has an insight into 
something entirely different that goes far beyond what Leibniz perceived, namely 
an insight into the fact that evolution, in its post-Darwinian explication, straddles 
and fuses continuity and discreteness both. Now, for a few condensed details about 
this. 


Peirce’s counterpart to the monadological element in the lex continui of Leibniz 
is imbedded in Peirce’s recondite doctrine of a basic tripartite category of cognition, 
the parts of which Peirce denotes, in hierarchical ascent, simply by Firstness, Second- 
ness, and Thirdness. For our purposes the role of this entire category of cognition 
can beexemplified by the following occurrence, which, however simplistic in outward 
appearance, is actually representative of Peirce’s thought pattern, in its outward 
scheme, at any rate. Suppose that a working mathematican has to consider a certain 
general “‘space,”’ that is, a general Cantorian point-set with some kind of structure, 
whether the “‘structure’”’ be topological, algebraic, or relational. Now, in Peirce’s 
scheme of cognition the steps by which the mathematician becomes fruitfully cognizant 
of this set are as follows. He first of all becomes aware of the set in a first tentative 
over-all perception, and this amounts to the logical intervention of the category 
of Firstness. Then, he “‘verifies’’ in his mathematical mind, that it is indeed a Cantor 
set, Consisting monadologically of “separable” elements — so that from Peirce’s 
approach, a feature of discontinuity is involved in all existence. But, finally, and 
decisively, the mathematician becomes aware of, and verifies the cogency of the 
actual structure of the space, that is of the manner by which the various elements 
of it are combined and linked with each other; and this he does by the exercise of the 
Category of Thirdness, which is the decisive one. However simplistic this above 
example perhaps is, it does legitimately explain how, from this entire approach, 
both Firstness and Thirdness involve continuity (Firstness does so tentatively and 
Thirdness decisively) and Secondness contributes a feature of discontinuity, simply 
by envisaging existence in its most elemental form. A trenchant statement of the 
synechological link between Firstness and Thirdness and of the generality of the 
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Peirce notion of Continuity is contained in the following passage from a small but 
helpful book about Peirce. 


“Thirdness is mediation, generality, order, interpretation, meaning, purpose. 
The third is the medium or bond which connects the absolute first and last, 
and brings them into relationship. Every process involves Continuity, and con- 
tinuity represents Thirdness to perfection.” 


(See Eugene Freeman, The categories of Charles S. Peirce, 1931, p. 19.) 


Next, Peirce’s anticipation of the 20th century duality principle of quantum 
theory appears in the following insights and assertions of his. 


The 19th century took it for granted that not only a mechanical system but also 
any other physical system is subject to alaw, usually called determinism, that initial 
conditions, especially initial temporal conditions, when precisely known, fully determine 
the entire future course of events and developments within the system. This “‘law’’ 
was expressly stated by Laplace, and is attributed to him, but it actually was already 
contained in the /ex continui more-or-less. But, seemingly inconsistently with this, 
the 19th century also arrived at the insight that it is possible to arrive at conclusions 
that are well-determined, even if initial conditions are not known precisely but 
only “‘statistically,” that is, probabilistically; and the 19th century erected the mighty 
kinetic theory of gases and of other matter in this way. In this theory, position, 
direction, and velocity of molecules are assumed to be known by probabilistic aver- 
ages only, however much, by deterministic hypothesis, they might be precisely deter- 
minable at every point. Furthermore, the 19th century took it for granted that this 
statistical approach was directed by ‘“‘intellectual’? and ‘‘practical’? convenience, 
as it were, namely by the difficulties of truly precise observations, and by the mathe- 
matical inconvenience of dealing rigorously with a mechanical system of very many 
particles. 


Now, Peirce liked the statistical approach but not its prevalent rationale, and he 
radically modified the approach by introducing the concept of “‘absolute chance,” 
by which he meant the existence of a genuine indeterminacy as opposed to an in- 
determinacy arising merely from ignorance. Thus he says (6.46): ““Try to verify any 
law of nature, and you will find that the more precise your observations, the more 
certain they will be to show irregular departures from the law. We are accustomed 
to ascribe these, and I do not say wrongly, to errors of observation; yet we cannot 
usually account for such errors in any antecedently probable way. Trace their causes 
far enough and you will be forced to admit they are always due to arbitrary determina- 
tion, or chance.”’ Peirce even introduced a “‘law’’ which maintains the existence of 
‘“‘absolute chance.” and he called it ‘““Tychism,”’ from the Greek word Tyche, which 
was the name of the goddess of chance. 


A very systematic and influential version of Tychism was created — or perhaps 
one should say that Peirce’s own Tychism was vindicated —in the 1920’s, around 
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1926, in quantum theory, and it came into being in several stages. In 1925 Heisenberg 
introduced his so-called law of uncertainty. Soon afterwards, Born and Heisenberg 
were led by this to the statistical interpretation of the Schrédinger Quantum theoretic 
wave function, which became known about the same time. And this statistical in- 
terpretation soon led to a deepening of the understanding of the de Broglie duality 
between wave and corpuscle which had been proclaimed by him in 1924, even before 
Heisenberg and Schrédinger made their discoveries. 

It is no discredit to Peirce to say that he did not specifically anticipate any of 
these wonderful achievements of quantum theory. But this is a fitting occasion for 
“scolding” him, more sternly than ever, for not having collected his philosophemes 
into a systematic treatise. Doing so might have led him to confront and compare 
Synechism with Tychism in such a way as to make him a harbinger of the pronounce- 
ment of de Broglie that wave and corpuscle, that is continuity and discreteness, 
are theoretically and phenomenologically compatible and inseparable. What is 
even worse, although Peirce knew Aristotle extremely well, he did not comment on 
the observation of Aristotle that there are cases of genuine chance (tyche) which are 
disturbingly ‘‘un-random.”’ For example, if someone goes “‘by chance (tyche)’’ to 
the market-place where he unexpectedly meets someone he has been wishing to 
meet, then this is, after all, a consequence of his ‘“‘determined’’ decision to go to the 
market (Physica 196 a 4), and not of some “random” desire to meet the person 
whom he did meet. 

And yet, Peirce had still one more insight to his credit. This one wasin a way the 
profoundest of all, but it was also the least worked-out of all. Biological Evolution, 
Darwinian, or even Lamarckian, has very much the appearance of a phenomenon 
of continuity, and its emergence and development in the 19th century is, undoubtedly, 
one more corroboration, and a very powerful one, of the overall fact that the 19th 
century was very much continuity-oriented, that is, overwhelmingly synechistic, 
as Peirce might have put it. And yet the Late 19th century became very restive over 
the fact, that however synechistic a specific evolutionary change-over may appear 
to be, it still does represent steps of discontinuity, however small ones, and that it was 
not even able to account to itself how these steps of discontinuity really come about. 
In the early 20th century the uneasiness was compounded by the fact that Mendelism 
and mutationism entered upon the scene of genetics, and were, at first sight, even at 
cross-purposes with natural selection. The biologists finally resolved these difficulties, 
and peace now reigns on this particular battlefield. 

Now, it is most remarkable that Peirce had had some kind of inkling of the 
intricacy of this biological situation, and that he even introduced a special law by 
which “‘intellectually” to control the situation. He should have called this law “‘evolu- 
tionism”’ or by some such name, but instead he injected ‘‘Love”’ into the context, 
and called it the Law of Evolutionary Love. This ““Love’’ was not even sexual love, 
as would be quite befitting a context of Evolution of Species, but christological Love, 
the Love of the Gospel of John, which in Greek is called agapé. And so, Peirce 
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renamed the Law of Evolutionary Love Agapism, and as a name for some kind of 
semi-continuity this is one of the oddest coinages conceivable. 

_ Altogether, Peirce created two triads. One was Firstness, Secondness, Thirdness — 
and the second was Synechism, Tychism, Agapism, and there seems to be some paral- 
lelism between these two triads. But, having never composed a treatise, Peirce can- 
not be called to account to explain how these two triads correspond to each other, 
and let alone how they also connect with the philosophical doctrine of Pragmatism 
of which C. S. Peirce was an architect. There is a rising flood of studies on the prob- 
lems and puzzles which are the legacy of Peirce’s philosophical efforts, and we want 
to terminate with referring to one relatively brief article that perhaps comes closest 
to justifiying our own critique of Peirce. It is Charles Hartshorne, ‘‘Charles Peirce’s 
One contribution to philosophy and his most serious mistake”’, in Edward C. Moore 
and Richard S. Robin (editors), Studies in the philosophy of Charles Sanders Peirce, 
Second Series, Amherst 1964, pages 454-474. 

Mathematics is the oldest organized knowledge there is. Yet ““what makes mathe- 
matics so effective when it enters science is a mystery of mysteries’ (The Role of 
Mathematics in the Rise of Science, p. v); and any philosopher bent on solving the 
mystery once for all, as C. S. Peirce tried, may come to grief. 

(A comprehensive collection of Peirce’s writings appears in The Collected Papers 
of Charles Sanders Peirce, Vols. I-VI, edited by Charles Hartshorne and Paul Weiss, 
Cambridge, Mass., 1931-1935.) 
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of Ideas, copyright 1973, by Charles Scribner’s Sons. 
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THE NOISY CHANNEL CODING THEOREM FOR 
ERASURE CHANNELS 


PETER ELIAS 


1. Introduction. A noiseless binary channel accepts a binary input symbol, 0 or 1, 
and reproduces the same symbol as its output. Such a channel is said to have a 
capacity C of one bit per channel use, since it is clearly not possible to receive new 
binary input symbols over the channel at any rate R greater than one bit per use. The 
channel may of course be used at a rate R < C, for example by a transmitter who 
sends two copies of each input symbol so that a new input bit is received only once 
per pair of channel uses, giving R = 1/2. 

A basic result in information theory is that even a noisy binary channel (like that 
shown in Figure 1a) also has a capacity C. If the error probability p is greater than 
0 so that the channel is in fact unreliable, C is <1, but C will be positive unless 

= 1/2. And for any ¢ > 0, 6 > 0, it is possible by suitable encoding and deco- 
ding to communicate over the channel at rate R = C — 6 with probability of error 
or ambiguity <éat the receiver. A more picturesque statement is that lack of 
reliability in a channel does not limit the reliability of communication through 
the channel, but only the rate at which reliable communication can occur. 

Shannon’s original proof of this theorem 1s an existence proof, which does not 
construct particular coding and decoding schemes with the desired reliable perfor- 
mance [1]. More general and precise results of the same existence-proof character 
have been developed since, and are given in Gallager [2]. However, no one has yet 
constructed a completely explicit coding and decoding scheme which permits 
arbitrarily reliable communication over any particular noisy channel at rates arbit- 
rarily close to capacity. 

This state of affairs has not prevented application of the theory. Schemes are 
available which require some random numbers for their construction but which can 
be shown to perform well for almost all choices of the random numbers. Also explicit 
schemes which communicate reliably at rates well below channel capacity have been 
found for particular noisy channels. Both kinds of schemes are now in use. 

The development of algebraic coding theory, recently discussed in this MONTHLY 
by Levinson [3], arose from the search for explicit schemes to communicate reliably 
over a binary symmetric channel (BSC). Such a channel 1s shown in Figure la. At 
each use it accepts an input symbol, either a 0 or a 1, and with probability q delivers 
the same symbol as an output. With probability p = 1 — q however, the output 
symbol received does not agree in value with the input symbol: the channel has in- 
troduced an error. The probability of an error in the channel is independent of 
whether the input is a 0 or 1, and successive uses of the channel introduce errors with 
statistical independence. 

Most of the effort in the construction of explicit codes has been devoted to codes 
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The binary symmetric channel (BSC) and the binary erasure channel (BEC). 


for the BSC, and its symmetric generalization to a larger alphabet of input and out- 
put symbols. Berlekamp [4] and van Lint [5] present this work. We choose instead 
a different channel to illustrate these ideas, the binary erasure channel (BEC) shown 
in Figure 1b. 

Like the BSC, the BEC accepts a binary input symbol, 0 or 1, and with probability 
q reproduces its input symbol as its output. With probability p = 1 — q, however, 
the output symbol is an X, which marks the spot where the input symbol should be 
but gives no clue as to its value: the channel has erased the input symbol. On succes- 
sive uses of the channel the erasures of the successive input symbols are statistically 
independent events. 

The BEC is the pedagogical noisy channel par excellence. Results which are 
subtle and difficult to prove for the BSC have analogs for the BEC which are obvious 
and which have transparent proofs. We give a selection of such results. 

The first is the demonstration that when a noiseless feedback channel is available, 
communication at a rate equal to channel capacity is possible with no residual error or 
ambiguity at the receiver. The second is the construction of a code which corrects 
single erasures in a block of N transmitted symbols. The third is the iterated use of 
such correction of single erasures to give communication at a positive rate with 
arbitrarily small probability of ambiguity at the receiver. The rate attained is less 
than capacity, but is positive for any channel with erasure probability p < 1. The 
fourth is the existence proof that there are codes which permit communication at 
rates arbitrarily near to channel capacity with arbitrarily small probability or error 
or ambiguity. 


2. Noiseless feedback. Suppose that a noiseless feedback channel 1s available, so 
that after the transmitter has sent a symbol to the receiver over the BEC he can look 
over the receiver’s shoulder and observe whether or not his symbol has been erased 
by the channel. Suppose further that the transmitter has a binary sequence of message 
symbols which he wants to communicate, in order, to the receiver. Then by sending 
each message symbol as many times as is required to get exactly one unerased copy 
through the channel to the receiver, he can send his sequence with no probability of 
ambiguous reception. 

The probability that the transmitter must send a kth copy of a particular message 
symbol is just the probability p*~' that the first k — 1 transmissions of that symbol 
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were all erased. Thus the average number of channel uses needed to get one unerased 
copy of a term in his sequence through the channel is just 1/q channel uses per 
message symbol since 


L+pt+pt+p +s = Ifi—p) = i/q. 
The transmitter is therefore introducing new message symbols at an average rate, 
R = q new message symbols/channel use. 


We call this rate the capacity C = q of the BEC, since it is clearly not possible to 
receive more than C bits per second over the channel. The receiver decodes his re- 
ceived sequence by simply discarding the X’s. He has received each message symbol 
in its proper order just once, at an average rate of C message symbols/channel use, 
and has a residual probability P, of ambiguity about the value of any message symbol 
which is zero as soon as that symbol has been received. 

Without feedback the transmitter may supply the channel with a new message 
symbol at each successive use. Then he is providing input at a rate R = 1 message 
symbol/use, greater than the capacity C = q of the channel. The channel will erase 
each symbol with probability p, and the receiver will receive unerased message 
symbols at an average rate C per channel use. A fraction p of the received symbols 
will be ambiguous (erasure symbols), so the average probability of ambiguous re- 
ception will be P, = p. 

If the transmitter wants to send each of his message symbols to the receiver with 
a probability of ambiguous reception P, < p, the obvious strategy is to send N 
copies of each message symbol, encoding each 0 into a sequence of N transmitted 0’s 
and each 1 into N transmitted 1’s, Then the transmitter is sending at rate R = 1/N 
message symbols per channel use, and the probability that a message symbol is 
ambiguous at the receiver is just the probability 


P, = p) = pie 
that all N copies are erased by the channel. 

P, can be made arbitrarily small for any p < 1, but only by letting the rate R 
approach 0). Such simple repetition therefore cannot give reliable communication at 
a positive rate. 


3. Correction of single erasures. A more fruitful scheme starts with the correc- 
tion of single erasures in a block of N transmissions. To each sequence of N — 1 
message symbols, each 0 or 1, the transmitter adds an Nth (check) symbol, whose 
value is selected so as to make the total number of 1’s in the block of N symbols an 
even number. Any single erasure in the block of N received symbols can be corrected 
by the receiver, who fills in the value 0 or 1 as required to make the total number of 
1’s in the block even again. The scheme fails when two or more erasures occur within 
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a block of N received symbols, but is still useful in reducing the average number of 
uncorrected erasures. 

Let p = Po, d = Qo. If the transmitter uses single erasure correction on blocks of 
N, transmitted digits, the channel introduces an average of N, po erasures per block. 
With probability 


N1Poqo''~ * 


the channel introduces one of the N, single erasures only, and the receiver corrects 
that erasure. Let N,p, be the average number of erasures which remain after correc- 
tion of the single erasures in each block. Since each single erasure contributes 1 to the 
average number of erasures per block, 


(1) Nip, = Nido - N1Podo' 
< Nypo(l — qo') = Nypoll — (1 — pod’) 
< (N,Do)’, 


where the first inequality uses gy < 1 and the second uses the inequality 


N N 
(2) [] d-«) 21- De, 
n=1 n=1 
which holds if 0 < ¢, < 1 for! Sn SN, with equality only at N = 1. (A proof by 
induction starting at N = 2 is easy.) | 
If N, Po = 1, the inequality 


(3) N1P1 < (N1Po)” 


does not guarantee an improvement (although direct evaluation of (1) will always 
give one). But if N,po S 1/2, (3) gives N,p, S 1/4. 


4. Iteration. An iteration of the correction of single erasures gives arbitrarily 
small values of the probability of ambiguity P, while keeping the rate R positive. 

Given a BEC with erasure probability po and independence between erasures in 
successive uses of the channel, choose N, sufficiently small so that 


N1Po & 1/2. 


Add one check digit to each sequence of N, — 1 message digits to make a single 
erasure correction block. Set N, = 2N, and take N,— 1 such blocks of N, digits 
each, align them one below another, and add an N,th block of N, digits at the 
bottom which consists only of check digits. Each digit in this bottom block is.selected 
to make the number of 1’s in its column even. The digit in the lower right-hand corner 
is selected to make an even number of 1’s in its column and an even number of 1’s in 
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left as an exercise for the reader. Figure 2 shows an example with N, = 3, N, = 6. 


FIRST-ORDER 
CHECK DIGITS 


SECOND-ORDER 
CHECK DIGITS 


Fic. 2. 


The iterative error correction scheme for i = 2. 


Correcting the single erasures in rows gives by (3) 
Nip, < (NiPo)” S$ (1/2)? = 1/4 


as a bound on the average number of erasures left per row after correcting single 
erasures. Since N, = 2N,, this gives 


Nap, $ 1/2 


remaining erasures per column, on the average, after correcting rows but before cor- 
recting columns. After correcting columns, the average number of erasures remaining 
per column is 


Nop. < (N2p1)” S (1/2)? = 1/4 


since, although the erasures remaining in any row are no longer statistically in- 
dependent after correction of single erasures per row, the erasures remaining in any 
column are statistically independent after correction by rows. Therefore the inequality 


(4) N;p; < (NiP;-1)" 


holds for i = 2 as wellas fori = 1. 

To continue the pattern, stack N3, = 2N, such layers of N, x N, rectangles up 
to make a box, the Nth being a check layer, Nz = 2N, rows of such boxes, etc. In 
each case the N; symbols checked by an ith order check digit have never been to- 
gether in a lower order block, so the erasures in the ith order block remain statistically 
independent after all single erasures in lower order blocks have been corrected, and 
(4) applies. The result is that for all i, 


Ni; < (Nipi-1)” S 1/4, 


pi < I/AN;. 
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Since N, = 2'—'N,, this gives 
Pi < 1/4 x 2'-'N, = 1/2°+1N,, 


so the probability that an erasure has not yet been corrected after i stages goes to 0 
as i gets large. 

It is riot clear that the rate stays positive as i gets large, since the fraction of check 
digits keeps increasing. To explore this question, observe that at the ith stage the 
number of message digits which have been sent is (N, — 1)(N, — 1)---(N; — 1), out 
of a total of N, x N, x --- x N,. Thus the rate after i stages is 


R= 11 (“y) = EL aN 


J 


i i=1 
> 1-— L1i/N, = 1-(i/N,) X27 
p= 


j=l j= 
> 1—-—2/N, for all i. 

Therefore, even if i increases without bound, R; 2 1 — 2/N, is the limit. If N,po 
= 1/2, this gives 

R;2R = 1 — 4p 
which is positive for pop < 1/4, while 

P, = p, S 1/2't'*N, = 27'po 

decreases exponentially in i. 


5. Comments on iteration. A few comments on the iterative scheme are in order 
before proceeding to the next topic. 

(i) If the channel has an initial erasure probability p > 1/4, the inequalities do 
not guarantee a positive rate. In that case start by repeating each message digit Ny 
times as a first step. Choose Ng large enough so that 


Po = pr? < 1/4 


(which can be done for any p < 1). Proceeding as before after this first stage gives 
arbitrarily reliable communication, with 


P, = pp S27 ‘po = 27 tp 


approaching 0 as i increases, at a positive rate for any channel with capacity C = q 
=1l-—p>Q0. 

(ii) For N,po < 1/2, the inequalities guarantee that the average number of 
erasures N,p; remaining in an ith order check set after the ith order correction is 
bounded above by 1/4. Since there are 
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By 1 = N; x N, XK we & N;-1 _ Ni-1. 21.92... 24°? 


t 


nNivt p(i- 1)(E- 2)/2 


such check sets, the average total number p,B,; of erasures remaining among all 
B, = N,B,_, received digits after all i corrections could increase rapidly with i, even 
though the probability that any particular digit has not yet been corrected decreases 
with i. But the scheme in fact does better than that. 


Let Ni Po = c/2, where 0 < c < 1. Then 
N1Po < (NiPo)” = 7/4, 
and 
N,P, < (Nipi-1)” = (2Ni-1Pi-1)” = 7/4 


by induction. So the average total number of erasures remaining after i corrections 
is bounded by 


pB, = p,N;By-1 < 7 Nyt 29° VOM 4, 


The quantity on the right may increase with i for small i and c near 1, but for any 
c < Lit ultimately approaches 0 as i grows. In the limit i > oo, therefore, the average 
number of erasures remaining after all corrections is 0. So is the probability that any 
erasure remains, since / 


(5) Prob{1 or more erasures} =  Prob{k erasures} 
k=1 


0 
< 2 kProb{k erasures} = average number of erasures. 
k=1 


(ii1) For large i, i stages of iterated correction of single erasures must completely 
correct most erasure patterns which have an average number p)B, of erasures when 
N.Po < 1/2, for if it failed to deal with most such typical cases the scheme could not 
reduce the probability of any residual erasures to zero in the limit. Nonetheless there 
are some patterns containing many fewer erasures which cannot be corrected by this 
scheme. 


If there are erasures in the first two positions in the first block of N,, and in the 
same two positions in the second block, the square of 2* erasures cannot be corrected 
by either row or column checks. If the same square is erased in the next plane, the 
resulting cube of 2° erasures cannot be corrected by the first three orders of check 
digit. And if all 2' corners of an i-dimensional cube are erased, the erasures cannot be 
corrected by all the check digits of order i or less. Since 2' grows much more slowly 
than B,, the smallest number of erasures which the scheme cannot correct is a rapidly 
decreasing function of i. 
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6. Random coding. Explicit schemes for communication at a rate R near the 
channel capacity C = q are not known (not even for the BEC!) but it is easy to show 
the existence of such schemes for the BEC. We show that for any 6 > 0 ande > 0 
there are block codes of rate R 2 C — 36 and probability of ambiguity P, < 2e. 

A block code of length N with M codewords 1s specified by an array of M rows and 
N columns, each entry filled in with a binary digit. The array is called a codebook 
and each row of N entries is called a codeword in the code. The rate of the code is 
defined by R = (1/N) log,M, and there are just 


G = 2NM = QNene 


different possible codebooks, some of which are very bad, for example the codebook 
filled with NM 0’s. 

Given C = q and ¢ and 6, choose an N so large that there is a rate R with NR an 
integer and C — 26 2 R > C — 306. To send a sequence of NR message digits, the 
transmitter reads the message sequence as a binary number, goes to the corresponding 
row in his codebook and sends the N symbols in that row in sequence. The receiver, 
receiving N — k unerased symbols and k erasures, scans his copy of the codebook 
row by row and marks each row which agrees with the received sequence in all of 
the N — k unerased positions. The receiver will always mark the row which was 
actually transmitted. If he marks no other rows, the transmission is unambiguous. 
For the all—0 codebook all transmissions are always ambiguous, even when k = 0. 
For other codebooks whether a transmission is ambiguous or not depends on which 
row was sent, how large k is and where the k erasures occur. 

Now take G identical erasure channels, in each one give the transmitter and receiver 
copies of a different one of the G codebooks, have all of the transmitters send message 
1, have all of the channels erase the same k of the N digits, and have each receiver 
compare his received sequence with his codebook row by row and make a check mark 
after each row which agrees with all of the N — k unerased binary digits in his re- 
ceived sequence. 

All G receivers will make a check mark after the first row of their respective 
codebooks, since in each case that will be the pattern that was actually sent. We ask 
how many additional check marks will be made in each row by all of the receivers as 
they proceed down the M — 1 rows of their codebooks after the first. 

The answer is that the total number of check marks after the mth row of the 
codebooks will be just 27 ~G. For a receiver will make a check mark after row m 
if and only if the N — k unerased digits in row m agree with the N — k unerased 
digits in row 1. The number of codebooks in which this happens is the number of 
ways of filling in all of the M x N — (N — k) positions in the codebook excluding 
those N — k positions in row m, which are then copied from the corresponding posi- 
tions in row 1. And this number is just 


MN . 9 ~(N~k) =- G: 97 (Nk) 
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Since there are the same total number of check marks after each row, the total 
number of check marks in all codebooks after all M — 1 rows following the first is 


G27 A-» -(M — 1) <G: 97 (NK) -M = G-27N-HtNR 


and the average number of incorrect checkmarks per codebook is obtained by dividing 
by G The probability P,(k) that a codebook chosen from the G possibilities with equal 
probability is ambiguous is the probability that it has one or more incorrect check- 
marks, which (by (5) above) is less than the average number of incorrect checkmarks 
per codebook, so 


(6) P(k) < 27D AHR 


The result does not depend on which k digits are erased by the channel, but only 
on how many And the same argument would clearly lead to the same answer if all 
transmitters sent some other message m rather than message 1. Different codebooks 
will be ambiguous for different patterns of k erasures and different transmitted 
messages, but the size of the ambiguous fraction does not change Finally, if the 
channel erases any number j < k of the N digits the bound still holds, since then 


Pk) < Q-N .QI+NR < Q-N+k+NR 


So (6) bounds the average probability of ambiguity (averaged over all G codebooks 
with equal weight) when any message is transmitted and the channel introduces any 
set of k or fewer erasures If the channel introduces more than k erasures, the bound 
(7) PQ) Si, j>k 

is always available. 

Now we can bound the average probability of ambiguity P, as the sum of the prob- 
abilities of two disjoint events. Either the channel introduces more than k erasures, 
which it does with some probability Q(k), and we then use the bound (7) which 
assumes all codebooks to be ambiguous, or the channel introduces k or fewer erasures, 
with probability 1 — Q(k), in which case the probability of an ambiguous codebook 
is bounded by (8). Thus 


Py S Ok)- 1 + (CL — Q(k))- 2-NHEEMS, 


The argument is completed by using the weak law of large numbers. Given any 
6 > 0 and 6 > 0, the weak law guarantees that for k = N(p + 0) and sufficiently 
large N, the probability Q(k) that the channel introduces more than k erasures is less 
than «. Thus for all sufficiently large N the average probability of ambiguity is 
bounded by 
P, < e+ Q-Nt+N(o+d)tNR —- et 9 ~N(C-R-8) 


and R < C — 20, so 
(8) P,ge+2-™ 


which can be made < 2e by making N sufficiently large. 


862 PETER ELIAS 


Enumerate the G codebooks and let P,(g), 1 S g S G, be the ambiguity prob- 
ability of the gth codebook. Then 


= (1/G) E Pg) 2 (1/G)G min P,(g) 
g=1 


is the quantity bounded in (8). It follows that the best codebook has P,(g) < P,, 
which completes the proof. 


7. Comments on random coding. Two comments on the random | coding scheme 
complete the presentation. 

(i) Independence of successive erasures is used only to show that the weak law 
applies. Any other rules governing the occurrence of erasures which make the frac- 
tion of erasures in a long sequence of channel uses approach a constant except in a 
set of cases of probability < ¢ will do. Erasures may, for example, be periodic, or 
occur in independent blocks of twelve, or be governed by a Markov process. The 
random coding argument still holds. 

(ii) Let g be the number of the best code and P,(g) its probability of ambiguity, 
averaged over the M different rows in its codebook and the erasure patterns in the 
channel. Let P,(g,m) be the probability of ambiguity when row m is sent. Then 


M 
P(g) = (1/M) x P(g, m). 


P(g) may be small even though the codebook has two identical rows m, and m,, so 
that P,(g,m,) = P,(g,m,) = 1. But at least half of the M terms P,(g,m) must have 
values S 2P,(g). Construct a new codebook with only the M/2 best rows. Then that 
code has ambiguity probability 


P’(m) S 2P,(9) 


for every m, 1 < m S M/2. Since M = 2%*, cutting M in half reduces the rate R by 
only 1/N, an amount which is negligible in the limit of large N. Thus not only is there 
a good code for any R < C, there is a uniformly good code. 


References 


1. C. E. Shannon and W. Weaver, The Mathematical Theory of Communication, Univ. of 
Illinois Press, Urbana, 1964. 

2. R. G. Gallager, Information Theory and Reliable Communication, Wiley, New York, 1968. 

3. N. Levinson, Coding theory: A counterexample to G. H. Hardy’s conception of applied 
mathematics, this MONTHLY, 77 (1970) 249-258. 

4. E. Berlekamp, Algebraic Coding Theory, McGraw-Hill, New York, 1968. 

5. J. H. van Lint, Coding Theory, Lecture Notes in Mathematics 201, Springer-Verlag, Berlin, 
1971. 


DEPARTMENT OF ELECTRICAL ENGINEERING AND RES. LAB. OF ELECTRONICS, MIT, CAMBRIDGE, 
MA 02139. 


HILBERT SPACE OPERATORS AND QUANTUM MECHANICS 
E. W. PACKEL 


1. Introduction. The beautiful theory of Hilbert space can be motivated in several 
ways. In one view, the Hilbert space axioms are a most natural generalization of 
properties of finite dimensional Euclidean space. From a historical standpoint, 
much of the theory of orthonormal bases and spectral decomposition grows directly 
out of Hilbert’s work with quadratic forms and integral equations. Thirdly, and 
perhaps most significantly, Hilbert space provides a natural, elegant, and effective 
setting for one formulation of quantum mechanics. It is the purpose of this paper 
to elucidate in an elementary and necessarily simplified fashion this important 
physical role of Hilbert space. 

Clearly we cannot hope to deal very generally or thoroughly with the mathematical 
and philosophical subtleties of the formalism of quantum mechanics without requiring 
more space and knowledge of physics than would be reasonable in this undertaking. 
For more detailed and advanced treatments see Mackey [5] and Jauch [3]. Our aim 
here is, rather, to use the machinery of Hilbert space theory to convey the spirit 
of the intellectual triumphs of the 1920’s which resulted in quantum mechanics; and 
to do so without assuming any formal knowledge of quantum mechanics. The 
author hastens to point out his commitment to and qualification for this task. His 
very modest knowledge of quantum mechanics has resulted primarily from efforts 
to communicate with the intrepid and inquisitive physics students who invariably 
populate undergraduate courses in functional analysis. The author believes that any 
mathematics undergraduate or graduate who studies Hilbert space theory should 
have some idea of its important role in quantum mechanics. Two texts which support 
this belief are Packel [6] and Reed and Simon [8]. 


Bounded and unbounded operators on Hilbert space. With the space /* of square 
summable sequences and the space I? of square integrable functions as models, von 
Neumann proposed axioms for Hilbert space in 1929. We present below the def- 
inition, some properties, and an important example. 

A Hilbert space H is a vector space over C on which is defined an inner product 
<,»:H x H-C satisfying for all fg, and h in H and a, B in C: 

G) <f,g> = <g,f>* (* denotes the complex conjugate), 

(i) <af+ Bg,h> = ac f,h> + B&g,h), 

(iii) fAO0 > Cff>> 0. 


Furthermore, H must be complete with respect to the norm defined by 


(1) fl = cary 


We shall make use of the well-known Schwarz inequality 


I<Aa>] SII Ia 
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which is used to show that 
If+ol slfl+lal 


so that (1) in fact does define a norm on H. 
As a fundamental example of Hilbert space, and one which we shall use through- 
out, consider the Lebesgue integral on R and let the role of H be played by 


LR) = [Lf Rce] if? < oo | 


If we define 
CihgQ> = [ fg* 


and if we play the traditional game of identifying functions which differ only on sets 
of Lebesgue measure zero (thereby regarding I?(R) as a space of equivalence classes), 
then < , > becomes an inner product. Completeness of L?(R) is fundamentally related 
to the use of (and singlehandedly testifies to the importance of) the Lebesgue integral. 
As with so many mathematical constructs (categories), our interest will be not so 

much in the Hilbert spaces themselves (the objects) as in the structure preserving 
mappings between spaces (the morphisms). Here, unless otherwise stated, we consider 
morphisms from a Hilbert space H into itself—these are the operators on H. Mathe- 
maticians have little trouble deciding what properties these operators should have. 
We define a (linear) bounded operator T on H as follows: 

(i) T: H- 4H (T is defined on all of H), 

(ii) Tiaf+ Bg) = «Tf + BTgQ (T is linear), 

(iii) |] T| = sup || Tf || < oo (T is bounded). 

fils 


It is readily shown that the operator norm defined in (iii) also satisfies for bounded 
operators S and Tin H: 


(2) |S+7] <]s]+ | 7 
and 
(3) | | ST] < S| | 7H. 


The boundedness property (|| T| < oo) turns out to be equivalent to the continuity 
of T and hence seems a very natural condition to impose. 

As some very special examples consider the operators I, U, and V on L?(R) 
defined by 

If =f (identity operator), 

(Uf) (x) = f(x+1) (shift one unit to the left), 

(Vf) (x) = e* f(x) (multiplication by e’*). 
It is clear that each of these operators is bounded and in fact has norm 1. It may also 
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be helpful to observe that, relative to a choice of basis, an n by n matrix with complex 
entries can be regarded as a bounded operator on the Hilbert space C”. 

Despite the soundest of mathematical reasons for studying these bounded 
operators, we shall see that many operators required in the Hilbert space formulation 
of quantum mechanics (and hence of interest to physicists) are of necessity unbounded 
operators. We define T to be such an operator if: 

(i) T:Q-4 where Q is a dense subspace of H, 

(ii) T is linear on Q, 

Gil) |] = sup | 7Fl = 

sisi 
feQ 
For the sake of accuracy (though we do not invoke it in what follows) we also require 
that T be closed, by which we mean that 


graph(T) = {(, Tf)eH x H: feQ} 


is a closed subspace of H x H. In contrast to the bounded situation, it turns out 
that an unbounded operator is continuous at no point of its domain. For a thorough 
study of unbounded operators see Goldberg [2]. 

As examples of unbounded operators, consider p and q defined by 


(pf) (x) = — if"(x) (the ‘‘momentum”’ operator), 
(qf) (x) = xf(x) (the ‘‘position’’ operator), 


on suitable domains in L?(R). Both p and q can readily be shown to have infinite 
norms (for q, look at | iG) | with k = 1,2,---, where 


1 xe[k—1,k] 
fx) = | 


0 otherwise 


and note that | Sk | = 1 for all k). It is more demanding to show that these operators 
are closed and that their domains are dense. Indeed it requires more development 
than is appropriate here even to make precise what these domains are, though they 
are nicely related by the Fourier transform. The operators p and q play a crucial 
role in our glimpse of quantum mechanics. 

We conclude this section by defining two additional subclasses of operators, the 
first of which we generalize to allow mappings between distinct Hilbert spaces. 

Given Hilbert spaces H and K, a linear transformation U: H-K is called 
unitary if U is surjective and ! Uf | = | f | for all fin H. It is a standard result that 
U must also preserve inner products (CU f, Ug> = <f,g>) and that U, preserving all 
existing structure, provides the notion of the ‘‘essential sameness’’ of H and K. In 
this case we call H and K unitarily equivalent. It is easily checked that each of our 
examples I, U, and V 1s a unitary operator on [’(R). 

A (bounded or unbounded) operator T on H is called self-adjoint if 
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(i) <Tf,g> = <f, Tg> for all f, g e domain (T), 

(ii) range (T+ iJ) = range(T— il) = H. 
In the bounded case, (i) alone provides a complete definition of self-adjoint. In the 
unbounded case the above is not the standard definition, but is equivalent to it. The 
operators p and q serve as examples of unbounded self-adjoint operators on L?(R). 
Property (i) can be verified directly (using integration by parts for p), while (ii) 
requires more work. 


3. Interplay with quantum mechanics. Physics in the early 20th century was in a 
state of great excitement and confusion. Einstein’s theories of special and general 
relativity had initiated a break with classical Newtonian physics and had “‘proven’’ 
themselves by resolving numerous previously unexplained results and by successfully 
predicting new results. The determinism of Newtonian physics still remained as did 
many unresolved and seemingly contradictory experimental facts. A fundamental 
tenet of the emerging quantum theory was that a deterministic view of the universe 
must give way to a description of particle behavior by means of a probability dis- 
tribution. Despite Einstein’s belief that ‘“God does not play dice with the world,’’ 
this view of a universe behaving and evolving according to the laws of chance con- 
tinues to provide the most satisfactory model to date of “‘the way things are.’’ In 
what follows we outline (in a one-dimensional nonrelativistic setting) the way in 
which Hilbert space theory helps to formalize this view. We begin with a few basic 
notions from probability theory. 

Given a variable quantity which takes on real values in some probabilistic fashion 
(more formally, a random variable), its probability density function is a function 
g: R— R such that for any subset S of R 


i) g = the probability that the variable lies in S. 
Ss 


With such a density function g arising from a random variable one associates an 
expectation E, defined by 


E,= | xo(e)dx, 
R 


which can be thought of as an average value of the variable. The variance D, of g 
(or of its generating random variable) is defined by 


D, = | (x — E,)*g(x) dx. 


The variance D, provides a measure of how much the random variable deviates 
from its expectation value, and (D,)* is called the standard deviation of the random 
variable. All these formulas are natural continuous analogues of the more familiar 
summation formulas arising from discrete probabilistic situations. 
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We now consider a simplified but fundamental situation with which quantum 
mechanics deals —that of a particle constrained to one dimension (i.e., R) in a 
physical system. Whereas the instantaneous state of the system is described in 
classical mechanics by specifying the position and velocity of the particle, the in- 
stantaneous state of the system is described in quantum mechanics by specifying a 
unit vector w in I7(R). The most direct interpretation of this vector is that 


[lve 


represents the probability that the particle in state w is in the region S. Thus | |? 
provides a probability density function for the random variable defined by the 
position of the particle in state Ww. Since the particle must be somewhere on R, we are 


compelled to require that 


Iv = avy = f ves [lve <1 


This approach results in an identification between states of the system and rays 
(one-dimensional subspaces) in I7(R); and any norm 1 representative from a ray 
provides a probability density function for the state to which it corresponds. 

If the use of Hilbert space stopped here, we should have achieved very little for 
all our effort. Fortunately there is very much more to be said. In studying a physical 
system, one generally considers various observables of the system such as position, 
momentum, and energy. In classical mechanics an observable is represented mathe- 
matically by a (real-valued) function of position and momentum, and in quantum 
mechanics the mathematical entity corresponding to the notion of observable for 
Our system is a self-adjoint operator on I?(R). If T is an operator corresponding to 
some observable, then 


ET) = <Ty,> 
represents the expectation value of the observable, given an initial state wy. Since the 
expectation <Tw,w> must be real for any state wy, which can be shown to imply (i) 
in the definition of self-adjoint, we have considerable motivation for associating an 
observable with a self-adjoint operator. As expected, two most important examples 
of this observable-operator correspondence are the position and momentum operators. 
It follows from the definition that the expectation value of the position of a 


particle in state w is 
| x] W(x)|?dx = I xp xW*(x) de. 
R R 


If we let gq denote the position observable, then 


E,(q) = <al,W) = [ (qu) (xW*(x) dx, 
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and we see a compelling reason for defining the position operator qg on I7(R) by 
(qw) (x) = xW(x). A more involved motivational argument (using Fourier transforms) 
which we omit suggests defining the momentum operator p on L7(R) as we have 
defined it; i.e., pw = — iw’. We have deliberately suppressed a factor h/(2z) 
(h = Planck’s constant) in the definition of p and we shall reinstate it after we have 
done some computation. 

Having defined the expectation E,(T) for T self-adjoint and any state y, we 
approach a notion of variance by defining 


D,(T) = | (T- E,(T)Dyp |? = (T- E(T)DY, (T- Ey(T)DY. 
We note that the idea of a state vector and the definitions of E,(T) and D,(T) are 


applicable in any Hilbert space H. If, in particular, T is self-adjoint on L?(R), then 
we may write | 


(4) DoT) = | (T= EgTD*WH) WAC) de 


A comparison of (4) with the definition of variance D, suggests the idea that D,(T) is 
a variance in the sense that it provides a measure of how much the observable 
deviates from its expectation value. 

It is possible to establish further connections between physical ideas and Hilbert 
Space operators. In particular, measuring an observable for a particle in an initial 
state wy can be related to operating on w (perhaps changing the state) with the 
corresponding self-adjoint operator. Also, allowable values of an observable (energy 
levels for example) correspond (in the prophetic terminology of Hilbert) to the 
spectrum or generalized eigenvalues of the operator. For an elementary exposition 
of these additional details see Gillespie [1]. 

We now prove a result in a general Hilbert space H from which the famous 
uncertainty relation of Heisenberg will swiftly emerge. 


THEOREM 1. If A and Bare self-adjoint operators on a Hilbert space H and if w 
is in domain (AB) (domain (BA), then 


D,(A)D,(B) = 4| E,(AB — BA)|?. 
Proof. Using properties of inner products and of self-adjointness, we have 
| E,(AB — BA)|? = | (AB — BA)W, >|? = | <ABY, > — (BAW, |? 
= |<ABY, p> — (W, ABW) |? = | <ABY, > — <ABY, W*|? 
= (2Im<ABy,w>)* (Im denotes imaginary part). 
Noting that for any a and bin R 
AB — BA = (A — al) (B — bI) — (B — bI) (A— aI), 
letting E,(A) = aand E,(B) = b, and applying the identity developed at the beginning 


1974] HILBERT SPACE OPERATORS AND QUANTUM MECHANICS 869 


of the proof to the self-adjoint operators A — aI and B — bl, we obtain 
4|E,(AB — BA)|? = 3|E,[(4 — al) (B— bI) — (B— bl) (A—ad)]|? 
= (Im<(A — al) (B— bly, p>)? 
= (Im (A — al), (B — bIp>)’ 
< || (A-aly|? |(B- bDy |? (Schwarz) 
= D,(A)D,(B). 


This completes the proof. 

The quantity AB — BA arising above is called the commutator of A and B, and 
is of considerable importance in quantum mechanics. A simple calculation using the 
differentiation product rule shows that the commutator for p and q on L’(R) is given 
by 

pq —qp = — il. 
If we apply Theorem 1! to the self-adjoint operators p (momentum) and q (position), 
then we obtain for any appropriate state w (recall | W | = 1) 


(5) D,(p)D (4) 2 4E,(Z) = F. 

In physics D,(p) and D,(q) are frequently denoted by (Ap)” and (Aq)*, so Ap and 
Aq can be thought of as standard deviations. Making this replacement and taking 
square roots in (5), we obtain Ap - Aq 2 4. We now confess that in traditional units 
the momentum operator includes a factor h/(2m), where h=6.625 - 10-3* joule: sec 
is Planck’s constant. If we allow for this, the inequality becomes 


h 
° > 
Ap: Aq 2 i? 


and we have quantified the famous Heisenberg uncertainty principle that the 
position and complementary momentum of a particle cannot simultaneously be | 
determined with complete precision. Specifically, the product of ‘‘uncertainties”’ 
associated with determining momentum and position must always exceed a magnitude 
on the order of Planck’s constant, which fortunately for us all is rather small. 

The above development can be carried out in a general Hilbert space H for any 
pair Pand Q of self-adjoint operators whose commutator is a nonzero multiple of the 
identity. If (as indicated by the importance of p and q) we accept the importance to 
physicists of operators whose commutator has this property, the following problem 
suggests itself as one of fundamental significance. 


General problem. Find all pairs of self-adjoint operators P and Q on H which 
satisfy 


(c) PO — OP = — il 


on some ‘‘sufficiently large’? domain Q. 
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Any tendency on the part of mathematicians to confine their attention to the 
bounded (continuous) operators on H would appear to be challenged by the following 
elegant result. 


THEOREM 2 (Wielandt, 1949). There do not exist bounded operators P and Q 
on H satisfying (c) on all of H. 


Proof. There is no loss of generality if we replace (c) by 


(6) I = PQ — QP, 


since this could be arranged by using iP instead of P. Suppose, as the basis of an 
indirect proof, that (6) holds everywhere on H for bounded operators P and Q. 
Then an induction argument shows that for every n = 1,2,--- 


(7) nQ"-! = PQ" —Q"P. 


Indeed the n = 1 case is simply the assumed result (6); and, assuming (7) holds for 
a general n, we have 


(n + 1)Q" = nQ"~'Q + Q"I = (PQ" — Q"P)Q + OPQ — OP) = PQ"*'—Q"*'P. 
This establishes the induction step. Applying (2) and (3) to (7), we obtain for n= 1,2, --- 


nor-* | s 2 P| [el [or]. 


This result requires that | Q” | = 0 for some n since otherwise we would have 
ns 2| P | | O | for every n, which is impossible under the assumption that P and Q 
are bounded. Finally, using (7) repeatedly, we obtain 


| a” | =0>0"=0+0""'=05:.3=90=05I1 =0, 


which is untenable (except in 0 dimensional Hilbert space). This establishes our 
contradiction and shows that such bounded operators cannot exist. 

Theorem 2 provides a partial answer to our “‘general problem”’ in the sense that 
we need not look among the bounded operators for solutions to (c). It also seems to 
create a new philosophical problem. In addition to the various well-known and 
often serious differences of viewpoint, the beloved continuity of mathematicians now 
appears quite incompatible with the ‘‘unbounded’’ requirements of physicists as 
regards one important aspect of quantum mechanics. In the final section we shall 
achieve a reconciliation by establishing a correspondence between special kinds of 
bounded and unbounded operators. At the same time a very pleasing solution to our 
general problem will emerge. 


4. Unitary groups and Schrédinger couples. There is a useful analogy which 
relates self-adjoint operators to real numbers and unitary operators to complex 
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numbers of modulus 1. Since the transformation 
tre"™ (te R) 


maps a real number t to a one-parameter multiplicative group of complex numbers 
with modulus [, analogy suggests such a transformation might convert self-adjoint 
operators (even unbounded ones) into one-parameter groups of unitary operators 
(which are of necessity bounded). All this is formalized in the following famous 
theorem. See Reed and Simon [8, p. 265] for a proof and for a definition of ‘‘strongly 
continuous’’. 


THEOREM (Stone, 1932). Every self-adjoint operator T on a Hilbert space H 
generates a strongly continuous one-parameter group of unitary operators 
e"T on H. Conversely, every such one-parameter group is generated by a unique 


self-adjoint operator. 


The procedure for ‘‘exponentiation’’ of operators is of considerable interest and 
complexity (thus witness the 808 pages of [4]). Here we motivate plausibility by 
noting that if T is bounded, then the familiar power series expansion 


aN 
elt™ > (itt) 
k=0 k! 


carries over directly; and if T is unbounded, then the identity 


et = lim ( — i)" 


k>o@ k 


can be generalized to obtain bounded operators. More precisely, it can be shown 
(with T self-adjoint) that for teR 


always exists and is bounded; and that for every fe H 


. . —k 

eT = lim (1 - = f. 
k> © k 

As an example of Stone’s theorem we extend the unitary operators U and V on 

L?(R) which we defined earlier. For t ¢ R define operators U(t) and V(t) on L’(R) by 


(U()S) (x) = f(x +t) and (VS) (x) = e f(x). 


Then U(t) and V(t) are strongly continuous one-parameter groups of unitary opera- 
tors, and their generators are, respectively, the self-adjoint operators p and q. Thus 
U(t) = e? and V(t) = e“’. To motivate these claims, we show that p can be 
recaptured from U(t) in much the same way that t can be recaptured from u(t) 
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= e"* Indeed u’(0) = it, and similarly 


voce) = tim ((UO2ZYO) 6) Gy = tam LEE MLO _ 
(U'Of) (#) = tim (POR EO) ¢ ) (x) = tim AREY RPO _ prey 


h-0 


Hence U’(0) = ip, suggesting that p is the generator of U(t). A similar argument 
exists for q and V(t). 

Armed with this relationship between self-adjoint operators and one-parameter 
groups of unitary operators, we return to our general problem of determining all 
pairs of self-adjoint operators satisfying the identity (c). One would expect the 
existence of a corresponding identity involving one-parameter unitary groups. Such 
expectations are confirmed by the unitary operator identity 


(C) git PpisQ — eitspisO uP (s, te R), 
which corresponds to (c) in the following way: 


THEOREM 3 (Fojas, Geher, Nagy, 1960). Given self-adjoint operators P and Q 
satisfying (c) on Q such that (P + il) (Q + iDQ or (QO + iD (P + iDQ is dense in H, 
then P and Q satisfy (C). 


Proof. See Putnam [7, p. 76]. 

In attempting to obtain pairs of self-adjoint operators satisfying (c) or (C), a 
direct procedure is to start with p and q and any unitary transformation U: L?(R)-H. 
Then the operators P and Q on H defined by P = UpU~! and Q = UqU™! are 
readily seen to satisfy (c) and (C) since p and q do. Accordingly, we define a 
Schrédinger couple as a pair (P,Q) of self-adjoint operators on H such that P 
= UpU~'! and Q = UqU™~' for some unitary operator U: L?(R) > H. 

A further procedure for generating pairs satisfying (c) and (C) is to start with 
two or more Schrédinger couples and to “‘splice’’ together the various P components 
and also the Q components in a natural fashion, thereby obtaining a new pair satis- 
fying (c) or (C) on the direct sum of the underlying Hilbert spaces. We refer to such a 
pair as a direct sum of Schrédinger couples. 

The following theorem takes the bounded operator condition (C) and states most 
pleasingly that the simple procedures described in the above two paragraphs account 
for all self-adjoint pairs satisfying (C). 


THEOREM 4 (von Neumann, 1931). Given self-adjoint operators P and Q satis- 
fying (C), then (P,Q) is a Schrédinger couple or a direct sum of Schrodinger 
couples. 


Proof. See Putman [7, p. 65]. 

It is worth noting that von Neumann’s beautiful and rather complicated proof 
seems to leave little room for improvement or simplification, despite considerable 
advances in the theory of groups and semigroups of operators. 
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The astute reader may now see that the end is in sight. Indeed, a careful look at 
Theorems 3 and 4 with use of the fact that p and q satisfy (c) and (C) shows that we 
have a very satisfactory answer to our general problem: the self-adjoint pairs P and Q 
satisfying (c) on a “‘sufficiently large’? domain © are precisely the Schrédinger 
couples and their direct sums; and “‘sufficiently large’’ is given meaning in terms of 
the density of (P + il) (OQ + iDQ or (Q + iD) (P + iDQ. 

We conclude by observing that a very satisfactory rapprochement has been 
achieved. The theory of Hilbert space and its operators provides a most effective and 
elegant setting for formulating ideas of quantum mechanics, and the mathematically 
natural bounded operators prove to be most valuable in studying the physically 
indispensable unbounded ones, 
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R. W. BRINK — AN OBITUARY 
J. M. H. OLMSTED 


Raymond Woodard Brink was born in Newark, New Jersey, on January 4, 1890, 
and died in La Jolla, California, on December 27, 1973. He was an undergra- 
duate student at Kansas State University, where he received a B. S. degree in 1908 
and a B.S. E. E. degree in 1909. After a brief period of teaching, Brink entered 
the graduate school of Harvard University, where he earned the Ph. D. degree in 
1916. His dissertation, entitled ‘‘Some Integral Tests for the Convergence and 
Divergence of Infinite Series,’’ was published under a slightly different title in the 
Transactions of the American Mathematical Society. He retained an active interest 
in integral tests for infinite series, and published two more papers on the subject, one 
in the Annals of Mathematics and one in this MONTHLY. 

Awarded a Sheldon Traveling Fellowship for postdoctoral study, Brink spent the 
year 1916-17 studying at the Collége de France and the Sorbonne in Paris, where he 
began a lifelong devotion to France and to the French language and culture. On two 
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later occasions, in 1924—25 and in 1932-33, he spent sabbatical leaves studying at the 
Sorbonne. 

In 1917 Brink joined the faculty of the Department of Mathematics in the College 
of Science, Literature, and the Arts at the University of Minnesota, where, except for 
three leaves of absence, he remained until retirement in 1957, when he was awarded 
the title of Professor Emeritus. During the year 1919-20 he lectured at the University 
of Edinburgh. He was chairman of the department at Minnesota from 1928 until his 
retirement, except for the period from 1932 to 1939. Briefly in 1955 he also assumed 
additional duties as acting assistant dean for his college. 

Brink was a member of several professional organizations, principally the 
Mathematical Association of America, the American Mathematical Society (for whom 
he was an associate editor of the Transactions), the American Association for the 
Advancement of Science (for whom he was a chairman of Section A on mathematics, 
and an invited speaker at a national meeting), Sigma Xi, the Edinburgh Mathematical 
Society, and the New York Academy of Sciences. His professional activities were 
mainly directed to the Association, of which he was a member since 1922. He wrote 
several book reviews and refereed many papers for the American Mathematical 
Monthly, was a member of the Board of Trustees of thie Association (1934-40), and 
was elected vice president in 1940 and president for the period 1941-42. In addition, 
he was chairman of the Committee on Arrangements (for both the Association and 
the Society) for the summer meetings in 1931 at the University of Minnesota, and 
was chairman (1951) of the Association Committee on Places of Meetings. In his 
retiring presidential address, delivered at the twenty-seventh annual meeting of the 
Association in Chicago in November, 1943, he spoke on “‘College Mathematics During 
Reconstruction’? with astonishing accuracy of foresight for the years immediately 
following the end of World War II. 

Raymond Brink and Carol Ryrie were married on July 12, 1918. They had two 
children, David Ryrie Brink and Nora Caroline Brink. Brink was an intensely loyal 
husband and father, and felt special pride in the considerable writing accomplishments 
of his wife. His son David has said, ‘“He was Mother’s original and most devoted fan 
and remained always her ‘best friend and (occasionally) severest critic’.’’ Brink was 
an avid reader and student throughout his life, but also a lover of games and contests, 
both mental and physical. In addition to setting high standards intellectually, Brink 
was always a complete gentleman and, perhaps stemming from his upbringing as son 
of a Baptist minister, his life served as a model not only for his family but for all those 
who had the good fortune to know him well. 

Many mathematicians knew Brink primarily through his many successful text- 
books in trigonometry, college algebra, and analytic geometry. Others have benefited 
either as authors or as users of books, from his exceedingly careful and painstaking 
work as editor of mathematical texts. From 1944 until his death he was consulting 
editor for the Appleton-Century Mathematics Series. As both author and editor Brink 
never lost his love for good language usage and le mot juste. 
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Shortly after retirement, during the year 1958-59, Brink was a visiting professor 
at the University of Miami. He then established permanent residence in La Jolla, 
California, where, in addition to his editorial work, be pursued his hobbies of garden- 
ing, reading, photography, and music. He was a member of the La Jolla Presbyterian 
Church, Friends of the University of California at San Diego Library, and of the 
La Jolla Symphony Association. 

Survivors include his wife, son, daughter, a brother, and eight grandchildren. 
Inurnment was at the Brinks’ Wisconsin vacation home at Lake Windigo near 


Hayward. 
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QUERIES 


EDITED BY A. C. ZITRONENBAUM 


This Department welcomes queries from readers about mathematics at the collegiate level, such 
as sources for exposition of a particular topic from a special point of view, references to vaguely 
remembered articles, descriptions of special kinds of courses or teaching methods, and methods 
for constructing illustrative examples for exercises of particular kinds (questions on research 
topics should, in general, be addressed to the “‘Queries Department” of the Notices of the Ameri- 
can Mathematical Society). Replies will be forwarded to the questioner and may be edited into a 
composite answer for publication in this Department. Consequently all items submitted for con- 
sideration for possible publication should include the name and complete mailing address of the 
person who is to receive the reply. Queries and answers should be sent to A. C. Zitronenbaum, 
Department of Mathematics, Cornell University, Ithaca, NY 14850. 


Reply to Query 5. A polygonal simple closed curve in 3-space bounds a 
polyhedral orientable surface in 3-space. This theorem is due to F. Frankl and 
L. Pontrjagin (Math. Ann. 102 (1930), pp. 785-789). It is also proved by H. Seifert 
(Math. Ann. 110 (1934), pp. 571-592). Though these two proofs are essentially the 
same, Seifert’s proof would be more accessible at the sophomore calculus level. The 
construction is also discussed in R. H. Fox, “‘A Quick Trip Through Knot Theory” 
in the book Topology of 3-Manifolds, M. K. Fort, ed., p. 140. 

If a simple closed curve in the 3-space is wild, then it may not bound an orien- 
table surface in the 3-space (S. Kinoshita, M. E. Kidwell). 


12. J. A. Cross. I have recently been investigating philosophies and methods for 
teaching a basic mathematics class in problem solving using electronic calculators. 
The basic intent is most closely related to the traditional slide rule class. I would 
appreciate ideas on course content, learning activities, methods of obtaining money 
to buy calculators for this sort of thing, and a general feeling for what is being 
done. 


MATHEMATICAL NOTES 
EDITED BY DAVID ROSELLE 


Material for this Department should be sent to David Roselle, Department of Mathematics, 
Virginia Polytechnic Institute, Blacksburg, VA 24061. 


A CURIOUS NIM-TYPE GAME 
DAVID GALE 


A set of mn objects is laid out in an m by n rectangular array. We denote by 
(i,j) the object in row i, column j. The first player P; selects an object (i,,j,) and 
then removes all objects (i,j) such that i = i, and j = j,. In other words, if i in- 
creases upward and j increases from left to right, then P; removes a northeast 
‘‘quadrant.’’ Player two, Py, now picks (i2,j,) from among the remaining objects 
and removes all (i,j) such that i=i,, j =j,. The play then reverts to P,; and 
continues in the same way until all objects have been removed. The player making 
the last move loses. Thus the object of the game is to make your opponent pick 
up (1,1). 

There are some trivial special cases of the game. 


Case A: P; wins the 2 x n (m Xx 2) game by selecting (2,n)((m,2)). Then, 
whatever P,;, does, P; moves so as to leave a ‘‘position’’ in which there is one more 
object in row (column) 1 than in row (coumn) 2. The reader will easily see that this 
is always possible and winning. 


Case B: P,; wins the m x m game by selecting (2,2). From then on he “‘sym- 
metrizes.’’ Whenever P,;, chooses (1,j) he chooses (j,1), etc. Again this is easily 
seen to win. 


The above are the only two cases in which general winning strategies are known. 
The thing which makes the game interesting, however, is the following 


THEOREM. For all m and n the game is a win for P,. 


The proof of this fact is typical of something which occurs quite often in game 
theory in that it is completely nonconstructive. Although it establishes the existence 
of a winning strategy for P, it is of absolutely no use in finding such a strategy. 
Here is the argument. There are two possibilities. 


Case 1: P; has a winning strategy in which his first move is to select (m,n). 


CASE 2: If P, selects (m,n) he loses. Then there must be a response (i2,j2) by 
Py which wins for Py. This means that the position of the game after Py’s move 
is a loss for the player who must then move, in this case P;. The point is, however, 
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that P,; could have handed this position to Py if he had himself chosen (i,,/,). 
Hence (i,,j/,) is a winning first move for P,, and the assertion is proved. 

The above argument is reminiscent of the well known one which asserts that 
games like tic-tac-toe cannot be a win for player II (it applies, for instance, to the 
unsolved Go Moku which is tic-tac-toe, 5 in a row on a 19 by 19 board.) It goes 
like this: suppose the game was a win for P,,: Then let P; make any first move 
and then pretend in his mind he did not make it, and from then on behave in ac- 
cordance with the alleged winning strategy for Py. This will always be possible unless 
at some point this strategy requires him to move onto the square he chose initially. 
_ In that case, he again makes an arbitrary move. We see then that the alleged winning 
strategy for Py is also available to P;, but by definition of winning there cannot 
be winning strategies for both players. Contradiction. (Note, however, that the 
tic-tac-toe proof as given here is a proof by contradiction while the proof of our 
theorem is direct, which points up the interesting fact that a non-constructive proof 
is not necessarily a proof by contradiction.) 

It may be of interest to observe that both Nim and this game (Gnim? Gnome?) 
are special cases of the following general class of games: Let S be any partially ordered 
set. A player moves by choosing some element of S and removing all elements greater 
than or equal to it, and the player moving last loses. Nim corresponds to the special 
case where S is the sum (disjoint union) of a finite number of totally ordered sets; 
Gnim is the case where S is the product of two totally ordered sets. The argument 
showing that Gnim is a win for P, applies to any set S which has a largest element, 
thus, for example, the product of any number of totally ordered sets, but of course 
not to Nim. 

The above is essentially all the theoretical information I have about this game 
(I shall give one further special result at the end.) However, with the aid of a computer 
some rather intriguing empirical results have been obtained. The 3 x n game has 
been completely analyzed for n < 100 and in all cases it has turned out that there 
is only one winning first move for P;. This is also the case for 4 x 5 and 4 x 6 and 
of course Cases A and B discussed in the beginning. 


Question. Is the winning first move unique for all m and n? (See note “Added in 
proof.’’) 


x x xX X xX XX XXX XXX X XXX X 
x X x xX X xX XK XK XK XXX XxKXKXKXKXXX XXX X 
x xX xx xX x xX XK X XXXKXX XXKXXKXXKXX XKXKXKXKXXX XKXKXKXKXXXKXX 
2 3 4 5 6 7 8 
XXXXKXXKX XXX XX XXKXXXKXX XXXXKXKXK XK 
XKXKXKKXKXKXKXK KKXKKX XXXXXX XKXKXKXKXKXKXKXXKXXKX 
XXKXKXKXKXKXKXK KKKKKKKKKK KKKKKKKKRKKK KKKKKKKKKKKXK 
9 10 {1 {2 


There are of course two types of moves depending on whether one takes the initial 
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‘“‘bite’’ from the top row only or the top two rows. It turns out that roughly 58 per- 
cent of the moves are of this second type, as for the case n = 3, 4, 6, 8, 10, 11, and 42 
percent of the first, e.g., n = 2, 5, 7, 9, 12. In general the length of the bite appears 
to increase with n. In fact for all n < 170 there is only one counterexample. For 
n = 87 the bite size is 37, while for n = 88 the bite size is 36 (both of these are two- 
row bites). Phenomena like this lead one to believe that a simple formula for the 
winning strategy might be quite hard to come by. 

We close with a conjecture: it is never optimal to select (m,n) on the first move 
except when m = 2 or n = 2. We shall prove this for the case m = 3 as a further 
illustration of the type nonconstructive argument one uses. This one requires an 
argument by contradiction. 

First observe that in the 3 x3 game (3, 3) is losing (since (2, 2) wins). Now assume 
that (3,n) is losing for all 3 x n games up to fi and consider the case 3 x (7 + 1). 
The argument is best given with pictures 


suppose Fig. 1 x is a winning position 


then | Fig. 2 E x must be losing, 
«-n-l- 


so there must be a way of going from Fig. 2 to a winning position. Now clearly no 
choice (i,j), j S # can give a winning position for this would leave a position which 
P,, could have presented to P,, contradicting the assumption that (3, 7+ 1) was 
winning for P;. The only possible choices are therefore either (4,1) or (4,2), but 


(7,1) leaves 
| x 
x 


-n-1- 


which is losing by the induction hypothesis and (i, 2) leaves 


after which Py can play (3,1) leaving 


| {Xx 
R x 
which is losing for the 2 x (n + 1) game of Case A, so the proof is complete. 
One can prove any number of special results of this sort by similar arguiments. 
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For example, for n > 4 it is never winning to choose (2,n—1). For n > 5 it is never 
winning to choose (3,n—1), and presumably some general inequalities exist showing 
that for large rectangles the bites cannot be too small. I expect the problem of finding 
explicit winning strategies may be hopeless, but I should think one might find a 
way of settling questions like the uniqueness of the first move. 

Finally, let me mention some generalizations. The first is to allow either m or n 
or both to be infinite. However, these games turn out to be rather trivial because © 
(A) 1 x 00 is a win for P, (trivial), (B) 2 x oo is a win for Py (a nice exercise for the | 
reader) and (C) m x 0,2 <m S$ o, isa win for P,, as he can choose (2,1) leaving 
Py with 2 x oo. Of more interest are higher dimensional games, e.g. m by n by r in 
3-space. Of course, any such finite game can be solved in a finite amount of time 
by, at worst, enumerating all possible strategies. The real challenge, it seems to me, 
are games like 3 x 3 x 00 or even 00 X 00 x 00.(2 x m x oo is a win for P;. Why?) 
These belong to an interesting class of games with the property that although every 
play of the game terminates after a finite number of moves there is no upper bound 
on the possible lengths of a play (as there is for example in chess). In particular, 
I don’t know of any way to program a computer to find out, say, if 3 x 3 x 00 is 
a win for P,; or Py. 


Added in Proof: Since this article was submitted, a description of the game appeared in the 
column of Martin Gardner in the magazine “Scientific American,” pp. 110-111, January 1973. In 
response to the article, K. Thompson of Bell Laboratories and M. Beeler at M.I.T. discovered by 
using computers that there exist games with more than one winning first move. The smallest known 
example is 8 x 10. Further it was learned that a numerical game isomorphic to this one was described 
by F. Schuh in an article entitled “‘The Game of Devisors” in Nieuw Tijdschrift voor Wiskunde, 
Vol. 39, pp. 299-304, 1952. 
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THE POWER MEAN AND THE LOGARITHMIC MEAN 
TUNG-Po LIN 


The logarithmic mean of two distinct positive numbers x and y, defined by 


x —¥Jy 


(1) L= LX,y) = inx—Iny 


, for all distinct x, y > 0, 
is quite frequently used in some practical problems, such as in heat transfer and fluid 
mechanics. The power mean of two positive numbers x and y, defined by 


xP + yP 1/p 
(2) M, = p(X y) = (—$") ’ X,y> 0, 


foc any real number p # 0, is a generalization of the so-called ‘“‘root-mean-square 
average.’”’ Thus 
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M, = [4(x? + y?)]!/? is the root-mean-square, 
M, = 4x + y) is the arithmetic mean, 
2xy 


is the harmonic mean. 


“a X+y 


Since it can be proved [1, p.63] that M, > /xy as p — 0, it 1s convenient to adopt 
the following convention: 


My = ./xy = the geometric mean. 
Another useful average is 
‘x 1/3 + ys 3 
M4;3 = 4 . 


This is called the Lorentz combination or Lorentz mean in, for example, the theory 
of equation of state for gases. 

A well-known result [1, p.64] about the power mean is that it is an increasing 
function of p, that is, 


(3) Ifx # y and p <q, then M, < M,. 


The classical inequality: J xy < 4(x + y) is of course a special case of (3). 
Another result [2], not so well-known, is that L separates My and M,, thus 


(4) M,<L< M,, for any distinct x, y > 0. 
Recently, Carlson [3] has sharpened inequality (4) into 
(5) My < L < Mp, for any distinct x, y > 0. 


In this note, we shall answer the following question: What are the least value q 
and the greatest value p such that 


M,<L<M, 
is valid for all distinct positive numbers x and y? 
THEOREM 1. If p = 4 then L < M, for any distinct x,y > 0. 


Proof: For any p # 0, and distinct x, y > 0, we have 


(6) L _ 21/P(x — y) _ 21/P(z1/P — 1) 


M, (xP + yP)"P In(x/y) (+ LP In 20?” 
where z = (x/y)?, z > 0, z # 1. If we let z = (1 + w)/(1 — wy), that is, 
w=(z-1i(zt+, O<|wi<1 


1974] MATHEMATICAL NOTES 881 
then L/M, = f(w, p)/g(w), where 
f(w, p) = pil + w)/? — (1 — w)*/?]/(2w), 
g(w) = [In(1 + w) — In(l — w)]/(2w). 


The Maclaurin series expansion of g in w: 


(7) gw) = 1+4w?+2wt+owe +, 0<|w| <1, 
shows clearly that g(w) > 1 for 0 < | w | < 1. Therefore, Theorem 1 is equivalent to: 
If p 2 1/3 then f(w, p) < g(w) for 0< | w| <1. 
To prove this, we expand f also in Maclaurin series in w: 


(8) f(w,p) = 1+4ayw?+Fa,wtt+Faswet--, O<|w| <1, 


where a, = (5- i)(5-2)(5-3) - (= - 2x) [ex 
7 ( - )(2-5)(3-5) (24-5) [2x 
oa) mag) 35)» (= a 
as = (1-5)(t-35) = tap (P32). 


p 2 1/3. Consequently, if p 2 1/3 then a, < 1 for k = 2,3,---, Comparison of equa- 
tions (7) and (8) shows that if p = 1/3, then 


Therefore, a, < 1 for p 2 1/3. Furthermore, 0 < [1 — 1/(jp)] < 1 for all j = 3 and 


f(w,p) < g(w) for 0< | w | <1. 


Thus, the theorem is proved. 

Note that the first three derivatives of f(w,4) and g(w) are all identical at w = 0, 
showing that M,,3 serves as a very good approximation to L when x and y are not 
too drastically different. 


THEOREM 2. If p S$ 0 then L > M, for any distinct x,y > 0. 


This theorem is simply a consolidation of the first inequality in (4) and the in- 
equality (3) above. In reference [2], the first inequality in (4) was established by expan- 
ding the difference of the reciprocals of L and Moy, L™1— M;; into power series. 
It can also be proved using our present approach, by letting 


x/y = (1 + w)2/ — w)?. 
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We then have: 


L  1/Q—w?) | 1+ w? + wt + we + 


M, + gw) ~—«1 +: 1/3 w? + 1/5wt + 1/7we + ee? 
which is obviously greater than 1 when 0 < | w | <1. 
Now the following two theorems will establish that 1/3 and 0 are indeed the best 
values one can get. 


THEOREM 3. If p < 1/3, then there exist x,y > 0 such that L > M,. 


Proof. If p S 0, the conclusion is valid by Theorem 2. Thus we need to consider 
only the case when 0 < p < 1/3. The expression for a, in the proof of Theorem 1 
shows that a, > 1 when p < 1/3. Consequently there exists h between 0 and 1 such 
that f(w, p) > g(w) for 0 < w < h. Remembering the definitions of w and z in the 
proof of Theorem 1, one can easily prove that the conditions 


O<w<h and O<h<l 
are equivalent to 
l<z<r and l<r, 
where r = (1 + h)'/?/(1 — h)'/?. Hence there exists r > 1 such that L > M, for 
1 < (x/y) < rand p < 1/3. 
THEOREM 4. If p > 0, then there exist x,y > 0 such that L < M,. 


Proof. From the last quotient in equation (6), it is easy to show that the ratio 
(L/M,) approaches zero as z > o0, for a fixed positive p. Hence for large enough 
z, L < M,. 

In conclusion, we have proved in this note that the least value gq and the greatest 
value p such that the inequality M, < L < M,, is valid for any distinct x, y > 0 are 
p = Oand g = 1/3. 

Comment by Harley Flanders. Theorem 1 above is an interesting, apparently 
new, inequality. A proof without MacLaurin series might be useful. 

Consider 


3 t?—1 
MO) = 3nt—- ays 
for t = 1. A short calculation yields 
3 (t — 1)* 


PO = 3s 


Hence f’(t) > 0 for t > 1. Since f(1) = 0, we conclude that f(t) >.0 for t> 1. Now 
let 0 < y < x. Apply f(t) > Oto t = x13/y1/3, 
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The result is 
a/x + v9) ~ *rY 
2 Inx—Iny 
Professor Beckenbach has communicated proofs along the same lines for 
Theorems 3 and 4. 


The author wishes to thank Professor Edwin F. Beckenbach for suggesting Theorems 3 and 4 
and several improvements in their proofs. 
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RESEARCH PROBLEMS 
EDITED BY RICHARD GUY 


In this Department the Monthly presents easily stated research probiems dealing with notions 
ordinarily encountered in undergraduate mathematics. Each problem should be accompanied by 
relevant references (if any are known to the author) and by a brief description of known partial 
results. Manuscripts should be sent to Richard Guy, Department of Mathematics, Statistics, 
and Computing Science, The University of Calgary, Calgary, Alberta, Canada, T2N 1N4. 


A PROBLEM ABOUT SEQUENCES OF ZEROS AND ONES 
FRANZ HERING 


Suppose d = (d,,:-:,d,,) is a sequence of zeros and ones. A subsequence 
(d;,,°+,4;,) of d is called alternating provided that d,, + d;,,, = lforv = 1,---,r—1. 
Let a,(d) denote the number of such alternating subsequences of d having r elements. 
(E.g., a3((0, 1,0, 1, 1)) = 3, because each of the subscript sequences (1, 2, 3), (2, 3, 4) 
and (2,3,5) corresponds to an alternating subsequence of (0,1,0,1,1).) When D,, 
denotes the set of all sequences d = (d,,---,d,,) of zeros and ones having m elements, 
then Harborth [1] proved 


[(m + ) ’ (“" +r " | 


max{a,(d):deD,,} = ( 
r 


r 


. 
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When D,,,, is the set of all deD,, having exactly p zeros, then determine 
max{a,(d): d€ Dm, ,}. The problem has been solved by Passing [2] for r $ 4 and 
in some additional special cases. 
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AN AREA-PERIMETER PROBLEM 
P. R. Scott 


Let & be a convex region in the plane having area A(.%) and perimeter P(.%). 
A classical theorem of Minkowski [3] states that if # is symmetric about the origin, 
and contains no non-zero point of the integral lattice, then A(#) S 4. More recently, 
Bender [1] has shown that if “% contains no points of the integral lattice, then 


A(X) S 3P(#). 


This result has been generalized and extended to higher dimensions by Hammer [2], 
Silver [4], Wills [5] and others. 

From the point of view of the geometry of numbers, a solution to the following 
problem would be of interest. 

Suppose that “% is symmetric about the origin and contains no non-zero point of 
the integral lattice. Find the smallest real number c for which the inequality A(”) 
< cP(#) is true for all regions %. 

It is easy to show that 0.53 < c < 0.565. The right inequality follows from the 
isoperimetric inequality: 


A(X) A(X) 1 
POL) < J i = J < 0.565. 


We obtain the left inequality by maximizing the ratio A(#)/P(#) when % is a 
square with rounded corners, as illustrated. 

The maximum value of 2/(2 + /n)( ~ 0.53) is attained when the circular arcs have 
radius 2/(2 + ./7). : 

A tentative conjecture is that c = 2/(2 + ,/z). 
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Once the value of c is determined, we can strengthen Minkowski’s Theorem in 
the following way. 


THEOREM. Let % be a convex region in the plane which is symmetric about the 
origin, which contains no non-zero point of the integral lattice, and which has area 
A and perimeter P. Then 


if 0<P S22, AS P2/4n; 
if2xn = P Ss 4c, A s cP; 
and if 4/e < P, As 4. 
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CLASSROOM NOTES 
EDITED BY DAVID ROSELLE 


Material for this Department should be sent to David Roselle, Department of Mathematics, 
Virginia Polytechnic Institute, Blacksburg, VA 24061. 


COUNTABLE ADDITIVITY FOR PROBABILITY MEASURES 
DAVID T. PRICE 


When presenting the axioms for probability to my class, I was asked why countable 
additivity was included, rather than finite additivity. After some probing, I discovered 
that they really wanted an example, related to the beginning course work in finite 
probability, where more than finite additivity occurred. The following negative 
binomial example and theorem grew out of my response to this question. 

Consider tossing a fair coin until “‘heads’’ occurs. A suitable sample space is 

= {1,2,3,-:-,*}, where the integer n corresponds to the occurrence of the head 
on toss n, while * corresponds to an infinite string of tails. Intuitively, P({n,n + 1, 
.+,*}) = 2771), Since probability should be finitely additive (the students were 
ready to accept this), and {n,n+1,-::,*} = {n} U{n+1,---,*}, we have 
P({n}) = 2~". Furthermore, as probability should be monotone (again accepted 
by the class), 


P({*}) S PU{nyn + 1,--,*}) = 27"* 


for each n. Thus P({*}) = 0. 

Now suppose we want to compute P({2, 4, 6, ---}). (If the model were of a tennis 
rally, then this would be the probability that the first player won the rally.) The 
most natural answer is %j2,2~7/ = 1/3. But what allows us to compute the 
answer as an infinite sum? Countable additivity, of course! 

Let A = {2,4,6,---}. Let us assume that there is a sensible way to compute 
Prob(A). Then Prob(A) 2 P({2,4,---,2n}) for every positive integer n. (Probability 
should be monotone.) That is, Prob(A) = U"_,277*. Hence 


Prob(A) 2lim % 27>** = 1/3. 


n>0 k=1 
Similarly, 
Prob(A) S$ Prob({2,4,---,2n,2n + 1,2n + 2,---,*}) 
Prob(S \{1, 3, --+,2n—1}) 
Prob(S) — P({1, 3, -+:,2n—1}) 


t= Dp 27 eh, 
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(Probability should be finitely additive, and Prob(S) should be 1.) Then, 


Prob(A) S lim (1 ~ ¥ gran } = {/3. 
k=1 


n-> 00 


Thus, the only ‘‘sensible’’ value for P(A) is 1/3. In the argument below, we show 
that this convergence of the approximation from within and without always occurs, 
and yields a countably additive probability. 


THEOREM. Let S be a countable sample space, F the set of finite subsets of S. 
Suppose a function P is defined on F satisfying: 

Gi) Os P(A) S1, for all Ain F., 

(ii) P(A UB) = P(A) + P(B), for all A and B in F with ANB = ©. 

(iii) For each e>0, there is an A in ¥ with P(A)>1-—e. 

Then there is a unique extension of P to the subsets of S which is finitely additive 
and takes values in [0,1]. This extension is countably additive. If A is an infinite 
subset of S, then the value of the extension on Ais %,.4P({a}). 


Proof. Let A be any subset of S. Set F(A) = {A AL|Le F\, Let Q be any 
finitely additive extension of P to the subsets of S, taking values in [0,1]. Then Q 
is monotonic, and Q(A) 2 Q(L) 2 P(L) for all Le F(A). Hence, if we let 


P*(A) = lub{P(L)| Le F(A)}, 


then Q(A) = P*(A). 

We next show that P* is a finitely additive extension of P to the subsets of S 
which has values in [0,1]. If Le F, then 0 < P(L) S 1, and thus 0 S P*(A) $1. 
By assumption (iii), P*(S) = 1. By construction, P and P* agree on ¥. To show 
that P* is finitely additive, take B in S with ANB =@. Then 


F(A UB) = {LUM|Le F(A), MEF(B)}, 


and 
P*(A UB) = lub{P(L UM)|Le F(A), ME A(B)} 
= lub{P(L) + P(M)| Le F(A), Me F(B)} 
= lub {P(L)| Le F(A)} + lub{P(M)| Me F(B)} 
= P*(A) + P*(B). 
Now 


P*(A) S$ Q(A) = Q(S) — Q(S\A) 
< P*(S)— P*(S\A) = P*(A). 
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Thus, P*(A) = Q(A), and P* is the unique extension of P described in the theorem. 
(In our example, the first limit computed P*(A), and the second limit computed 
P*(S) — P*(S\A).) 

We now show that P* is countably additive. Let {A,}/%, be a collection of pair- 
wise disjoint subsets of S. Let A=Ujt,A4;. Then A 2 Ute, A,, for each 
integer k. Hence, P*(A) = P*(U,A,) = L*.,P*(A,), for each integer k. 
Let ¢ > 0 be given. We must find an integer N so that 


N 
P(A) — & PHA) <e, 


Take B in F with P(B) > 1—«. Only finitely many of the A; meet B. Thus, there 
is an integer N so that A; NB = @ for all i>N. Now 


N N 
& P*(A) = & P*(A; OB) 
i=1 [=1 


‘= 


p* (UanB)] 


i= 


p+ (Una) 


t 


= P*(A NB). 
Hence, 
N 
P*(A) — & P*(A,) S P*(A) — P*(A QB) = P*(A\B) 
i=1 
S P*(S\B)<e, 
as desired. 


Let A = {a,},>1 be any infinite subset of S. As P* is countably additive, 
Pr(a) = P* (U {ay}) = 2 Pra} =  PC{ay). 
k= k=1 k= 


Advanced treatments of probability, using measure theory, include more general 
extension theorems (e.g. [1], Theorem 1.5.7). At that level, countable additivity is 
recognized as a desirable condition, and is therefore assumed, rather than proved 
as in the presentation here. 

Hanish, Hirsch and Renyi [3] discuss the extension of a countably additive 
measure from a sigma-algebra to the power set. 

Our theorem may be extended to provide a firm framework for other questions 
about unlimited Bernoulli trials. In Chapter 8, Feller [2] discusses the probability 
of obtaining a run of m heads before obtaining a run of n tails in an unlimited se- 
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quence of Bernoulli trials, where the probability of each head is p ~ 0,1. He care- 
fully points out that the set of unlimited trials is uncountable, and so the problem 
falls outside the framework of his book. Suppose, instead of unlimited trials, we 
agree to stop upon completing a run of m heads, or a run of n tails. Then, a suitable 
sample space consists of two parts: S,, the finite sequences of H’s and T’s which 
have a terminalrunof mH’s or nT’s (and no such run earlier); and S,, the infinite 
sequences of H’s and T’s with no run of m H’s or of nT’’s. S, is countable, while 
S, is uncountable. 

Let Fy be the finite subsets of S,. We can assign probabilities P to the events 
in ¥, from the theory for a finite sequence of Bernoulli trials. If A, = {all strings 
in S, of length at most kn}, then P(A,) 2 1 —(1 — p")*. Hence, conditions (1), 
(ii), and (iii) of.the theorem hold in F,. The proof then shows that there is a unique 
finitely additive extension of P to the subsets of S = S, US,; the extension is count- 
ably additive; and the value of the extension on AC Sis Lye ans,P({a}). 
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SETS OF POSITIVE PRODUCT MEASURE IN WHICH EVERY 
RECTANGLE IS NULL 


GARTH I. GAUDRY 


In the standard treatment of product measures and the Fubini-Tonelli theorem, 
measurable rectangles play a special réle. (If X,-@,) and (Y,%,v) are o-finite 
measure spaces, a measurable rectangle is a subset of X x Y of the form E x F, 
where Ee.4@ and Fe.) For instance, the product o-algebra is the smallest c-algebra 
containing all the measurable rectangles. See Hewitt and Stromberg [1, Chapter 6] 
or Rudin [2, Chapter 7]. 

Accordingly, it is natural to ask whether a set in 4 x W which is of positive 
yi X v-measure must contain a measurable rectangle of positive measure. The example 
below shows that it need not. 


EXAMPLE. Let (X,-4,u) = (Y,%V,v) =(R,¥, m), where F denotes the c-algebra 
of Lebesgue measurable sets, and m denotes Lebesgue measure. Let K be a Cantor- 
type subset of [0,1] constructed with variable ratios of dissection so that m(K) > 0 
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[1, (6.62) |. For the subset S of Y x Y, take 
(1) S = {(x,k—x):xe[0,1],keK} = WU {x} x K—-x. 


x e[0,1] 
The set S is compact, being a continuous image of [0,1] x K. Fubini’s theorem 
shows that 

mx m(S) = m(K) > 0. 


If E x F is a measurable rectangle contained in K, we see from the definition (1) that 
E+ F ¢ K; and of course both m(E) and m(F) are positive. We show that this is 
impossible. 

The convolution ¢, * ¢, of the characteristic functions €, and &, is defined by the 
formula 


keep = | Enix — y)Ep(y)dy. 


The function ¢, * €, 1s everywhere defined, continuous, vanishes off E + F, and is 
nonnegative. By applying the Fubini-Tonelli theorem, one can show that its integral 
is m(E)m(F). For a full verification of these assertions about &,*é,, refer to 
[1, (21.31) and (21.33) ]. Since 


| CE * Cradx > 0, 


and é, * €, is continuous, it follows that E + F must contain a nonvoid open interval. 
Since K > E + F, and K 1s a Cantor-type set, this is impossible. 
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ADDENDUM TO “A UNIFIED PROOF OF SEVERAL BASIC 
THEOREMS OF REAL ANALYSIS’’ 


PATRICK SHANAHAN 


Leonard Gillman has kindly informed me that the essential idea for my note (this 
MONTHLY, 79 (1972) 895-898) has already appeared in a note by L. R. Ford (this 
MONTHLY, 64 (1957) 106-108); see also the note by W. L. Duren, Jr., in the supple- 
mentary edition of the MONTHLY dedicated to Lester R. Ford on the occasion of his 
seventieth birthday (this MONTHLY, 64 (1957) Part II, 19-22). Professor Ray Glenn of 
Tallahassee Community College has pointed out that the same idea was the subject 
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matter of a classroom note “‘A Creeping Lemma’’ by R.M.F. Moss and 
G. T. Roberts (this MONTHLY, 75 (1968) 649-652). My proof of the integrability of 
continuous functions does, however, appear to be new. 

Professor Gillman also points out that without introducing any essentially 
different arguments my Proposition 1 may be replaced by the following generaliza- 
tion. (Here strongly additive means A,BE@ > A U Be®@). 


PROPOSITION 1’. (A) The following are equivalent: 
(i) X is compact, 
(11) .X is a member of every local, strongly additive family of subsets of X. 
(B) The following are equivalent: 
(1) X is compact and connected, 
(ii) X is a member of every local, additive family of subsets of X. 
He offers the following alternative version for {(B), (ii)} = {X is connected} which 
is rather clever: if X is a disjoint union of open sets U and V, then {U, V} is an addi- 
tive family which does not contain X (!). 
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MATHEMATICAL EDUCATION 


EDITED BY SHIRLEY HILL AND PAUL MIELKE 


Material for this Department should be sent to Shirley Hill, Department of Mathematics, 
University of Missouri, Kansas City, MO 64110, or to Paul Mielke, Department of Mathe- 
matics, Wabash College, Crawfordsville, IN 47938. 


TOWARD A MATHEMATICS MAJOR FOR THE 1980's 


ALAN TUCKER 


1. Introduction. Writers have recently pointed out that the interests of many 
mathematics majors and of their industrial employers were often neglected in the 
past decade (see Willcox [10] for a survey of this problem). This paper outlines an 
undergraduate program in mathematics that aims to correct this neglect. While 
looking towards society’s future demands for mathematics, this program also re- 
flects a characteristically pre-Sputnik concern for teaching and for problem solving 
(rather than for theorem proving). The undergraduate major of the SUNY at Stony 
Brook Applied Mathematics Department is one attempt at such a program. By 
student choice, its curriculum emphasizes finite mathematics and optimization. 
When combined with recommended mathematics and computer science courses, 
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ter courses, so that they can get jobs as computer programmers upon graduation. 
These students are also advised to defer making long-range plans until after such 
work experience. Indeed, most applied mathematics majors are strongly encouraged 
to take some job upon graduation and get away from the academic world, if only 
for a year. This advice is consistent with the applied mathematics program’s goal of 
training mathematical problem-solvers. 


Acknowledgement: I wish to express my thanks for the helpful comments I received from the 
MONTHLY editors and my colleagues in the Mathematics and Applied Mathematics Departments, 
especially from Paul Kumpel and Woo Jong Kim. 
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HISTORY IN THE MATHEMATICS CURRICULUM 
KENNETH O. MAY 


The history of mathematics has always played a role in the mathematics curri- 
culum insofar as teachers have found it useful to introduce historical information in 
courses organized along essentially deductive lines. Separate courses in the history of 
mathematics have also long occupied a modest position in the undergraduate curri- 
culum. Less common, but beginning to gain popularity, are courses in which content 
is arranged historically. Such courses do not ignore the logical component in mathe- 
matics, but they present it and all other aspects of the subject in historical perspective. 
It is the purpose of this note to describe these roles of the history of mathematics in 
the undergraduate and graduate curriculum at the University of Toronto. 

The undergraduate curriculum at the University of Toronto continues its well- 
known tradition of strong, rigorous training in a new context of a curriculum based 
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on almost complete free choice for the student. Those interested in careers related to 
mathematics ordinarily take a program involving rather heavy concentration, usually 
at least two courses per year. 

Four courses with significant historical content and orientation are offered to 
undergraduates. The first, entitled ‘Introduction to Mathematics,”’ is designed for 
first-year students and has no mathematical prerequisites, although it should be kept 
in mind that freshmen at the University of Toronto have completed grade 13, which 
contains a (optional) mathematical component involving linear algebra and calculus. 
The course is described: ‘‘The nature and role of mathematics, illustrated primarily 
by the development of numerical and geometric ideas. Lectures, films, study of 
mathematical literature, and the writing of an essay. Tutorials will provide the op- 
portunity for doing mathematics as well as talking about it.’’ The course does not 
attempt to present a systematic chronological history of mathematics, but rather to 
give a survey of mathematics as a living, historically developing component of 
culture. Most of the students are not intending to specialize in mathematics, and the 
course is required by the School of Architecture. It is a common elective for students 
planning to teach mathematics at the secondary or elementary level, and is usually 
taken by them in conjunction with another freshman course in mathematics. 


The second course, entitled ‘‘Development of Analysis,’’ is intended primarily for 
second-year students and may be elected by those having taken at least one university 
mathematics course. It focuses on the development of the basic themes and concepts 
of calculus, including a study of 18th and 19th century rigor, and the development of 
the concept of the integral in recent times, with detailed examination of selected 
examples. Although it would serve very well as an enrichment for mathematical 
specialists who are already taking advanced courses in analysis at this level, it is 
elected primarily by future teachers and by non-specialists with a serious interest in 
mathematics. 

The third course, intended primarily for third-year students, is entitled “‘20th 
Century Mathematics.’’ Its purpose is to give the student ‘‘a survey of the different 
trends in the mathematics of this century, their interplay, social function, and effects in 
science and technology.’’ The selection of topics by the lecturer is supplemented by 
outside speakers and student investigations. The course is motivated by the need for 
a broader view of mathematics than can be obtained at this level by taking the highly- 
specialized courses available. 

At the senior level is offered the first course in the history of mathematics. Requir- 
ing six year courses in university mathematics as a prerequisite, itis taken primarily 
by mathematics specialists, many of whom plan to be teachers, and by a few others 
who have acquired the necessary mathematics background. After an initial period of 
general reading, the course is based primarily on student investigations using primary 
sources. Methods of information retrieval and historical research are emphasized, 
and each student writes two papers. 
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Three years’ experience with these historically-oriented courses shows them to be 
popular with both the faculty who teach them and with the students (with the excep- 
tion of those who are required to take them!). The teachers have found the experience 
challenging and interesting. The students have found the courses a welcome change 
of pace. 

At the graduate level there is a course in the history of mathematics stressing skill 
in information retrieval and historical research relating to special mathematical in- 
terests. Those who wish to specialize in the history of mathematics may take further 
seminars and, after passing the usual preliminaries for the doctor’s degree, continue 
by writing a thesis on a historical topic. 

At the University of Toronto there is at the graduate level an alternative frame- 
work for specialization in the history of mathematics. The Institute for the History 
and Philosophy of Science and Technology offers a doctoral program in which the 
student may specialize in the history of mathematics. Perhaps the two programs 
might best be described by saying that one produces a mathematician who specializes 
in history, and the other an historian of science specializing in mathematics. At the 
time of writing, there are three Ph. D. candidates in each program. In addition, one 
doctoral degree with specialization in history of mathematics has been granted by the 
Institute. 


DEPARTMENT OF MATHEMATICS, UNIVERSITY OF TORONTO, TORONTO 5, ONTARIO, CANADA. 


PROBLEMS AND SOLUTIONS 
EDITED BY Emory P. STARKE 


ASSOCIATE EDITORS: JOSHUA BARLAZ, ERIC S. LANGFORD. COLLABORATING EDITORS: LEONARD 
CARLITZ, GULBANK D. CHAKERIAN, HASKELL COHEN, S. ASHBY FOOTE, ISRAEL N. HERSTEIN, 
Murray S. KLAMKIN, DANIEL J. KLEITMAN, ROGER C. LYNDON, MARVIN MARCUS, CHRISTOPH 
NEUGEBAUER, ALBERT WILANSKY, AND UNIVERSITY OF MAINE PROBLEMS GROUP: EARL M. L. 
BEARD, GEORGE S. CUNNINGHAM, CLAYTON W. DODGE, OsKAR FEICHTINGER, WILLIAM R. 
GEIGER, RAMESH GUPTA, PHILIP M. LOCKE, JOHN C. MAIRHUBER, CURTIS S. MORSE, GRATTAN 
P. MURPHY, EDWARD S. NORTHAM AND WILLIAM L. SOULE JR. 


All problems (both elementary and advanced) proposed for inclusion in this Department should 
be sent to E. P. Starke, 1000 Kensington Ave., Plainfield, NJ 07060. Proposers of problems 
are urged to enclose any solutions or information that will assist the editors. Ordinarily, prob- 
lems in well-known textbooks and results in generally accessible sources are not appropriate 
for this Department. No solutions (except those accompanying proposals) should be sent to 
Professor Starke. 
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Solutions of Elementary Problems should be sent to Problems Group, Mathematics Department, 
University of Maine, Orono, ME 04478. To facilitate their consideration, solution of Elemen- 
tary Problems in this issue should be typed (with double spacing) and should be mailed before 
January 31, 1975. 


E 2492. Proposed by Donald Knuth, Stanford University 
For natural numbers i and j, let “‘i mod j’’ denote the nonnegative remainder 
when i is divided by j: i.e. i mod j = i —j[i/j]. Evaluate the following sum: 


5 = > k mod n 
nt (ok +1 mod (2n + 1)) ° 


E 2493. Proposed by C. D. H. Cooper, Macquarie University, Australia 
Prove that the sum of the (positive) divisors of the natural number n is a power 
of 2 if and only if n is a product of distinct Mersenne primes. 


E 2494. Proposed by J. C. Owings, Jr., University of Maryland 

Let N denote the set of natural numbers and for AC WN let A+A 
= {a, + a, :a,,a,€A}. Prove or disprove: Given any subset B of N, there exists 
an infinite set A ¢ NsuchthatA + Ac BorA+AcC N\B. 


E 2495. Proposed by M.S. Klamkin, University of Waterloo, Ontario 
Let n be a natural number. Evaluate the following limit: 


I, = lim [fog _ [* dos yi™ a 
" 2n 0 1+t 


E 2496. Proposed by R. D. Whittekin, Metropolitan State College 

Show that the square matrix M = (m,,) is nonsingular if it satisfies the following 
conditions: 

(i) m, # 0 for all i; 

(i) Ifi #jand m,; 4 0, then m,, = 0; 

(iii) If m,, A O and m,, # 0, then m, # 0. 


E 2497. Proposed by Jim King and Phil Hosford, New Mexico State University 

Let a, and a, be arbitrary integers and define the doubly infinite sequence 
“+, A_4,49, 41, 42,°** bY A,41 = a, + a,—-1. Show that (a,4.; + a,~2,) is divisible by 
a, for all integers k,/j. 


SOLUTIONS OF ELEMENTARY PROBLEMS 


A Quadrilateral Proportion 


E 1085 [1953, 551; 1973, 808]. Proposed by Josef Langr, Prague, Czechoslovakia 
The perpendicular bisectors of the sides of a quadrilateral Q form a quadrilateral 
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Q,, and the perpendicular bisectors of the sides of Q, form a quadrilateral Q,. Show 
that Q, is similar to Q and find the ratio of similitude. 


II. Solution by Michael Geraghty, University of Iowa. We obtain an expression 
for the ratio of similitude of Q, to Q, thus completing the published solution 
[ 1973, 808]. 

Let a, 8, y and 6 denote the interior angles of ABCD(= Q) and define «’, f’, y’, 0’ 
analogously. Let | AC | be one of the diagonal lengths of ABCD. Then the ratio 
| A’C” : | AC| is the desired ratio of similitude. Consider | B’D’ : Since B’ is the 
circumcenter of triangle CDA, it lies on the perpendicular bisector of AC. So also 
does D’. Thus the line B’D’ is the perpendicular bisector of AC, and | B’D’ 
= | b’ + d'|, where b’ is the signed distance of B’ from AC (sign positive if B’ is 
inside triangle CDA and negative if B’ is outside); d’ is defined analogously. 

It is easy to calculate that 


b' = 4|AC| cot 6 and d’ = 4| AC| cot B. 


Thus 
| B’D’ 


= |b’ +d’ 


= 4/AC||cot B + cot 6]. 
Next, applying the method to Q, we find that 
| A’C" 


— qQ” + Cc 


= 4|B’D’ 


| cot a” + cot y’ 
But it is easy to see that a’ = 2n —-y —xn = xn —yandy’ = xz — a, and so 


| AC" 


= 4|B'D'||cot « + cot y|. 
Therefore 


|.A”C”| 
rac | = 4}cot a + cot y|-|cot B + cot d| 


which is the desired result. 


Also solved by George Gearhart, Albert Nijenhuis, and J. M. Quoniam (France). The ratio of 
similitude was discovered by Zalman Usiskin, but no derivation was submitted by him. 

Editor’s comment: Nijenhuis notes that if Q is a cyclic quadrilateral, then Q; collapses and so 
the ratio of similitude is 0. 


Minimal Curve for Fixed Area 


E 2185 [1969, 825; 1970, 531]. Proposed by Michael Goldberg, Washington, 
D.C. 

Given a convex quadrilateral. Find the shortest curve which divides it into two 
equal areas. 


III. Comment by M. S. Klamkin, Ford Motor Company. Although the prop- 
erties of the shortest bisecting arc as given by both Ogilvy and Goldberg are correct, 
neither solver has really supplied a full mathematical proof. At a geometry seminar 
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held at Michigan State University several years ago, Branko Grunbaum raised again 
the more general problem of determining the shortest arc which divides a given 
simply connected area in a fixed ratio, and which lies wholly within the area. 
Grunbaum noted that Norbert Wiener [ The shortest line dividing an area in a given 
ratio, Proc. Camb. Phil. Soc. 18 (1914), 56-58] proved that (if such an arc exists) it 
must consist of an arc of a finite or infinite circle or a chain of such arcs having the 
property that two successive arcs meet only on the boundary of the given area. At 
the end of this paper is the footnote, “‘It is almost self-evident that the shortest line 
to divide a convex area in a given ratio is a single arc of a circle, but this I have not 
been able to prove.’’ This conjecture includes E 2185 as a special case. 

Wiener’s shortest-line conjecture went unproved for almost sixty years, but in 
1973, Richard Joss, a student of Grunbaum’s, announced that he had proved it 
[ Notices A.M.S., June, 1973, Abstract 705-D1, p. A-461 ]. 


Symmedian Point of a Triangle 


E 2347 [1972, 303; 1973, 321]. Proposed by Leonard Carlitz, Duke University 

Let P denote a point in the interior of the triangle ABC. Let «, B, y denote the 
angles of ABC. Let R,,R,,R; denote the distances from P to the vertices of ABC, 
and let r,,r2,7r3 denote the distances from the sides of ABC. Show that 


R?sin*a + Risin? B + Risin*y S$ 3(r7 + r3 + 73) 
with equality if and only if P is the symmedian point of ABC. 
II. Comment by Phil Tracy, Liverpool, New York. There is a misprint in the 
published solution: in the equation on line 6 of p. 322, the second term should read 


(r, sina)”. The solver also does not indicate how he knows that his critical point is 
indeed a maximum. 


III. Solution by Leon Bankoff, Los Angeles, California. Let G denote the cen- 
troid of triangle DEF, the pedal triangle of P. It is known (see Problem E 1744 
[1965, 1130]) that 


3(r, + ry +13) = 3{(DG) + (EG) + (FG) + 3(PG)*} 
3{(DG)* + (EG)? + (FG)*} = (DE)* + (EF)* + (FD)* 


Risin*« + Risin? B + Rjsin’y. 


IV 


Hence equality holds in the stated problem if and only if P coincides with the median 
point (centroid) G of its pedal triangle, that is, if and only if P is the symmedian 
point of triangle ABC. 

The inequality holds for any point P in the plane of triangle ABC; P need not be 
interior to ABC. 
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IV. Solution by M.S. Klamkin, Ford Motor Company. The published solu- 
tion, which is rather long, involves Lagrange multipliers, which should always be 
avoided whenever possible in proving elementary triangle inequalities. Furthermore, 
the solution is incomplete since sufficiency was not established. 

We give a generalization by starting with the known inequality [1, p. 7], 


2 2 2 
+ b°zx + c*xy 
1 xR? R? R2 > Oe eT ey , 
(1) 1 + YR2 + 2R3 2 xb yde 


where x, y, z are arbitrary real numbers such that x + y + z > Oand where there is 
equality if and only if x/F,; = y/F, = z/F3 (F, denotes the area of BPC, etc.). 
(A physical interpretation of (1) is that the polar moment of inertia of three masses 
x, y,z located at A, B,C, respectively, is minimized by taking the axis through the 
centroid of the masses.) 

For any inequality of the form ¢(R,, R2, R3, a,b,c) 2 0 there is a dual inequality 
(1 1,12,1%3,R,sina, R,sin PB, R3siny) 2 0, obtained by considering the pedal triangle 
of P. Here the distances from P to the vertices of the pedal triangle are r,,r,,r3 and 
the sides of the pedal triangle are R, sina, R,sinf, R3siny, respectively. Thus, the 
dual of (1) is 


2 aty2 2 ata 2 ntan 2 
2 , 2s, yzRysin" a + ZxR2 sin B + xyR3sin“ y 
(2) Xr rg borg Ba . 


Then the stated inequality corresponds to the special case x = y = z of (2). There is 
equality if and only if the point P is the centroid of the pedal triangle and consequently 
if and only if P is the symmedian point of ABC [2, Theorem 350]. 

Coincidentally, the stated inequality appears in the same form in [1, p. 10]. 
By applying (1) to the right hand side of (2), we obtain 


2 arn? 2 
(3) X yzRj{ sin a > sail - 
X+ytzZ ao ce 
x  y Z 


Inequalities (2) and (3) also provide a strengthening and a generalization of the 
following known inequality [2, Theorem 349], [3, Item 12.54, p. 118]: 


a 
a + b* +c? 


(4) rn+re4+rn2 


References 


1. M.S. Klamkin, Nonnegative Quadratic Forms and Triangle Inequalities, Ford Motor Com- 
pany Preprint, June 1971. (Also see Notices of A. M.S., Oct. 1971, p. 966.) 

2. R. A. Johnson, Advanced Euclidean Geometry, Dover, New York, 1960. 

3. O. Bottema et al., Geometric Inequalities, Wolters-Noordhoff, Groningen, 1969. 
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Nonnegative Forms 


E 2348 [1972, 304; 1973, 323]. Proposed by Leonard Carlitz, Duke University 

Let P be a point in the interior of a triangle ABC. Let R,,R,,R 3 denote the 
distances from P to the vertices of ABC and let r,,7r,, 73 denote the distances from P 
to the sides of ABC. Show that 


(1) XR, + 73) 2 U(r + 12)(r1 + 13), 
(2) x (Ry + R2)(Ry + R3) 2 42(r1 + r2)r1 + 6s); 
with equality if and only if ABC is equilateral and P is its center. 
II. Comment by Leonard Goldstone, Watervliet, N. Y. The last inequality 
XRi = 4m ri 


in the printed solution [1973, 323] is incorrect. Let ABC be an isosceles right triangle 
with unit legs and let P be its circumcenter. Then 2 R{ = 3/2, but 4x77 = 2. 

To establish (2), square the Erdés-Mordell inequality 2R, = 2X r, (Item 12.13 
of O. Bottema et al., Geometric Inequalities, Groningen, 1969) to get 


DR{ + 2UR,R, = 4(2r7 + 221112); 
then add 2 R,R, 2 4X 7r,r, (Item 12.21, op. cit.). 


Ill. Comment by A. Oppenheim, University of Benin, Nigeria. The published 
solution to part(2) is faulty since the solver assumes incorrectly that 2R{ => 477. 
Indeed, for any ¢ > 0, there exist triangles ABC and internal points P for which 


LRi < (24+ 8)=77. 
To prove (2), use my inequality 
XRRz 2 U(r + rar, + 4s) 


(Item 12.22, Bottema). Since 4£(R, — R3)* = 0, we have UR? => =R,R; and it 
follows that 


X(R, + R,(R, + R3) = UR] + 3UR,Rz = 4=R,R; 


2 4X(ry + 12)r1 + 13), 
which is (2). Equality occurs if and only if ABC is equilateral and P is its center. 


IV. Comment by M.S. Klamkin, Ford Motor Company. We can obtain the 
following inequality, valid for r,,r.,r3; nonnegative, by replacing (r,,7r,,7r3) by 
(x*, y*,z*) and then expressing G as the sum of squares of three real polynomials in 
X,YsZ. 
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3 ote 


(*) G=Xr- brats > 0. 


(This result is non-trivial; see the author’s Two nonnegative quadratic forms, (to 
appear).) Since c/b + b/c — 1 = 1, this inequality implies 


cb 


fg +5 — Art = x32 


b trots, 


which is equivalent to equation (4) of the published solution. 
If x, y, Z form a triangle, then (*) can be rewritten as 


where F denotes the area of the triangle with sides x,y,z. This latter inequality 
generalizes Item 4.12 in O. Bottema et al. 


Editor’s comment: The proposer inquires if it is necessarily true that 
(Ri + Re) (Ri + R3) = 4 VR (re + 73), 
which would strengthen (2). 


The Vandermonde Matrix in a Finite Field 


E 2431[1973, 808]. Proposed by Alan McConnell, Howard University 

Consider a finite field F with elements a,, a,,---,a,. Form the Vandermonde 
matrix V(a,,---,a,) = (v,j), where v, = (a,)'~* for i,j = 1,2,---,n (and where 
0° = 1). Find V-! and evaluate det V (where the operations are carried out in F). 


Solution by the Temple University Problem Solving Group. It is well known 
that the Vandermonde determinant is equal to the product 


1Si<j<n 


Introducing the (3) = 4n(n — 1) new terms (a, — a,) with i>j we see that 


(1) (det V)? = (— 1"? I] @ — 4). 

j#i 

Now for each fixed i, the inner product in (1) is the product of all the non-zero 
elements of F. In a field, each non-zero element has a multiplicative inverse, and 
since the equation x* = 1 has at most two roots, only 1 and —1 have themselves for 
inverses. (Of course, 1 = — 1 if the field is of characteristic 2.) Hence for each i, the 
inner product in (1) is — 1 and so 


(det Vy —_ (— jyr@— le 1)" _ (— 1yrr* 1)/2- 


n 
i=1 
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If n = 3 (mod 4), then (det V)? = 1 and so det V= + 1, depending on the order in 
which the terms are listed. If n = 2 (mod 4), then n = 2 since the number of elements 
in a finite field is a power of a prime. In this case, (det V)? = —1=1 so that detV 
= 1. Similarly, if n =0 (mod4), then (det V)* = 1 and det V = 1 since F is of 
characteristic 2. If n = 1 (mod 4), thendet V=+ J — 1 where by+ J —1 we mean 
the two roots of f(x) = x? +1 in F. Write n = 4k + 1 and consider the non-zero 
elements of F, which form a cyclic group under multiplication. If g € F is a generator 
of this group, then g** = 1 and g** #1 so that g** = — 1;1.e., (g*)? + 1 = 0. Thus 
we can also write det V = + g*. 

In order to find the inverse of V, suppose that a, = 0. Let B = (b;;) be defined by 

by = 1; b, =Oifl<j<n; b,, = —1; 


by = 0; b; = —(a;')' ifj> i; fori ¥k. 
Let BV = C = (¢,,). Then 


Cy, = ap—an 1—-O0=1 


0 


Chey = Ap — a? 1—1=0ifj#k, 


since every x #0 in F is a root of x"='—1=0.Ifi¢k, then 
= - Lata)” * =-(n-1)=1 (in F) 
m=2 


whereas if k #i#j, then 
a—1 1) 


n n 
_ _ _ MX 
Cy = x (a; ‘a;)" 1 > x™ 1 _ er = 0, 


where x = a; ‘a, #1. Thus C is the identity matrix and so B = V~'. 


Also solved by S. C. Currier and Yasuhiko Ikeda. Partial solutions by J. Alonso, M. G. Greening 
(Australia), O. P. Lossers (Netherlands), and the proposer. 


Editor’s comment. For references dealing with inverse of the Vandermonde matrix, the reader 
is referred to Th. Muir, The Theory of Determinants, Vol. 1, reprinted in Dover Publications, New 
York, 1960, p. 306; N. Macon and A. Spitzbart, Inverses of Vandermonde matrices, this MONTHLY 
65 (1958), 95-100; Walter Gautschi, On inverses of Vandermonde and confluent Vandermonde matrices 
I and II, Numerische Mathematik 4 (1962), 117-123 and 5 (1963), 425-430. 


A Converse of Kronecker’s Lemma 


E 2433 [1973, 943]. Proposed by Robert T. Smythe, University of Washington 

Let X,,X2,°:- be a sequence of real numbers. What is sometimes called 
Kronecker’s Lemma asserts that if ©,,2,~* x, is convergent, then xX, > 0 as n > 00, 
where X, = n ‘(x, + ++ + x,). (That is, x, ~ 0 in Cesdro mean.) The converse 
of this lemma is false: let x, = (log(n + 1))*. 
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Prove the following partial converse: If x, > 0 as n— o, then 1°_,n °°x 
converges for all 6 > 0. 


Solution by Allen Stenger, Student, Pennsylvania State University. The same 
conclusion holds under the weaker assumption that {X,} is bounded. Let Sg = 0 and 
S, =X, t-: + x, for n 2 1. Then 


m Xp " S,—Se-1 a 1 1 Sn 
. n = 2 nit = 2 S75 (n+ 533} + mite * 


But m-*-°S,, = m~°x,, > 0 as m— oo since {x,,} is bounded. Thus Un7+~°x, 


converges if and only if & S,{n~*~* — (n + 1)~*~°} is convergent. However, this 
latter series 1s absolutely convergent because an application of the Mean Value 
Theorem to f(x) = x~*~° on the interval [n,n + 1] gives the inequality 


< |S,[( +9) _ |%,|(L +9) 


) 
n7* nit 


/ ] 1 
S(T - (n+ =r) 
and the series Zn7'~° | Xn | converges since {x,} is bounded. 


Also solved by K.. F. Andersen, M. T. Bird, Robert Breusch, Richard Groeneveld & Dean Isaac- 
son, Emil Grosswald, Rev. William Habakkuk, Ellen Hertz, Richard Johnsonbaugh, Robert Kopp, 
Eric Langford, Peter Lindstrom, O. P. Lossers (Netherlands), M. R. Modak (india), Joel Pitt, 
Otto Ruehr, St. Olaf College Students, T. Salat (Czechoslovakia), J. Swetits, Ken Yocom, Philip 
Young, and the proposer. 


Editor’s comment. The Rev. William Habakkuk (Queen Adelaide College of Unreason, Erewhon) 
comments that this is the special case a = 1 and 8B = p = Oof Theorem A (p. 491) of L. S. Bosanquet, 
Note on convergence and summability factors (Ill), Proc. London Math. Soc. (2), 50 (1948), 482-496. 
According to Bosanquet, the special case of his Theorem A with p = 0 and a and 6 integers was 
originally formulated by I. Schur, Uber lineare Transformationen in der Theorie der unendlichen 
Reihen, J. fiir Math. 151 (1921), 79-111. 


It should be noted that even though the series 2 S,{n- 1-8 _-~@41)7! “A is absolutely con- 
vergent, the original series En7! ~ 8x need not be. For example, if x, =(—1)" J n then 
Sn=O(,/n) and so X, = O(n */?) =o(1); yet Zn *~? | Xn | = Yn? 1/2 diverges for all 6 < 4. 

Kopp and Salat observe that the series Xn~'~° x, will converge for some fixed 6 >0 if 
Xn = O(n") for some e with 0< e< 6, and thus it converges for all 6 > 0 if X,, = O(log n), say. 


ADVANCED PROBLEMS 


All solutions of Advanced Problems should be sent to J. Barlaz, Rutgers — The State University, 
New Brunswick, N. J. 08903. Solutions of Advanced Problems in this issue should be typed (with 
double spacing) on separate, signed sheets and should be mailed before January 31, 1975. 


An asterisk (*) means neither the proposer nor the editors supplied a solution. 


5988. Proposed by Bertram Ross, University of New Haven 

Show that the fractional integration of order v, 0 < v < 1, of log x equals zero at 
x = eVUt%+ and the fractional derivative of order 1 —v of logx equals zero at 
x = el¥*71 » is Euler’s constant and w is the logarithmic derivative of the gamma 
function. 

The Riemann-Liouville definition of fractional integration of order v is 


_» 1 * v-1 
Dee) = py [9 4d, 9>0 
and fractional differentiation of order 1 — v, 0 < v < 1, is 


_ d ~» 
oD: f(x) = Fy LoDs f(x)], 
where d /dx is ordinary differentiation. 


5989*. Proposed by R. H. C. Newton, University College of North Wales 
Prove or disprove: The kth term of the infinite sequence {n,} = {2, 4, 11, 31, ---} 
defined by 


h(n, _ 1) Ss h< h(n,) (k = 1, 2, see), 


where h(n) = 1+ 1/2 + 1/3 + -:- + 1/n, is given by the integer nearest to exp(k — y). 
Here y = 0.577 --- is Euler’s constant. 


5990. Proposed by H. Kestelman, University College, London, England 

G is a group of permutations of 1,2,---,n. For each f in G, w(f) denotes the 
number of integers r with f(r) =r, and L(f) denotes the transformation of R" 
mapping (X1, X2, +++, X,) ONtO (X (1), Xpc2ys ***s Xp(ny) Prove that the arithmetic mean of 
the w(f) is the dimension of the set of x that are fixed points for all the L(f). 


5991*. Proposed by D. S. Mitrinovié, University of Belgrade, Yugoslavia 

Let g,,°::,g9, be linear forms in indeterminates x,,---, x, with real coefficients and 
let k,,--+, k, be real numbers. Suppose that X7_, k,l g; | = 0 for arbitrary real numbers 
X1,°°', X,- Prove, using purely algebraic methods, that the same inequality holds 
when x,,°°:,X, are interpreted as arbitrary vectors in Euclidean space of any finite 
number of dimensions. 

(This theorem was proved by F. W. Levi (Arch. Math. (Basel) 2, (1949), 24-26) 
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by the use of integrals. See also Mitrinovi¢, Analytic Inequalities, Springer-Verlag, 
1970, pp. 175-176.) 


5992. Proposed by H. J. Thiebaux, Boulder, Colorado 
Let 


X44 _ Xin 


Xnt mee Xan 


denote an hermitian, positive definite matrix, where each block of the partitioning 
is m X m, and define 


Yi mee Yin X14 mee Xin ~t 
ye fp off e} pe fo ae 
Yui .7* Yun Xnt .s* Xan 


with corresponding partitions. Prove that (27,-,Y,,)~* is hermitian, positive 
definite. 


5993. Proposed by V. Dlab, Carleton University, Edward Formanek, Institute 
for Advanced Study, and C. M. Ringel, Universitdt Bonn, West Germany 

Let F be a countable field, let K = F(X,, X>,°-:) be the rational function field 
over F in countably many indeterminates, and let A be an algebraic closure of K. 
Show that A, as an abelian group under addition, is the sum of two proper subfields. 


SOLUTIONS OF ADVANCED PROBLEMS 
A Non-negative Function on {0, 1, 2, ---, >} 


5916 [1973, 697]. Proposed by J. G. Mauldon, Amherst College 


Let p and q be coprime integers with 0 < p < q and let f(-) be a non-negative 
function defined on {0,1,2,---,p} such that f(0) = 0, f(p) =1 and, whenever 
Lim, =q with O<m, Sp (i =1,2,-,k), we have f(m,) < Lforf(m). 
Is it necessarily true that max{f(n):n = 0,1,2,--:, p} < 3q? 


Solution by Robert Breusch, Amherst College. Let q=up+r, 0<r<p. 
(p,r) = 1 because (yg, p) = 1. From the given inequality and the fact that f(p) = 1 
it follows that f(r) S u-f(p) =u. For s =0,1,---,r, let v, = [sp/r] (greatest 
integer function). Thus v9 = 0, v, = p. 

Now consider the following set of r + p integers, all non-negative, and all less 
than p: 
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. = (v,, + lr — mp Xm = (m+ 1l)p- t 
(m = 0,1,+,r—1) (Vp <t S psy) 


The p integers x,,, are all distinct, because (p,r) = 1. Thus the x,,, are the numbers 
0,1,:--,p—1. We know that f(y.) = f(r) S$ u. Further, 


Vin + Xme + (u—1)p + (t — v,,)r =up+r=q, 
and thus, by the given inequality, 
I (%me) S fm) + (U-DI(D) + (t= Om F) » 


that is 

(a) F(%me) <FVm) + (t - Vm + Du. 
In particular, for t = v,,4, = M, 

(a’) I (Xm) <$Vm) + m+ 1 — Pm + Du. 


Also, Yn+1t%mam t+up = up+r=q, and thus, again by the given inequality 
with (a’) 


FOm+1) SI%mm) +4 <fVm) + Ome. Um + 2). 
It follows by induction that for 0 S$ m S$ r—2, 
FYVm+1) < fo) + mes — Vo + 2m + 1) S (Ong, + 2m + 3)u, 
or, replacing m+1 by m, that for 1 sSmsr-l, 
(b) FOVm) < (Un + 2m + Du. 


For m = Q, this is equally correct. 
By (a) and (b), f(x,.) <(t+2m+2)u, and since tv, = p andmsr-—l, 
this implies that 
FS (Xm) < (p + 2r)u < 3pu < 3q. 


The x,,, are the numbers 0,2,-:-,p—1, and f(p) = 1 <3q. Thus 
max {f(n):n = 0,1,-+:, p} < 3q. 


Compact Topological Vector Space over an Infinite Field 


5920 [1973, 697]. Proposed by L. C. Washington, Princeton University 
Do there exist nonzero compact (Hausdorff) topological vector spaces over 
infinite fields? 


Solution by Seth Warner, Duke University. It is a theorem in S. Warner, 
Compact and finite dimensional locally compact vector spaces, Illinois J. Math. 13 
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(1969), 383-393 (See Theorems 5 and 6) that there exists a nonzero compact vector 
space over a topological division ring K if and only if the topology of K is discrete; 
in this case the compact K-vector spaces are precisely cartesian products of copies 
of the character group of the additive group of K, made into a K-vector space ina 
natural way. 


Also solved by I. K. Abruob, Cecilia H. Brook, and the proposer. 


Pencils of Nilpotent Matrices 


5921 [1973, 697]. Proposed by Paul Cohn, Bedford College, London, England 

Over any commutative field (e.g., the complex numbers), find two square matrices 
of the same order, A and B, such that every matrix in the pencil AA + wB is nilpotent, 
but A and B cannot be simultaneously triangularized. 


Solution by Olga Taussky-Todd, California Institute of Technology. A pair 
of such matrices had been found previously by H. Wielandt: 


0 1 O 0 oOo O 
A= 10 0-1 B= 1/1 0 O 
0 oO O lo 1 oJ 


That they cannot be triangularized simultaneously follows, among other reasons, 
from the fact that AB is not nilpotent. 

These matrices were used as an example in T. 8. Motzkin and O. Taussky, Pairs 
of matrices with property L, Trans. A.M.S. 73 (1952), 108-114 (See p. 113). For 
simultaneously triangularizable nilpotent n x n matrices see also M. Gerstenhaber, 
On nilalgebras and linear varieties of nilpotent matrices, I, Amer. J. of Math., 
80 (1958), 614, ff. 


Also solved by D. Z. Djokovié, A. A. Jagers (Netherlands), Peter Ungar, and the proposer. 


Reduction of Singular Matrices 


5922 [1973, 814]. Proposed by Paul Cohn, Bedford College, London, England 
A and B are two m x n matrices over an infinite field k such that rank (A + AB) 
< rank A for all Ack. Find P and Q of orders m, n respectively such that 


B=PA+AQ, PAQ=0. 


Solution by the proposer. (i) Both problem and solution are invariant under the 
transformation At+UAV, B+ UBV, where U, V are invertible matrices of orders 
m, n respectively. 

(11) If we have found P, Q for a given pair A, B, we can also solve the problem for 
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A’ =(A 0), B’ = (B 0), where O is a column of zeros. We simply take P’ = P, 
Q’ = (29); similarly for the case where A and B are bordered with a row of zeros. 
(iii) If m = n and A = I, a solution is P = B, Q = 0. 
(iv) General case. By row and column operations we bring A to the form 


a) A 0 ‘ 

7 f 0)’ 
If B is partitioned correspondingly as B = (Bt B)s then we have 
(2) B,=0, B,B"B,=0 (n=0,1,-*). 


For on applying elementary row and column operations we have 
AB, ) ("" + 1B;)~* AB, — AB,(I + ‘8 7s) 
> , 


A+/B = ( 
1+ AB; AB, I 0 


Since rk(A + AB) <rk(A), we conclude that B, = B,(I+/B,)~'AB,, i.e., on 
expanding (I + AB,)~' = %(— A)"B3 and equating coefficients of A, we obtain (2). 
We note that when A has the form (1), the equations (2) are necessary and sufficient 
for rk(A + AB) S rk(A) to hold. 

By row and column operations we now bring B, to the form 


0 0 
Bg = ( ), 
I 0 
The column operations do not affect A, while the effect of the row operations on A 
can be undone by performing the corresponding column operations on A (and of 
course on B; this will in general change B, and B3, but we keep the same notation). 


The columns of zeros in B, correspond to columns of zeros in B (since B, = 0) and 
in A, and so can be omitted, by (11). Thus we may take B, in the form 


° n= (') 


If we partition B, correspondingly, as (B, BY), we have by (2) with n = 0, B,B, 
= Bj = 0; hence B, = (B; 0). By row and column operations we can reduce B; to 


the form 
I 0 
nl 
0 0 


again the effect of the column operations on A can be undone by row operations, 
which will not affect B (because apart from transforming B, they act on the zero 
part of B,). If we again omit the row of zeros, we obtain 
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I 0 0 0 0 0 0 

0 
B, 0 
0 


Now partition B, into blocks C,; (i,j = 1,2,3). The first column and the last row of 
blocks in B, can be transformed to 0 by subtracting multiples of I, so that we have 


O Cy Cys 
(5) B; = 0 C22 C23 

0 0 0 
Rewriting (2) in terms of the expressions (4) and (5) for A, B, we find 
(6) Cy3 = 0, 9 Cy2C32.C.3 =O 3 (n = 0,1,---). 


These equations show that the blocks from the second and third lots of rows and 
columns in A and B, viz. 


0 0 Cy 0 
ed el 
I 0 Cy, Co; 


satisfy the hypotheses imposed on A and B, i.e., rk(A’ + AB’) S rk(A’), and here A’ 
has smaller size than A unless A = I, a case dealt with under (iii). We can therefore 
use induction on m+n and find P’, Q’ with B’ = P’A’ + A’Q’, P’A’Q’ = 0. It 
follows that P’ and Q’ may be taken as 


O Cy Q, Cyr; 
p=), | ) 
! '@) QO . 


P,+Q, = Cy2, and P,Q, = 0, Cy2Q0,; = P,C,3 = 0. Hence the matrices 


0 Fr O 0 0 O 0 0 
p= 0 0 Cy 0  o- 0 QO, C3; 0 
0 oO P, 0 0 O 0 I 
0 oO O 0) 0 O 0 0 


satisfy the required conditions. 


Also solved by David Fried. 
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5923 [1973, 814]. Proposed by Emeric Deutsch, Polytechnic Institute of 
Brooklyn 


Let | ; | be a norm on the vector space C” of all n-tuples of complex numbers 
and let A be an operator on C” such that | (A — al)~} | = r{(A — al)~*] for each 
complex « which is not in the spectrum of A (r denotes spectral radius). Is | A | = r(A)? 


Solution by A. S. Householder, University of Tennessee. In A. S. Housholder, 
The Theory of Matrices in Numerical Analysis, Blaisdell, 1964, p. 47, B is said to 
be of class M in case there exists a norm || - || such that | B|| = r(B). It is shown 
there that B is of class M if and only if the elementary divisors associated with roots 
of greatest modulus are all simple. If A is any root of A, then « can be chosen so that 
(A — «)~! is a root of greatest modulus of (A — aI)~'. Hence all elementary divisors 
of A are simple and A is of class M, and is, indeed, normalizable. Suppose (A — aI)~', 
hence also A, is in diagonal form. Any norm for which | (A — al)7} | = r[(A—al)~*] 
must be an absolute norm [ loc. cit.]. Consequently | A | = r(A). 

It is no restriction to suppose that the matrices are in diagonal form (see loc. cit. 
equation (2.2.3).) 


Also solved by Fumio Kubo (Japan). 

Kubo refers for his solution to S. Hildebrandt, Uber den numerischen Wertebereich eines Opera- 
tors, Math. Annalen, 163 (1966), 230-247 (Thm. 3). Kubo notes that the result fails (||4|] < r (A) 
for some A) if the vector space is infinite dimensional; we are also referred to J. G. Stampfli, Hypo- 
normal operators and spectral density, Trans. A. M.S. 117 (1965) when A is not compact. 


REVIEWS 


EDITED BY J. ARTHUR SEEBACH, JR. AND LYNN A. STEEN 
with the assistance of the mathematics departments of St. Olaf and Carleton Colleges 


COLLABORATING EDITOR FOR FILMS: SEYMOUR SCHUSTER, CARLETON COLLEGE 


We invite readers to submit reviews of significant recent college-level mathematics books. 
We especially encourage reviews based on classroom use, or comparative reviews of several 
related books. Reviews should ordinarily not exceed two pages (per book) typed double spaced. 
Manuscripts of reviews as well as books submitted for review should be sent to: Book Review 
Editor, American Mathematical Monthly, St. Olaf College, Northfield, MN 55057. 


Numerical Analysis: A Second Course. By James M. Ortega. Academic Press, New 
York, 1972. xiii + 201 pp. $11.00. (Telegraphic Review, August-September 1972.) 


Professor Ortega’s new book is well organized and carefully written, and covers 
relatively advanced material in an easily understood manner. However, whether it 
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can be used successfully as a text for your “Second Course in Numerical Analysis” 
is largely a matter of what you believe such a course should attempt to accomplish. 

Traditionally, a first year graduate course in numerical analysis has dealt with 
problems deemed too advanced for its lower level counterpart. In addition, it usually 
provides more of an emphasis on error analysis for the methods discussed. Ortega 
carries the latter point to its extreme. The unifying principle behind his book involves 
the types of error introduced by numerical methods in general, while the methods 
themselves occupy a secondary position. 

The reader quickly realizes this by a glance at the table of contents. The book 
begins with a one chapter review of linear algebra, and the remainder is divided into 
four parts. Part I— Mathematical Stability and Ill Conditioning, Part II — Dis- 
cretization Error, Part IIIT— Convergence of Iterative Methods, Part [V— Rounding 
Error. 

Each part is subdivided into chapters which deal with particular applications to 
certain numerical problems. Specifically, the first part treats mathematical stability 
with regard to systems of linear equations, eigenvalue/eigenvector problems, and 
differential and difference equations. The next part deals with the discretization error 
encountered in initial and boundary value problems, while the third part covers the 
convergence of iterative methods for linear and nonlinear equations. The last part 
contains only one chapter, treating the problem of rounding error for the Gaussian 
elimination procedure. 

Numerical Analysis: A Second Course has a number of points in its favor, in 
addition to those already mentioned at the beginning of this review. Each part begins 
with a brief introduction indicating what will be covered in the ensuing chapters, 
and, at the end of each chapter is a list of suggested reading and a set of well chosen 
exercises. Moreover, the frequent use of examples and footnotes, and the fact that 
the text is virtually free of errors, make for easier, more pleasant reading. Incidentally, 
as an aid to someone using this book as a reference, the author provides a list of 
‘commonly used symbols’’ between the preface and introduction. 

An interesting facet of this text, which I discovered while giving a “‘traditional’’ 
course in numerical linear algebra to first year graduate students, is that it makes an 
excellent primary reference for such a course. Most of the material that I covered 
could be found somewhere in the book, although it was necessary to skip around. 
Unfortunately, there is a complete absence of numerical methods for eigenvalue/ 
eigenvector problems, so other references had to be given for this topic. I found the 
review of linear algebra (in the first chapter) to be very suitable for students at this 
level. It quickly dispenses with elementary notions, and concentrates on norms, 
eigenvalues, and canonical forms of matrices. 

The prerequisites for using this book are fairly minimal. I feel that advanced 
calculus and introductory courses in linear algebra and numerical analysis are 
required. The author contends, however, that the last of these is unnecessary for 
“well-motivated and mature” students. 
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Numerical Analysis: A Second Course is one of the better non-introductory texts 
available dealing with numerical analysis. If the material covered fits your needs, I 
strongly suggest that you take a close look at it. 

STEWART VENIT, California State University 


Mathematics in Society. Elements of an analysis: history, education, ideology. By 
Else and Jens Heyrup. Gyldendal, Copenhagen, 1973. 184 pp, (P), (In Danish). 
(Telegraphic Review, June-July 1974.) 


The stated purpose of this short book is “‘to sketch an analysis of the interplay 
between mathematics and the society in which the mathematics is developed and 
used.” The book is not just for specialists, but was written “to invite debate among 
many sorts of people, including present and future teachers and others with a greater 
or lesser professional relationship to mathematics.”’ [ know of no book about mathe- 
matics at all comparable to this one, and I will say at once that the Heyrups’ work 
has been a provoking and valuable stimulus to my thinking about the social meaning 
of mathematics and my own role within it. | 

The analysis is organized under two main headings: history and education. The 
historical section ranges from mathematics in antiquity to the present in less than 60 
pages, and developments since the Renaissance are treated especially briefly. But it is 
not the authors’ intention to give a history of mathematical ideas as such. The histori- 
cal sketch (like the book as a whole) is meant “‘to be useful for the interpretation of 
the present-day world,” and the focus is on the general ways in which mathematics 
has affected and been affected by the surrounding society. Many of the mechanisms 
are still important today, but they can be first understood most easily at a greater dis- 
tance from our own situation. No doubt this part of Mathematics in Society offers 
little new to historians, but much will surely be novel and revealing to the general 
(mathematical) reader, as it was to me. 

The second part of the book, entitled “mathematics in modern society,” 
begins with a short chapter on “the applications of advanced mathematical theory in 
production and administration.”’ One finds here few details of particular applications, 
either for good or ill. Of course this aspect of the subject has been much discussed 
elsewhere, and a more thorough treatment would require a great deal of time and space. 
Still, the chapter’s superficiality will doubtless leave many readers unsatisfied, and I 
feel it is the weakest feature of the book. 

The bulk of the second part concerns education in modern Western society. As in 
the first part, the concern is to analyse the interrelations between changes in society 
and the course of mathematical education, rather than just to study education per se. 

Throughout the book, a major role is played by the concept of ideology. This 
term is carefully and somewhat narrowly defined to mean a system of beliefs and 
customs, not based on fact, which serves to support the existing organization and 
class structure of a society. It is a “‘collective false consciousness,” with definite 
social functions. The authors try to show that mathematics has entered significantly 
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into the formation of such ideology during much of Western history. For example, 
the concept of proof and the abstraction (especially in geometry) which are to us the 
main characteristics of classical Greek mathematics had an important relation to the 
structure of Greek society, which after about 350 B. C. was largely based on the 
exploitation of slave labor. In general, the ideological aspect of mathematics is treated 
along with its technological aspect as a major facet of the interplay between mathe- 
matics and society. 

To many readers it may at first seem strange, or even paradoxical, that a subject 
such as mathematics can play a role in ideology and propaganda. One of the main 
themes of Mathematics in Society is showing that this is indeed the case, and exploring 
the mechanisms by which the ideological side of mathematics works. To me, this 
is the most striking and valuable aspect of the book. 

The point is especially clear in the discussion of elementary education. Perhaps 
other (male) readers of the Monthly have also recently been made conscious of the sex- 
role stereotyping which permeates many elementary school textbooks, with their 
illustrations so often showing girls as just passive spectators of the activity and 
initiative of the boys. Once one begins to see such things, they appear everywhere. 
After reading Mathematics in Society 1 am having a similar experience with 
school mathematics. It is not only that handling money, buying and selling, interest 
and dividends — but never, say, cooperatives — provide the great bulk of the 
applications and illustrations in many texts and classes. Mathematical education 
also has important effects on consciousness and thinking which are apart from the 
content of the teaching, and such effects are not always the happy ones we like to 
imagine. For example, teaching abstract mathematics in such a way that children 
do not themselves actively participate in forming the abstractions (“passive abstrac- 
tion’”’) may help to train adults who can be more easily manipulated by means of 
abstract terms and concepts. In addition, mathematics classes often provide the most 
effective place for sorting out school children into “‘winners’’ and “losers” on the 
basis of “ability” criteria — which none-the-less closely parallel social class back- 
ground. These ideas are discussed persuasively and with insight; since reading this 
part of Mathematics in Society my own perception of mathematics teaching has 
changed markedly, and I think others may have the same experience. 

A short final chapter is entitled ““Personal conclusion: which mathematics ?’’ Here 
the authors try to sketch some ideas for those “‘who wish for a mathematics in the 
interest of the majority of the people, and not a mathematics for the stabilization of 
the power of the upper class and the higher middle class.’ They believe it is only the 
first step to realize that ‘“‘the research worker who produces mathematics to the 
Pentagon’s order is doing executioner’s work.’’ Many of us who have avoided mi- 
litary applications have taken too much comfort from the supposed harmlessness of 
our work; the Heyrups challenge us to look more deeply. 

The bulk of this “‘personal conclusion’’ is devoted to socially-conscious teaching. 
The discussion is general, and no specific how-to-do-it program is offered. And I 
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think that no simple one is possible. Surely the only prescription is that we must each 
find our own way — must apply to our individual circumstances all the insight we 
can find about mathematics, about people and about our society. I believe that 
Mathematics in Society provides very significant help in trying to do this. It cer- 
tainly does not have all the answers, but it has meant a lot to me. 

JOHN LAMPERTI, Dartmouth College 


Computer Programming: Techniques, Analysis and Mathematics. By R. V. Andree, 
J. P. Andree, and D. D. Andree. Prentice-Hall, Englewood Cliffs, N. J., 1973. 
xvii + 549 pp. $12.95. (Telegraphic Review, June-July 1973.) 


After covering most of this book in one semester, the student is well prepared for 
problem solving by way of the computer and FORTRAN IV. This is the authors’ 
purpose; they succeed in a fashion which my students and I found enjoyable and 
stimulating. The class was composed of majors from many areas and all four college 
years. Although the word mathematics appears in the title it was not emphasized in 
my course, an approach easily taken, and there were no complaints of too much 
mathematics. It would be just as easy to design courses which could be taught in the 
mathematics department. The authors touch on many well-known, and some not so 
well-known, problems whose analysis is enhanced by use of the computer, but are 
always careful to point out that thoughtful analysis will often result in considerable 
machine time savings, and sometimes even solve the problem without recourse to the 
computer. 

There is a large selection of carefully thought out problems, some with answers in 
the back. The sections on simulation are very well done. There are also sections on 
solving equations, systems of equations, area, Fibonacci numbers, the gambler’s 
ruin problem, cryptanalysis, the Poisson process, and many number theoretic ques- 
tions. One chapter is devoted to IBM 1130 Assembler Language. 

I found that the students became competent programmers very quickly, had no 
trouble reading the book, and were often stimulated to follow paths on their own, 
suggested by the authors. They were asked to write programs after the first few pages, 
were continually reminded that there are best ways to do things (A*A is better 
than A ** 2, which is much better than A **2.) and that numbers don’t behave in the 
computer the way one expects. They were also asked to consider the philosophy that 
the computer should generate ideas, not numbers. Chapter 9 is devoted to good pro- 
gramming techniques, and should be read by every starting FORTRAN student, 
several times. There is a short, comprehensive, annotated bibliography. Altogether 
this is an excellent one-semester introductory programming book, with many 
bonuses. 

STANLEY WERTHEIMER, Connecticut College 


1974] REVIEWS 921 


TELEGRAPHIC REV LEWS 


Telegraphic reviews are designed to give prompt notice of new 
books with sufficient information to assist our readers in deciding 
whether to order an examination copy or to suggest library purchase. 
Possible uses are indicated as follows: 


= textbook P = professional reading 

= supplementary reading L = undergraduate library purchase 

3 to 18 = freshman to second year graduate level usage 

1 to 4 = appropriate time in semesters to cover text 

Asterisks (*) or question marks (?) denote special positive or nega- 
tive emphasis, respectively. Publishers are denoted by standard 
abbreviations; complete addresses may be found in Books in Print. 


T 
S 
1 


GENERAL, S, P, L**, Chtnese Setence: Explorations of an Anctent 
Tradttton. Ed: Shigeru Nakayama, Nathan Sivin. MIT Pr, 1973, xxxvi + 
334 pp, $12.50. Collection of articles on traditional Chinese science, 
in honor of Joseph Needham's (Setenee and Ctvtltsatton in China) 70th 
birthday. Perspectives on Needham, Chinese concept of nature, astro- 
nomy, optics, pharmacology and anesthesia. None directly concerns 
itself with mathematics, though the closing bibliography refers to 
what little there is on Chinese mathematics (p. 296). PJC 


GENERAL, 1(13-15), S, Mathemattk fiir Naturwtssenschaftler. J. Hainzl. 

- Teubner, 1974, 311 pp, DM29 (P). Mathematics for natural scien- 
tists, particularly biologists, chemists and geologists. Assuming 
only high school mathematics, the book takes up analytic geometry and 
linear algebra, the calculus of functions of one and of several vari- 
ables, Fourier series, and differential equations. About 200 prob- 
lems, many with solutions. JD-B 


GENERAL, S(13-14), L, JL'Arithmétique Amusante. Edourad Lucas. 
Blanchard, 1974, viii + 266 pp, 22F (P). M. Lucas était un maitre 
des récreation mathématiques au fin de XIXe siécle. Ce livre est un 
nouveau tirage d'un @édition de 1895. Ilya quatre chapitres: Cal- 
cul élémentaire (exemple: le problém des Chrétiens et Turcs); Le 
Calcul rapid; Les progressions arithmétiques (exemple: une probléme 
ici appele les trois maris jaloux--aussi connu comme les cannibales 
et le prétre); Les progressions géométriques aussi un section des 
notes sur des problémes comme la tour chevalier. En tout, un bon 
livre; il y a aussi des notes sur l'origin de tel ou tel probleme.PJM 


GENERAL, T(15- ae 1, 2), L, Mathematies: A World of Ideas. Bevan K. 
Youse. Allyn, 1974, xi + 468 pp, $11.95. A good book with a wide 
variety of topics and minimal interdependence of chapters. Differs 
from most books of this type in the inclusion of calculus. Other 
topics: topology, number theory, modern algebra, probability, compu- 
ter programming, logic. This book calls to my mind Courant and 
Robbins classic, and seems a suitable updating of that book. PJM 


GENERAL, 1(13), S, L, How to Solve Problems: Elements of a Theory of 
Problems and Problem Solving. Wayne A. Wickelgren. Freeman, 1974, 

xi + 262 pp, $10; $4.95 (P). Occasionally wordy description of seven 
general problem-solving methods with detailed illustrations; directed 
to college students of mathematics, science and engineering. Principal 
emphasis is on method (influenced by work in artificial intelligence 
and computer simulation of thinking) as opposed to Polya's work on 

the heuristics of problem solving. LCL 
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Basic, 1(13: 1), Developmental Arithmetic; An Individualized Ap- 
proach. James C. Curl. McGraw, 1973, $5.95 (P). Arithmetic review 
for personalized instruction. Includes golden mean, prime numbers, 
and Fibonacci numbers. LLK 


BASIC, T(13: 1, 2), Baste Mathematics for College Students, Ftfth 
Rdition. Edwin I. Stein. Allyn, 1974, xii + 659 pp, $10.95. Arithme- 
tic, informal geometry, numerical trigonometry, basic algebra, and 
consumer applications. FLW 


Basic, [(13: 1), Bustness Mathematics. Charles D. Miller, Stanley A. 
Salzman. Scott F, 1974, 334 pp, $7 (P). Applications of basic ari- 
thmetic in business: discounts, markups, interest, installment buy- 
ing, depreciation. A semiprogrammed work-text with many exercises.PJ) 


Basic, 1(13: 1), ‘Intermediate Algebra for Today, Robert E. Mosher. 
Har-Row, 1974, x + 436 pp, $9.95. Written for college students, this 
text covers the traditional topics of high school algebra with empha- 
sis on set theory, notation and informal axiomatics. JNC 


Basic, S(13), Mathematical Review for the Phystcal Sctences. Jerry B. 
Marion, Ronald C. Davidson. Saunders, 1974, vi +112 pp, $3.95 (P). 
A few remedial topics, e.g., units, averages, distance, graphs. LLK 


PrecaLcuLus, [*(13: 1), Algebra and Trigonometry: A Functions Ap- 
proach, Mervin L. Keedy, Marvin L. Bittinger. A-W, 1974, viii + 693 


pp, $9.95 (P);3 College Algebra: A Functtons Approach, vi + 513 pp, 
$8.95 (BP); Trtgonometry: A Funettons Approach, viii + 354 pp, $7.95 
(P). Good format for individualized instruction. The text contains 
pre- tests, developmental exercises in the margins (answers in back), 
exercise sets, and chapter tests. An Instructors Manual contains two 
alternate forms for each chapter test and final examination. The 
Trtgonometry volume contains eleven and the College Algebra volume 
contains seven of the fifteen chapters in the combined text. LLK 


PRECALCULUS, [(13: 2), Introductory Mathematical Analysts, Fourth 
Editton, Edgar D. Eaves. Allyn, 1974, ix + 678 pp, $11.95. The 
major change from third edition (TR, January 1970) is the inclusion 
of an appendix on matrices. Most other changes are expository--re- 
writing for sake of clarity. Several problems have been added. SG 


PrREcALCULUS, [(13: 1), JTZoptes in Precalculus Mathematics. Donald R. 
Burleson. P-H, 1974, xii + 484 pp, $10.50. Usual assortment of pre- 
calculus topics. LLK 


PRECALCULUS, TC13; 1), Toptes in College Algebra. Donald R. Burleson. 
P—H, 1974, xii + 338 pp, $8.95. Same as Topics in Precalculus Mathe- 
matios with Chapters 8 and 9 (on circular and trigonometric function: 
omitted. LLK 


PrecaLcuLus, 1€13: 1), Modern Trigonometry (Complete Course). John 
P. Ashley, E.R. Harvey. Glencoe Pr, 1974, ix + 422 pp, $7.95 (®); 
Progress Tests for Modern Trigonometry, 61 pp, $7.95 (P). Trigono- 
metry introduced with vector methods, Presented in frames for indi- 
vidualized instruction. Has complete set of Spirit Duplicating 
Masters with two forms for each chapter test and final exam. LLK 
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PRecALCULUS, I*(13; 1), 4% Elementary Approach to Functions, Henry 

R. Korn, Albert W. Liberi. McGraw, 1974, x + 498 pp, $10.95. This 

is one of the best pre-calculus books I‘ve seen. Starting with the 
real line and properties of the real numbers, the authors move on to 
linear and quadratic functions, then inequalities, then polynomials 
and rational functions. Only after all of these examples are at hand 
do the authors treat algebraic operations and composition of func- 
tions. The book concludes with trigonometry and exponential functions 
and two chapters on conics. Problems are good, but not extensive. In- 
dex; answers to odd numbered problems. PJM 


PRECALCULUS, 1(13: 1, 2), Integrated Algebra and Trtgonometry: A 
Modifted Programmed Approach, Dennis Bila. Rinehart Pr, 1974, ix + 
582 pp, $12.95 (P). A modified programmed approach means "stop lines" 
and a question and answer format, but no multiple choice branching. 
The topics are standard: sets, functions and graphing, rational func- 
tions, exponential functions, trig functions, complex numbers, conic 
sections, sequences, series and induction. Lots of exercises, well 
written. Only possible problem is doing algebraic operations on 
functions before having many examples at hand, i.e., before the chap- 
ter on polynomials and rational functions. No index, but the table 
of contents is sufficient. PJM 


FINITE MATHEMATICS , T(14: 1, 2), S, L, Mathematics for the Biological 
Setences, Stanley I. Grossman, sSames E. Turner. Macmillan, 1974, xi + 


512 pp, $10.95. You can sense the influence of the editor Carl 
Allendoerfer in this pleasing mixture of motivation, example and il- 
lustration, theory, exercise and problem. Topics as presented (all 
with a strong dose of biological flavoring): discrete probability, 
vectors and matrices, linear programming, Markov chains, game theory, 
difference equations, differential equations, continuous probability, 
mathematical models in biology. LCL 


Finite MatHematics, 1(13: 1, 2), Fintte Mathematics from Sets to Game 
Theory. Adelbert F. Hackert. Heath, 1974, 390 pp, $10.95. Written for 


liberal arts students or prospective teachers of elementary mathema- 
tics. Treats sets, logic, postulational systems, probability and 
statistics, linear programming, and two-person games. Assumes only 
elementary algebra. Its treatment of number systems is not nearly 
complete enough for prospective teachers, and its mathematical un- 
soundness, though it would probably be noticed by few students, makes 
it seem to this reviewer unsuitable for either of its intended uses. 
JD-B 


EDUCATION TC - 14: 2), Fundamental Mathematics for Elementary 
Teachers: Behavioral Objectives Approach, A. Richard Polis, Earl 
M.L. Beard. Har-Row, 1973, xix + 454 pp, $9.95. Meets CUPM racom=- 
mendations for mathematics of the real number system. Includes final 
chapters on logic and development of Euclidean geometry based on 
transformations. Six "Capsules", with bibliographies, spaced through- 
out text provide methods material. Behavioral objectives preceding 
each chapter are keyed to text material by marginal notation. PSJ 


EDUCATION, TU15-14: 1, 2), Mathematics for Elementary Education. 
Donald F. Devine, Jerome BE. Kaufmann. Wiley, 1974, xviii + 609 pp, 
$10.95. Logic, sets, the number systems, geometry (standard and 
translational), modular arithmetics, elementary probability, and 
descriptive statistics. FLW 
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EDUCATLON, S, L, Neater hy the Meter; An American Guide to the Metric 
Syatem, Anton Glaser, 1237 Whitney Road, Southampton, PA 18966. 1974, 
iv + 112 pp, $3.50 (P); $6.50, A light, informal yet thorough intro- 
duction to metric measurement. Concentrates on thinking (e.g., esti-~- 
mating, calculating) in metric terms rather than on conversion between 
metric and British-American units. Suggestions for appropriate school 
classroom projects. LAS 


EpuCATION, S(14), P, Modéles Finis, André Myx. CEDIC, 1973, 168 pp, 
(P). Text in concrete group theory for French school teachers, who 
must teach simple geometrical groups in elementary school (!). Largely 
examples and models, plus informal presentation of Cayley's theorem, 
isomorphisms and homomorphisms and finite congruence rings of inte- 
gers. PJC 


EDUCATION, S, L, Teacher-made Atds for Elementary School Mathematics: 
Readings from the Artthmetic Teacher. Ed: Seaton E. Smith, Jr., Carl 
A. Backman. NCTM, 1974, vi + 186 pp, $3 (P). 51 brief reprints with 
ideas for simple home-made arithmetic aids. LAS 


History, S, P, Message d'un mathématicten: Henrt Lebesgue. Lucienne 
Felix. Blanchard, 1974, vi + 259 pp, 65F (P). The book is divided 
into three parts: Part 1 is a biography and some recollections of 
Lebesgue by some of his students. Part II investigates Lebesgue's 
mathematical contributions as a researcher. Part III discusses his 
views on the teaching of mathematics. Written by one of Lebesgue's 
students, the book does have a definite bias, but Lebesgue was a 
great mathematician, and this book presents a good summary of his 
life and work. The French is moderately hard; a translation would 
be nice. Includes fascimiles of manuscripts, and a list of articles 
quoted from, but no complete bibliography of Lebesgue. Would be good 
supplemental reading in a history course. PJM 


History, P, Das Konttnuum, und Andere Monographien. H. Weyl, et al. 
Chelsea, 1973, v + 381 pp, $8.50. A reprint of the following four 
historically important works, grouped solely for economic reasons: 
Das Konttnuum, H. Weyl, Berlin, 1917. Mathemattsche Analyse des 
Raumproblems, H. Weyl, Berlin, 1923. Darstellung und Begrundung 
etntger Néuerer Ergebnisse der Funkttonentheorie, E. Landau, 2nd ed., 
Berlin, 1929. Uber dte Hypothesen, welche der Geometrie au Grunde 
ltegen, B. Riemann; H. Weyl, editor, Berlin, 1923. JAS 


FOUNDATIONS, S(16-18), P*, Wotes on Constructive Mathematics. Per 
Martin-L6f. Almqvist & Wiksell, 1970, 109 pp, (P). Lectures given 
at the universities of Aarhus and Stockholm, 1966-68. An excellent 
introduction to the foundations and general principles of construc- 
tive mathematics written for mathematicians with no previous back- 
ground in logic. Complements Bishop's more detailed, pragmatic ap- 
proach. LCL . 


FouNDATIONS, 1(16-17: 1. 2), S, P. L, Sets and Transfinite Numbers. 
Martin M. Zuckerman. Macmillan, 1974, xvi + 423 pp, $11.95, Can be 


used for a variety of courses. First three chapters culminate in the 
construction of the real and complex numbers within the framework of 
zZermelo-Fraenkel set theory. Final three chapters give a rather ex- 
tensive and detailed introduction to ordinals, cardinals, axiom of 
choice equivalences, Although accessible to beginners, the presenta- 
tion is directed to mature students. LCL 
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FouNDATIONS, 1(15-16), L, 8curstyité. Jean-Pierre Azra, Bernard 
Jaulin. Gauthier-Villars, 1973, xv + 218 pp, 98F (P). Two books in 
one; Part lis lecture notes from a course on recursive functions, 
Part 2 is a discussion of mathematical theories and the problem of 
undecidability. The French is of intermediate difficulty. A good 
background in logic is necessary for easy reading. PJM 


FOUNDATIONS, 1(18), P, Leeture Notes tn Mathematics-354: Aspects of 
Constructtbility,. Keith J. Devlin. Springer-Verlag, 1973, xii + 240 
pp, $8.50 (P). First draft of a projected book containing most of 
the existing information on constructibility. Intended as a gradu- 
ate text. LCL 


FouNDATIONS, T*(14-15: 1), $(13-15), L*, Set Theory: An Intuttive 
Approach, Shwu-Yeng T. Lin, You-Feng Lin, HM, 1974, ix + 164 pp, 


$8.95. Non-axiomatic, informal presentation--intended to eliminate 
repetition and duplication of lectures in advanced courses and to 
provide once and for all a working knowledge of cardinals, ordinals, 
zorn's Lemma, axiom of choice, Hausdorff principle, transfinite in- 
duction. Also appropriate for secondary teachers. The pace and 
style is leisurely; the text should be easily understood by the in- 
tended audience. This outstanding book makes a sophomore-level set 
theory course a curricular possibility that should be seriously con- 
sidered. LCL 


FOUNDATIONS, P, L, Towards a Definitive Solutton of Zeno's Paradoxes. 
F.A. Shamsi. Hamdard Academy, Karachi, 1973, 84 pp, $2 (P). Prim- 
arily a philosophical critique of the "mathematicians' solution" via 
an attack on the logical foundations of Cantorian set theory. In- 
cludes an extensive, up-to-date bibliography. LAS 


ComBInaTorics, [(15-16: 1), S, L, 4 First Course in Combinatorial 
Mathemattes. Ian Anderson, Oxford U Pr, 1974, viii + 123 pp, $13.50. 


Very suitable for an undergraduate course or for independent study. 
Topics: counting, selection, binomial coefficients, pairing problems 
(e.g., marriage theorem), recurrence, inclusion-exclusion, generating 
functions, rook polynomials, block designs, error-correcting codes, 
Steiner systems, sphere packing, Leech's lattice. The writing is 
clear and simple--very readable. Problems are both interesting and 
challenging. SG 


CoMBINATORICS, P, Probabilistic Methods in Combinatortecs., Paul Erdos, 
Joel Spencer. Prob. and Math. Stat., No. 17. Acad Pr, 1974, 106 pp, 
$11.75. An exposition of the probabilistic approach to combinatorial 
problems. While this method has been widely used in recent years, its 
applications have been littered throughout the literature. This in- 
teresting monograph presents many of these applications with emphasis 
on Ramsey-type theorems. While the price is a bit high, the reader 
can win up to $300 for solutions to various unsolved problems listed 
throughout the book. In any case, a valuable reference. SG 


ComBinatorics, I*Cl4-17: 1, 2), S, P, L. Graph Theory with Applica~ 
tions to Engineering and Computer Setence. Narsingh Deo. P-H, 1974, 


xvii + 478 pp, $17.95. A rich, inviting introductory text (with prob- 
lems and references in each chapter) emphasizing applications (e.g., 
coding theory, network analysis, operations research) and algorithms 
(including a few computer programs). ‘Its many and varied references 
would make it attractive as the backbone in an introductory seminar.LAS 
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NUMBER THEORY, 1C15-l6: 1), L, #lementary Number Theory: A Computer 
Approach, Allan M. Kirch. Intext, 1974, xi + 339 pp, $11.75. Stresses 
problems of number theory susceptible to computer investigation; 28 
such problems are considered, e.g., Euclidean algorithm; primes less 
than 10,000; division of large numbers; Euler's function; perfect 
numbers; quadratic residues. Introduction to Fortran IV is included. 
SG 


LINEAR ALGEBRA, 1(15-16: 1, 2), JLtnear Algebra: An Introductory Ap- 
proach, Third Edttton. Charles W. Curtis. Allyn, 1974, ix + 337 pp, 


$12.95. Third edition of a text first published in 1963, The chief 
change from the second edition is the addition of considerable mate- 
rial on dual spaces, multilinear algebra, the rational and Jordan 
Canonical forms, and applications. JD-B 


LINEAR ALGEBRA, I* (13-14: 1), Computattonal Matrix Algebra. David I. 
Steinberg. McGraw, 1974, viii + 280 pp, $11.95. Not as "computation- 


al" as the title might lead one to believe. Basic theory is included 
and problems include some proofs. A very useable text with good re- 
ferences for further numerical methods. LLK 


LINEAR ALGeBrRaA, 1(14-15: 1), 4 Basts for Linear Algebra. Warren 
Brisley. Wiley, 1973, viii + 189 pp, $12.95. Intended as a text 


for a first course in abstract algebra but actually an introduction 
to linear algebra with a few pages devoted to fields, rings and 
groups. Informal in style, elementary in level. Has no great ad- 
vantages over many other texts on this subject. JD-B 


LINEAR ALGEBRA, 1(16-17: 1), P, L. Systemes de Polynomes. A. Robert. 
Papers in Pure and Appl. Math., No. 35. Queen's U, 1973, 108 pp, 


$3.75 (P). This book's topics would normally be classified numerical 
analysis, but the author's approach is primarily that of linear alge- 
bra. A system of polynomials is a basis for the vector space of poly- 
nomials with real coefficients. By choosing different bases, one ob=- 
tains interesting analogues of Taylor's series; or, by requiring 
bases to be orthogonal with respect to some inner product, one gets 
other representation theorems. The author shows in particular that 
all classical examples can be described in this way, and presents 
results by methods that are delightfully free of the usual messy 
calculations one encounters. A good text for a senior seminar. Some 
complex variables and differential equations are assumed along with 
affine algebra. Index and references. PJM 


ALGEBRA, 1(17: 2), Algebra. Thomas W. Hungerford. HR&W, 1974, xix + 
502 pp, $17. Intended as text for first graduate course in algebra. 
Essentially self-contained, but most students would need to have had 
a more gentle introduction to the subject. Introduces the language 
of categories early, but the chapter dealing more deeply with the 
subject can be omitted. Carefully and clearly written, with many 
problems. Competes with such texts as those by Lang and Machane and 
Birkhoff, but might be slightly easier reading for students than 
either of these. JD<-B 


ALGEBRA, P, 4n Introduction to Lie Algebra for Lte Group. Morikuni 
Goto. Aarhus U, 1973, iii + 129 pp, (P). A good introduction to the 
subject, but no sign of Lie groups. Includes definitions, representa- 
tions, cohomology, study of semi-simple Lie algebras. Some exercises. 
PJM 
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ALGEBRA, T(U4-16: 3), Algebra, Volume 1. P.M, Cohn. Wiley, 1974, 

Xi + 321 pp, $19.50. Combines in one book largely independent intro- 
ductiens to ahstract algebra and finite-dimensional linear spaces. 
Carefully written, with many exercises, both routine and otherwise. 
Defines categories, hut they are not central to the development. Suit- 
able for good undergraduates. JD=<B 


Accepra, |C14-15: 1), Introductory Modern Algebra. Elwyn H. Davis. 
Merrill, 1974, xii + 241 pp, $9.95. Written for the average mathe- 
matics major. Treats, in this order, permutation groups, abstract 
groups, rings, polynomials and fields. Conventional in topics and 
methods. Probably too easy for potential graduate students. JD-B 


ALGEBRA, 1**(15~-16: 1, 2), S, L, 4 Course in Modern Algebra, Peter 
Hilton, Yel-Chiang Wu. Wiley, 1974, x + 249 pp, $16.95. An excellent 


book. After discussing groups and abelian groups, so the student 
will have some feeling for what is being generalized, the authors de- 
vote a chapter to categories, with the emphasis on terminology and 
examples rather than a large amount of "general abstract nonsense," 
The terminology is then available for the final four chapters: 
Modules, Integral Domains, Semisimple Rings, and Ext and Tor. Exer- 
cises are numerous; the only lack is a good bibliography. PUM 


ALGEBRA, T(15-1/: 1), S, P, L, Modern Algebra: An Introductton. Tim 
Anderson, Merrill, 1974, vii + 215 pp, $9.95. A rather classical 


approach--Galois theory replaced by Lagrange's theory of equations, 
intuition buttressed by geometrical considerations (fields and af- 
fine geometries, groups and symmetries, integral domains and ir- 
reducible curves and surfaces); ideals are not explicitly mentioned. 
Format on a level roughly comparable to Fraleigh: number theory, 
polynomials, fields, groups, algebraic geometry. More than enough 
algebra for one term; fairly tightly written. LCL 


ALGEBRA, S(17-18), P**, L**, Elements of Mathematics: Algebra I. 
Nikolas Bourbaki. A=W, 1974, xxiii + 708 pp, $37.50. The long- 


awaited translation of Chapters 1-3 of Elements de Mathemattque, 
Algebre: algebraic structures, linear algebra, tensor algebras, ex- 
terior algebras, symmetric algebras. Remaining chapters 4-9 will be 
published anon as Algebra II. Some readers may be surprised to find 
that this epitome of rigorous, abstract, formal mathematics begins 
with the disarming observation that "Algebra is essentially concerned 
with calculations..." Ironically, this concern has moved algebra in 
the two decades since these chapters were written towards problems of 
automata and algorithms, thus dating Bourbaki as a heroic monument to 
the just-past golden age of "pure" mathematics. LAS 


CALCULUS, T3— oli: 2, 5), Cateulus wtth Analytte Geometry, Ftfth Edi- 
tton. R.E. hnson, F.L. Kiokemeister. Allyn, 1974, x + 839 pp, 


$14.95; Study. Guide for Caleulug with Analytte Geometry, Ftfth Edt- 
tton. Joseph Cunsolo, Joseph P. Mokanski. Allyn, 1974, 272 pp, 
$5.95 (P); Instructor's Supplement, 228 pp, free (P). The revisions 
are an improvement on an already widely used text. Unwieldy notation 
has been deleted, derivatives and integrals are introduced earlier, 

a new chapter on line integrals, Green's theorem, and change of vari-~ 
able igs very good. An attractive edition with teacher and student 
supplements. LLK 
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CALCULUS, T(13-14: 3), Caleutue and Analytic Geometry, Third Editton. 

Schwartz. HR&W, 1974, xv + 1140 pp, $15. Many changes from 
the second edition, including the introduction of the logarithmic 
function before its inverse. Almost all earlier exercises have been 
rewritten, and many new ones added. An attractively illustrated, 
usable book which allows freedom in selection of topics and theore= 
tical complexity. DFA 


CALCULUS , TC15-14: 2, 3), Catleulus;: One and Several Vartables with 
Analytte Geometry, Second Edttton, Saturnino L. Salas, Einar Hille. 
Xerox, 1974, xiii + 904 pp, $14.50. Additions to the first edition 
(TR, June-July 1971) include text and exercises on harmonic motion, 
vector geometry, quadric surfaces, applications to economics. Looks 
at vector calculus and functions of several variables, but not linear 
algebra. Available in two volumes whose intersection studies infinite 
series, l'Hospital's rule, improper integrals. DFA 


CaccuLus, T(14: 2), Multivariable Mathematics: Linear Algebra, Dif- 
ferenttal Equattons, Caleulus, Richard E. Williamson, Hale F. Trotter. 
P-H, 1974, ix + 630 pp, $15.95. A nicely coordinated set of topics 
for the year following a first course in calculus. Outlines for 
several combinations of topics are suggested. Includes vector field 
theory through the divergence theorem, and existence and uniqueness 
theorems in differential equations. LLK 


CaLcuLus, 1(14: 2), 4 Second Course in Calculus. Harley Flanders, 
Robert R. Korfhage, Justin J. Price. Acad Pr, 1974, xii + 687 pp, 
$10.95. Standard non-rigorous presentation of topics to follow one- 
variable calculus. Enough vector calculus to cover line integrals, 
Green's theorem, and change of variable. Includes some series and 
introduction to complex analysis. LLK 


CatcuLus, 1(15-16: 2), S, P, L, Advanced Caleulus of Real-Valued 
Functions of a Real Vartable and Vector-Valued Functions of a Vector 
Vartable. Hans Sagan. HM, 1974, xv + 671 pp, $15.95. Topics, written 
for prospective mathematicians, are dealt with rigorously, beginning 
with establishing the real number system as a complete ordered field. 
The coverage and treatment is slightly more extensive and more de- 
tailed than Buck's classic. LCL 


CALCULUS , T(13- 14: 1, 2), Cateulus of Several Variables. Serge Lang. 

3, viii + 376 pp, $9.95. To conclude the calculus sequence. 
bang? s old Second Course with just that introductory linear algebra 
needed for use in a short chapter on functions of several variables. 
Multiple integrals, surface integrals. The text style and the exer- 
cises are straightforward. DFA 


CALCULUS, T(133 2), Elementary Applied Caleulua; A Short Course. 
Raymond Coughlin. Allyn, 1974, viii + 280 pp, $11.95. A typical 
"short calculus" distinguished hy a wealth of applications (handily 
referenced inside the front cover) to hiology, ecology, sociology, 
physics, psychology and business. Unfortunately, most of the appli- 
cations are too brief to give insight into the process or complexi- 
ties of building mathematical models and none includes references to 
the primary sources in which its full context might be revealed. LAS 


CaccuLus, T(13-14: 3), Caleulus and Analytte Geometry, Second Edt- 


tton, Douglas F. Riddle. Wadsworth, 1974, xii + 848 PP. $15.95. 
Adds sections and exercises devoted to applications, plus examples, 
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illustrations, review problems and historical notes to the 1970 edi- 
tion (TR, April 1970). Vectors appear earlier and are now used in 
the solid analytic geometry. The multitude of problems and three- 
level approach to limits and continuity make it a definite cantender 
for any calculus sequence. DFA 


DIFFERENTIAL Equations, I*(15-16), L*, Differential Equations, Dyna- 
mtcal Systems, and Linear Algebra. Morris W. Hirsch, Stephen Smale, 


Pure and Appl. Math., No. 60. Acad Pr, 1974, xi + 358 pp, $14.95. A 
clearly written, sophisticated, fascinating introduction to dynamical 
systems, suitable for strong undergraduates. Concepts are well-motiva- 
ted; interplay between mathematics and its applications (esp. mecha- 
nics) is stressed. Among the applications discussed: Kepler's Laws, 
electrical circuits (including Van der Pol's equation), ecology (pre- 
dator—prey, competing species), classical mechanics ((n-body problem, 
Hamiltonian mechanics). Other topics: linear systems of DES with con- 
stant coefficients, exponentials of operators, canonical forms of 
Operators, existence and unigueness, phase portrait analysis, 
Poincare-Bendixson, perturbation theory and structural stability. 
Highly recommended for an advanced undergraduate seminar. SG 


DIFFERENTIAL EQUATIONS, T(18), P, 4n Introduction to Nonlinear Bound- 
ary Value Problems. Stephen R. Bernfeld, V. Lakshmikantham. Math. 


in Sci. and Eng., V. 109. Acad Pr, 1974, xi + 386 pp, $18.50. De- 
tails methods employed in studying these problems: shooting type, 
topological, functional analytic, and ones involving differential 
inequalities. Concludes with consideration of functional differential 
equations and of special topics. Assumes background in ordinary dif- 
ferential equations, real and functional analysis. Instructive exer- 
cises throughout. DFA 


DIFFERENTIAL EQUATIONS, P, Lecture Notes in Mathematics-324: Osctl- 
Lation Theory. Kurt Kreith. Springer-Verlag, 1973, vi + 109 pp, $6 
(P). Focuses on recent developments. From lectures at Chelsea 
College, London, 1972. Classical theory, generalization to certain 
partial differential equations, relations to other topics in analy- 
sis. Abstract oscillation theory. Consideration of systems of equa- 
tions of even order. DFA 


DIFFERENTIAL Equations, T(17: 1, 2), The Hamilton-Jacobi Theory in 
the Calculus of Variattons: Its Role in Mathematies and Phystes. 


Hanno Rund. Krieger, 1973, xi + 440 pp, $15. Non-homogeneous and 
homogeneous single integral problems, multiple integral problems, 

the problem of Lagrange. Contains much theoretical physics, which 
can be omitted for a shorter, "pure" course. Reprint of 1966 edi- 
tion, with supplementary @pendix (extending the material on multiple 
integral problems) and bibliography. DFA 


FUNCTIONAL ANALYSIS, P. Integral Equations and Stability of Feedback 
Systems, Constantin Corduneanu. Math. in Sci. and Eng., V. 104. 

Acad Pr, 1973, ix + 238 pp, $19.50. Chapters on admissibility and 
Hammerstein equations, frequency techniques and stability, Wiener- 
Hopf equations, further topics (the energy method, positive-definite 
kernels, tauberian theorems, the dynamics of nuclear reactors). Ap- 
plications, exercises, bibliographical notes in each chapter. 200 
Citations. DFA 
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FUNCTIONAL ANALYSIS, P, Vaxrtattonal Method and Method of Monotone 
Operators tn the Theory of Nontinear Equations, M.M. Vainberg. Transl: 
A. Libin, D. Louvish. Halsted Pr, 1973, xi + 356 pp, $35. Results 
concerning the variatignal method gbhtained since the author's 1956 
book on the subject, plus a study of the method of monotone operators. 
Application of the latter method to nonlinear Hammerstein integral 
equations, boundary-value problems for quasilinear partial differen- 
tial equations, nonlinear differential equations in Banach spaces. 

250 references. Note price. DFA 


OPTIMIZATION, T(15-17: I, 2), S. Methods and Applications of Linear 
Programming. Leon Cooper, David Steinberg. Saunders, 1974, ix + 434 


pp, $14. The simplex method, duality theory and related algorithms, 
current computational techniques, integer programming, and applica- 
tions. Presupposes linear algebra. FLW 


OPTIMIZATION, S(16-17), P, Leeture Notes in Feonomies and Mathemati- 
cal Systems-4: Branch and Bound: Eine Einfuhrung. Franz Weinberg. 
Springer-Verlag, 1973, vii + 174 pp, $7 (P). Papers by different 
authors collected for use in a course on branch and bound methods of 
optimization. The discussion is largely in terms of more or less 
practical problems. JD-B 


OPTIMIZATION, 1(16-17: 1, 2), S(15-18), P, L, Industrial Systems: 


Planning, Analysis, Control. David D. Bedworth, Ronald Pr, 1973, x + 
504 pp, $12.50. A comprehensive study of quantitative techniques of 
industrial systems (including network planning, forecasting (regres- 
sion analysis), optimization, scheduling, inventory control) using 
fully documented case studies to stress particular applications and 
effective problem-solving techniques. Assumes introductory back- 
ground in calculus and statistics; otherwise self-contained. LCL 


ANALYSIS , sly 18), P, L, Compact Lie Groups and Their Representa- 
tions. ¥Yelobenko. Transl. of Math, Mono., V. 40. AMS, 1973, 
viii + 448° OS, $35.70. An excellent "elementary" exposition focused 
on applications to theoretical physics. Includes a full discussion 
of finite dimensional representations of compact, semisimple and re- 
ductive Lie groups together with some aspects of infinite dimensional 
representation theory. Many specific illustrations of the general 
theory and innumerable notes pointing to connections with applica- 
tions, history or other parts of mathematics make this a rich resource 
for serious students of Lie theory. LAS 


AnALYsis, 1(16-18: 2), S, P, L*, “te Groups, Lie Algebras, and Some 
of Their Applications. Robert Gilmore. Wiley, 1974, xx + 587 pp, 
$24.95. A relatively gentle, historically and physically motivated 
introductory text covering basic theory and examples at a leisurely 
pace. Concludes with classification theory and examples of how Lie 
groups can be altered. Does not include any representation theory. 
A valuable transition volume far both physicists and mathematicians. 

LAS 


ANALYSIS, 1(18: 3), P, Lecture Notes in Mathemattes-371; Analyse 

Différenttetle. Valentin Poenaru. Springer-Verlag, 1974, 228 pp, 
$7.70 (P). A two-semester graduate course on the structure of the 
Spaces C®(X,Y) for general Y, and when Y= R. PJM 


ANALYSIS, P, American Mathematical Soctety Translations, Sertes 2, 
V. 103: Nine Papers in Analysts. AMS, 1974, iii + 203 pp, $17.70. 
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TopoLocy, P, Complex Acttons of Lie Groups. Connor Lazarov, Arthur 
Wasserman. Memoirs No. 137. AMS, 1973, ii + 82 pp, $2.90 (P). A 
study of bordism for stable almost complex manifolds acted on by a 
compact Lie group. An almost complex structure on a manifold is a 
map J:sM~> M with J* = -id. The action GxM-+M of the Lie 
group G is required to preserve the structure. PJM 


GEomeTRY, |Cl4-17: 1, 2), S*, L*, Regular Polytopes, Third Edition. 

H.S.M. Coxeter. Dover, 1973, xiv + 321 pp, $4 (P). Corrected re- 
publication of second edition, with new preface by author. Sample 
correction: it is possible for an inorganic substance to have icosa- 
hedral symmetry, viz. the element boron in its molecular form Bj3. 
As Coxeter says, the original claim of impossibility must now be 
taken "with a grain of borax." PJC 


GEOMETRY, P, ‘Spaces of Constant Curvature, Third Edttton. Joseph A, 
Wolf. Publish or Perish, 1974, xv + 408 pp, $10 (P). Third edition 
with corrections of Wolf's excellent book. SG 


GEOMETRY, P, The Actton of a Real Semisimple Lie Group on a Complex 
Flag Mantfold II: Unttary Representattons on Parttatly Holomorphic 
Cohomology Spaces. Joseph A. Wolf. Memoirs No. 138. AMS, 1974, iii 
+ 152 pp, $3.60 (P). A study of the geometric realization of unitary 
representations of semisimple groups using the group orbits of the 
decomposition introduced in part one of this work (Bull. A.M.S., 75 
(1969) 1121-1237). JAS 


PROBABILITY , TC- 16: 1, 2), Appltecattons of Probability and Random 
Vartables, Second Edition. George P. Wadsworth, Joseph G. Bryan. 


McGraw, 1974, xv + 448 pp, $13.50. Intended as a text for a first 
course in probability theory at the post-calculus level. Includes; 
basic probability; difference equations; standard, discrete, continu- 
ous and joint distributions; expectation; generating functions; Markov 
processes; some statistical tests. Emphasis is on applications with 
extensive problem sets and examples. An attractive text. TAV 


PROBABILITY, P, Random Integral Equations wtth Applticattons to Ltfe 
Setences and Engineering, Chris P. Tsokos, W.J. Padgett. Math. in 
Sci. and Eng., V. 108. Acad Pr, 1974, x + 278 pp, $24. Existence, 
uniqueness, stochastic stability, and approximation of random solu- 
tions of nonlinear stochastic integral equations of the Volterra and 
Fredholm types, with some attention to equations of the Ito-Doob 
type. Emphasizes stochastic modeling, and obtains models for various 
phenomena in the biological, engineering, and physical sciences. DFA 


PROBABILITY, P, Fourter Transforms of Distrtbuttons and Thetr In- 
verses: A Colleetton of Tables. Fritz Oherhettinger. Acad Pr, 1973, 

ix + 167 pp, $18. Primarily a set of tables of the Fourier trans- 
forms (characteristic functions) of ahsolutely continuous distribu- 
tions, and the inverse transforms, arranged by type of function. A 
brief introduction lists the properties of characteristic functions 
which are important in probability and explains how to use the tables, 
while an appendix gives the familiar forms of the characteristic func- 
tions of the most common distributions in statistical literature. 
Contains several obvious typographical errors. RSK 


PROBABILITY, 1(18: 1), P, Coneentratton Functtons, W. Hengartner, 
R. Theodorescu. Acad Pr, 1973, xii + 139 pp, $12. Introduced by 
Lévy in his famous 1937 monograph, concentrations functions play an 
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increasingly important role in modern probability theory. This hook 
begins with Lévy's work and develops the properties of these func- 
tions, showing their power in the treatment of essential convergence. 
TAV 


PROBABILITY, P, Lecture Notes in Mathematics-821; SEminatre de . 
Probabtlttés VII Ed: C. Dellacherie, P.A. Meyer, M. Weil. Springer- 
Verlag, 1973, vi + 322 pp, $9.70 (P). The presentations from the 
1971-72 probability seminar at the Mathematics Institute of the 
University of Strasbourg. JAS 


STATISTICS, T?(16- 1/7: 1), P, Feonometric Estimation. 93.C.R. Rowley. 
Wiley, 1973, ix + 234 pp, $14.50. By and large a specialized statis- 
tics book, with very little indication of the connections with econo- 
metrics. Fortunately, references to current literature occur fre- 
quently. Topics: the linear model, stochastic difference equations, 
interdependent systems and identification, structural estimation and 
maximum likelihood. Prerequisites: linear algebra and two terms of 
mathematical statistics, including testing of linear hypotheses. PJC 


STATISTICS » S, P, L, Stattstteal Methods and Scientific Inference, 

Thtrd Rditton. Sir Ronald A. Fisher. Hafner Pr, 1973, viii + 182 
pp, $9.95. Published posthumously, this edition contains numerous 
small changes from the 1959 Second Editton, based on notes left by 
the author. Gives the author's view of the logical principles of 
Statistical reasoning. Stresses the role of statistics as an aid 
in understanding the natural world, and opposes the formalism of 
Neyman and Pearson. RSK 


STATISTICS, P, Statistical Methods for Rates and Proportions. Joseph 
L. Fleiss. Wiley, 1973, xiii + 223 pp, $12.95. In the Wiley Series 
in Probability and Mathematical Statistics. Concerned with proce- 
dures and problems in comparing qualitative or categorical data. Con- 
tains many good medical examples and references. Prerequisites are 

a year of applied statistics and high school algebra. RSK 


STATISTICS, 1(13: 1), Statistics and Soctety: Data Collection and 
Interpretation, Walter T. Federer. Dekker, 1973, ix + 399 pp, $14.50 
(P). Designed for a course in learning about statistics rather than 
learning statistical techniques. Emphasis is on methods of process- 
ing meaningful and accurate data and hence the major portion is on 
design concepts, with virtually nothing on statistical inference. 
Price is high for a photo-offset paperback. RSK 


STATISTICS, P, Mathematics and Statistics: Essays in Honour of 
Harald Bergstrom. Ed: Peter Jagers, Lennart Rade. U of Goteborg, 
1973, 121 pp, 35 Skr (P). Ten papers in mathematical statistics by 
authors from around the world. JAS 


STATISTICS, P, Multivariate Error Analysts. A.A. Clifford. Halsted 
Pr, 1973, ix + 112 pp, $12.75. A handbook which outlines procedures 
used to obtain error estimates when two or more parameters are simul- 
taneously calculated from an equal or greater number of experimental 
observables. Requires familarity with elementary statistical concepts, 
multivariable calculus, and, for the case of more than two parameters, 
elementary linear algebra. Includes computer programs in both Algol 
and Fortran for the methods described. RSK 
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STATISTICS, P, Stattstteal Sequential Analysis: Optimal Stopping 
Rules. A.N. Sirjaev. Transl. of Math. Mono., V. 38. AMS, 1973, iv 
+ 174 pp, $18.50. Major portion is devoted to the theory of optimal 
stopping rules for Markoy random processes in both the discrete and 
Continuous time cases. Last chapter applies these results to two 
problems in statistics: testing two simple hypotheses, and detecting 
a “disruption", or change in underlying distribution. RSK 


STATISTICS, P, Potsson's Exponenttal Btnomial Limit. E.C. Molina. 
Krieger, 1973, 92 pp, $4.50 (P). Two extensive tables: values of 
AXe-A/xt for dA from .0001 to A = 100, x ranging over values for 
which the terms exceed 1077, and the sums of such terms for x > 
various values. Reprint of a frequently cited source. TAV 


STATISTICS, 1(17-18: 2), S, P, Linear Statistical Inference and Its 
Applications, Second Edition. C. Radhakrishna Rao. Wiley, 1973, xx 


+ 625 pp, $22.50. In the Wiley Series in Probability and Mathematical 
Statistics. Updated version of the author's 1965 book, containing 
much new material. Two extensive introductory chapters on matrix 
theory and probability precede the major topics of statistical in- 
ference. Very thorough presentation of theoretical results, together 
with realistic examples providing practical applications. RSK 


Statistics, |(1l4-17: 2), L, Stattstics for the Soctal Sciences, 
Second Edttion., William L. Hays. HR&W, 1973, xxi + 954 pp, $13.95. 


Revision of the author's well-known 1963 text Statistics for Psycho- 
logists. Examples are still psychological in nature, and hypotheti- 
cal, but can be easily translated into other areas. Some ideas from 
calculus are treated intuitively, and in general some sophistication 
is required. Covers the standard topics in a very thorough, detailed 
Manner, So may be used as a reference. Concludes with a new chapter 
on Bayesian methods. RSK 


ComPUTER SCIENCE, P, L, Textile Graphtes/Computer Aided. Janice R. 
Lourie. Fairchild, 1973, xi + 297 pp, $15. The algebra and algori- 
thms of weaving patterns, as told in a personal, autobiographical 
style by a weaver who is a senior staff member at IBM's Systems 
Science Institute. Includes description of computer systems used 

to design weaving patterns and to control loom operations. LAS 


CoMPUTER SCIENCE, P, Lecture Notes in Computer Sctence- 3 & 4: Sth 
Conference on Opttmizatton Techniques. Ed: R. Conti, A. Ruberti. 
Springer-Verlag, 1973. Part I: xiii + 565 pp, $14.70 (P); Part ITI: 
xiii + 389 pp, $10.80 (P). Proceedings of a May, 1973 conference in 
Rome. Part I emphasizes methodological issues; Part II deals with ap- 
plications. LAS 


ComMPUTER SCIENCE, T(15-17: 1, 2), Theory of Computation, Walter S. 
Brainerd, Lawrence H. Landweber. Wiley, 1974, xxi + 336 pp, $19.95. 


Focuses on higher-order machine-independent languages (similar to 
FORTRAN) rather than Turing machines or machine-dependent languages 
(such as assembly languages), as a level for algorithms to take 

place on. Partial recursive functions are defined using repetition 
and exponentiation (corresponding to FOR/DO loop programnaing state- 
ments) rather than traditional primitive recursion and minimization. 
Features equivalence of various algorithmic languages, unsolvability 
and undecidability, formal languages, reducibility, complexity theory, 
and some combinatory logic. PJC 
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CompuTeR Science, TC5-17: 1), S, P, L. Computational Methods for 
Matrix Kigenproblems. A.R. Gourlay, G.A. Watson, Wiley, 1973, xi + 

132 pp, $9.95. Short (one or two lecture), single topic descriptions 
of the more common techniques; little is said about error analysis.LCL 


Computer Science. T(15-16: 1), S, L, Introduction to the Theory of 

Computatton. Erwin Engeler. Acad Pr, 1973, viii + 231 pp, $12.95. 

An easy-to-read introduction. Not intended to be thorough, Finite 

automata, corresponding languages, examples include building an ac- 

ceptor and truth functions. Recursive functions, computability and 

complexity are approached using universal calculators. Context free 

grammars, generation and translation. Good examples. Too few exer- 
cises. RWN 


ComMPUTER SCIENCE, P, #ffeetitve vs. Effictent Computing. Ed: Fred 
Gruenberger. P-H, 1973, vi + 153 pp, $6.95. Papers from a symposium 


held in March, 1972 sponsored by Informatics and UCLA. Mostly oriented 
toward management and evaluation of data processing. RWN 


COMPUTER SCIENCE, 9 (15- 1/), L Computability, Martin Davis. New 
york U, 1974, v + 248 pp, $6. 25 (P). Lecture notes from a course on 


"Computers and Computability": programs and computable functions, re- 
cursive functions, Turing machines, Thue and normal systems. LAS 


SYSTEMS THEORY, P, System Identification: Methods and Applteations. 
Harriet H. Kagiwada. Appl. Math. and Comp., No. 4. A-W, 1974, xix + 
293 pp, $8.50 (P); $16. Develops numerical methods for nonlinear 
"inverse" problems which arise in systems identification. Several 
applications are described: multiple scattering, neutron transport, 
wave propagation, nonlinear filtering, physiology. SG 


Systems THEoRY, [(1/), P, Simulation: Statistical Foundations and 
Methodology. G. Arthur Mihram. Acad Pr, 1972, xv + 526 pp, $24.50. 
Concerned with the dynamic, stochastic, simulation model--a general 
category covering symbolic, but not formalized, models which contain 
random phenomena and vary with time. Emphasis is on the stochastic 
element in recognition of an "Uncertainty Principle of Modeling" 
which states that "refinement in modeling eventuates a requirement 
for stochasticity." RSK 


Systems THEORY, T1(16-17: 1, 2), S, P, L. System Theory: A Unified 
State-Space Approach to Continuous and Discrete Systems. Louis 


Padulo, Michael A. Arbib. Saunders, 1974, xvii + 779 pp, $17.50. 
"A third-generation textbook, integrating the first and second 
transform and state-variable methods into a framework which unifies 
continuous-time and discrete-time systems and embraces both classi- 
cal linear systems and automata." Presupposes only calculus and 
matrix algebra. FLW 


APPLICATIONS (Business), T(13-14; 1, 2), Modern Mathematics for 
Business Deetston-Making. Donald R. Williams. Wadsworth, 1974, 


xiv + 513 pp, $11.95. Touches on calculus, probability, linear pro- 
gramming, matrix algebra, interest and annuities. Many good ex- 
amples. Problems emphasize applications and decision making but 

are limited to straight drill. Glossary of terms and tables in 
back, LH 
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ApPpLICATLONS (CoNTROL THEORY), P, Lecture Notes in Economica and Mathe- 
mattcal Systems-23 and 94; 4th IFAC/IFIP Internattonal Conference on 


Digttal Computer Applteattone to Process Control. Ed; M. Mansour, W. 
Schaufelberger. Springer-Verlag, 1974. Part I; xvii + 544 pp, $13.90 
(P); Part IIT; xvii + 546 pp, $13.90 (P). Papers presented at a March, 
1974 conference at Zurich on the use of digital computers to operate 
and supervise complex industrial processes. LAS 


APPLICATIONS (CONTROL THEORY), P. Control and Dynamic Systems: Ad- 
vances tn Theory and Applicattons, V. 11. Ed: C.T. Leondes. Acad 
Pr, 1974, xv + 516 pp, $24.50. Six survey papers in filters, smooth- 
ing, control theory and differential games. LAS 


APPLICATIONS (DeciIs1on THEORY), S"(16-17), P, L*, Mathematics of 
Decision Theory. Peter C. Fishburn, Mouton, 1972, 104 pp, $5.10 


(P). A rapid-fire survey of sophisticated mathematical topics (e.g., 
Zorn's lemma, ordered topological spaces, choice functions) with brief 
discussion and careful references to their applications in decision 
theory. An attractive resource for a seminar in contemporary applied 
mathematics. LAS 


APPLICATIONS (DEMOGRAPHY), P, Lecture Notes in Operattons Research 
and Mathematteal Systems-44: Stochasttsche Modelle demographischer 


Prosesse. G. Feichtinger. Springer-Verlag, 1971, ix + 404 pp, $7.70 
(P). A major broad spectrum work designed to provide German speaking 
researchers with a significant reference work. Special features: 
depth of the mathematical work and emphasis on stochastic models. JAS 


APPLICATIONS (ECONOMICS), Pp, Frontters tn Econometries. Ed: Paul 
Zarembka. Acad Pr, 1974, ix + 252 pp, $17.50. Eight chapters by 


different authors on model selection, linear models and multiple- 
equation models intended to define certain frontiers of econometrics. 
LAS 


APPLICATIONS (Economics), S*(15-17), P, L. Macroeconomic Theory: A 
Mathematical Introductton. Paul Burrows, Theodore Hitiris. Wiley, 


1974, xiii + 210 pp, $11.95. An attempt to bridge "the widening gap 
between the verbal/diagrammatic exposition of macroeconomic theory 

in introductory and intermediate texts and the mathematical treat- 
ment commonly found in journal articles." The repeated juxtaposi- 
tion of verbal, diagrammatic and mathematical exposition of conven- 
tional theory make this concise volume an excellent entrance to mathe- 
matical economics. LAS 


APPLICATIONS (Economics), T(17-18: 2), S$, P®, L, Theory of General 
Economie Equilibrium. Trout Rader. Acad Pr, 1972, xx + 362 pp, $18. 


A wide ranging survey including optimality in social ordering (e.g., 
Arrow's impossibility theorem), bargaining, competitive equilibria, 
dynamics. An impressive display of sophisticated applied mathema- 
tics. LAS 


APPLICATIONS (Economics), P. Yoptes tn Applied Econometrica. 
Kenneth F. Wallis. Lect, in Econ., No. 5. Gray-Mills, 1973, 136 


pp, £1.25 (P). Case studies which illustrate problems of formula- 
ting and empirically testing economic hypotheses in consumption, 
production, and investment functions and in macroeconomic models. 
LAS 
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AppLicaTitons (Economics), P, L, Zeeture Notes in Eeonomica and Mathe- 
matteal Systems—22a: Topologteal Methods tn Walrastan Economtes. E. 
Dierker. Springer-Verlag, 1974, v + 130 pp, $6.20 (P). Analysis of 
competitive equilibria in a decentralized economy leads to the study 
of singularities of a tangent field of a Euclidean manifold. These 
notes offer a mathematically clear introduction to such economic 
models, begun by Debreu and refined by the differential topology of 
Morse, Milnor and Smale. LAS 


APPLICATIONS CENGINEERING), S, Roboties., John F. Young. Halsted Pr, 

1973, 303 pp, $18.95. Interesting for its philosophical discussions 
on the future and direction of robotics. Essentially a review of 
various ways of obtaining humanoid characteristics from a machine, 
the book touches only briefly on the engineering development re- 
quired. JJ 


APPLICATIONS (ENGINEERING), S, Cybernetic Engineering. John F. 
Young. Halsted Pr, 1973, 153 pp, $11.95. More detailed technical 


development than the companion volume Robotics, the book investigates 
various concepts concerning a robot "brain." Devices for the physi- 
cal implementation of these concepts are expanded as mathematical 
models. The presentation emphasizes the engineering, as Opposed to 
the mathematical, aspects of the subject. JJ 


APPLICATIONS (ENGINEERING), I[(17-18: 2), P, Graph Theory in Modern 
Engineering. Ernest J. Henley, RLA. Williams. Math. in Sci. and 


Eng., V. 98. Acad Pr, 1973, xvi + 303 pp, $16. Applications of 
graphs and digraphs to engineering. Flow graph analysis and appli- 
cations to engineering mathematical problems, and many direct appli- 
cations in computer-aided design, control and optimization. SS 


APPLICATIONS (ENGINEERING), P, Probleme in Teorta Filtratiet. Horia 
I. Ene, Sorin Gogonea. Editura Academiei Romania, 1973, 438 pp. 
Problems of porous media in theoretical hydrodynamics. In Romanian. 
JAS 


APPLICATIONS (ENGINEERING), S(17-18), L, Leeture Notes in Econo- 


mies and Mathematical Systems- 84; B+ Otethe Differential Systems I, 
Filtertng and Control: A Funetton Space Approach, A.V. Balakrishnan. 
Springer-Verlag, 1973, v + 252 pp, $8.20 (P). Functional analysis 
applied to stochastic filtering and control. Feedback control of 
systems subject to random disturbances, stochastic differential games, 
and a 3-martingale approach to linear filter theory. Rigorous mathe- 
matical presentation using Wiener measure and Ito integrals. LH 


Revtewers Whose Inittals Appear Above 


David F. Appleyard, Carleton; Paul J, Campbell, St. Olaf; Judith N. 
Cederberg, St. Olaf; John Dyer-Bennet, Carleton; Steven Galovich, 
Carleton; Loren Haskins, Carleton; James Johnson, St. Olaf; Paul S. 
Jorgensen, Carleton; Lorraine L. Keller, St. Olaf; Richard S. Kleber, 
St. Olaf; Loren C. Larson, St. Olaf; Pierre J. Malraison, Carleton; 
R.W. Nau, Carleton; Seymour Schuster, Carleton; J. Arthur Seebach, Jr., 
St. Olaf; Lynn A. Steen, St. Olaf; T,A. Vessey, St. Olaf; Frank L. 
Wolf, Carleton, 


NEWS AND NOTICES 
EDITED BY RAOUL HAILPERN, SUNY at Buffalo 


Readers are invited to contribute to the general interest of this department by sending news 
items to Mathematical Association of America, 1225 Connecticut Avenue, NW, Washington, 
D. C. 20036. Items must be submitted at least two months before publication can take place. 


PERSONAL ITEMS 


Professor Edgar Franz, Illinois College, received the Dunbaugh Distinguished Professor 
Award for excellency in teaching for 1973-74, at a recent convocation. 

Instructor Barry Jones, Keuka College, has been promoted to Assistant Professor. 

Assistant Professor C. S. Kim, Indiana University Southeast, has been promoted to 
Associate Professor. 

Dr. Len Pikaart, Professor of Mathematics Education at the University of Georgia, has 
been named to the Robert L. Morton Professorship in Mathematics Education at Ohio 
University. 

Assistant Professor J. E. Wolfe, Northwestern University, has been appointed Assistant 
Professor at Oklahoma State University. 


Professor Emeritus Grover C. Bartoo, Western Michigan University, died on July 19, 
1973, at the age of 88. He was a member of the Association for thirty-two years. 

Dr. W. D. Baten, Wichita Falls, Texas, died on April 4, 1974, at the age of 82. He was a 
member of the Association for fifty-four years. 

Mr. William H. Cain, Western Michigan University, died on July 17, 1973, at the age 
of 87. He was a member of the Association for thirty years. 

Mr. Howard Harding, Rochester, New York, died on November 11, 1973, at the age of 
88. He was a member of the Association for fifty-three years. 

Associate Professor Emeritus C. B. Helms, Widener College, died on November 6, 
1973, at the age of 71. He was a member of the Association for thirty-four years. 

Professor Richard J. Kohlmeyer, Hartwick College, died on April 1, 1974, at the age of 
54. He was a member of the Association for twenty-five years. 

Dr. Hyman L. Laden, Brooklandville, Maryland, died on December 21, 1973, at the 
age of 58. He was a member of the Association for nineteen years. 

Professor Charles W. Lytle, Drew University, died on January 9, 1974, at the age of 
46. He was a member of the Association for sixteen years. 

Professor Emeritus Clifford N. Mills, Illinois State University, died on March 5, 1974, 
at the age of 87. He was a Charter Member of the Association. 


THE GREATER METROPOLITAN NEW YORK MATH FAIR 


Fair Date: April 13, 1975 — Pace University, Manhattan. 

Eligibility: Students who have completed, or are currently taking, mathematics at the 
eleventh year level or higher in the public, private and parochial high schools in New 
York City, Westchester, Putnam, Dutchess, or Rockland Counties are eligible to participate 
in the FAIR. Exceptional students who do not meet these requirements but wish to submit 
papers for consideration by the FAIR Committee are welcome to do so. 

Purpose: The FAIR encourages a student to pursue, in depth, some phase of mathematics 
to which he is drawn. 
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Procedure: 1. Research a topic in mathematics. 2. Write a paper on this topic. 3. Give a 
talk (of no more than 15 minutes duration) on your paper to a group of judges. 

Nature of Paper: The work need not be completely original, but the paper should reveal 
scholarship appropriate to the course level of the student. Teachers may suggest topics but 
the presentation should be voluntary and based entirely upon the student’s own readings and 
investigations. 

Further details and application forms may be obtained from: Dr. Theresa J. Barz, Secre- 
tary, MATH FAIR Committee, Department of Mathematics and Computer Science, 
St. John’s University, Jamaica, New York 11439. 


SYMPOSIUM AT INDIANA UNIVERSITY — BLOOMINGTON 


The 1975 International Symposium on Multiple-Valued Logic will be held at Indiana 
University, Bloomington, May 21-23, 1975. Authors are invited to submit papers on the 
theory and applications of multiple-valued logics, or nonclassical logics connected with 
multiple-valued logics, including algebraic aspects. Authors should submit 3 copies of a 
first draft, 5 pages minimum and 30 pages maximum ,by December 1, 1974, to the Conference 
Chairman, G. Epstein, Computer Science, Indiana University, Bloomington, Indiana 
47401, USA. Accepted papers will appear with the invited papers in the SYMPOSIUM PROCEED- 
INGS. 


MATHEMATICAL ASSOCIATION OF AMERICA 
Official Reports and Communications 


MARCH MEETING OF THE FLORIDA SECTION 


The Seventh Annual Spring Meeting of the Florida Section of the MAA was held on 
March 8 and 9, 1974, at the University of Florida in Gainesville, Florida. 

Eight invited addresses were presented as follows: ‘“‘Calculus with Computers,”’ Professor 
Garrett Birkhoff, Harvard University; ‘On Some Problems of Complexity, Analogies, and 
Metrics,”’ Professor Stanislaw Ulam, University of Colorado; ‘‘Non-standard Analysis and 
Compactification,’’ Professor J. L. Kelley, The University of California; ““The Creeping 
Lemma,” Professor Osiefield Anderson, Florida A & M University; ““Mathematics Courses 
for the Non-Mathematician,’’ Professor Pamela Ferguson, University of Miami; “‘L’H6pi- 
tal’s Rule and Functions of Type [f (x) i,” Professor R. C. Meacham, Eckerd College; 
“Invariants Don’t Change,”’ Professor G. W. Medlin, Stetson University; ‘““The Mathematics 
of Music,”’ Professor A. D. Snider, University of South Florida. 

In conjunction with the meeting there was a State Articulation Conference which began 
with a report on progress in articulation and an open discussion on current questions. The 
following talks were presented to the Conference: ‘“‘An Innovative Approach to Pre-Calculus 
Mathematics,’’ Nick Passell and Mark Hale, University of Florida; ‘‘General Education 
Mathematics — A Cultural Approach,”’ Bill Kirshner, Florida Atlantic University; ‘*Mini- 
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mester — Modmester — Openmester — Repeatmester — Continumester —- Second Chance- 
mester...,"> George Cash, Manatee Junior College; ‘““Combinatorial Computing at the 
Junior College,’ Frank Hadlock, Florida Atlantic University; ‘““Today’s Probability and 
Statistics — Methodology and Purpose,’ C. P. Tsokos, University of South Florida, and 
George Schultz, St. Petersburg Junior College. 

The Southeastern Section of the American Mathematical Society also had a spring meet- 
ing March 7 and 8, preceding the Association meeting. 

The following papers were presented: 


1. Linear Inequality Systems and Lloyd L. Dines, by L. E. Bragg, Florida Institute of Technology. 
2. Inconsistent Logics, by John Grant, University of Florida. 
3. Theorem of Pappus in n- Dimensions, by Paul McDougle, University of Miami. 
4. On Holomorphs and Nakano’s Characterization of Automoration in Groups, by Frederick Hoff- 
man, Florida Atlantic University. 
5. Walks In the Twilight Zone, by H. W. Thwing, Stetson University. 
6. Teaching the Inverse of a Function, by Alan Wayne, Cooper Union in New York, Retired. 
7. The Inequality e" > x°, by J. G. MacCarthy, Hollywood, Florida. 
8. Endomorphisms of the Circle, by Louis Block, University of Florida. 
9. A Simple Constructive Proof of the Jordan Matrix, by Joseph Wilkerson and S. H. L. Kung, 
Jacksonville University. 
10. Euler’s Pentagonal Recurrence Formula for o (n) In the Chiliagonal Case, by J. G. MacCarthy, 
Hollywood, Florida. 
11. The Teaching of Mathematics in the Congo (Zaire), by D. M. Hill, Florida A & M University. 
12. A General Education Course for Business Majors, by Ignacio Bello, Hillsborough Community 
College. 


The luncheon-business meeting was held Saturday, March 9, 1974. Chairman James 
Brooks presided at the meeting. Committee reports were presented and Professor Bill Rice 
of St. Petersburg Junior College was elected chairman-elect; Professor Elizabeth A. Magar- 
ian of Stetson University and A. M. Dutton of Florida Technological University were elected 


Vice-Chairmen. 
F. L. CLEAVER, Secretary 


MARCH MEETING OF THE MISSOURI SECTION 


The annual Spring meeting of the Missouri Section was held at the University of Missouri- 
Rolla on March 29 and 30, 1974; 90 members and 10 students registered. 

The officers for the next year are: Chairman, Jerry Wilkerson, Missouri Western College; 
Vice Chairman, Jim Downing, Southwest Missouri State University; Secretary-Treasurer, 
Keith Stumpff, Central Missouri State University; Past Chairman, Edward Andalafte, 
University of Missouri-St. Louis. 

The following presentations were made at the Friday session: 


1. On difference equations, by Charles Hatfield, University of Missouri-Rolla. 

2. One answer to the challenge of the open door policy, by Frances S. Mangan, Meramec 
Community College. 

3. Mathematical modeling, by Carolyn T. MacDonald, University of Missouri-Kansas City. 


940 MATHEMATICAL ASSOCIATION OF AMERICA [October 


4. Convergence, summability, and applications, (invited address) by S. M. Shah, University of 
Kentucky. 

5. Employment prospects in mathematics, (invited banquet address) by John Jewett, Oklahoma 
State University. 


The Saturday session consisted of the Business Meeting and the following presentations: 


1. Study of small sample estimators, by S. K. Katti, University of Missouri-Columbia. 
2. A simple proof of Cauchy’s group theorem and applications, by R. Friedlander, University of 
Missouri-St. Louis. 
3. Innovative ways of teaching undergraduate mathematics, (invited address) by Alex Rosenberg, 
Cornell University, Editor of the MONTHLY. 
T. L. Hicks, Secretary-Treasurer 


APRIL MEETING OF THE MARYLAND-DISTRICT OF 
COLUMBIA-VIRGINIA SECTION 


The annual Spring meeting of the Maryland-District of Columbia-Virginia Section of the 
MAA was held April 27, 1974, at George Washington University, Washington, D. C. One 
hundred seventeen persons attended of whom ninety-four were members of the Association. 
Professor Geraldine Coon, chairman of the Section, presided. 

During the morning, there was a session of contributed papers, a short business meeting, 
and a second session of contributed papers. In the business meeting, the following officers 
were elected: Chairman-Elect, Professor Ronald Davis, Northern Virginia Community 
College; Vice-Chairman for Programs, Professor Kenneth Berg, University of Maryland; 
Treasurer, Professor Hewitt Kenyon, George Washington University. 

Following lunch, the invited speaker, Dr. C. R. Johnson of the Applied Mathematics 
Division, National Bureau of Standards, spoke on “‘Solving Equations Exactly.’ The invited 
talk was followed by a third session of contributed papers. 

The contributed papers presented were: 


1. Rings and Catalan numbers, by L. W. Shapiro, Howard University. 
2. The implications of short-term memory research for the learning of mathematics, by H. B. 
Tunis, University of Maryland. 
3. Applications of non-Euclidean geometry to physics, by Hanna Nekvasil, Washington, D. C. 
4. Covering a square by equal circles, by Michael Goldberg, Washington, D. C. 
5. Invariance of the essential spectra of ordinary differential operators, by T. W. Prevatt, The 
Johns Hopkins University. 
6. A simple set — theoretic characterization for proximity spaces, by R. A. Herrmann, U. S. 
Naval Academy. 
7. Working with large scale transportation and communications networks in the computer, by 
Judith F. Gilsinn, National Bureau of Standards. 
8. Tests of randomness of Maryland Lottery numbers, by B. A. Knoppers, Mathematica, Inc. 
9. Oscillation matrices and partial differential systems, by L. A. Kurtz, Hollins College. 
10. The holor representation of raw materials measures, by Vivian E. Spencer, University of Con- 
necticut. 


1974] MATHEMATICAL ASSOCIATION OF AMERICA 941 


11. The four-color theorem for small maps, by Walter Stromquist, Department of the Treasury. 

12. The multiplication of determinants, by D. C. Lewis, Jr., The Johns Hopkins University. 

13. The algebraic structure of network problems, by D. R. Shier, National Bureau of Standards. 

14. Dense groups of primes, by A. L. Brown, Alexandria, Virginia. 

15. How many non-Euclidean geometries are there?, by C. J. Maloney, Bethesda, Maryland. 
J. M. SMITH, Secretary 


APRIL MEETING OF THE NEBRASKA SECTION 


The fiftieth annual meeting of the Nebraska Section of the MAA was held on April 
19-20, 1974, at the University of South Dakota at Vermillion. There were 70 persons present 
of whom 33 were members of the Association. 

Officers for 1974-75 were elected as follows: Chairman, Professor Gerald Johnson, Univer- 
sity of Nebraska-Lincoln; Chairman Elect, Professor L. M. Larsen, Kearney State College; 
Secretary-Treasurer, Professor H. M. Cox, University of Nebraska-Lincoln. Professor Doro- 
thy Bernstein represented the MAA and brought greetings to the group. Professor Larry 
Stephens was selected to succeed Professor Charles Warden as Chairman of the Nebraska- 
South Dakota High School Contest Committee. 

The following papers were presented: 


1. The Mathematician in Air Force Civil Engineering, by Colonel W. A. Orth, Offut Air Force 
Base. 
2. Solution of an RLC Series Circuit Using Stieltjes Mean Sigma Integral Represented Linear 
Operators, by K. P. Smith, University of Nebraska at Omaha. 
3. A Conjecture on Isotone Functions of a Finite Partially Ordered Set, by M. C. Thornton, Univer- 
sity of Nebraska — Lincoln. 
4, The Relationship of Subclasses to Finite Group Representation Theory, by John Karlof, Univer- 
sity of Nebraska — Omaha. 
5. The Buffon Needle Problem, by David Ballew, South Dakota School of Mines and Technology. 
6. (Invited Address) How to Make and Break Codes, by Dorothy Bernstein, Goucher College. 
7. The Basic Subset of an Irreducibly Connected Space, by Edwin Halfar, University of Nebraska 
— Lincoln. 
8. Existence and Uniqueness of Solutions of Boundary Value Problems, by Dwight Sukup, Univer- 
sity of Nebraska — Lincoln. 
9. Truncating Terms of Power Series, by Dale Mesner, University of Nebraska — Lincoln. 
10. An Epsilon of History Makes the Calculus Go Down, by Alexander Mehaffey, Jr., University 
of South Dakota. 
11. Recursion Formulas for the Problem of Montmort, by Emil Knapp, Augustana College. 
12. Integer Representation Using Recursion Sequences, by Leslie Miller, University of South 
Dakota. 
13. Dynamic Programming and Scheduling of Power Generators, by John Powell, University of 
South Dakota. 
14. Applying Data Structures to Information Processing Systems, by Richard LaRue and Robert 
Wood, University of South Dakota. 
15. Report on Nebraska-South Dakota Mathematics Contest, by Charles Warden, University of 
Nebraska — Omaha. 
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16. Relative Efficiency of Different Estimates of the Mean of a Rectangular Population, by Wayne 
Gutzman, University of South Dakota. 
17. The Twenty-Fifth Annual High School Mathematics Examination, by H. M. Cox, Executive 
Director, University of Nebraska (by title). 
18. (Panel Discussion) Why Johnny Can’t Add, Dorothy Bernstein, Panel Chairwoman. 
H. M. Cox, Secretary 


APRIL MEETING OF THE NORTH CENTRAL SECTION 


The Spring meeting of the North Central Section of the MAA was held at Macalester 
College, St, Paul, on April 26-27, 1974. On Friday evening Professor Dale Varberg, Hamline 
University, spoke on the topic of ““Convexity’’ (as related to functions). 

The invited speaker for the Saturday morning session was Professor Harley Flanders, 
retiring editor of the MONTHLY, whose topic was ‘“‘“Some Mathematical Aspects of Editing 
the Monthly.’’ Other papers presented at that session were: 


1. Cos nx and some related sequences, by Gerald Bergum, Sr., South Dakota State University. 
2. On the probability that the k-th alternate delegate will be seated, by Peter Treuenfels, Honeywell. 
3. The queen of the sciences and the king of games, by Loren C. Larson, St. Olaf College. 

4. Exact interim reserves vs. interpolated values, by F. C. Smith, Stennes and Associates. 


Invited speakers for the Saturday afternoon session were Professor Sabra S. Anderson, 
University of Minnesota, Duluth, and Professor Seymour Schuster, Carleton College, who 
each gave 30-minute presentations: Professor Anderson on the topic “Finite Projective 
Planes,’’ and Professor Schuster on the topic ‘‘Generalized Ramsey Theory.’’ Other presenta- 
tions at the afternoon session were: 


1. >,. =] n"/ ne", convergent or divergent, by Arthur Lindberg, Mankato State College. 

2. Three films produced at Carleton College NSF Summer Institute —R.B. Kirchner, Director: 
Non-Uniform Convergence and Vibrating String, George Abdo and Jerry Caldwell, W=Z Exp (2), 
Michael Collins. 


The following officers were elected to serve for the coming year: Chairman, Professor 
Sylvan Burgstahler, University of Minnesota, Duluth; Chairman-elect, Professor K. F. 
Carlson, St. Cloud State College; Secretary-Treasurer, Professor Louis Guillou, St. Mary’s 
College; Members-at-large, Professor Elaine D. Nelson, Bemidji State College, and Professor 
Jayaseetha Premanand, Normandale Community College. 

H. M. ANDERSON, Secretary-Treasurer 


APRIL MEETING OF THE SOUTHWESTERN SECTION 


The annual meeting of the Southwestern Section of the MAA was held at New Mexico 
State University, Las Cruces, New Mexico, on April 5—6, 1974. Forty-nine persons registered 
their attendance. 

The invited speaker was Professor R. D. Anderson of Louisiana State University. He 
gave a talk entitled ‘““Where The Jobs Are’’ at the banquet on Friday night and also spoke 
on Saturday morning on “Intuition in Infinite Dimensional Topology’’. 
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On Saturday morning there was a panel discussion on the topic “Should The Southern 
Section be Split?’’ Panelists were E. L. Walter, Northern Arizona University, and James 
Nyman, University of Texas at El Paso. Their remarks were followed by an open discussion 
on the subject and the final consensus seemed to be that the section should not be split. 

The following contributed papers were presented: 


1. A New Look at Principal Ideal Domains, by Fred Richman, New Mexico State University. 

2. The Generalized Riemann Integral, by Robert McLeod, Kenyon College and New Mexico 
State University. 

3. Calculus Made Easier With Topology, by Richard Woodcock, New Mexico Institute of Mining 
and Technology. 

4. Generalised Inverses for Infinite Dimensional Matrices, by G. S. Rogers, New Mexico State 
University. 

5. Moments of Log Rayleigh Distributions, by W. L. Shepherd, White Sands Missile Range. 

6. A Theorem of Kronecker — Factoring Polynomials, by Ray Mines, New Mexico State Univer- 
sity. 

7. Groups and Fields in Z,, by James Nyman, University of Texas at El Paso. 

8. Another Look at Hardy’s Inequality for Series, by Richard Bagby, New Mexico State University. 

9. A Radical Table of Sines, by R. A. Knoebel, New Mexico State University. 

10. Curvature Tensors and Cross Ratios, by A. Swimmer, Arizona State University. 


The chairmen of the contributed paper sessions were: Charles Swartz, New Mexico State 
University, and Carl Hall, University of Texas at El Paso. 
A. SWIMMER, Secretary-Treasurer 


1974 CONTRIBUTING MEMBERS AND SPECIAL GIFTS 


The Association expresses its deep appreciation to 181 of its members who have elected 
to be Contributing Members, Sponsors or Patrons for 1974 by making contributions beyond 
the normal dues. There are 162 Contributing Members in 1974. In addition, the following 
members are 1974 Sponsors and Patrons: 


Patrons Sponsors 
Nathaniel Chafee R. H. Bing 
Richard D. Edwards W. H. Bluhm 
Leonard Gillman Herbert Carus 
W. S. Lewis A. M. Gleason 
D. D. Miller W. E. Hartnett 
H. J. Ryser Bill Hassinger, Jr. 
One anonymous Patron W. S. Loud 

Alex Rosenberg 
Patron Life Member Maria W. Steinberg 
E. F. Wilde 
G. B. Thomas, Jr. R. E. Zink 


The Association also acknowledges with deepest gratitude a gift of $2000 received from 
Margaret Gehman Dodge in memory of her mother Marian Gehman. 
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MATHEMATICAL ASSOCIATION OF AMERICA 


CALENDAR OF FUTURE MEETINGS 


Fifty-eighth Annual Meeting, Washington, D. C., January 25-27, 1975. 
Fifty-fifth Summer Meeting, Western Michigan University, Kalamazoo, August 18-20, 


1975, 


The following is a list of the Sections of the Association with dates of future meetings 
so far as they have been reported to the Editorial Director. 


ALLEGHENY MOUNTAIN, Duquesne University, 
Pittsburgh, Pennsylvania, April 25-26, 1975. 

FLORIDA, Manatee Junior College, Bradenton, 
March 7-8, 1975. 

ILutrnNots, Rockford College, Rockford, May 
9-10, 1975. 

INDIANA, Indiana University — Purdue Univer- 
sity at Indianapolis, November 30, 1974. 

Iowa, Iowa State University, Ames, April 18-19, 
1975, 

KANSAS 

KENTUCKY 

LOUISIANA-MISSISSIPPI, Centenary College, 
Shreveport, Louisiana, February 1975. 

MARYLAND-DISTRICT OF COLUMBIA- VIRGINIA 

METROPOLITAN NEW YORK 

MICHIGAN 

Missour!, Missouri Western College, St. Joseph, 
Spring 1975. 

NEBRASKA, Nebraska Wesleyan University, Lin- 
coln, April 18-19, 1975. 

NEw JERSEY 

NorTH CENTRAL, Hamline University, St. Paul, 
Minnesota, April 28, 1975. 


NORTHEASTERN, Lowell Technological Institute, 
Lowell, Massachusetts, November 30, 1974. 

NORTHERN CALIFORNIA, Menlo College, Menlo 
Park, February 8, 1975. 

OuiI0, University of Cincinnati, November 1-2, 
1974. 

OKLAHOMA-ARKANSAS, Central State University, 
Edmond, Oklahoma, April 4-5, 1975. 

Pactric NORTHWEST 

PHILADELPHIA, Swarthmore College, Swarth- 
more, Pennsylvania, November 23, 1974. 

Rocky MOuNTAIN, Mesa College, Grand 
Junction, Colorado, April 11-12, 1975. 

SEAWAY, St. John Fisher College, Rochester, 
New York, November 1-2, 1974. 

SOUTHEASTERN, University of South Alabama, 

Mobile, March 21-22, 1975. 

SOUTHERN CALIFORNIA 

SOUTHWESTERN 

TExAS, Angelo State University, San Angelo, 

April 1975. 

WISCONSIN, University of Wisconsin — Super- 

ior, April or May 1975. 


FUTURE MEETINGS OF OTHER ORGANIZATIONS 


AMERICAN ASSOCIATION FOR THE ADVANCEMENT 
OF SCIENCE 

AMERICAN MATHEMATICAL SOCIETY, Washington, 
D. C., January 23-26, 1975. 

AMERICAN SOCIETY FOR ENGINEERING EDUCA- 
TION, Colorado State University, Fort Col- 
lins, June 16~19, 1975. 

ASSOCIATION FOR COMPUTING MACHINERY, San 
Diego, California, November 11-13, 1974. 

ASSOCIATION FOR SYMBOLIC Locic, Shoreham 
Hotel, Washington, D. C., January 23-24, 
1975. 

ASSOCIATION FOR WOMEN IN MATHEMATICS, Wa- 
shington, D. C., January 24, 1975. 

FIBONACCI ASSOCIATION 


INSTITUTE OF MATHEMATICAL STATISTICS 

Mu ALPHA THETA 

NATIONAL COUNCIL OF TEACHERS OF MATHE- 
MATICS, Washington, D. C., January 25-26, 
1975 (joint meeting with MAA). 

OPERATIONS RESEARCH SOCIETY OF AMERICA, 
Chicago, April 30—-May 2, 1975. 

Pr Mu EPsILon, Western Michigan University, 
Kalamazoo, August 19-20, 1975. 

SCHOOL SCIENCE AND MATHEMATICS ASSOCIA- 
TION, Sheraton-Gibson Hotel, Cincinnati, 
Ohio, November 7-9, 1974. 

SOCIETY FOR INDUSTRIAL AND APPLIED MATHE- 
MATICS 


cfih G+ Row 
aMiGhs from Harper 


« 


MATTERS MATHEMATICAL 
I. N. Herstein and |. Kaplansky 


This introduction to a wide spectrum of algebraic topics does not require much 
mathematical manipulation. The clear, discursive prose involves the liberal arts 
student in mathematical ideas and gives insight into finite and pure mathematics 
and into historical developments and recent innovations in the field. Two chap- 
ters cover infinite sets and game theory. Tentative: 352 pages; $10.95. August 
1974, 


A SECOND MATHEMATICS COURSE FOR ELEMENTARY TEACHERS 
Eugene F. Krause 


Featuring thousands of problems on all levels of difficulty and ingenuity, this 
text adopts a learning-by-doing approach. Geometry and measurement are 
integrated with algebra, probability, functions, sets, logic, combinatorics, and 
graph theory. The informal presentation of geometry provides an intuitive picture 
of the major approaches, from Euclidian to transformational, that is ideal for 
elementary school teachers who will not have to present geometry axiomatically. 
Tentative: 352 pages; $12.95. September 1974. 


INTERMEDIATE ALGEBRA FOR COLLEGE STUDENTS 


FOURTH EDITION 
Thurman §. Peterson and Charles R. Hobby 


Now in its Fourth Edition, this text continues to make a virtue of simplicity. 
Designed for students with only a year of high school algebra, it offers a 
problem-solving approach to the fundamentals of mathematics. Covering all 
topics generally taught in intermediate algebra courses, the book develops the 
logical structure of sets and the axiomatic structure of the real number system. 
A substantial treatment of factoring is included. The Fourth Edition features a 
more readable style and a new two-color format. Tentative: 373 pages; $9.95. 
September 1974. Answer Pamphlet. 


INTERMEDIATE ALGEBRA FOR TODAY 
Robert £. Mosher 


436 pages; $9.95. January 1974. Instructor's Manual. 


PRECALCULUS MATHEMATICS: 


AN ELEMENTARY FUNCTIONS APPROACH 
David A. Sprecher 


363 pages; $10.95. January 1974. Answer Booklet. 


HARPER & ROW, PUBLISHERS 


10 East 53d Street, New York 10022 


Whether your COUrSe needs 
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Finite Mathematics 
By R. W. Negus, Rio Hondo College 
For your one-semester, lower level courses in finite math. 


It presents the basic math concepts used in business and the social sciences today, 
in non-mathematical language that’s easy for students to understand. It contains 
plenty of examples which anticipate errors and help students avoid them, plus 
problems in which students must apply concepts to realistic situations. Important 
principles are stated, restated, and discussed to make sure students completely 
understand them. And exercises using basic concepts to construct mathematical 
models give them the tools they need to solve everyday problems. 


1974 402 pages $10.95 


Finite Mathematics and Calculus 

With Applications to Business 

By Paul G. Hoel, University of California, Los Angeles 

For a higher level course in which you want to introduce calculus. 


The first half covers finite math topics important to students in management. The 
second half presents basic calculus principles and shows how they can be applied 
to problems in management and the social sciences. Only simple, instructive proofs 
are included, and the development is largely intuitive. There’s a review chapter for 
students with weak math backgrounds. Because there’s an abundance of material 
in the book, you can devise different course combinations to fit your particular needs. 
Compare this book’s chapters on linear programming, exponential function, prob- 
ability, and related topics with other texts. You'll find the exposition and illustrations 
are clearer, the theory explained more carefully, and the calculus coverage more 
complete. 


1974 462 pages $10.95 


For complimentary copies, contact your Wiley representative or write to 
Dept. 237, N.Y. office. Please include course title, enrollment and 
present text. 


a 
JOHN WILEY & SONS, Inc. ley 
605 Third Avenue, New York, N.Y. 10016 


In Canada: 22 Worcester Road, Rexdale, Ontaric Prices subject to change without notice. 


Macmillan solves your math 
text problems with— 


ELEMENTARY DIFFERENTIAL EQUATIONS 
Fifth Edition 
The late Earl D. Rainville and Phillip E. Bedient, Franklin and Marshall College 


Now in its fifth edition, this outstanding text continues to be the clearest, most com- 
plete explanation of elementary differential equations for your students. The new fifth 
edition has retained the simple, direct style of previous editions and also maintains the 
balance between developing techniques for solving equations and presenting the theory 
necessary to support those techniques. 

New to this edition: a greatly expanded chapter on systems of equations that intro- 
duces matrix techniques for solving systems of linear equations with constant coefficients: 
considerable emphasis on power series techniques for solving linear ordinary differential 
equations; and emphasis on the Laplace transformation as a tool for solving initial value 
problems. The text includes many examples and exercises designed to anticipate the 
problems that students themselves face. 


1974 511 pages $10.95 


Also available—The new Fifth Edition of 
A SHORT COURSE IN DIFFERENTIAL EQUATIONS 


by Rainville and Bedient 
1974 320 pages $8.50 


FINITE MATHEMATICS 
Hugh G. Campbell and Robert E. Spencer, beth, Virginia Polytechnic Institute 
and State University 

This highly readable, elementary text introduces the student to logic, set theory, 
probability, matrices, linear programming, and game theory. Extensive motivational ma- 
terial including many applications, numerous interesting exercises, and thought-provoking 
examples illustrating the concepts—all facilitate the learning process. Comprehensive but 
not formidable, this interesting presentation of finite mathematics possesses all those 
features necessary to make it a very effective teaching text. 


1974 326 pages $9.95 
ELEMENTARY LINEAR ALGEBRA 


Bernard Kolman, Drexel University 
Special content features include an initial, optional chapter on sets and functions; 
the introduction of eigenvalues, eigenvectors, inner products and real quadratic forms in 
the fifth chapter; a final chapter on linear algebra applied to the solution of differential 
equations; and frequent references to computer implementation of techniques. Exercises 
are Closely integrated with the text. 
1970 255 pages $9.95 


SETS AND TRANSFINITE NUMBERS 
Martin M. Zuckerman, City College, The City University of New York 


This semiformal development of Zermelo-Fraenkel Set Theory offers a wide-ranging 
yet sharply focused introduction to major areas of the theory of sets and transfinite num- 
bers. Basic axiomatic set theory, the construction of the real and complex numbers, the 
axioms of choice and substitution, and elementary results in ordinal and cardinal arithmetic 
are some of the topics discussed in this careful, well-developed, student-oriented exposition. 
The only prerequisite that the author expects from the student is a willingness to reason 


abstractly. 1974 576 pages $11.95 


MACMILLAN PUBLISHING CO., INC. 
100A Brown Street, Riverside, New Jersey 08075 


multiplication without duplication 


That's the advantage of our new remedial arithmetic 
program. Because remedial students have such widely 
varying backgrounds, our semi-programmed instruc- 
tional modules offer them—and their teachers—a 
course that's tailored to individual needs. A special 
placement test helps instructors discover each student's 
strengths and weaknesses, pinpointing exactly which 


ing all their time creating tests. The Instructor's 
Manual contains two achievement tests for eve.y 
module, and each module has ample self-tes.ing and 
analysis material in every section. 

Any instructor who doesn't want to individualize the 
course can have students purchase all the modules 
bound together in workbook form. But for remedial 


skills the student needs to work on. Students can then 


classes whose participants have widely differing 
buy only those modules they actually need. 


backgrounds and for students who don't want to 
waste time on concepts and skills they've already 
mastered, our individualized, semi-programmed in- 
struction is the perfect solution. 


arithmetic: developing concepts and skills 


by J. William Beck, Jerome Bloomberg, Francis A. Greene, Joyce K. Hill, 
and William F. Steger, all of Essex Community College, Maryland 


The Fifteen Modules: 


Each of the 48-page modules systematically develops 
important concepts while teaching basic skills. Instruc- 
tors who use the program needn't worry about spend- 


AR- 1. Sets and Flow Charting AR-11 Multiplication and Division of Decimals 

AR- 2. Addition and Subtraction of Whole Numbers AR-12 Ratio, Rate and Proportion 

AR- 3. Multiplication of Whole Numbers AR-13 Percent 

AR- 4. Division of Whole Numbers AR-14 Problem Solving 

AR- 5 Properties of Whole Numbers AR-15 Metric System 

AR- 6 The Meaning of Fractions and Rational Available January 1975 
Numbers 

AR- 7 Addition and Subtraction of Rational For more information and a sample modular package, 
Numbers write to: Sally Boggan, Harper's College Press 

AR- 8 Multiplication and Division of Rational . . 
Numbers h & bl h 

AR- 9 The Meaning of Decimals arper row, pu IS CIs, Inc. 

AR-10 Addition and Subtraction of Decimals 10 East 53d St., New York, N.Y. 10022 


Ninth Edition 1974— 


PROFESSIONAL OPPORTUNITIES IN MATHEMATICS 


A completely rewritten and updated version of a publication which has been in con- 
tinuous existence since 1951; 35 pages, paper covers. 


CONTENTS: Introduction. Part I: The Teacher of Mathematics. 1. Teaching in the 
Public School System. 2. Teaching in Junior or Community Colleges. 3. Teaching at a 
College or University. Part II: The Mathematician in Industry. 1. Computer Program- 
ming and Related Mathematics. 2. Operations Research. 3. Statistician. 4. Classical 
Applied Mathematician. 5. Consultant. 6. Working Conditions. Part III: The Mathe- 
matician in Government. 1. The Use of Mathematics in Government. 2. Working Con- 
ditions and Salaries..Part IV: Computer Science. 1. Mathematics in Computer Science. 
2. Working in Computer Science. 3. Salaries in Computer Science. Part V: Opportunities 
in Operations Research. 1. Mathematics in Operations Research. 2. Working as an 
Operations Researcher. Part VI: Opportunities in Statistics. 1. Education for Statistics. 
2. Working as a Statistician. 3. Salaries in Statistics. Part VIZ: Opportunities in Actuarial 
Science. 1. Education for the Actuarial Profession. 2. Employment in the Actuarial Pro- 
fession. 3. Salaries for Actuaries. 


There is also a bibliography containing several references for further reading on 
careers in Mathematics. 


50¢ for single copies; 40¢ each for orders of five or more. Send orders with payment to: 


MATHEMATICAL ASSOCIATION OF AMERICA 
1225 Connecticut Avenue, NW 
Washington, D. C. 20036 


HANDBOOK OF INTEGER SEQUENCES 


by NEIL J. A. SLOANE 


This bock provides a unique compilation of 
sequences cof integers which will be useful in 
many areas of research. The first part cf the 
bock describes how to use it, gives methcds 
for analyzing unknown sequences, and con- 
tains an illustrated description of the most 
important of these. The main table contains 
scme 2300 sequences collected from all 
branches of mathematics and science. The au- 


9th Edition 


thor has arranged these in numerical order 
and has provided a reference for each. Be- 
sides identifying sequences, the Handbock will 
serve as an index tc the literature for Iccat- 
ing references cn a particular problem, and 
for quickly finding numbers such as 712, the 
number of partitions cf 30, the 18th Catalan 
number, cr the expansion of 7 to 60 decimal 
places, tc name a few. 

1973, 220 pp., $10.00/£4.70 


HANDBOOK OF MATHEMATICAL FORMULAS 


by HANS-JOCHEN BARTSCH 


CONTENTS: Mathematical Signs and Symbols. 
Arithmetic. Equaticns. Functicns. Vectors. 
Geometry. Analytical Geometry. Differential 
Calculus. Differential Geometry. Integral Cal- 
culus. Differential Equaticns. Infinite Series. 


Fourier Series. Fourier Integral. Laplace 
Transforms. Theory of Probability. Statistics. 
Error Calculation. Mathematical Analysis of 
Observations. Linear Optimization. Algebra of 
Logic (Boclean Algebra). 

1974, 528 pp., $9.50/£4.55 


NON-EUCLIDEAN TESSELATIONS AND THEIR GROUPS 


by WILHELM MAGNUS 


A Vclume in the PURE AND APPLIED MATHEMATICS Series 


The mathematical works produced arcund the 
turn of the century—particularly those of Felix 
Klein and Robert Fricke—contain a large num- 
ber of beautiful drawings representing various 
tesselaticns of the hyperbclic plane. This 
monograph presents reprcducticns cf about 
fifty of the most interesting and revealing of 
these drawings, together with comments in 
part gecmetrical and in part group-thecretical, 


on the algebraic relationships the drawings 
demonstrate. The text avoids lengthy and diffi- 
cult presentaticns—giving new proofs and 
new results in an elementary manner—and it 
dces not require an extensive backgrcund in 
differential geometry or in grcup or number 
thecry. It is a useful companicn vclume for 
courses cn gecmetry and grcup and number 
theory. 1974, 206 pp., $17.50/£8.40 


ERROR CODING FOR ARITHMETIC PROCESSORS 


by T. R. N. RAO 


A Volume in the ELECTRICAL SCIENCE Series 


In this book, the authcr covers arithmetic 
codes from basic fundamentals to their pres- 
ent stage cf maturity and discusses in detail 
all pertinent research publicaticns in this 
area. In the first chapter, the bock presents 
the minimal mathematical background neces- 
sary to understand the remainder cf the text. 
It then covers the single-error detecting and 


PROBABILITY THEORY: 


by L. E. MAISTROV 
translated and edited by SAMUEL KOTZ 


Because the history of probability thecry has 
been cone of the least investigated areas in 
th histcry of mathematics, this unique bock— 
by a well-known Russian schclar—represents 
an important and long cverdue addition tc the 
scarce literature in the field. The exposition is 
basically chronological and spans the pericd 
from the incepticn cf probability thecry up to 
its axicmatization in the twentieth century. It is 


correcting AN codes and separate ccdes (i.e., 
codes with separate checkers), deals with the 
construction and properties cf sophisticated 
codes fcr multiple-error correction (i.e., large 
distance ccdes), and concludes with a review 
cf the most recent research contributions in 


the field. 
1974, 232 pp., $16.50/£8.25 


A Historical Sketch 


the first bock of its kind in the English lan- 
guage, and its value is enhanced by the incor- 
poration of a great deal of fragmented infor- 
mation from varicus pericdicals—many of 
which are hard to find. In addition, Dr. Kotz 
has supplemented the work with numercus 
footnotes and mere than thirty new biblic- 
graphical items and a comprehensive index. 
1974, 296 pp., $22.50/£10.80 


ACADEMIC PRESS, INC. 


A Subsidiary cf Harcourt Brace Jovancvich Publishers 
111 FIFTH AVENUE, NEW YORK, NEW YORK 10003 
24-28 OVAL ROAD, LONDON NW 1 7DX 


Problems? 


Here Ss our mathematical solution 


EUCLIDEAN AND 

NON-EUCLIDEAN GEOMETRIES 

Marvin Jay Greenberg, 

University of California, Santa Cruz 

This book provides a rigorous treatment of the 
foundations of Euclidean geometry, an introduc- 
tion to hyperbolic geometry, and an exciting dis- 
cussion of the historical development and philo- 
sophical implications of both systems. 

1974, 304 pp., $10.95 


BASIC COMPLEX ANALYSIS 

Jerrold E. Marsden, University of California, Berkeley 
With the assistance of Michael Buchner, 

Michael Hoffman, and Clifford Risk 

“There are quite a few books on elementary 
complex analysis that are beautifully written 
mathematically, but not quite teachable. There are 
also some teachable texts that are not so well 
written from a mathematical standpoint. Marsden’s 
text comes very close to encompassing both virtues 
in a finite number of pages. ... 

—H. Wu, University of California, Berkeley 
1973, 472 pp., $11.95. Solutions and Answer 
Manual by Michael J. Hoffman and Jerrold E. 
Marsden ($2.95) 


ELEMENTARY CLASSICAL ANALYSIS 

Jerrold E. Marsden 

Jerrold Marsden once more demonstrates his keen 
awareness of the student’s problems in mastering 
new material in this, a new text for courses in the 
calculus of several variables and introductory real 
analysis. Publication date: Fall 1974 


COMPUTER SOLUTION OF ORDINARY 
DIFFERENTIAL EQUATIONS 

Initial Value Problems 

L. F. Shampine and M. K. Gordon, Sandia 
Laboratories and University of New Mexico 

The authors concentrate on a single numerical 
technique—based on the Adams family of meth- 
ods—in developing a series of algorithms and 
computer codes that are among the easiest to use, 
most powerful, and most efficient now available. 
Complete program listings (in FORTRAN), full 
documentation, and suggestions for using the codes 


are included, Publication date: January 1975 


BASIC ALGEBRA | 

Nathan Jacobson, Yale University 

“|! have decided to adopt Jacobson’s book. This 
seems to me to be easily the best book on the 
market at this level.”’ 

—Burton Fein, Oregon State University 

1974, 472 pp., $13.95 


SETS, LOGIC, AND AXIOMATIC THEORIES 
Second Edition 

Robert R. Stoll, The Cleveland State University 
“This book has contributions to make in courses 
where one or more of the topics mentioned in its 
title are covered. Further, in its entirety it can 
bridge the gap between an undergraduate’s initial 
conception of mathematics as a computational 
theory and the abstract nature of more advanced 
and more modern mathematics.’’—Robert R. Stoll 
Publication date: Fall 1974 


MATHEMATICS: A Human Endeavor 

A Textbook for Those Who Think They 

Don’t Like the Subject 

Harold R. Jacobs 

“| have adopted this text as the text for an intro- 
duction to math course for liberal arts stu- 
dents. ... | recommend your book highly for those 
instructors looking for a stimulating way of pre- 
senting mathematics to those liberal arts students 
who don’t really want to see any.” 

—Norma Hunter, Syracuse University 

1970, 529 pp., $8.50. Teacher’s Guide $5.00 


GEOMETRY 

Harold R. Jacobs 

‘This book may, single-handedly, save geometry in 
the high schools. A bright, intelligent, warm and 
human, humorous, and attractive treatment which 
will capture and hold the attention of students and 
motivate them to become involved in their study. 
Every methods professor in every teacher training 
institution should be locked in a room with this 
book for at least twenty-four hours.” 

—Patrick J. Boyle, Santa Rosa Junior College, 
California 

1974, 701 pp., $9.00. Teacher’s Guide $5.00. 
Transparency Masters $40.00. Test Masters $2.50. 


GAMES AND PROGRAMS 

Mathematics for Modeling 

Robert R. Singleton, Wesleyan University, and 
William F. Tyndall, Franklin and Marshall College 
“t am very impressed with the ability of the 
authors to compress a very comprehensive treat- 
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PLATEAU’S PROBLEMS AND THEIR MODERN RAMIFICATIONS 
JOHANNES C. C. NITSCHE* 


Today’s special session within the National Meeting of the American Chemical 
Society is held in honor of Joseph-Antoine-Ferdinand Plateau whose magnum opus, 
Statique expérimentale et théorique des liquides soumis aux seules forces moleé- 
culaires, was published a century ago, in 1873. This book, in the main unifying 
the contents of a series of eleven long scientific papers which appeared during the 
period 1843-1869, may be described as the condensation of Plateau’s experimental 
observations and measurements regarding the phenomena caused by capillary forces. 
It contains a complete historical account and a summary of theoretical insights as 
well. The book’s impact on its contemporaries and on subsequent generations 
cannot be exaggerated. His reports were studied in many quarters. His experiments 
were repeated by many scientists, among them Faraday, Brewster and Boys. In 
present days Plateau’s work has become rather lost in obscurity. Surface chemists 
who, with a few notable exceptions, now often shun the use of mathematical ap- 
proaches, are generally content with a brief reference to Plateau in their text books, 
and it is really in mathematics where his name lives on. 


1. Liquids in contact with their own vapors or air possess a surface tension 
which, unless opposed by external forces—for example, gravitation, centrifugal 
forces, the influence of an electric field, etc. —, causes the interface to assume the 
configuration of minimum area. The laws which govern the behavior of surfaces 
separating one medium from another clearly belong in the domain of physicists 
and chemists. Once these laws are conceived and formulated, however, it is not 
hard to understand why the investigation of the shape and the stability of such inter- 
faces, which are, after all, geometrical objects subject to variational principles, 
differential equations and various boundary conditions, has over the years stimulated 
mathematical activities of considerable consequences. Some of the most beautiful 
purely mathematical developments and, more than incidentally, the mobilization of 
results from a variety of mathematical fields can be traced back to the study of ca- 
pillary phenomena and also to the influence of Plateau. The theory of minimal 
surfaces, the study of surfaces of prescribed mean curvature, as well as the whole com- 
plex of questions which mathematicians describe as Plateau’s problem, are prominent, 
but by far not the only examples. Mathematics, in turn, has served its users well al- 
though even now substantial problems remain unsolved, posing a challenge which 
guarantees further fruitful interaction. Without doubt, here isa case where a mathe- 
matician need not be ashamed ofa lack of ‘‘relevance’’, a term menacingly applied by 


* Address delivered at the American Chemical Society National Meeting in Dallas, April 10, 
1973. The speaker is Professor of Mathematics and Head, School cf Mathematics, University cof 


Minnesota. 
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the (often self-appointed and often misunderstanding) custodians of today’s society. 
It is well known, and helpful beyond the realm of frivolity, that portions of the sur- 
faces under consideration, at least as long as these portions remain in stable equi- 
librium, can often be experimentally realized with soap films or soap bubbles bounded 
by suitable fixed, or movable, frames. From time immemorial such experiments 
have been recorded in many sources and have even been depicted in paintings (e. g., 
by Murillo, v. Oost, Chardin, Hamilton, Spitzweg, Manet). Leonardo da Vinci 
already knew about capillary phenomena; subsequent attempts aimed at their ex- 
planation and at their utilization have occupied great minds ever since. Capillary 
action is at work in the processes of wetting, displacing, dyeing, coalescing, flotation, 
emulsification —all of utmost significance in nature and technology. It seems un- 
necessary to elaborate further on the importance of our subject in a city like Dallas 
which lies in the heartland of the oil industry, whose research efforts must include 
the mastery of surface forces. A decrease of the surface tension between water and 
oil by several orders of magnitude, which is now possible through the injection of 
newly discovered chemicals, will in fact extend the useful life of the Texas oil fields 
by several decades. 

The organizers of this session, my colleague Dr. Scriven from the University 
of Minnesota and Dr. Melrose from the Mobile Research and Development Corpo- 
ration, both distinguished experts in the field and enthusiastic connoisseurs of Pla- 
teau, have asked me, a mathematician by profession, to speak about Plateau, to 
elucidate the influence of his work on mathematical thought and to pursue, in 
anecdotal form or in mathematical guise, whatever would seem most suitable, a few 
of the problems raised to their modern habitat in mathematics. Appreciating a mathe- 
matician’s shortcomings, particularly when communication with scientists in other 
disciplines is at stake, and charged with— here I quote — ‘‘being as intriguing and 
as off-beat as possible,’’ I am aware of the difficulties of my task. Quite recently I 
have completed a voluminous monograph on the theory of minimal surfaces which 
will soon appear as number 199 in the ‘‘yellow series’’ of the Springer Publishing 
Company. I have thus had many occasions to look into Plateau’s treatise. Only 
in the last weeks, however, as in preparation for this lecture I went through the book 
again more systematically, did I come to fully appreciate the wealth of the material 
treated and the complexity of the experiments which Plateau and his disciples con- 
ducted with remarkable skill and perception. This experience in conjunction with 
the recognition of the abundance of problems initiated and of the intricacies inherent 
to mathematical techniques, which in analysis unfortunately often tend to distract 
from the essence of a problem and thus mar its conceptual simplicity, made me 
uncertain to the point that I would have preferred not even to attempt to do justice 
to our hero and to relate instead some of the interesting particulars of his rather 
colorful life. Realizing the inappropriateness of such a course, but mindful of the 
limited time available, I decided to proceed as follows. After briefly reminiscing 
about Plateau’s life and about his general activities, I shall select a few specific 
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topics from his writings, five or six at most, whose substance will then be explained 
and whose fate will be discussed. Each case will be concluded with the statement of 
open problems. It must be kept in mind that the problems chosen are nothing but 
a small sample. An observation which to me came as a surprise may already be men- 
tioned here. Originally it had been my expectation that my main objective should 
consist first of my pointing to the forces of mathematical generalization and then 
of the demonstration that, with suitable safeguards, generalization may lead better 
than anything to the heart of a mathematical idea and, at the same time, to the 
definitive solution of a problem. This, of course, is one of the strengths and virtues 
of the mathematical process, and we shall see it here at work in the molding of the 
concept of a surface. It turned out, however, that another, equally important, part 
of Plateau’s discussions leads to questions, among them hard problems of geometry 
and analysis (often referred to as problems of hard analysis), whose formulation 
today is as classical as it was a hundred years ago and for whose solution new insights 
are mandatory while a generalization of concepts appears altogether useless. Ref- 
erences to the literature will be suppressed*, and names will be mentioned only 
sparingly. Although our subject, more than other mathematical fields, invites, and 
greatly gains by, experimental illustrations, I shall be forced to keep such illustrations 
to a minimum. The few models which I have brought along, pretty as they are, 
can be looked at outside of my lecture. 


2. Plateau was born in Brussels in 1801 and died in 1883, an 82-year-old man. 
From his father he had inherited artistic skills. Already in elementary school he 
displayed a lively interest in physical experiments and in mechanical contrivances 
as well as a love of nature. The boy’s chasing of butterflies led to a fine collection 
of these insects later in life. The misfortune of his losing in quick succession first his 
mother and then his father and becoming an orphan at age fourteen, made Joseph 
severely ill. A stay in the country, in a little village near Waterloo, appeared to be 


*) The reader interested in references may consult the following sources: 

On capillarity and stability: H. Minkowski: Kapillaritat. Enc. d. math. Wiss. 5.1.9; Teubner, 
1903-21. — N. K. Adam: The physics and chemistry of surfaces. 3rd ed., Oxford Univ. Press, 1941. — 
K. L. Wolf: Physik und Chemie der Grenzflachen. Springer, Vol. 1, 1957; Vol. 2, 1959. — Further 
also J. C. Maxwell’s article ‘Capillary action” in the 11th editicn (Vol. 5, pp. 256-275) and A. W. 
Porter’s article ‘““Surface tension’’ in recent editions of the Encyclopaedia Britannica. 

On minimal surfaces: R. Courant: Dirichlet’s principle, confcrmal mapping, and minimal 
surfaces. Interscience, 1950. — J. C. C. Nitsche: Vorlesungen tiber Minimalflachen. Springer, 1974. 

On geometric measure theory: F. J. Almgren: Plateau’s problem; an inviaticn to varifold gecmet- 
ry. Benjamin, 1966.—- H. Federer: Geometric measure theory. Springer, 1969.— W. K. Allard: 
On the first variation of a varifold. Ann. of Math. (2) 95 (1972), 417-491. 

On the calculus of variations and Morse theory: O. Bolza: Vorlesungen tiber Variationsrechnung. 
Teubner, 1909. — M. Morse and C. Tomkins: The existence of minimal surfaces cf general critical 
types. Ann. of Math. (2) 40 (1939) 443-472; (2) 42 (1941), 331. — M. Shiffman: The Plateau problem 
for non-relative minima. Ann. of Math. (2) 40 (1939), 834-854. — C. B. Morrey: Multiple integrals 
in the calculus of variaticns. Springer, 1966. 
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beneficial for him in the eyes of his uncle, a lawyer, who became his guardian. By 
an unforeseen coincidence the journey of Plateau and his two younger sisters fell 
on the eve of the battle of Waterloo. Together with other villagers they hurried to 
hide in the woods around Soignies. Young Plateau remained oblivious to the fearful 
events of those days and nights. While bombardments rumbled all around he enjoyed 
himself eating country-fried potatoes and catching butterflies. Recovery followed. 
Upon his return to Brussels his schooling continued with best results. Again there are 
reports about his experimental skills and interests. Inthe Atheneum, Plateau impressed 
Quetelet, a renowned scientist and later secretary of the Royal Academy of 
Brussels over four decades (1834-1874), and became one of Quetelet’s protégés for 
life. In 1822 Plateau entered the University at Liége. His uncle, full of admiration 
for the profession of the devoted barrister who defends widows and orphans, would 
have liked to see him become a lawyer but eventually agreed to let him study natural 
sciences and mathematics and to cultivate the art of observation. Material needs, 
among them Plateau’s responsibility for his sister, Joséphine, led him to accept a 
teaching position first in Li¢ge, where he received his doctor’s diploma in 1829, 
and later in Brussels. 

Plateau’s first scientific interests concerned physiological optics, particularly 
the study of the sensations produced in the human eye by fixed or moving light 
sources, a subject in which he made substantial discoveries and which, as a matter 
of record, led him to the invention of various optical toys. A special experiment, 
without doubt related to these interests, caused him once (in 1829) to view the sun 
with his naked eyes for longer than 25 seconds. This proved to be a fateful incident. 
Painful treatments could not prevent his irrevocable blindness in 1843, which his 
biographer considers to be a direct consequence of the 1829 experiment. (An ophthal- 
mologist has advised me, however, that the exposure to the sun alone could not 
have been the cause of a total loss of sight so many years later.) In the meantime 
Plateau had gotten married. In this connection the following little incident is reported. 
Visiting Paris on his honeymoon, he seized the opportunity to look up a few of 
the French professors with whom he had cultivated scientific contacts. As he stayed 
away from his hotel far longer than anticipated, his wife got extremely worried. 
Finally, upon his return he admitted to having forgotten that he was married. His 
loss of sight, of course, opened depressing perspectives. Fortunately, in 1844 Plateau 
was named ordinary (full) professor, and a royal edict soon to follow relieved him 
of his teaching duties and of all material worries. Having thus become what today 
would be called a research professor he could devote all his efforts to his work 
which now had begun to concentrate on a systematic study of capillary phenomena, 
an endeavor which culminated in his celebrated book. Plateau’s accomplishments 
and his perseverance in performing delicate experiments under so adverse circum- 
stances deserve our admiration. To be sure, he enjoyed the assistance of members 
of his family and of dedicated pupils, substantial scholars and later professors them- 
selves, among them Lamarle and Van der Mensbrugghe. (The latter became his 
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son-in-law in 1871.) Whether the relationship between Plateau and his selfless younger 
helpers was always untroubled, whether his collaborators ever pursued their joint 
investigations while gritting their teeth or feeling impeded in their independence 
and originality, these are questions worth asking. 

Much has been passed on concerning Plateau’s later years, his family life, and 
his working and dictating habits. Illuminating as these things might be, they would 
lead us too far. Thus, before proceeding to the next part of my lecture let me merely 
state in a summary fashion that Plateau’s total scientific activities did cover rather 
diverse areas, not all equal in importance, and let me mention two instances. Accor- 
ding to a popular superstition of the time, the prophet Mohammed’s tomb was said 
to be held in mid-air by the action of strong magnets. Plateau took on this myth 
and conclusively proved the impossibility of a stable equilibrium for the tomb in 
any arrangement. For his argument it is essential that the distance between elements 
appears with exponent —2 in the laws of electromagnetism. Were one to substitute 
another exponent in these laws, the situation would be different. Experiments were 
conducted to illustrate this. 

The following observation belongs to the realm of mathematical recreation. 
Given any odd number q, not divisible by 5, say gq = 7, and any integer d between 
1 and 9, say d=9. Then a digital number formed by a suitable repetition of d, 
that is, a number of the form ddd---d, is divisible by q. In our case we find that 
999999 = 7:142857. In other words: For a correctly chosen natural number m, 
here m = 6, the number 10” — 1 is divisible by q. 


3. The normal pressure on an interface, due to the existence of surface tension 
is, per unit area, equal to 


1 ; ; ; 
p=o (x + x} , o = surface (or interfacial) tension. 


Thus the conditions of equilibrium for the boundary surface of a liquid which is 
free from the influence of gravity are expressed by the equation 


_171 L) 
H=, late = const. 


Here R, and R, are the principal curvature radii of the surface and the quantity H 
is called its mean curvature. If the surface has a representation of the form 
z = f(x,y), then we have 


+ f2+f3P2 


In Figure 1 various types of surface curvature are illustrated. 
Plateau’s investigations of the effects of capillary forces may well be viewed as 
grand variations on the theme H = const, which, in the framework of analysis, 
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H<0 H>0 
. Q 
———- r=) 
H=0 H=0 
Fic, 1 


turns out to be a non-linear second order elliptic partial differential equation, often 
called the Laplace-Young equation by surface chemists. Taking up a suggestion 
made by Segner in 1751, Plateau got rid of the effects of gravity in the following 
way. He formed a mixture of alcohol and water of precisely the same density as olive 
oil and then introduced a quantity of oil into the mixture. Under the action of sur- 
face tension alone the portion of oil assumes the form of a sphere, never any other 
form. This fact seems to substantiate the mathematical theorem that a closed sur- 
face of constant mean curvature must bea sphere. Plateau was well aware of the 
difficulties connected with this proposition. Only much later, in 1900, Liebmann 
proved the theorem that every convex surface of constant mean curvature is a sphere. 
A more general earlier attempt of Jellet, who already in 1853 considered starshaped 
surfaces, seems to have been overlooked by the mathematicians. Neither theorem, 
of course, answers the question about the shape of a general closed surface of constant 
mean curvature. Aside from the sphere (of genus g = 0) could there be such ring- 
type surfaces (of genus g = 1), or pretzel-type surfaces (of genus g = 2) etc.? See 


YS Sd 


g=0 g=1 g=2 
Fic. 2 


In physical terms: Are there bodies, different from spheres, in equilibrium under 
the sole influence of surface forces? Experimental evidence seems to negate this 
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question. At this point a distinction has to be brought out between physical and 
mathematical surfaces. A physical surface appears as boundary of a domain, i.e., 
as the interface separating a quantity of matter from its outside, and thus obviously 
cannot possess self-intersections. Physical surfaces are also called simple. A mathe- 
matical surface, on the other hand, may well intersect itself. The difference is illustrated 
in Figure 3. 


convex physical mathematical 
surface surface surface 
Fic. 3 


In 1951, H. Hopf proved that a closed (mathematical) surface of genus zero, 
i.e., a sphere-like surface, having constant mean curvature must in fact be a sphere. 
A few years later the Russian mathematician A. D. Alexandrov, using ingenious 
arguments which were often copied in later years, demonstrated that any physical 
surface of constant mean curvature and of arbitrary genus by necessity is a sphere. 
It takes Alexandrov’s proof to answer the physical question. The general question, 
however, continues to remain open: It is not known today whether there are closed 
surfaces of constant mean curvature other than the sphere. Here we have one of the 
outstanding problems of global differential geometry. Most mathematicians do not 
even try any more to answer it. 

Instead of characterizing our surfaces by the constancy of their mean curvature 
we could have, as we did at the outset of this lecture, described them as surfaces of 
minimum area. There is indeed a close connection with the isoperimetric problem. In 
its classical form this problem calls for the determination of a region of prescribed 
volume whose boundary has minimal surface area. It can be shown that a closed 
surface has constant mean curvature if, and only if, its area is stationary with respect 
to volume-preserving variations. For non-simple closed surfaces it is, of course, first 
necessary to generalize the notion of volume. What has to be done can best be 
explained on the example of a closed curve in the plane and the area enclosed by it. 
For an oriented closed curve @ we define the order of a point p not situated on @ as 
the algebraic number of times @ winds around p. For each point in a connected com- 
ponent R of the complement of @ the order is the same integer, as indicated in 
Figure 4. 

Denoting the various components by R,, their areas by | R; | and the corresponding 
orders by d,, the area enclosed by @ is now defined as the weighted sum 2» d, | R|| . 
The definition of the volume of a closed surface is now evident. 
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4. Leaving the case of equilibrium in the presence of surface forces only, we shall 
now briefly consider a situation in which external influences, say gravitational forces, 
are present. Thenthe mean curvature of the interface under consideration is no longer 
a constant but rather a (linear) function of the space variables. Typical examples are 
liquid drops, supported by or suspended from a horizontal plane, liquids in tubes and 
containers, bubbles, menisci, etc. See Figure 5. The liquid contacts the supporting 


sessile drop pendant drop liquid in tubes 


Fic. 5 


boundary at a certain contact angle «. This angle varies from almost zero for liquids 
that ‘‘wet’’ the solid boundary to about 140° for mercury on glass. For fats on wool 
as an example we have « = 0, incidentally, a problem for stain removers. Under 
ideal circumstances the contact angle, however elusive its actual experimental deter- 
mination may be, can be considered as a material constant. 

Let us look at the sessile drop. What is its shape? In a coordinate system with 
vertical z-axis (parallel to the direction of gravitational forces) the boundary of the 
drop satisfies the differential equation 


H = az+b 


in which a and Db are certain constants. The solution of this harmless looking elliptic 
partial differentialequation poses formidable difficulties, particularly if one, as he must, 
tries to satisfy the correct boundary conditions. Were we allowed to assume the drop 
to be rotationally symmetric the partial differential equation above could be trans- 
formed into an ordinary differential equation. Even in order to solve the latter, one 
has to take refuge in numerical computations. So far, however, it has never been 
demonstrated that the assumption of rotational symmetry is warranted. Such a 
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demonstration might be feasible with the help of a symmetrization process. Consider 
a sessile drop which is not axisymmetric. Replacing each of its horizontal cross sec- 
tions by a circular slice of equal area in the same height and suitably shifting these 
slices, a new shape with rotational symmetry could be obtained. Its volume as well as 
the potential energy of its parts are the same while its surface area has been dimin- 
ished. For a drop whose total potential (surface and gravitational) energy is already 
an absolute minimum this would not be possible. To complete the argument, however, 
one would have to convince oneself that the symmetrization could be performed in a 
way which would not change the contact angle between the drop and its supporting 
plane. Trying to avoid energy considerations and a discussion of the physical aspects 
altogether (large drops may be unstable and disintegrate, etc.), I shall formulate the 
problem in a purely geometrical form as follows: Let S be a (mathematical) surface 
of the type of the disk (a precise definition will be given later, in section 7) whose 
mean curvature at each of its points (x, y, z) is a linear function of the vertical coor- 
dinate z and whose boundary meets the plane z = 0 at a fixed angle «4,0 Sa < 7. 
Prove that S has rotational symmetry. The special case where the surface is assumed 
to have a non-parametric representation z = f(x,y) and where 0S a<7/2 has 
been settled by J. Serrin.) 


5. One of the most celebrated of Plateau’s activities is of course connected with 
what is commonly called Plateau’s problem. Imagine the following experiment. Take 
a frame fashioned of one or several thin wires and dip it into a (suitably prepared) 
soap solution. Upon withdrawal of the frame a soap film spanning the wires may 
develop. This film is extremely thin so that the influence of gravitation can be neglect- 
ed and, although it is actually bounded by two surfaces, it presents the image of an 
ideal surface. Since the latter is generally open, i.e., encloses no volume, both of its 
sides are subject to the same pressure and its mean curvature must be zero everywhere. 
Surfaces of vanishing mean curvature are called minimal surfaces. Our experiment 
shows one way to realize them physically. As anybody who has ever tried his hand at 
such experiments knows, it is not every time that a soap film develops in the frame. 
There can be two different reasons for this failure: either a lack of skill on the part of 
the experimenter, or, more deeply seated, the mathematical fact that no minimal sur- 
face bounded by the curves of the frame exists at all. A classical example will illustrate 
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our point. Two coaxial unit circles in parallel planes will bound a ring-type minimal 
surface, in fact the well-known catenoid, as long as they are not too far apart; more 
precisely, as long as h S 1.325 ~ 4/3. See Figure 6a. If we now move these circles 
away from each other, either vertically or sideways, there will arrive a moment when 
the minimal surface tears. It has become unstable. From this moment on our circles 
are not capable any more of bounding a minimal surface of the type of the circular 
annulus. That the catenoid disintegrates when the circles are moved apart vertically, 
a case of rotational symmetry in which the pertinent partial differential equation 
reduces to a much more amenable ordinary differential equation, has been known 
for more than a century. The limit value, ,,,, ~ 4/3, had been determined experi- 
mentally by Plateau, and its exact value was computed by Lindel6df. The intuitively 
obvious fact that the minimal surface tears, however, the circles — or, for this matter, 
any two boundary contours — are moved apart has only recently been stated and 
studied by the speaker. For the. situation illustrated in Figure 6b a detailed numerical 
table has been computed relating the limit values of h to the lateral distance d. A 
graph of this relationship is given in Figure 7. Note that the circles cannot bound a 


] 2 d 
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ring-type minimal surface, no matter how close they are, if their projections do not 
overlap. 

Having been alerted to the disquieting fact that boundary value problems for 
minimal surfaces may have no solutions at all, let us now mention a favorable case. 
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A single contour — mathematically speaking, a simple closed curve (or Jordan curve), 
no matter how bizarre, always bounds a disk-type minimal surface. Plateau arrived at 
this conclusion which he expressed in precise words, on the basis of his elaborate 
experiments. What he had formulated, of course, was in effect a mathematical state- 
ment: that a certain geometric boundary value problem always possesses a solution. 

The precise mathematical formulation of ‘‘Plateau’s problem’’ is as follows. 
Given a Jordan curve [ = {x = y(0); 0 S @ S 27} in Euclidean 3-space. To deter- 
mine a vector x(u, v) defined in the closure P of the unit disk P = {u,v; u? + v? < 1} 
such that 

(i) x(u,v)eC?(P) NCP); 

(ii) Ax = 0, x? = x2, x,x, = Oin P; 

(iii) x(u, v) maps the boundary OP onto T topologically. 

Any surface {x = x(u,v); (u,v) ¢ P} whose position vector satisfies (i), (ii), (ili) is 
called a solution of Plateau’s problem. 

If one considers the efforts (and failures) of the leading geometers in providing a 
rigorous existence proof, efforts which bore fruits only in 1930 through the pioneering 
work of Douglas and of Rad6, one will appreciate the importance of Plateau’s 
observation. It must be mentioned that for a special situation the problem had already 
been formulated by Lagrange in 1762 (the “‘birth date’’ of the theory of minimal 
surfaces) and that it had been brought again to the attention of the mathematicians 
by Gergonne in 1816. The only case completely settled for a long time was that of the 
minimal surface through the sides of a skew quadrilateral whose shape is depicted in 
Figure 8 and whose equations were derived by H. A. Schwarz in the explicit form 


x Re | (1 — w?)R(w)dw w= u tiv 


y= Re | i(1 + w?)R(w)dw, , 


R(w) = oo 
J1 — 14w+ + w8 


Z Re | 2wR(w)dw. 
Note that the function R(w) has singularities at the points w = +(./3 + D//2, 
+ i(./3 + 1)/./2. (The detailed study of the three hyperelliptic integrals and their 
periodicity properties occupies half of the first volume of Schwarz’s Collected Works.) 

The difficulties in the case of more general, even polygonal, boundaries proved 
insurmountable for another sixty years. It was necessary first to separate the question 
of mere existence from the goal of actually determining the solution surface, say, with 
the help of explicit equations, before progress was possible. Precisely this step, the 
isolation of the pure existence problem from everything else, has often been cited as 
a mark of modern mathematics. It can be found in many diverse developments. 
(Hilbert gained first fame through a comparable step, as he solved Gordan’s problem 
in invariant theory in 1888.) 
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6. The minimal surfaces which appear as solutions of Plateau’s problem possess 
many special characteristics whose detailed study seemed mandatory. After all, the 
charge to a mathematician is the same as the charge to the witness in a court of law: 
To tell the truth, the whole truth and nothing but the truth. Consequently many ques- 
tions were raised in connection with the attempts to understand all ramifications of 
Plateau’s problem and to fully describe the properties of the solution surfaces, their 
regularity, their uniqueness or non-uniqueness, their geometrical features and so on. 
For instance, while the minimal surfaces are analytic in their interior, their precise 
boundary behavior had been uncertain until five years ago. From the investigations 
of H. Lewy, the speaker and others we now know that they are, roughly speaking, as 
regular on their boundary as the Jordan curves which they span. More precisely: If 
the position vector y(@) of the Jordan curve I belongs to a certain differentiability 
class — C”’S or C™, or C®— then the vector x(u, v) defining a solution of Plateau’s 
problem is a member of the same differentiability class in the entire closed disk P. 

Another problem, in my opinion currently the most important question connected 
with the classical Plateau problem, is still open: Can a given contour ever bound 
infinitely many minimal surfaces, and if not, can one estimate the number of possible 
solutions in terms of geometric quantities of their boundary? 


7. All these questions would lead us too far. Trying rather to concentrate next on 
one particular aspect in the evolution of Plateau’s problem, I shall now make a jump. 
The existence proofs utilize, in one version or another, the so-called direct methods 
of the calculus of variations. In order to obtain a surface of least area bounded by a 
given contour One takes a sequence of comparison surfaces whose areas converge to 
the minimum value possible. It is then hoped that not only these areas but also the 
comparison surfaces themselves converge (in some sense) to a limit, hopefully a solu- 
tion surface. Unfortunately, even in the case of well-behaved comparison surfaces, 
the most unforeseen things can happen in this limiting process. This fact, among others, 
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has motivated the mathematicians to reconsider the customary definition of a surface, 
as well as the objects and quantities related to it (its boundary, its area, etc.). The 
classical concept of a parameter surface — a definition with which we all (consciously 
or unconsciously) have become acquainted in college —is often found ill-suited. 
Such a surface is defined as the mapping into space, effected by a continuous vector, 
of a domain in the parameter plane. Thus we speak of a surface of the type of the disk 
if the parameter domain is a disk, a surface of the type of the annulus if the parameter 
domain is an annulus, etc. Trying to solve Plateau’s problem we have as a first step 
to choose a parameter domain for the comparison surfaces. In doing this we may 
prejudge the topological type of the solution surface of least area which may well turn 
out to be different from that of the comparison surfaces. A number of alternate 
definitions have been suggested designed to avoid this difficulty. All of these definitions 
are rather abstract. For.the purpose of illuminating their crucial ingredient, I shall 
for a moment digress and turn my attention to a much simpler, yet analogous, con- 
cept, that of a function, which has undergone a similar abstraction process. 

I am sure we all think we know what a function y = f(x) is: a law which asso- 
ciates with every value of the independent variable x a value of the dependent variable 
y. We may have heard about objections by logicians and we may be aware of rather 
unusual “‘functions,’’ as for instance the 6-function 6(x) which is zero for all x 4 0 
and infinite for x = 0. (This ‘‘function’’ has even been differentiated by physicists!) 
Let me now interject a little anecdote. Assume there are some questions about Mr. X 
who used to live in Y-city, or Mr. X died, and we want to find out what kind of a 
man he was. Information is solicited from his former employer, from his neighbors, 
his former wife, his schoolmates, his girlfriends, his students, the FBI and so forth. 
Having available all this information we might then be inclined to believe that we 
know or can determine who and what Mr. X is, or was. For all practical purposes 
this may in fact be the case. Naturally, Iam convinced that there is more to man than 
this. There may not be more to a function. Instead of these sources of information 
before (FBI agents, girlfriends, etc.), take now a class of very well-behaved functions 
@(x) — also called test functions (these are infinitely often differentiable functions 
which vanish outside of a finite interval; we say: functions of class Cj?) — and in- 
tegrate to obtain an expression 


[. feogeax = 10). 


For every test function $(x) the integration produces a specific numerical value. In 
mathematical terms this makes L a functional which 1s linear since obviously L(¢ + w) 
= L(d) + L(w). A second important property of L is its continuity (suitably defined) 
over the space of test functions. It is easy to see that any two reasonable, say, con- 
tinuous or integrable, functions f(x) and g(x) must be identical if the corresponding 
functionals are the same, i.e., have the same values for all test functions. Since every 
unctfion is thus uniquely characterized by the actions upon it of all test functions, 
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we may actually identify our functions with such functionals. Indeed, forgetting func- 
tions altogether, we can now work with these (linear and continuous) functionals 
regardless of their origin. We then speak of distributions, and our traditional func- 
tions simply appear as special distributions, namely, continuous linear functionals 
which happen to possess a representation utilizing an integral as before. The 6-func- 
tion is a distribution; it associates to every test function (x) its value f(0) at x = 0, 
since formally 
+ oO 
[  se6edx = 40 
— 0 

In spite of, or rather because of, their generality distributions have many nice prop- 
erties and are therefore a convenient tool. They can for instance be arbitrarily often 
differentiated. In view of a formal integration by parts according to which 


[ reosenax = - [see'eoa 


(note that no boundary terms appear, and that $’(x) is again a test function), we 
define the derivative L’ of a distribution by the stipulation L’(¢) = —L(¢’). It is 
often advantageous toseek the solution to a problem in the framework of distribution 
theory. Later on it may be possible to prove that the solution actually is a function. 

For the purpose of illustrating the last remark let us mention here the simplest 
example possible. Generalizing the trivial fact that a differentiable function whose 
derivative vanishes in an interval must be a constant there, we try to characterize all 
distributions of vanishing derivative L’. In view of the above, this means that L(¢’) 
= 0 for all test functions o(x). Denote by ¢,(x) a fixed test function whose integral 
is equal to one and consider an arbitrary test function (x). Clearly, the function 
W(x) = (x) — Ado(x), where 2 = [72 d(x)dx, is of class Cy’ and [7 2p(x)dx = 0. 
Thus, setting x(x) = |~.. W(Odé, we see that also x(x) is a test function and y’(x) 
= w(x). Consequently 


oO 
L(8) = Lago + ¥) = Abs) + L(x’) = ALG.) = [edd 
—o 
Here c = L(@¢Q). In other words: A distribution L, whose derivative vanishes, is a 
constant, i.e., L is generated by a constant function. 

The preceding remarks about functions will have served to illustrate our point, 
and we now return to surfaces. Given a regular surface S (rather than a function f as 
before) we introduce an appropriate class of differential forms ® (in place of the test 
functions ¢@ before). Each form ® can be integrated over S leading to a numerical 
value. Thus we are again encountering a linear functional, and by the same abstraction 
process we arrive at a class of objects, called currents, which contains our surfaces 
as special elements but which incorporates more general entities as well. Related to 
currents are the so-called varifolds. In technical language their definition reads as 
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follows: ‘‘A varifold is a Radon measure on the bundle over an m-dimensional 
Riemannian manifold M whose fiber at each point p of M is the Grassmann manifold 
of k-dimensional linear subspaces of the tangent space to M at p.’’ A new powerful 
branch of mathematics, called geometric measure theory, created by Federer, 
Fleming, Almgren, Allard, a.o., has scored first successes by attacking Plateau’s prob- 
lem in this general framework. 


8. Let us assume that a solution of Plateau’s problem has been found in the form 
of a current or a varifold. One must then set one’s sight on obtaining a full description 
of this structure, primarily on the demonstration that it is really as close to being a 
classical surface as possible. In the process of this demonstration whose technical 
intricacies lie beyond the scope of a description here, it turns out that two kinds of 
points on the solution current must be distinguished, regular points and singular 
points. In the neighborhood of a regular point the current is manifold-like; that is to 
say, that part of the current which is contained in a sufficiently small ball about one 
its regular points is in fact a surface portion in the classical sense. As this regular pic- 
ture is disturbed near the singular points, any information concerning the size of the 
‘‘singular set,’’ 1.e., the totality of all singular points on the solution structure, be- 
comes of interest. For the simplest case of Plateau’s problem (and for two-dimen- 
sional surfaces in three-space) the singular set is empty and the solution structure is 
therefore everywhere regular. Globally it may be quite wild, possessing a number of, 
even infinitely many, handles, as depicted in Figure 9. Locally, however, it is a 
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smooth regular manifold. In more general cases, particularly if we are considering 
Plateau’s problem in its higher dimensional versions, the situation is more complex. 
It is known that the dimension of the singular set is lower than that of the solution 
structure. Precisely, how voluminous it can be under the most unfavorable circum- 
stances is an open question today. For structures of codimension one, i.e., for 
n-dimensional currents in(n + 1)-dimensional space a most striking fact was brought 
out a few years ago through the efforts of a number of mathematicians: If we have 
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such a current, its singular set will be empty as long as n < 7. For n > 7 the (so- 
called Hausdorff) dimension of the singular set cannot be larger than n — 7. The 
appearance of the limit dimension seven is most surprising. Why seven, can be 
explained by the properties of a certain variational problem, but is still hard to under- 
stand intuitively. 

More elaborate experiments suggest that the singular set may often possess a 
rather special shape. For instance, if one dips a frame made up of the edges of a cube 
in the soap solution one obtains upon withdrawal of the frame a system of thirteen 
membranes as shown in Figure 10. The singular set is one-dimensional, consisting of 


Wy 
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the branch lines, also called liquid edges, along which several surfaces meet. Plateau’s 
experiments (and the theoretical considerations of Lamarle and others) led him to 
the following conclusion which has been theoretically substantiated in concrete cases: 
In a stable configuration it is not possible that more than three membranes come 
together along a branch line; and if there are three, they meet mutually at equal angles 
of 120°. As far as the branch lines themselves are concerned, at most four can issue 
from a point where they then mutually intersect each other at equal angles of 109.47°. 
Mathematical existence proofs for surface systems similar to those depicted in Figure 
10 as well as the investigations of the nature and the regularity of the branch lines are 
still in their infancy. First progress has been made in the 1972 Princeton dissertation 
of J. Taylor. 
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9. A few words might be in order to explain the methods dealing with such surface 
systems. In studying manifolds it is a customary procedure of algebraic topology to 
triangulate, i.e., to consider a manifold as made up of triangles. Each triangle is given 
an orientation. (In Figure 11 we have employed arrows for this purpose.) An in- 
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dividual oriented triangle A with vertices a,b,c as in Figure 11 is assigned as 
boundary 0A the sum ab + bc + ca of oriented segments. Here we use the conven- 
tion ab = —ba, so that ab + ba = 0. The boundary of a collection of triangles is 
obtained by addition, as illustrated in Figure 12, where two choices of orientations are 
depicted. Depending on the orientations chosen, the boundary of the complex of 
triangles has different forms. Actually the segment bc, being an interior segment of the 


c c 
d d 
a a 
b b 


a(A,; + Az) = ab + bd + de + ca O(Ay + Az) = ab — bd — de + cat 2bc 
= ab + bd + de + ca (mod 2) 
Fic. 12 


quadrilateral triangulated in Figure 12, should not appear in the boundary expression 
at all. This can be arranged, even for the “‘wrong’’ case, if we agree to reduce every 
integer coefficient of a segment “‘modulo two,”’ i.e., if we replace every integer by the 
remainder it leaves when divided by two. Thus 


+> —] = 1(mod 2), 0 = O(mod 2), 1 = 1(mod 2), 2 = O(mod 2), -:- 


and —bd = bd(mod 2), —dc = dc(mod 2), 2bc = O(mod 2). Then, regardless of 
the orientations chosen for the individual triangles, the boundaries are the same 


modulo two. 
a b 


Fic. 13 


Let us now consider a frame of three wires as shown in Figure 13a. From soap 
film experiments we know that this frame spans a system of three surfaces which meet 
along a branch line connecting the common end points a and b of the arcs as schema- 
tically sketched in Figure 13b. In Figure 14 1n which the segment ab appears with three 
specimens (actually to be identified) an orientation is suggested for the triangulation 
of the system. 
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From 
OA, = ab + be + ca 
0A, = ab + bd + da 
0A; = ab + be + ea 
we find that 


O(A, + A, + A3) = 3ab + be + ++: + ea. 


Thus the segment ab appears in the expression for the boundary of the surface 
system. In our concrete problem, however, ab should be an interior segment of the 
surface system and the boundary should consist exclusively of the wires of the frame, 
i.e., of all the segments with the exception of the segment ab. This can be achieved if 
we this time work modulo three. Since 3 = 0(mod 3), the boundary of our surface 
system becomes 


O(A, + A, + A3) = be +ca + bd + da + be + ea(mod 3), 


which is precisely the desired expression. 

These remarks may suffice to indicate how one, working modulo a suitable integer, 
can adapt the solution procedure to various concrete problems. Whether for a given 
frame the determination of currents of absolutely least area, but modulo different 
integers, can lead to different solutions (different also in area), is a question which has 
not yet been fully answered in all cases. 


10. In conclusion of the preceding remarks concerning the modern approaches to 
the solution of Plateau’s problem it must be pointed out that these approaches until 
now have succeeded only in the determination of those solution structures whose 
area represents the absolute minimum among the areas of all competing structures 
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The existence proofs for other solutions, those whose area is a relative minimum only 
and, in particular, altogether unstable solutions, are more elusive. Here the powerful 
topological theory, named after its founder Marston Morse, has been applied with 
success only in the more classical setting of the 1930’s. Interesting theorems assuring 
the existence of unstable minimal surfaces which span a given frame have been proved 
in 1939 by Morse and Tompkins and by Shiffman. (Peculiarly enough, the subject has 
not yet been taken up again since then.) 

In order to explain these theorems it has to be understood that a surface bounded 
by the frame or, more precisely, the position vector of such a surface, can be regarded 
as anelement of a certain general function space and that the integral for the area then 
becomes a functional defined on all the elements of this space. Minimal surfaces are 
characterized by the property that their area is stationary, 1.e., for them the first 
variation of the area functional vanishes. In this sense minimal surfaces are the critical 
points for the area functional. It is true that our functional is merely semi-continuous 
but not continuous, and this fact is the cause of considerable difficulties. 

For the purpose of giving a simple illustration, however, let us now instead of posi- 
tion vectors in a function space consider points (x, y) in the Cartesian plane and let 
us focus our attention on a continuous, better still, a sufficiently often differentiable, 
function f(x, y) rather than on a (semi-continuous) functional. Stationary, or critical, 
points for f(x, y) are those points (x, y) in which the first partial derivatives f, = df/dx 
and f, = of /dy are zero. Critical points describe minima and maxima for f(x, y), but 
also saddle points and ridges. In Figure 15 a topographical map is reproduced showing 


Fic. 15 


level lines which may be thought of as the loci of constancy for a function z = f(x, y). 
We observe that there are valleys, or pits, at p, and p,. In these points our function 
possesses absolute minima so that there f,, > 0, fixfyy — fz > 0. Searching for 
further stationary points of f(x, y) let us walk from p, to p, along a certain path, 
and let us mark the point of highest elevation which we have to pass on our journey. 
In the attempt to minimize our efforts we will, of course, choose a path on which the 
highest elevation is as low as feasible. Such a path is shown as a dotted line in Figure 
15. It is intuitively clear, and can also be proved mathematically, that the point p, of 
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highest elevation on this path is a stationary point for our function, in the case at 
hand, a saddle point. 

The experience gained from the foregoing example motivates the theorems about 
minimal surfaces alluded to earlier. A typical statement is the following: Assume that 
a given contour I bounds two minimal surfaces, and that the areas of both represent 
strict relative minima. Then I’ must still bound a third, generally unstable, minimal 
surface. The proof for this statement is highly technical. 

The degree of sophistication reached by the abstract Morse theory has so far not 
been fully transferred to the concrete, but difficult, application which Plateau’s 
problem represents. A classification of minimal surfaces according to their critical 
types as well as an estimate of their number are still out of reach today. 


11. The end of my lecture is in sight. My attempts to illustrate by examples the 
influences of Plateau’s work on mathematical developments could at best provide a 
few glimpses. There are so many mathematical subjects of current interest which 
should have been, but could not be, discussed: 

Minimal surfaces bounded by a flexible, but inextensible, string (the string will 
assume the shape of a curve of constant space curvature) — 

Surfaces of least area which are forced to lie on one side of a fixed obstacle — 

Free boundary value problems where the boundary of a solution surface is 
required to lie on a given manifold — 

The intimate relations to the calculus of variations and to the theory of partial 
differential equations — 

The still incomplete existence and non-existence problems for surfaces of pre- 
scribed (but variable and not vanishing) mean curvature — 

The behavior of interfaces under varying gravity conditions — 

Investigations concerning the oscillations of liquid masses — 
to mention but a few. I should also have given an account of the powerful numerical 
methods which were created in connection with the attempts to solve the Young- 
Laplace equation, but which, far transcending their original goal, have led to new 
developments in the whole area of ordinary differential equations. By a fine coinci- 
dence the basic theoretical and numerical study of Bashforth and Adams regarding the 
shape of liquid drops was published in 1883, the year Plateau died. With the advent 
of the computer a classification of all axisymmetric solutions of the Young-Laplace 
equation has become feasible. Surveying the print-outs Huhs and Scriven as well as 
Concus and Finn discovered that the (non-parametric) equation of the pendant drop 


_(d+ ZZ xx — 22,2yZ4y + (1 + 22) Zyy 


2(./1 + 22 + zy) 


H = az+b 


possesses one particular solution z = z(x,y) with an isolated singularity, describing 
an (unstable) equilibrium configuration, a ‘‘pendant spike.’’ Subsequently Finn and 
Concus have substantiated this interesting fact by a mathematical proof. 
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12. It seems only fitting, however, that I now conclude this lecture with a few 
remarks concerning the question of stability to which Plateau and others have devoted 
a considerable amount of experimental ingenuity and theoretical attention. In prac- 
tical importance this question may well surpass that of the other problems mentioned. 
In his experiments with liquid cylinders of variable length, Plateau observed the 
phenomenon of instability. Instability occurs as soon as the length / of the cylinder 
exceeds its circumference 2zr. Then even the smallest perturbations, caused by vibra- 
tions, convection currents, an electric field, or other unavoidable disturbances, lead to 
ever increasing bulgings and contractions. The cylinder changes into intermediate 
unduloidal shapes and finally disintegrates into a sequence of disconnected spheres 
appearing in a rather regular arrangement. The speed of this decomposition process 
depends on the viscosity of the liquid and may be very slow. The process itself can be 
observed in many disparate situations — in liquid jets, in spider threads, in the melting 
of an electrically overheated wire, etc. Plateau gave several derivations of the stability 
limit / = 2xr; none can be accepted as rigorous. A mathematical approach to the 
question of (mechanical) stability proceeds as follows. One subjects the cylindrical 
shape to small, but volume preserving, distortions and studies the change of the 
surface area under these distortions. If any one particular perturbation is capable of 
decreasing the surface area, then the cylinder cannot be in stable equilibrium. Strictly 
speaking, we have here a variational problem with subsidiary conditions. When we 
consider that the first variation of this problem always vanishes for a figure in equilib- 
rium, we are led to a study of its “‘second variation.’’ There are close ties between 
the theory of the second variation and the eigenvalue problem for a second order 
elliptic partial differential equation. This was first observed by H. A. Schwarz in 
1885, who showed in his pioneering investigation of a concrete problem that the size of 
the smallest eigenvalue is crucial for the determination of stability limits. An 
extraordinary development in the calculus of variations, which cannot be discussed 
here, has taken place since. 

While the question of stability for a liquid cylinder in equilibrium has in the mean- 
time become an elementary exercise, it can still serve to illustrate one point, namely, 
the specification of physically realistic boundary conditions if the contact line is per- 
mitted to move. Particularly in view of problems of a more general nature, this 
specification deserves a careful examination. Consider a circular cylinder 


X= {x =u, y =cosv, z= sinv;0Susl,0S0S 2n} 


of fadius one and length / which is suspended between the vertical planes x = 0 and 
x = |. A small perturbation leads to the distortion of & into a surface 


LY’ = {x=u, y =[1+4+ Cu, v)]cosv, z = [1 + Clu, v)|sinv; OS u S1,0S 0S 2r}. 


Here ((u, v) denotes a function which together with its first derivatives is assumed to 
be sufficiently small, so that o| < 6, | fu < 6, | oo < ¢. The perturbation will be 
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volume preserving, if it satisfies the condition 


l 2n 1 2n 
2 C(u, v)\dudv + i) I C?(u,v)dudv = 0. 
o Jo o Jo 


The area A(x) of the lateral surface of X is equal to 27/1, while the corresponding area 
of x’ comes to 


l 2n 
A(z’) = AZ) +4 | | [2 + 2 + ]dudv + (6) 
O O 


AQ) +4 { "[e(L v)Ly(I, 0) — €(0, )L,(0, 0) ]dv 


l 27% 
4 a { [AC + C|€dudv + O(e?). 
0 Jo 


In this formula the volume constraint 1s incorporated, and the expression O(e°) 
embraces all terms whose order of smallness is e* at least. The boundary conditions 
normally considered are of one of the forms 

(i) C(O, v) = C(, v) = 0, 

(ii) ¢,(0,v) = ¢,(1,v) = 0, 

(iii) €(0,v) = CZ, v), ¢,(0,v) = ¢,(/, v). 
All three cause the disappearance of the single integral in the second expression for 
A(z’). The first set of boundary conditions corresponds to the case of a cylinder with 
fixed end circles, an experimentally realizable situation. The third set is appropriate 
for a configuration with periodicity features. It is the second choice of boundary con- 
ditions, expressing a transversality property, which appears to be in need of some 
interpretation. Visualize an experiment in which our cylinder & is freely suspended 
between vertical plates situated in the planes x = Oand x = /. We assume, of course, 
that the interfacial tensions of the materials involved allow for a contact angle of 90° 
at the plates in the first place. A perturbation, described by a function C(u, v) as above, 
will distort the originally circular curves in which the lateral surface of © meets the 
planes x = O and x = /. Owing to the hysteresis which is experimentally observed in 
connection with the contact line between media, the boundary conditions ¢,(0, v) 
= (,(1,v) = 0, according to which the lateral surface of X’ intersects the bounding 
plates at the angle of 90° also, and which thus are based on the assumption of an 
instantaneous reaction to disturbances of the contact line, merely represent a (more 
or less justified) idealization. It would be more realistic to take into account the course 
of the hysteresis as well as the time dependence of the disturbance. The corresponding 
physical law, if it would be established, might then impose a dependence between ¢ 
and ¢,, in the simplest case possibly a linear relationship of the form 

(iv) £,(0,0) = a€(0,v), 6,10) = — a€(l, 0). 
The search for suitable boundary conditions and the determination of stability limits 
for equilibrium configurations subject to these conditions — in the case of a cylinder 
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as well as in more general cases (drops, menisci, etc.) — would seem to be of physical 
and mathematical interest. 

For a number of equilibrium configurations, among them planes, spheres, 
cylinders as well as unduloids and nodoids, whose stability properties have also been 
extensively discussed by Plateau, the equations of the undisturbed surfaces are 
known — a fact which allows the explicit use of surface coordinates. Often, parti- 
cularly in more complex arrangements in which the influence of gravity cannot be 
neglected (a special example is briefly mentioned by Plateau in §424 of his book), 
the investigator is less fortunate. Here the energy function to be minimized consists 
of two parts stemming from the surface tension and from the gravitational forces, 
and the shape of equilibrium figures cannot generally be expressed with the help of 
explicit equations. Scriven and his collaborators, Huh and Pujado, have employed 
the following approach. In conjunction with the stepwise numerical generation of the 
(axisymmetric) shape of a liquid drop or meniscus, they computationally test at every 
step the validity of the Jacobi condition which, in controlling the occurrence of 
a conjugate point, constitutes a well-known criterion for stability. For a one-para- 
meter family of pendant drops of increasing volume they find that an axisymmetric 
drop with a fixed, or freely movable, contact line cannot be stable, i.e., cannot 
any more be suspended from a horizontal plane and rather disintegrates, if its 
meridional profile contains a point of inflexion. The crucial role of an inflexion point, 
which will always be present in a sufficiently voluminous drop, has been suspected 
for a long time. It would be worthwhile to develop a purely mathematical proof of 
this result which only relies on the fact that the meridional profile of the drop satisfies 
a certain non-linear differential equation as well as suitable boundary conditions, but 
which does not require the (unattainable) knowledge of this profile in an explicit 
form. 


[ Added in proof, August 1, 1974: Such an analysis has now been carried out by E. 
Pitts (J. Fluid Mech., 63 (1974) 487-508). The axisymmetric drop is stable (i.e., the 
second variation of the energy function remains positive) as long as its volume in- 
creases with its height. The occurrence of an intlexion point seems to have no bearing 
on the situation. | 

What has been said here, of course, is not intended to provide a full picture of the 
stability problem. Commenting on the general investigations concerned with the deter- 
mination of stability limits for liquid masses in equilibrium, Plateau states: ‘‘These 
investigations appear to me not devoid of interest, even from the purely mathematical 
point of view. They will probably present very great difficulties, and I shall leave the 
trouble of carrying them out to the geometers.’’ Now, a hundred years later, many 
problems have been settled, while others still wait for their solution; but all are 
important. 
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STRONG DERIVATIVES AND INVERSE MAPPINGS 
ALBERT NIJENHUIS 
To Carl Allendoerfer: For not taking the Implicit Function Theorem for granted. 


The notion of derivative as a linear approximation 1s strengthened (“strong 
derivative’’) with the result that strongly partially differentiable functions are strongly 
totally differentiable, and functions are locally invertible if their strong derivative at 
one point is invertible (Jacobian 4 0). A new version of the Implicit Mapping Theorem 
(classically the Implicit Function Theorem) is formulated which implies the standard 
Picard existence theorem for differential equations y’ = f(x, y) with only the Lipschitz 
condition with respect to y. 

This work follows and extends an idea of E. B. Leach, 


1. Introduction. The notion of derivative as providing alinear approximation to 
a function is by now well established in the mathematics curriculum: a function f is 
(Frechet-) differentiable at x) with derivative /, a linear function, if for every ¢>0 
there is 6 > 0 such that | x — Xo | <6 implies 


(1.1) | f(x) — f (Xo) — Ux — x)| S | x — Xo}. 


This definition is valid for functions whose domain and range are contained inthe 
real line, or in a finite, or even infinite, dimensional vector space. Of course, |---| 
must be defined, so the vector spaces must be normed. Also, ] must be a continuous 
linear map for a sensible theory; this is a limitation only in infinite dimensional 
situations. 

Derivatives may be denoted I, as above, or (D/),..,f'(%o), etc. In any case, they are 
continuous linear maps of one normed vector space to another; the first of these 
contains the domain, the second the image of f. 

A theory of differentiation, with theorems for derivatives of sums, products and 
compositions of differentiable functions, follows naturally. The textbooks which give 
elegant proofs of these facts in great generality include H. Cartan [1], J. Dieudonné 
[2], and S. Lang [3]; many others give a good treatment in at least the finite- 
dimensional case. 

For the somewhat deeper theorems it is necessary, or at least customary, to 
consider the derivative at more than one point, and to make continuity assumptions 
about the dependence of (Df), on x. For example, take a function whose values 
f(x, y) depend on two vectors (each with its own domain) and suppose the partial 
derivatives D, f and D,f of f with respect to the separate variables x and y exist at 
(Xo, Yo). Then f is not necessarily totally differentiable at (xo, yo). That is, setting 
Ly = (Dif ceoryoy ANd Ly = (Daf )ixo.yo), the existence of 6 > 0 for anyé > 0, such that 


969 


970 ALBERT NIJENHUIS [November 
|x — Xo | + ly — Yo| <6 implies 
f(x, yf (0s Yo) — L(x — Xo) — L(y — Yo) | S (|x —Xo| + lY-Yo ), 


does not follow. However, the hypothesis that (D,f),..) exists at all (x, y) near (Xo, Yo) 
and that the map (x, y) #(D;,f),x,y) is Continuous at (Xo, Yo), will do the trick. For 
reasons of convenience, textbooks frequently assumethis continuity for both D,f and 
D,f. 

Another example with similar continuity hypotheses for Df is the inverse mapping 
theorem for mappings f between complete normed vector spaces; in order that f be 
locally and differentiably invertible at x9 one requires not only that the linear map 
(Df),,. i8 an isomorphism (i.e., is continuous with continuous inverse) but also that 
the map x # (Df), is defined for all x near x9, and is continuous at xo. At least, that 
is how it is usually presented in the textbooks. 

The literature contains a number of variations on the notion of derivative as 
stated above. Most are weaker. In this instance we plead for a stronger notion of 
differentiability, called strong differentiability. The author found it in papers [4,5] 
by E. B. Leach, which seem to havegone unnoticed by textbook writers. The exposi- 
tion here is a partially weakened and partially extended but hopefully more accessible 
presentation of some of Leach’s ideas. 


2. Strong differentiability. In what follows, E, F, G, etc., with or without sub- 
scripts, denote normed vector spaces. U, V, W, with or without subscripts, denote open 
sets. X, Z, with or without subscripts, denote topological spaces which may or may 
not be normed vector spaces. Completeness of a normed vector space is stated any 
time it is assumed. 


DEFINITION. Let f: U > F, with U c E, be a map and /: EF beacontinuous 
linear map. Then f is strongly differentiable at x, with derivative / if for every e > 0 
there is 6 > 0 such that x,, x,¢U and |x — Xo| <0, | x2 — Xo| <6 imply 


| f (x2) —f (x1) — (x2 - x1) | s @ |X» — X4 . 


Remarks. The case x; = Xo 1s permitted above; hence strong differentiability 
implies differentiability. It also follows that the strong derivative, if it exists, equals 
the derivative. 


ELEMENTARY PROPERTIES: 


(1) If f is strongly differentiable at Xo, then f satisfies a Lipschitz condition ina 
neighborhood of Xo. | 

(2) If f: U >F is differentiable in a neighborhood of x) ¢U and if x (Df), is 
continuous at Xo, then f is strongly differentiable at xo. 
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(3) If f: U-F is strongly differentiable at xyEU, and the derivative (Df), 
exists for all xe ACU and if xX is an accumulation point of A, thenx »(Df), 
(x EA) is continuous at Xo. 


Remarks. 1. The values of the function x » (Df), lie in the vector space L(E, F) 
of continuous linear maps 4: E > F. The norm || is defined as the smallest number 
c such that | A(x) | < c| x | for all xeE. 

2. A version of the Mean Value Theorem states 


|f (x2) —f(%1)| < | x2 — x, | nP 1ODs|, 


where [x,, x2] is the line segment connecting x, and x,.Applied to x h f(x) — (x), 
where / is any continuous linear map, this yields 


| f (x2) — f(x) — (x2 - x1)| Ss | x2 — x, | SUP [PDs — I]. 


We give proofs of properties 2 and 3. 


Proof of 2: Takel = (Df),,, in Remark 2; and let ¢ > 0 begiven. Then there is a 
6-ball B;(x,) about x, such that | (Df), - (DF)... | <eéfor x € B;(x9). Let x,,x,€B;(Xo), 
then [x,, x2] © Bs(xo) and the inequality in Remark 2 yields 


| f (x2) —f(x1) — (Df) xo(%2 - x1) Sé | X2 — 1 F 
which shows that (Df), is a strong derivative at Xp. 
Proof of 3. Pick ¢>0 and let 6>0 be such that x4 — Xo| <0, | x2 — Xo| <0 
implies 
| f(x2) — £(%1) — (DP) axg(X1 — x1) | Ss he|x, — Xy |. 


Now, let x, ¢AOB;(x9); then there is 6’ > 0 such that | x2 — x4 | <6’ implies 
| f (2) — f (x1) — (DA)x,%2 —- x,)| S hel X2 — X4 |. 


Let 6* = min(0’,6 — | Xo —X I); then both inequalities hold for all x, such that 
| x2 — x | < 5*. Hence, for these x, we have 


| (DA) x(X2 — x1) — (Df) x(%2 - x4)| Sé | Xo — Xq . 


By -a standard homogeneity argument this proves |(D Ax, -—DP) xo | <«; hence 
x + (Df), is continuous at Xo, with xe A. 

A simple example shows that strongly differentiable functions are not necessarily 
differentiable in a neighborhood of x,. Take for example f(x) (f and x real) defined on 
[—-1,1] by f(0) = 0, f(1/n) = n~? for integer n 40, and f linear and continuous in 
the segments [1/n, 1 /(n + 1)]. (Take xo = 0.) On the other hand, the function g(x) 
with g(0) = 0, g(x) = 4x + x*sin(1/x) for x 4 0 is differentiable at 0, but not strongly; 


972 ALBERT NIJENHUIS [November 


its derivative is discontinuous at 0. Note that g’(0) 40, yet g is not monotone in any 
neighborhood of 0. This does not happen with strongly differentiable functions. 

The usual rules hold for strongly differentiable functions: closure under addition, 
scalar multiplication and composition. Also, closure under products provided, as 
usual, a bilinear product map 7: F, x F,->G is given to multiply f,: U > F, and 
f,: U>F,(U CE). 


3. Strong partial differentiability. If f depends on a parameter, f: U x X > F, 
U cE, ‘partial’ differentiability with respect to the first variable is meaningful. 


DEFINITION. f is called strongly partially differentiable at (uo, x,) if 

(i) there is a continuous linear map /: E > F (also denoted (D;f),., .,)) Such that 
to every € > 0 there are 6 >0 and a neighborhood N(xXo) of xX, in X such that | —Upo | 
<0, | u2—Uo | <6, x€N(xX,) imply 


|f (uz, x) — f(uy, x) — tu, - u,)| Ss e| uy — Uy 


(i1) the map x # f(uo,x) of X to F is continuous at Xp. 

These hypotheses imply that fis continuous at (uo, Xo). The definition applies, in 
particular, for f: U > F when U is an open set in E, X E,. Then there may be strong 
partial derivatives D,f and D,f. The next theorem shows that strong partial differ- 
entiability does imply total differentiability. Furthermore, the proof is almost 
trivial! 


? 


THEOREM 1. Let f: U-F, where UCE, X E,, be strongly partially dif- 
ferentiable with respect to both the factors E,, E, at (Xo, Yo). Then f is strongly 
differentiable at (Xo, Yo) and 


(Df) xosyoUs 0) = (Dil )eworyoy4t + Daf )(xory0)” 


Proof. Letl,: E, > F andl,: E, — F bethe two strong partial derivatives, and let 
é > 0. Thenthere are6,, 6, >0 such that 


| x1 — Xo| < 5, | x2 — Xo| < 5,, ly — yo| <5 


imply 

|f(x2, ) —f(%1,y) — Iy(x2 - x1) | s g| x2 — X14 , 
and 

|x — Xo| < 01, Ba — Yo| <0, ly2 — Yo| <0, 
imply 


f(x, y2) ~f(% 1) — Or - yi)| s e| y2— Ji |. 


Now consider all x,, x5, 1, y2 for which 


| x1 — Xo| < by, |X2 — Xo| < 6:, ly: — Yo| <2, |¥2 —Yo| < 5a; 
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then 
If (X25 2) — f(%1, 91) — (2 — X14) — ha - y1)| 

|f(%25 Yo) — f (1, ¥2) — Uy (x2 — x1) + |f (X15 2) —f(X1,¥)—- l(y2—¥:1)| 
); 


IIA 


IIA 


e(|x2—x1|+|y2—-y1 


which was to be shown. 

Recall that in the classical theorems for the existence of a total derivative (not 
strong) the continuity at (Xo, yo) of one of the partials was required. The above inequal- 
ity shows that it suffices that one partial derivative is strong (e.g., set x1 = Xo, 
Yi = Yo);it need exist only at (x9, yo). Hence, we have 


THEOREM 1’. Let f: UF, where UCE, x E,, be partially differentiable at 
(Xo. ¥o)€U with respect to both factors, and let one of these be strong. Then f is 
differentiable at (Xo, Yo). 


4. Inverse mappings. One of the strongest points about Leach’s notion of strong 
derivative is the inverse mapping theorem with only a one-point condition on the 
(strong) derivative. Let again f: U > F be strongly differentiable at x», where U c E 
and where E is assumed to be complete. One can show that, if (Df),,: E> F is an 
isomorphism, then f is locally invertible at x9. Inthe version below we allow an extra 
parameter for good measure; that will producea new version of the implicit mapping 
theorem which, though seemingly weak, is surprisingly powerful. 


THEOREM 2. Let E, F be complete normed vector spaces, Z a topological space. 
Suppose f: U-F isamap, Uc E x Z, which is strongly partially differentiable at 
(X9,Z0)€ U with respect to the first factor. Suppose, further, that 


(Dif) (x0,20): EF 


is an isomorphism. Then there exist a neighborhood N, of (X9,Z9) in E x Z, and a 
neighborhood Ny» of (yo:Z0) = (f(%o Zo), 20) in F x Z which are in (1,1) corre- 
spondence under the map (x, Zz) » (f(x, Z),Z); the inverse map (y,Z) +((y, Z), Z) is 
strongly partially differentiable at (yo, Zo) with respect to the first factor. 


In more intuitive terms, the theorem says that a family {f,,.z of maps from E to F 
is locally invertible if the family is strongly partially differentiable, and if the linear 
approximation to the member f,, of the given family is an isomorphism. The family 
{¢,} of inverses is also strongly partially differentiable. 

Note that N, and N, aregenerally not open neighborhoods asthe maps between 
them are not continuous in z, except at (Xo, Z)). Of course, x + f(z, x) is continuous 
in x for fixed z when (x,z)eN,; and y + @(y, Zz) behaves similarly in N,. 

The implicit mapping theorem asks for the full solution of the equation f(x, z) =0 
for x nearx, and z near Z,, when (Xp, Zo) is given to be one solution. Theorem 2 with 
Yo = O provides a complete local solution, with x parametrized by z, namely x = ¢(0,z). 


974 ALBERT NIJENHUIS [November 


This is a typical way in which “implicit function theorems’’ are obtained from 
‘inverse function theorems.’’ Therefore, there is little need to mention each time the 
‘‘implicit’’ theorem that corresponds to an “‘inverse’’ theorem. 

The remainder of this section is devoted to a detailed proof of Theorem 2. It is a 
rather straightforward adaptation of proofs of a more traditional version. The first 
part establishes the existence of ¢ and its continuity at (yo,Z>), and depends heavily 
upon the completeness of E. The second part uses this ¢@, but makes no further appeal 
to the completeness of the normed vector spaces. This approach makes possible 
separate use of these parts in the proof of Theorem 3”. 


PaRT I. Define f* by 
F*(, Z) — A~*(f (Xo + - Z) ~ Yo)s A= (Df) (xor20)° 


then f* maps the open neighborhood U* = {(x — Xo, z) | (x,z)EU} of (0,2,))E€ EX Z 
into E; and f*(0,z,.) = 0. Furthermore, f* is strongly partially differentiable at 
(0, Z)) and the derivative is idg. Hence, there exist r > 0 and an open neighborhood W 
of Z, in Z such that, for all ze W and for all €,, €, in the closed r-ball B. about 0 in E 
we have (¢,,z)¢ U* (i = 1,2) and 


(4.1) f*(E2.2) —f*(En2) — (G2 -— 8) S81 - G1 
and also 

(4.2) - [f*(0,z)| <r /3. 

Let Ce B,, ne B,,3 (open r/3 ball), and define 

(4.3) AyAlS) = 6 —f*(6,2) +03 


then h, , maps 8B, into itself, because, setting €; = 0, €, = & in (4.1) we find 
[hy S)| Sn] + [f*O,2] +4] é| <75 


we have used (4.2) in the second estimation. 
Also, h, , is a shrinking map, as by (4.1,3) 


[Fy 2(S2) ~ My cE) | S| Sa S41]. 


By the contraction property for complete metric spaces, such as B,, h, , hasa unique 
fixed point €; this defines a function $*; $*(y,z) = € for (y,z)e NZ = B,,3 x W.So 
we have € = h, .(€); or 4 = f*(€,z); or 


(4.4) y= S*(O*(n, z); z). 


The uniqueness of @*(y, z) as solution of (4.4) implies #*(0, z)) = 0. The continuity 
of f* at (0, zp ) implies that the inverse image Nj of NZ under (€, z)  (f*(€, z), z) is a 
neighborhood of (0, z)), though not necessarily an open one. The uniqueness property 
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implies that (é,z) ¥(f*(€,z),z) gives a one-to-one correspondence between 
N% and N%; the inverse map is, of course, (n, z) ++ (6*(n, z), Z). 
Let (y;,z)EN, (i = 1,2); then (4.1) holds for €; = $*(n;, z), and we have 


m2 — 11 — O* (M252) — $*(n1,2)| $3 |O*(n2,2)-$*(m1,2)| 
from which follows (by |a — b] =| |a| —|6|)) 
(4.5) | O*(42,2) — $*(n1,2)| S3|n2 — 1 |. 
We also have 
f*(P*(0, Z), 2) = 0. 
By (4.1) with €, = 0, €, = $*(0,z) this implies 
| — £*(0, z) — $*(0, z)| $$| ¢*(0,z) 


9 


hence 

(4.6) | $*(0, z)| $ $|*(0, 2). 

Properties (4.5,6) imply that @* is continuous at (0, Zo). 
Now define 

(4.7) P(X, Z) = Vo t AP*(X — Xo, Z)3 

then (4.4) becomes 

(4.8) y = f(O0, 2); 2), 


and the maps (x,z)#(f(x,Z),z) and (y,z) #(@(y,2Z),z) are one-to-one corre- 
spondences between the sets 

N,= {(x, z) | (x —_ Xo, Z) ENT} 
(4.9) 

N2 = {(,2)|(A7" — Yo), 2) ENG}, 
which are, respectively, neighborhoods of (Xo, Zo) and (jo, Zo). The map @¢ is con- 
tinuous at (yo, Zo). 

PART II. We now prove that @ is strongly partially differentiable at (yo, Z)), and 
that (Di)y..2,) = 4°. For (y,z)E€N2 (i = 1,2) we have (4.8); hence, setting 
x, = PY; Z) 

| P(v25 Z) — f(¥1,2) — A-*(y2 = y1)| 
= |A“*Lf (x2, Z) — f(X1,Z) — A(X2, x1)} | 
<|A-*| |f(x2, 2) —f (x1, 2) — A(x, — x1)|- 


976 ALBERT NIJENHUIS [November 


Lete>0,e<4 | A-} | -1 then there are 6 > 0 and a neighborhood N(z,) of Zo as in 
the definition of strong partial differentiability of f. There are 6’ and N’(z9) < N(Zo) 
such that, if ly — Yo| <0’, zEN'(Z,) then | PCy, Z) — Xo | <0. Let | ¥i-Yo | <6’ 
(i = 1,2), ze N’(Z,); then we have from the above: 


| P(2,2) — $011, 2) — A“ "(ya — yd | S [A7* | e(| O(2, 2) — 601, 2) |). 
This implies first (again use | a — b| = | | a | — | b | ) the crude estimate 
| P(y2.z) — O01,2)| Sef Av" P-*[4-* | [yn yi] S 247" | [2-1 | 
which then yields the finer estimate 
| b(¥2,2) — (V1, 2) — AW *(y2 — yx) | S 2e[A7* |?| 2 — 1 |- 


This, together with the continuity of z / @(jo,Z) at Zo proves the strong partial 
differentiability of @ at (Jo, Zo). 

The proof is noticeably simpler, of course, when no parameter z isinvolved. The 
reader is urgently advised to write up the simpler proof of that case, as the simplified 
argument should be very clarifying. 


5. Additional hypotheses. The classical implicit mapping theorem considers the 
equation f(x, z) = 0, with hypotheses to assure that x is a differentiable function of z. 
This raises the more general question of strengthening Theorem 2 by adding to the 
hypotheses. We consider only two cases, whose treatment is not completely routine: 

(1) fis partially differentiable with respect to z; 

(2) fis strongly partially differentiable with respect to z; 
in this latter case we allow an additional parameter for good measure, and make a 
small change in the notation. 


THEOREM 3’. Let E,F be complete normed vector spaces, Z a normed vector 
space. Suppose f: U > F is a map, U CE x Z, which is partially differentiable at 
(Xo, Zo) with respect to both factors; suppose the first of these is strong. Suppose 
further, that (Dif) ¢<9.29): E > F is an isomorphism. Then there exist a neighborhood 
N, Of (Xo, Zo) in E x Z and a neighborhood N, of (yo; 20) = (f (Xo; Z0)3Z0) in F x Z 
which are in (1,1) correspondence under the map (x,z) #(f(x, Z),Z); the inverse 
map (y,z) + ((y, Z),Z) is partially differentiable with respect to both factors at 
(Yo: Zo); the first of the partial derivatives is strong. 


Proof. By Theorem 1’ the hypotheses imply that (x, z) h (f(x, z), z) is totally 
differentiable at (xo, Z,), its derivative is an isomorphism and by Theorem 2 it has an 
inverse (x, y) ++ (@(x, z), z) which ts strongly partially differentiable, hence continuous 
at (Xo, Zo). It suffices to show that this inverse is differentiable. The proof of thisis 
the classical prototype of Part II. 


THEOREM 3”. Let E, and F be complete normed vector spaces, E, a normed 
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vector space and Z a topological space. Supposef:U > Fisamap,U cE, x E, x Z, 
which is strongly partially differentiable at (X9,Uo,Z 9) with respect to E, Xx E>. 
Suppose further, that (Dif) ¢<o,4u9,20): E1 > F is an isomorphism. Then there exist a 
neighborhood N, of (X9,Uo,Z9) in E, x E, x Z and a neighborhood N., of 
(Yo: Uo, Zo) (where Yo = f(Xo, U0, Z0)) in F X E, x Z which are in (1,1) corre- 
spondence under the map (x,u,z)»(f(x%,u, z),u,z); the inverse map 


(y, U, Z) +> (P(), u, Z), U, Z) 
is strongly partially differentiable at (yo, Uo, Zo) with respect toF x E,. 


The proof follows that of Theorem 2. First, following Part I we consider (x, u, z) 
t>(f(x,u,Z),u,z) as a family of maps E, > F depending on the parameter (u, z). 
The contraction property, for which the completeness of E,; is essential, assures the 
existence of (y,u,z) #(O(y,u,Z),u,z) and its continuity at (yo,uUo,Z 9). Then we 
apply Part II to (x,u,z) H(f/(%, y,z),u, z) as a family of maps E, x E,->F x E, 
depending on the parameter z. This family is strongly partially differentiable; and it 
has an inverse family (y, u) + (@(y, u,z),u) depending on z; Part II shows that the 
inverse family ts strongly partially differentiable. 


6. The Picard Theorem for differential equations. We are concerned with the 
existence and uniqueness of solutions of the initial value problem 


(6.1) u’ = &(t,u), u(0) = uy 


assuming that % is continuous and satisfies a Lipschitz condition in u. Although 
these hypotheses do not assume any differentiability of %, it is nevertheless possible 
to prove the Picard theorem as a consequence of the Implicit Mapping Theorem as 
given in Theorem 2. In fact, if one traces through the proof of Theorem 2 with the 
Picard theorem in mind, one finds pretty much the traditional proof; the main 
difference lies in a somewhat smoother wording. In any case, the realization that both 
theorems are essentially the same is a positive gain. 

It suffices to assume (without loss of generality) that %§ is defined on a set 
[a,b] x Bp, where the real interval [a,b] contains 0 (it may be an endpoint) and 
where By is the R-ball about the origin in a complete normed vector space E,. The 
Lipschitz constant for this domain is denoted L. The values of % lie in E, (or in the 
naturally isomorphic space L(R,E,); u’ may be considered as having values in 
either one). 

The Picard theorem asserts the existence of a 6 > 0 and a neighborhood V of 0 
in E, such that a unique solution wu satisfying (6.1) exists with domain 


(—6,6) N[a, b] 


and initial value uy eV. In addition, the dependence of u on uy is Lipschitz. 
There may also be additional parameters on which %§ depends; this matter is 
briefly discussed at the end. 
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Let a be real, then the conclusion of the Picard theorem is equivalent to the 
assertion that there exists 6 > 0 such that, for | a | <6, «e[a,b| the initial value 
problem 


(6.2) u’ = a (at, u), u(0) = uo 


has a unique solution on the unit interval J = [0,1]. The equivalence is obtained by 
the change of variable t > at. 

The proof is accomplished by constructing an appropriate function f(x, z), and 
inverting it by Theorem 2. Using the same notation as in Theorem 2, E is the space 
C1(I, E,) of C’ maps u:I > E, with C' norm 


? 


|u| = sup | u(t) | + sup | u'(t) 
tel tel 


U is the set of u with |u| <R. 

Z is [a,b]; so for «eZ the segment [0, «| belongs to [a,b]. The image space F 
is E, x C0, E,); the second factor with sup norm. Thus, both E and F are complete 
normed vector spaces, and 


(6.3) B: u H(u(0), u’) 


is an isomorphism of E to F. (The proofs of the statements in this sentence are 
instructive exercises.) 

The map f is now defined as a pair (f;,f,), where f, has values in the first factor 
E,, and f, has values in C9, E,); so the values of f, are continuous functions 
I>E;: 


(6.4) filu,a) = uO), — f(u, x) (t) = u(t) — w & (at, u(d)). 


For Xx) and z in Theorem 2, we take the zero elements of C'(I, E;) and of R. 
Thus, the known solution (Xo, Zo) of f(x, z) = 0 is the trivial solution u = 0 of the 
initial value problem (6.2) with « = 0, uy = 0. 

To apply Theorem 2 its hypotheses have to be verified; 1.e., we have to show that 
(Dif) 0,0) exists, is strong, and is an isomorphism. The resulting local inverse map @ 
will satisfy f(@(y,z),z) = y; where y = (y1,y2); we take y, = u,eEk,, 


yz = 0E CC, FE) 
(constant map), z = «; then u = (uo, 0, «) satisfies f,(u,«) = uo, f,(u,«) = O;iL.e., 
by (6.4) 
u(0) = uo, u'(t) — « &(at, u(d)) = 0, 


which means it solves Picard’s problem (6.2). The strong partial differentiability of 
at the zero element of F x Z results in a Lipschitz dependence of u and u’ on uy for 
| OL | small but not zero. 
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To prove the hypotheses of Theorem 2 we first show that of (6.3) is the derivative 
(Dif) 0,0); We set B,(u) = u(0), B2(u) (1) = u(t). We choose ¢ > 0 and try to find 6, 
and 6, >0 such that 


Jur |<6,, |u,|<6,, |«| <6, 
imply 
Jf(41,%) —Si(2,0) — Bi(uy — u2)| S elu, — uy | 
and 
| fa(u1s %) — fo(ua, 0) — Bo(uy — u2)| S elu, — uy|. 


The first of these is trivial, as f,(u,«) = B,(u) = u(0). The left side of the second 
inequality is equal to 


sup | u(t) — a Bat, wy(t)) — w(t) + 0 Flat, ua()) — (uj (A) — u3()|1 


= sup | (at, wx() — 0 F(a, uo())| Soe] - L sup |ui(1) — ua(0)| 


IA 


lar|- Le [uy — ug), 
and this is < | uy — Uy | when 6, = R, 6, = é/L. 
Last, we show that f(0, «) is continuous in « ata« = 0: 


| £100, a) — f1(0, 0) | = 0, 
[/2(0,9) ~f,(0,0)| = sup |a F(t, 0)| 


< ja] sup | &(t, 0) |. 


As sup|% | is finite, the proof is complete. 


The matter of dependence on parameters (classically one takes % (t, u, 2) instead 
of %(t,u)) can very eleganty be handled by considering % itself as a parameter; i.e., 
one considers all maps %§ near a map Wp ina parameter space Z’ with an appropriate 
topology. For example, Z’ could consist of all continuous maps % on [a,b] x Bp, 
with values in E, and with Lipschitz constant <L; distance defined by 


sup BAG u)— Ot, u) |. 


Then f and ¢ will depend continuously on %. 
Another interesting possibility lies in a vector space E, of functions (same 
domain and range as above) with norm 


| ¥| = sup|G(t,u)| + Lip (BH); 
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then f and ¢ depend strongly partially differentiably on % at « = 0. The reader may 
want to work out some consequences. 


7. Additional comments. The work of Leach [4, 5] introduces the strong de- 
rivative, and proves the implicit mapping theorem (our Theorem 2; without the 
parameter), in addition to other results. The strong partial derivative seems to be 
new, and is vital in obtaining Theorems 1 and 2. In fact, it would be most interesting 
to build up a theory just for strongly partially differentiable functions f: U > F, 
U cE x X for various E, X, F, etc., where X,is visualized as some immense param- 
eter space of ways in which f can be varied. Theorem 1 would then be generalized 
to the assertion that iff: U->F,U cE, x E, x X is strongly partially differentiable 
at (Uo, Vp, Xo) with respect to E, and also with respect to E,, then fis strongly partially 
differentiable with respect to E, x E,. Together with Theorems 2 and 3” this would 
be the foundation for a very elegant theory of functions of several variables. Functions 
of a single variable would fit in well; also: the formulas for strong derivatives of the 
functions of elementary calculus are deduced just like the usual ones. 

The method of proof of the Picard theorem from an implicit mapping theorem 
is not new; applications of this type came up after 1960 in several places stimulated 
by books such as the first editions of [1,2,3]. A proof of the Picard theorem for 
differentiable f along these lines is found in a paper by J. W. Robbin [6]. What is 
new in the present paper is the return of the Lipschitz condition. 


Research partially supported by an N.S.F. grant at the University of Pennsylvania. A lecture 
covering part of this material was given by the author at Swarthmore College in 1969. 
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HOW I BECAME A MATHEMATICIAN 
K. MAHLER 


As I am now slightly over 70, my memory is not particularly good, and some of 
the dates may be slightly wrong; but the facts will be essentially correct. 

My twin sister and I were the 7th and 8th children of my parents; four of my broth- 
ers and sisters had died before we two were born on July 26, 1903. My parents were 
middle class Jews, and, with all my four grandparents, came from the lower Rheinland, 
Prussia, Germany. My birthplace, Krefeld, not far from the Dutch border and on 
the western side of the river Rhein, was thenarather pretty town of about 100,000 
inhabitants. The main industry in those days had to do with silk and its uses. 

My father and several of my uncles worked in printing and bookbinding. We 
had a small printing firm dealing mainly with commercial work, and my father had 
started at the bottom since none in our family was well to do. The printing firm lasted 
till the coming of the Nazis in 1933, and my only surviving brother was due to take 
over the firm when this happened. 

There was no academic tradition in our family or in those of my relatives, and it 
is doubtful whether I should have ended at a university if I had been in good health. 
Weall were great readers, and weread anything we could get, without much discrimi- 
nation. In those days (but not after the First World War), our home was still run on 
strictly orthodox Jewish lines, and we were also all good German patriots. Krefeld 
belonged to Prussia, was in a mainly Catholic district, and there was even then a 
certain amount of anti-Semitism, although more as a reminder of the past. 

My twin sister was very healthy, good at languages, and later an excellent business 
woman, but mathematics was not in her line. She had one child, but died early in 
the Nazi period; her husband is still alive. My brother was less intellectually inclined. 
He served in the First World War in France until he was very badly wounded and 
therefore released from the army with the Iron Cross and a promotion. He and his 
wife, and many more of my relatives, were put to death in German concentration 
camps during the Second World War. My elder sister, now over 80, is still alive. 
She, her husband (recently deceased), and her only daughter have been living for 
many years in the Netherlands. Both she and her husband were mainly interested in 
music. In contrast, although I can somewhat appreciate the great composers from 
Bach to Beethoven, I find most of the earlier and the later music mainly noise and 
nuisance! I have always preferred things I can see to things I can hear. 

My health never was good. At about 5, I became a victim of tuberculosis in my 
right knee. There was no good treatment in those days, and after an operation when 
I was about 8, the knee became stiff, the leg bent at the knee, and there was for many 
years an open wound. I was thus very much hindered in walking. This remained so 
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until 1937 when the doctors finally could remove the infection, straighten the leg, 
and once and for all get rid of the disease. 

Between my 7th and my 11th year I was at school only for short periods, but had 
some private tuition at home in the three R’s. Then, until I was not quite 14, I 
went to the Volksschule (elementary school), a Jewish one, where in spite of the small 
staff, the teaching in the true Prussian spirit was surprisingly good. It involved only 
elementary subjects and did not include mathematics, apart from arithmetic. My 
worst subject was Schénschreiben (calligraphy), but in later years I was to acquire a 
very satisfactory way of writing. 

When I left the Volksschule some three months before my 14th birthday, my 
parents thought I should try to become a Fein-Mechaniker (precision mechanic) 
because this would allow me to work sitting. To prepare for this, I went for the next 
two years to elementary technical schools in Krefeld. It was there that I made my first 
contacts with elementary algebra and geometry, and I think that this was the moment 
when I decided to become a mathematician. In the summer vacation of 1917, on my 
14th birthday, I bought a logarithm table and spent the vacation most pleasantly by 
doing all kinds of calculations with it. Soon afterwards, I obtained books on trigono- 
metry and analytic geometry, and a little later, books on calculus. By about 1919 I 
began the study of books of university standard', learning about groups, invariants, 
sets, and a little later, about analytic functions, elliptic functions, modular functions, 
number theory, non-Euclidean geometry, etc. I had no teachers to help me, and I 
therefore tried to teach a couple of my fellow scholars at the technical school some 
of the pretty things I was attempting to understand! 

About this time, in 1919, I entered a machine factory in Krefeld as an apprentice. 
The reason for this was that, if I could conclude the apprenticeship, I might be allowed 
to enter a Technische Hochschule (technical college), without first passing the very 
difficult Abiturienten-Examen (university entrance examination). At such a Technische 
Hochschule I should then be able to study mathematics. 

The machine factory made machines for producing screws and bolts, some of 
them quite large, but all rather simple mechanically. I spent one year at their drawing 
office and not quite two in the factory itself, learning to handle simple instruments 
and machines. The technical drawing proved later very useful in my own work and 
also enabled me to help colleagues with such drawings, e.g., L. J. Mordell’. 


I was in the factory not quite three years. Then a happy accident happened. The 
director of the local Realschule (i.e., headmaster of a middle school), a very good 
mafhematican and former student of Christoffel, learned of my studies and sent 
some of my attempts to Felix Klein in Gdttingen®. Klein, who was already old and 
in bad health, gave these to C. L. Siegel who was then doing research in Gottingen, 
for a report. Siegel found a number of errors, but recommended that I should be 
helped to pass the Abiturienten-Examen so that I could proceed to a university. 


As a consequence, several teachers at the Realschule helped me in the next years 


1974] HOW I BECAME A MATHEMATICIAN 983 


with languages (French and English) and other subjects, and at last, in the summer 
of 1923, I was admitted as an outsider to the Abiturienten-Examen. 

At this time, under the Weimar Republic, Prussia had a very liberal government, 
and they allowed me, against the usual rules, to take the examination at the Ober- 
Realschule in my home town, rather than elsewhere. This was of great importance, 
for it was the time of the great inflation in Germany, of the French occupation of 
the Ruhr, and of the pro-French separatist movement in the Rheinland; there was 
even some shooting in Krefeld between the separatists and the police. 

The subjects of my examination were German, French, English, Mathematics, 
Physics, Chemistry, History, Geography, and possibly some more which I have for- 
gotten. For five successive days I was given written tests in the different subjects, 
and then I had to endure an oral examination. I just passed in most of these subjects, 
and I obtained good marks only in mathematics, physics, and history. But I was 
successful, and hence a couple of months later I was able to enter the University of 
Frankfurt am Main as a full student, shortly after I had reached the age of 20. 

I stayed in Frankfurt for three semesters until early 1925, and from then until 
the coming of Hitler in 1933 studied and did research at the University of Gottingen*. 
Then came the exodus, and, except for two years at the University of Groningen in 
the Netherlands, I stayed for more than a quarter of a century at the University of 
Manchester, England. But by this time it had of course become clear that I had 
become a mathematician! 


Notes 


1 My main advanced bocks before I went to the University were as follows: Pascal, Repertorium 
der Mathematik, Vol. 1, Section 1; Cesarc-Kowalewski, Algebraische Analysis; Clebsch-Lindemann, 
Geometrie,; Klein, and Klein and Fricke, Das Ikosaeder; Modul-Funktionen; Automorphe Funktionen, 
Hilbert, Grundlagen der Geometrie; Bachmann, Zahlentheorie (several volumes); Landau, Primzahlen; 
Knopp, Analytische Funktionen. 

2 See Mordell’s papers cn geometry of numbers, mainly J. London Math. Scc., between 1941 
and 1945. 

3 My notes dealt with irrationality cf certain series; the sclution of a quartic equaticn by means of 
Klein’s Oktaeder equaticn; and with three-dimensicnal hyperbolic geometry. They were sent tc 
Klein at different dates. 

4 My teachers in Frankfurt were Dehn, Epstein, Hellinger, Szasz, and in particular Siegel, who 
taught me a lct privately. In G6dttingen, I was particularly influenced by Courant and Emmy 
Noether, and more indirectly by Landau. Although then at Gottingen, I submitted my Ph. D. thesis 
Uber die Nullstellen der unvollstdndigen Gammafunktionen in Frankfurt where Szdsz acted as the exami- 
ner. This was in 1927. 
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Act. 2600, AUSTRALIA. 


REPORT OF THE COMMITTEE ON NEW PRIORITIES FOR 
UNDERGRADUATE EDUCATION IN THE MATHEMATICAL SCIENCES 


This is a condensation of the report presented tc the Board cf Governors at the August 1973 
meeting in Misscula, Montana. Full copies of the report are available free cf charge to members 
through the Washington cffice of the MAA. 


The Board of Governors, at the August 1971 meeting of the MAA, was acutely 
aware that there are many problems now faced by the educational community. 
One of the pervasive problems is the financial crisis now faced by almost all colleges 
and universities. Another is the recent change from a rapidly expanding national 
student body to a stable or decreasing one and the effect of this change on employ- 
ment prospects. With these concerns and others in mind, the Board of Governors 
passed a resolution requesting President Klee to appoint an ad hoc Committee on 
New Priorities for Undergraduate Education in the Mathematical Sciences. This 
Committee was asked to “identify the most important problems that have arisen 
in mathematical education and to recommend initial steps leading to their solution.” 
The task is not to find masks to disguise the problems, but to assess the present 
situation and to suggest ways we might go from here. 

The Committee finds more problems than solutions, and most of the problems 
lack the precise formulation that mathematicians desire. The Committee also finds 
that CUPM has already considered and made important inroads into a number 
of these problems, but many of them admit no permanent solution. While this 
Committee does not believe that it has identified all of the problems or all of the 
solutions, we do believe that we have identified some very serious problems now 
facing the mathematical community. 


Some Problems and Recommendations. 


We face a host of educational, social, professional and economic problems. 

(A) The image of science and mathematics to the student. Many students regard 
physical science and mathematics to be either irrelevant or dangerous to society. 
(See references [9], [11], [14], [15], [16].) 

(i) We urge continuing development of courses on the nature of mathematics and 
its application to society. Experiences of teachers who have given such courses would 
be helpful. 

(ii) We need to improve the image of mathematics and mathematicians. The Cor- 
poration of Public Broadcasting or other agencies may help us reach the public. 
Articles suitable for the popular media should be encouraged. 


(B) The mathematician as an inhabitant of the ivory tower. Many people who 
recognize that mathematics is important believe that much current mathematical 
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training is not particularly useful. (See [5] and [10].) We see three likely faults in 
our program. First, students often lack exposure to applied problems and modeling. 
Second, there is insufficient exposure to other disciplines. Finally, our students 
have little experience in written exposition. We must reorient our students toward 
meaningful applications, convincing them that the very formulation of a problem 
in mathematical terms is an achievement and often the major step toward its solution. 
In the past, students in mathematics were required to minor in physics or another 
science. Today, few programs require an outside minor. Without taking a stand on 
the issue of formal outside minors, we urge that 

(1) significant applications be included in our courses when appropriate, 

(ii) a course in modeling be required of all mathematics majors, 

(i11) undergraduate and graduate programs be reviewed in light of this problem. 

Thus, we should expect to require more problem-oriented courses as well as 
courses in model-building, computing, numerical analysis, statistics, probability, 
Operations research, and other sciences. Individuals with experiences to report 
should share them through the MONTHLY or the Clearing Agents (to be described 
below). 


(C) Training of high school teachers. While it is important for teachers of mathe- 
matics to study foundational aspects of mathematics, they should also learn applica- 
tions of mathematics at a level appropriate to what they will be teaching. We join 
CUPM in urging that teacher-training programs include significant applications of 
mathematics. 


(D) Relations with our non-mathematical colleagues (cf. [15, p. 36]). We recom- 
mend that 

(i) a series of articles entitled ‘“‘Mathematics and Subject X” be written for the 
Monthly outlining the mathematical background useful in Subject X, 

(i1) articles be published describing experiences in interdisciplinary projects. 

We also urge that more mathematicians study outside subjects — for example, 
by participating in seminars in Subject X for two or three years. The idea is to identify 
problems which might yield to mathematical analysis as well as to provide a bridge 
between the Department of Mathematics and the Department of Subject X. We 
should seek opportunities to teach joint courses. 


(E) Educational problems. NSF has recommended more emphasis on science 
courses for the non-science major [13, p. 27]. However, we should guard that these 
are honest courses with real content. The same NSF report states: 


“Narrowing down to the science major himself, we reiterate the need for scientists who 
will be at home in society. Let us add the hope that these scientists will find a welcome home 
in society. This requires education beyond a single science discipline and indeed beyond 
science.” 
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When projects involve mathematics, they should involve mathematicians. We 
urge the NSF and other governmental agencies to increase their consultation with the 
mathematical community about educational problems which concern mathematics. 

There are many problems in education. 

(i) Two-year colleges. We need to be attentive to the needs of the student at the 
two-year colleges, the problems of the transfer student, the staffing problems, and 
whether recent Ph. D.’s can be utilized as staff members. THE Two-YEAR COLLEGE 
MATHEMATICS JOURNAL and the MONTHLY provide suitable forums for discussion 
of these problems. 

(ii) Continuing Education. There is increasing interest in making education a 
“continuing process,”’ with alternate periods of study and work. There is also a 
need to retrain and offer refresher courses to midcareer engineers, etc. Individuals 
with ideas and experience in such courses should share their wisdom. 

The Carnegie Commission, in their pamphlet ““Less Time, More Options’’ [8] 
recommends wider use of the Associate of Arts, Master of Philosophy, and Doctor 
of Arts degrees. We feel that even though the present Ph. D. may not meet all of 
our needs, this is an inopportune time to advocate a new degree at approximately 
the same level. Instead, Ph. D. training should be broadened to include seminars 
on teaching and its relation to subject matter. 

“Open Universities” are being created. We should be active in this area to ensure 
that decisions about content and credit in mathematical subjects will be made, at 
least in part, by mathematicians. Perhaps the MAA should oversee the development 
of proficiency examinations 

(iii) Teaching techniques. While most of us have strong opinions on teaching, 
we have little, if any, scientific information. It seems time to investigate carefully 
such questions as the effectiveness of large lecture sections, programmed materials, 
teaching machines, TV, and tapes. However, we must be wary of measurements of 
short-term results, for it is the long-range effect that is important. 

In the past, CUPM has been concerned with problems of the type reported here, 
and has made many recommendations. We think it would be useful to study the 
impact of these recommendations. To fill this need as well as other information 
gathering services, we propose that the MAA appoint Clearing Agents for specific 
educational areas. Each Clearing Agent should stay informed of the current state of 
knowledge, collect and circulate information, possibly assemble a descriptive pamph- 
let, and generally endeavor to keep the community and the MAA informed of ideas 
of merit. The names of the Clearing Agents should appear on the inside cover of 
the MONTHLY. 

Descriptions of important panel discussions at national MAA meetings should 
be available through the Washington office. 


(F) The problems of society. We are not likely to find easy solutions to any of 
the problems of society. However, some problems are amenable to mathematical 
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modeling, and Clearing Agents should be appointed to help stimulate efforts. More 
mathematicians should become involved in the RANN program of NSF. In addition, 
mathematicians should join colleagues in other disciplines to formulate proposals 
concerning national problems. As an experiment we recommend the formation, 
under experienced guidance and federal funding, of a few interdisciplinary projects to 
work on important societal problems. 


(G) Employment problems. A great deal has been written about the job market 
({1]-[4], [6], [12], [16], [17]). We would like to see some changes in existing educa- 
tional programs with more of them directed toward modern applications and po- 
tential non-academic employment [7]. We all agree that we should continue to train 
the very best graduate students; otherwise, we might wipe out an entire generation 
of American mathematics ({11], [12]). We should press for a substantial number of 
postdoctoral fellowships for young Ph.D’s to enable them to broaden their education 


and usefulness. 


(H) Our relations with government. Decisions affecting mathematics have often 
been made by governmental agencies without adequate consultation with mathe- 
maticians ({11], [12], [18]). We should press for a strengthened influence in govern- 
mental decisions. While we must speak as responsible citizens, we should summon 
whatever political muscle we have in order to press our points. It is important that 
serious efforts be made to consolidate the voices of the various mathematical organi- 
zations. In particular, the activities of CBMS are of great importance and should 


be continued. 


(1) The future of CUPM. CUPM’s future is of deep concern. Virtually all problems 
reviewed here have been considered by CUPM, and many of our recommendations 
duplicate theirs. It is very important to keep CUPM operating. 


Conclusion. 


The recommendations we have made are largely of an advisory (and sometimes 
very general) nature. Some of them, we think, can be implemented by individuals 
and by individual departments directly, but others will require larger and more 
unified efforts. To assist in these efforts, we call for an increased use of the MONTHLY 
as a forum on innovation, the introduction of a Queries section in the MONTHLY, 
and the appointment of Clearing Agents in various areas of concern. The Washington 
office of the MAA should oversee and coordinate much of the above activity; 
because of these and other added duties, we recommend the appointment of an 
Associate Director. As long as CUPM survives, we shall look to it for guidance, 
although we should not depend solely on it for the generation of ideas or for their 


implementation. 
Ultimately, we feel that what is needed is improved communication within the 
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mathematical community, and with other groups in society. As individuals and as 
a community, we must not only keep alive mathematically, but we must be flexible 
and sensitive to change and to the needs of society. Projects, committees, and panels 
can often be extremely valuable in suggesting desirable changes of emphasis and 
direction for our teaching. However, if these changes are to take place, in the long 
run they must be accomplished by us in our studies and classrooms. And, if they do 
not take place, then it is likely that mathematics will drift into a narrow ivory tower. 


RICHARD D. ANDERSON BRUCE E. MESERVE 

RALPH P. BOAS WALTER E. MIENTKA 
WILLIAM G. CHINN HENRY O. POLLAK 

BuRTON H. COLVIN ROBERT G. BARTILE, Chairman 


JOHN W. GREEN 
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QUERIES 
Epitep BY A. C. ZITRONENBAUM 


This Department welcomes queries from readers about mathematics at the collegiate level, 
such as sources for exposition of a particular topic from a special point of view, references to 
vaguely remembered articles, descriptions of special kinds of courses or teaching methods, and 
methods for constructing illustrative examples for exercises of particular kinds (questions on 
research topics should, in general, be addressed to the ‘“‘Queries Department” of the Notices of 
the American Mathematical Society). Replies will be forwarded to the questioner and may also 
be edited into a composite answer for publication in this Department. Consequently all items 
submitted for consideration for possible publication should include the name and complete 
mailing address of the person who is to receive the reply. Queries and answers should be sent 
to A. C. Zitronenbaum, Department of Mathematics, Cornell University, Ithaca, NY 14853. 


13. E. I. Sheide. In order to supply role models for my women students, I would 
very much like to obtain a list of outstanding women mathematicians, both pure 
and applied, who are currently active. Brief descriptions of their accomplishments 
would be especially appreciated. 


14, P. Malraison, P. Campbell. We would like to know of any unusual (non- 
Modern Learning Aids, non-International Film Board) sources of mathematical 


films. 


15. P. Mielke. What success can be reported in using media other than textbooks, 
for example: slides, tape cassettes, movies, etc., in the teaching of the Calculus? 
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MATHEMATICAL NOTES 
EDITED BY DAVID ROSELLE 


Material for this Department should be sent to David Roselle, Department of Mathematics, 
Virginia Polytechnic Institute, Blacksburg, VA 24061, 


APOLLONIUS AND INNER PRODUCTS 
DESMOND FEARNLEY-SANDER AND J. S. V. SYMONS 


The theorem of Apollonius in Euclidean geometry asserts that the sum of the 
squares of the lengths of the two diagonals of a parallelogram is equal to the sum 
of the squares of the lengths of the four sides. This is a generalization of the more 
famous theorem of Pythagoras, which asserts the same thing for rectangles. An 
intriguing feature’ of the Apollonius theorem is that, unlike Pythagoras, it makes 
sense in affine geometry; in affine geometry one has the concepts of parallelism and 
a rudimentary translation-invariant distance which are needed to state Apollonius, 
while one does not have the concept of a right angle which is needed to state Pytha- 
goras. Of course it is one thing to say that Apollonius makes sense in an affine geo- 
metry and another to say that it is valid; its validity depends on how distances along 
non-parallel lines are related to one another. We claim that if Apollonius is valid 
then the metric, and hence the geometry, is Euclidean. 

We must be a bit more explicit. It is enough to say that an affine geometry is 
determined in all essential respects by a real vector space WY (the space of transla- 
tions), and that the distance referred to corresponds to a rudimentary length 
| ||: % +R which satisfies 


(1) forx inv 
|x| 20, and |x|| =0+x =0, and 
(2) for a in R and x in VW 
ex = fa] ll. 


We say that | | (and the corresponding distance) is Euclidean if there is an inner 
product < , ): ¥ x ¥ > R such that 


(3) forx inv 


2. 
’ 


(x9) = |x| 


by imposing this inner product on ¥ we get a Euclidean geometry. To validate 
our claim we must show that for | | satisfying (1) and (2) to be Euclidean it is 
sufficient to have the Apollonius property: 
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(4) for x and y in ¥ 
x+y]? + xy]? = 2f]? +2] yr]? 


This was proved by von Neumann and Jordan [1] in the case where 1 1 is actually 
a norm. In fact, one does not need the triangle inequality. 

Suppose then that we have a function | |: ¥° — R which satisfies (2) and (4). 
We shall show that < , )>:% x ¥ > R defined by 


(5) <x, yy = 4(| x+y]? - |x]? -|y |?) for x and y inv 


is a symmetric bilinear form satisfying (3) (and hence an inner product, if (1) is added 
to our hypotheses). 

We briefly give the ingenious proof of Jordan and von Neumann that < , > 
is bi-additive. Using (4) several times we see that for x, y and z in YW 


Adx, y> + 4¢z, y) x |? -2][2|? - 4]? 


2|x+y|?+2]2+y|?-2 


|Jxt+2y +z]? -| x+y]? -4] >|? 
=4¢(x+Zz,y>. 


Symmetry is obvious and hence < , > is additive in its second argument too. 

Let m and n be natural numbers. From additivity it is clear that for x and y in 
¥ we have <nx,y> = nXx,y>; hence m<m7'nx,y> = (nx, y> = nXx, y>. Using 
(4), which says precisely that <—x, y> = —<x, y>, we conclude that for all rational 
p (including 0) 

(PX, Y) = PXx, >. 


To get this for all real p we must first prove the Cauchy-Schwartz inequality. 
For given x and y in ¥, define a polynomial p by 


p(p) = | x 70? + 2¢x, yp + | y?. 
For all rational p 
p(p) = || px + y||? 


so that p(p) is non-negative; since p is continuous, p(p) must be non-negative for all 
real p. It follows that the discriminant of p is negative, and so 


<x, y>|? S |]? [a P- 
For any real w and x and yin YW 
(6) | <ax, y> — ax, y>| S | <(a—p)x, »>| + |(0—-a&) <x, y>| 


for all rational p; using the Cauchy-Schwartz inequality we see that the right-hand 
side of (6) can be made arbitrarily small by choosing p to be close enough to «, 
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and we conclude that 
AXX, YP = (aX, Y). 

This is the one point of our argument at which we need to use (2); and even here 
One can get by with the weaker hypothesis 
(2’) for every x in V the function « » | ox on R is continuous at 0. 

Careful readers will notice that to do this one needs the fact that | 0 | = 0; this 
is easily deduced from (4) without using (2). 

One can of course derive (3) directly from (2), but here again (4) will do the 

job. Let xe¥V and write y = x/4; then 


(x, xX) = —4¢—2y,2y) 

2||2y |? +2] -2y |? - 2/0]? 
= | 4y/? 

= ||P. 


An immediate consequence is non-negativity of < , >. 
We have proved our claim, and in fact something stronger: 


THEOREM. Let ¥ be a real vector space and let | |: ¥—+R be a function 
satisfying (2’) and (4). Then the function < , >:¥ x VW > R defined by (5) is 
a non-negative symmetric bilinear form which satisfies (3). 


There is a complex version of this theorem: if YW is a complex vector space and 
1 1 :¥Y —R is a function satisfying (4) and (2), then the function < , >:W x ¥+C 
with real part given by 


Re <x, y> = H([x + y ||? — | x? - |) 
and imaginary part given by 
Im<x, y> = Rex, iy) 


is a non-negative sesquilinear Hermitian form which satisfies (3). The Theorem 
shows that the real part of < , > is a non-negative symmetric bilinear form over R; 
one can prove the complex version by using this fact and repeatedly applying (4). 

The Apollonius property (4) played so strong a part in proving the theorem 
that one wonders whether the very weak continuity condition (2’) can be omitted 
front the hypotheses. This is not so, since even in the case ¥ = R, a function | | 
on ¥ may satisfy (4) without ¢ , > given by (5) being homogeneous. To see this, 
select a Hamel basis 4 for R considered as a vector space over the rationals; we 
may assume that 1 and ,/2 belong to #. Define | |: R —R by 


n 1/2 
Inl- (Ze). 
i=1 : 
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where x = 2 f-,6,b, is the expression for x as a rational linear combination of 
the elements b; of #. Clearly || || satisfies (4) (and (1) as well); but 


V2)? =1= 4)? 
and so < , > is not homogeneous. 
It follows easily from our theorem that for a scalar function Q on ¥ to be a 
quadratic form it is sufficient that 
(1’) for x in W 


Q(x) 2 0, 


(2”) for every x in ¥ the function « + Q(ax) on R is continuous at 0, and 
(4’) forx and yin¥ O(x+y)+Q(x— y) = 20(x%) + 20()). 


In an interesting paper, Gleason asks whether the purely algebraic conditions (4’) 
and 


(2”) for x in¥V and « in R, Q(ax) = «*Q(x) 


are sufficient and finds that they are not: these two conditions guarantee homogeneity 
of the associated bi-additive form with respect to algebraic scalars but not with res- 
pect to transcendental scalars. 
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A CHARACTERIZATION OF COMPLETELY MULTIPLICATIVE 
ARITHMETIC FUNCTIONS 


T. B. CARROLL 


An arithmetic function f which is not identically zero is called multiplicative if 
f(mn) = f(m)f(n) whenever (m,n) = 1, and it is called completely multiplicative 
(or linear) if f(mn) = f(m)f(n) for all m and n. 

Apostol [1] has given numerous characterizations of completely multiplicative 
arithmetic functions in his 1971 survey article in this MONTHLY. Two such are: 

(1) f(p*%) = f*(p) for all primes p and allintegers a = 1; 
(2) f7*(p) =0 for all primes p and all integers a = 2. 
In (2), f~* is defined by 
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[i/n] = > f(@f-*(n/d). 


It is the purpose of this note to exhibit another characterization not in the literature 
heretofore. It is based on a generalization of the von Mangoldt A-function of prime 
number theory given by Rearick [2]. Rearick’s logarithm operator L is defined as 
follows: If fe P (the set of realvalued arithmetic functions such that f(1) > 0), then 


= f(af-(n/dlogd if n > 1, 
Lf(n) = ‘i 
log f(1) ifn = 1. 


THEOREM. If fe P, then f is completely multiplicative if and only if, for all 
primes p and all integers a 2 1, 
(log p)f(p) if n = p%, 
Lf(n) = 
elsewhere. 
To facilitate the proof we state the following two propositions. 


LemMMA. For p a prime, if f(1) = 1 and f(p') = f(p) for 2S isn, then 
f(r) = Ofor2 sign. 
THEOREM (Rearick, Theorem 4). If fe P, then f is multiplicative if and only if 


Lf(n) = 0 whenever n is not a power of a prime. 


Proof of Characterization. If f is completely multiplicative, then f is multiplica- 
tive and hence by Rearick’s theorem Lf(n) = 0 whenever n is not a power of a prime. 
If n = p* where pis a prime and a is a positive integer, then by characterizations (1) 
and (2) 


Lf(n) = B fled f-p"Ylog 


= f(p)log p* + f*~*(p)f~*(p)log p*~* 
= af(p)logp — (a — 1)f*~*(p)f(p)log p 
= f“(p)log p. 


Conversely, f is multiplicative by Rearick’s theorem. Hence by characterization (1) 
it suffices to show f(p*) = f“(p) for every prime p and every positive integer a. Let p 
be an arbitrary prime. Since fis multiplicative f(1) = f-'(1) = landf-1(p) = —f(p). 
Thus 


| 
M ') 


Lf(p*) = (logp)f*(p) = : f(p')f-*(p?~ log p' 


i 


f(p*)log p? + f(p)f-*(p)log p. 
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This implies 2(log p)f?(p) = 2(log p) f(p”). Hence 
f7(p) = f(r’). 


Assume a is any positive integer greater than two and f‘(p) = f(p')for2 <i<a— 1. 
By the above lemma f~‘(p') = 0 for2 SiS a — 1. So 


Lf(p*) = (log p)f*(p) 


ZX fF "(pos P’ 


f(plog p* + f4~*(p)f- *(p)log p*~* + f-*(pDlog 1. 


This implies a(log p)f*(p) = a(log p)f(p*). Hence f(p*) = fp) for each prime p and 
each positive integer a. 
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A NOTE ON THE INTERMEDIATE VALUE PROPERTY 
D. A. NgEUSER AND S. G. WAYMENT 


A function f defined on [a, b] is said to have the intermediate value property pro- 
vided the closed interval from f(x) to f(y) is contained in the image of the closed 
interval from x to y for each x and y in [a, b]. 

One of the more important and well known properties of continuous functions is 
that they possess the intermediate value property. Darboux’s theorem states that if 
f' exists on [a, b], then f’ possesses the intermediate value property. This is a striking 
result since f’ may fail to be continuous. If f and g are continuous on [a, b], then 
f +g has the intermediate value property since f + g is continuous. If f’ and g’ 
exist on [a, b], then f’ + g’ has the intermediate value property since f’ + g’ is the 
derivative of f + g. In [2] the following example is given (for another purpose) in 
which two functions f and g have the intermediate value property but f + g does not. 
Let 


t? sin(1/f) if t #~ 0 t? cos(1/t) if t # 0 
F(t) = | Op) and G(t) = aip) 
lo ift = 0, 0 ift = 0. 
Then 
2t sin (1/t) — cos (1/f) if t 4~ 0 
i) = (1/2) (1/2) 


0 ft = 0 
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and 
2t cos(1/t) + sin(1/t) ift # 0 


G'(t) = 
0 0 ift = 0. 


If f(t) = [F’()]? and g(t) = [G’(t)]*, then f and g have the intermediate value 
property because F’ and G’ do. But (f + g)(t) = 417 + Lift A Oand(f + g)(0) =0. 
Hence f + g does not possess the intermediate value property on any interval con- 
taining 0. 

This raises the following elementary question. If f is continuous on [a,b] and g 
has the intermediate value property, must f + g have the intermediate value pro- 
perty? The authors conjecture that most persons would be inclined to answer yes. It 
may be somewhat of a surprise that the following example, whose construction is very 
complicated compared to the elementary nature of the question, answers the question 
in the negative. The techniques used in the construction of this example are somewhat 
standard in topology and were suggested to the authors by J. W. Cannon. Although 
somewhat involved, the proof that follows essentially uses only advanced calculus 
results. 

We first generate a sequence {C;} of Cantor sets in the following way. Construct 
C, on [0,1] and let L, be the largest number for which there exists at least one open 
interval (a,,b,) in ~ C, with length L,. Construct C, on the closed middle third of 
(a,,b,). Let L, be the largest number for which there exists at least one open interval 
(a,,b,) in ~(C,UC,) with length L, < L,. Construct C3 on the closed middle 
third of (a,, b,). In general, construct C, on the closed middle third of the open 
intervalin ~ (J7_, C;) with length L,, where L,, is the largest number for which there 
exists at least one open intervalin ~ (U7_, C,) with length L, < L,_;. 

For each i, let g; be a continuous, monotone increasing function which maps C;, 
onto [0,1]. The construction of such functions can be found in [1]. Define, 


g(x) if x eC, 


g(x) = . 
0) if x €[0, 1] —_ Un C;. 


We note that g has the intermediate value property, for given any arbitrary open 
interval (a, b) contained in [0,1], there is an isuch that C, < (a, b) and g(C,) = [0, 1]. 

For a real valued function p(x) defined on [0,1], let | Pp | = sup | p(x) | . We next 
define a sequence {f;} of continuous functions on [0,1] such that %,2, | fi | < 0 
and,hence f = %;2,/f, is continuous on [0,1]. The {f;} will be constructed in such 
a way that (f + g)(x) 4 4 for any value of x in [0,1]. Since g is continuous on C,, 
there is a finite collection U, of open intervals whose closures are pairwise disjoint 
which covers C, and such that if x and y are in 0,;¢ U, for some i, then | g(x) — g(y) | 
< sé, <4. Let V, be the collection of those open intervals in U, which contain 
values of x satisfying g(x) = 4. Define f,(x) = &, for the values of x covered by V,, 
and let f,(x) = 0 for the values of x which are covered by U, but not covered by V,. 
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Extend f, to be continuous on [0,1] with functional values between 0 and ¢,. If 
xeC, and is covered by V,, then g(x) > 4— e, and hence (f; + g)(x) > 4. 
Thus f; +g is continuous on C, and (f, + g)(x) # 4 for any xEC,. Let 6, be 
the distance from 4 to the image of C, under f, + g, that is, 6, = p(4,[f1+ g](C,)). 
We note that 6, < &, and choose ¢, such that 0 < ¢, < 6,/3. Leth, = f; + g on C,. 
Since h, is continuous on C,, there is a finite collection U, of open intervals whose 
closures are pairwise disjoint which covers C, and such that if x and y are in 0,,;6 U, 
for some i, then | h,(x) — h,(y) | < &,. Let V, be the collection of those open intervals 
in U, which contain values of x satisfying h(x) = 4. Define f,(x) = e, for the 
values of x covered by V,, and let f,(x) = 0 for the values of x which are covered by 
U. but not covered by V,. Extend f, to be continuous on [0,1] with functional 
values between 0 and ¢,. If x EC, and is covered by V,, then h(x) > 4 — e, and 
hence (f, + h,)\(x) > 4. Thus f, + h, is continuous on C, and (f, + h,)\(x) # 4 
for any xeEC,. Let 6, = p(3,[f. + h2](C2)). We note that 6, S €, and choose ¢; 
such that 0 < e, < 6,/3. Let h; = f, + h, on C,. We proceed inductively to define 
{ei}, {Oi}, {fi}, and {hj} such that 6; = pGQ,[f, + h\(C,)), noting that 6; S ¢;, 
and 0 <¢,, < 6,/3. If f = X2,f,, then since 


eG, Lf; + hy (CC) = eG.bo + Li fi\(C)) = 0; 


and dye aall fj | < %72,6,(1/3’) = 6,/2, it follows by the triangle inequality that 
(f+g)(x) 44 for any x in C,. Ifxe~ U;2,1C,, then f(x) S L2, lf; | < 27, 1/3'=4. 
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ON THE RATIOS OF INTEGER-VALUED POLYNOMIALS 
OVER ANY ALGEBRAIC NUMBER FIELD 


DEMETRIOS BRIZOLIS 


Let K be an algebraic number field and A its ring of integers. Define the ring of 
integer-valued polynomials over K to be 


Ry = {f €K[X]|f(A) = A}. 


If K = Q, the rational numbers, then Rg is free over Z and a basis is given by 
the polynomials 


(1) f£(X) = AAR DA ent) n = 0,1,2,-". 


? 


998 D. BRIZOLIS [November 


A minimal generating set for Ry over A where K is any algebraic number field was 
given by G. Polya [2]. 

According to D. A. Lind [1] it is known that if f,g¢Rg and f(n)|g(n) for all 
neéZ, then f |g in Rg. The proof relies on the basis given in (1). In this note the more 
general result is proved for f,g € Rx where K is any algebraic number field. Further- 
more, the proof does not make use of any basis for Rx. 


THEOREM. Let K be an algebraic number field, A its ring of integers and Rx 
the ring of integer-valued polynomials over K. If f,g 6 Rx satisfy f(a) | g(a) for all 
aeéA, then flg in Rx. 


Proof. Without loss of generality we can assume K is normal over Q since we 
can always embed K in its,normal closure. Let G be the Galois group of K, and for 
a € K, define the norm of «, N(«) =[]|oeq’. For h(X)¢ K[X], h(X) = XL" 290,X’, 
define h°(X) = LJ'.o%5X’. Then [], <gh"(X) = (Nh)(X)€Q[X]. When xeQ we 
see that (Nh)(x) = N(h(x)). Suppose now that degf > degg. Then since Nf, 
Ng eQ[X], we have 


(Ng)(x) 
+Qasx-> oo, xeEZ. 
(NF)(x) 
Thus, by the remarks above and by the multiplicative property for the norm, 
| 
2 N (=—] ~ 0 as x > &w, xEZ. 
o (5 


But by hypothesis, g(x)/f(x)¢ A for all x eZ and so | N(g(x)/(f(x)))| = 1, whenever 
I(x) # 0, g(x) 4 0, which contradicts (2). Thus deg f <degg. We proceed with the 
proof by induction on the degree of g. If degg = 0, then g =ceAand f=deA 
and so c/d¢ Ac Rx and the theorem is true. 

Suppose now the theorem is true for polynomials in Rx of degree less than n. Let 


g(X) = a,X"+a,-,X" + +e +o, 
f(K) = by X” + by XK" + + Bo, 
where a, £0 #4 b,,, and n = m. Let 


A(X) = g(X) — 52 X"""#(X), 


There is an réA such that r(a,/b,) = se A. Therefore 
(3) rh(X) = rg(X) — sX"-"f(X). 


Then degh < degg and so deg(rh) < degg. From (3) and by the hypothesis, 
F(a) | rh(a) for all ae A, and so by the induction hypothesis, f | rh in Rx. Thus by 
(3) f|rg in K[X] and so g/f ¢ K[X]. Since (g/f)(A) < A, by hypothesis, we have 
f | g in Rx. 
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BETTER-THAN-UNIFORM APPROXIMATION OF CONTINUOUS FUNCTIONS 
BY C® FUNCTIONS 


ARTIN BOGHOSSIAN 


Let C® be the set of all continuous real valued functions in m variables which 
have continuous partial derivatives of all orders in all the variables. 

According to a classical theorem of Weierstrass, a continuous function on a 
compact subset of R” (the m-dimensional Euclidean space) can be approximated 
uniformly by polynomials in m variables. If we give up the restriction of bounded- 
ness on the domain, then we know that uniform approximation by polynomials 
in m variables may not be possible since, e.g., the exponential function cannot be 
approximated uniformly on R™” by polynomials in m variables. However, we shall 
prove in this article that any continuous function on any closed subset of R” can 
be approximated uniformly by C® functions and the degree of approximation gets 
better as we go out towards infinity. Specifically, we shall prove the following theorem: 


THEOREM. Let f be a real valued continuous function on R™. If u is any real 
valued function on R™ which has a positive infimum on each compact subset of 
R™, then there exists g in C® satisfying | g(x) — f(x) | < u(x) for all x in R™. 


In the special case when m = 1, T. Carleman [1]| has shown that g can actually 


be chosen to be an entire function. 
In the proof of our theorem, we shall need a well-known fact which we state 
as a lemma and indicate the essentials of its proof for completeness. 


LEMMA. Let A and B be two closed subsets of R™ which are a positive distance 
apart (i.e., d(A,B) = 3c >0). There exists h in C® such that 0 S h(x) <1 for 
all x in R™, h(x) = 1 for all x in A and h(x) = 0 for all x in B. 

Proof of lemma: For each x in R”, define 

— — 2 1 
v(x) = {oP 1i—|x|?) if |x| <1 
lo if |x| = 1 


clearly v is in C® having {xe R”: | x | < 1} as its support; thus the function whose 
values are v(x/c) for each x in R” is in C® having {x eR”: |x | < c} as its support; 
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hence the m-dimensional Lebesgue integral 


| o( = Jax -| o(= Jax = L>0 
Rm Cc |x| Se 6 


oel0 c) 


exists. Defining 


f(x) = 


for allx in R”, fisin C® and itis easily verified that for each x in R”, [amf(x—y)dy=1. 
Let G = {xe R™: d(x, A) S c} and define h(x) = [gf(x—y)dy for each x in R”. 
The function h satisfies the claim of the lemma; in fact, since f is in C® and f has 
compact support, we may differentiate under the integral sign any number of times 
which shows that h is in C”; since f is non-negative, we have 


0 | fo —yedy = We) s | fo—ydy = 1 


as required; for allx in A, {ye R”™: | x — y| < c} is contained in G, hence h(x) = 1; 
and, for all x in B, fyeR™: |x _ y|s < c} has an empty intersection with G, hence 


h(x) = 0. 
Proof of theorem. By the classical Weierstrass theorem, for alln, n = 1,2,3,---, 
there exists a polynomial in m variables p, in C® satisfying 


u(x) 
3 


(1) | Pax) — f(x) | < < ginimumu(y) S 


for all x where |x| < n+4. Using the above lemma, there exists a sequence 
{H,\"=2 in C® satisfying for all n, where n = 1,2,3,:--, the following two con- 
ditions: 

(i) OSH, <1. 

Gi) H,() = lifn-1< <|x|< n, and H(x) = ~ ofl] n—or|x| 2 n+4. 

Letting H, = 0, we claim: g= L@., 1 -—H,-1)H,p, is the required function. 
It is easily seen that g is locally a finite sum of C® functions; in fact, g(x) = p,(x) 
if |x | <4, g(x) = p,(x) if n-48 | x | <n for some n2Zl, and g(x) = 
H,,(x)p,(x) + 1-7) (*) prvi) if ns |x| S <n+4 for some n = 1. Hence g is 
in C®. Now, for all x in R”, we shall estimate g(x) — — f(x) |: 


(a) If |x| < stitorifn—-j3s |x| S <n for some n 2 1, then (11) and(1)imply 


|g) — f(x)| < u(x) as required. 
(b) Ifn< |x| <n+4 for some n 2 1, then using (1), (11) and (1) we get: 


| g(x) — f(x) | = | AQ)p.) + (L — Ay) )Pn +1) —£@)| 
Pix) — f (x)| + 2| PrriG) — f(x) | 


< u(x) as required. 


IA 
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Thus, (a) and (b) imply | g(x) — f(x)| < u(x) for all x in R”. 

An immediate consequence of this theorem along with Tietze’s extension theorem 
is that any continuous real valued function f defined on any closed subset F of R” 
can be approximated uniformly on F by C® functions. Moreover, any such f can 
actually be approximated by C® functions in the ‘‘mean of order p,’’ where 1 S p<oo 
for any o-finite countably additive measure on F. 
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A NOTE ON PRIMES, WITH ARBITRARY INITIAL OR TERMINAL 
DECIMAL CIPHERS, IN DIRICHLET ARITHMETIC PROGRESSIONS 


L. J. BoRUCKI AND J. B. DIAz 


1. In 1951, W. Sierpinski proved that, among the natural numbers, one can 
find infinitely many primes starting with an arbitrary string of decimal digits 
C1C2°*+C,3 or ending with such a string, when c, = 1,3,7, or 9, where r is a given 
positive integer. The object of this note is the extension of these two curious results 
to the more general case of a Dirichlet progression. 


THEOREM 1. If cycy+++c, is any sequence of decimal digits and P = {Dn +l} 
is a Dirichlet progression with (D,l) = 1, then P contains an infinity of primes 
starting with c,c2°*"¢,. 


Proof. From the theory of the Dirichlet progression, it is known that 
lim,..,,. 9’(x)/x = 1/¢(D), where 0’(x) = & log(p), summed over all primes p 
in {Dn + I} not exceeding x, and @ is the function of Euler. This theorem can be 
restated in the following form: 


(1) O"(x) = x/p(D) + o(x). 


Let n be a positive integer. If, in decimal notation, we set a = c,c,---c,, then 
all the numbers with r + n digits that begin with a are between a10” and (a + 1)10". 
Applying the estimate (1), 


0’((a + 1)10”) — 6’(a10") = 10"/P(D) + o((a + 1)10"%), 
and 


0’((a + 1)10") — 6’(a10") | 1 


(a + 1)10" = GD ati 
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Therefore, 

9’((a + 1)10") — 6’(a10") 1 

UG a nw 1 0. 
@) him (a + 110" pD)(a4 1)” 


If the number of primes in {Dn + 1} beginning with a were finite, the limit on 
the left side of (2) would be zero. Hence the theorem is true. 


THEOREM 2. If c,c,°::c, is any sequence of decimal digits ending in c, = 1, 
3, 7, or 9, and P is a Dirichlet progression as in the first theorem, then P contains 
an infinity of primes ending in c,c,°::c,, if it contains just one number ending 
iM C1C2°°°C,. 


Proof. By hypothesis, we have that b = !modD for some bending in c,c,°:- ¢,. 
Suppose that b has n digits. Then, since we have 10"Dk = OmodD for allk >0, 
it follows that 10"°Dk + b = I!mod D. This means that every term of the progression 
P’ = {10"Dk + b} is also in P. In addition, every member of P’ ends in c,c,-+- ¢,. 

But, in P’, we have that (10"D, b) = 1, for (10", b) = 1, because b ends in 1, 3, 
7 or 9, and (D,b) = 1 follows from the facts that (D,/) = 1 and b = /1modD. 
Hence, P’ is itself a Dirichlet progression, and, so, according to Dirichlet’s theorem, 
must contain an infinity of primes. Since each of these primes is in P, and each 
ends in c,c,-::c,, the theorem is true. 


2. In 1959, Sierpinski generalized his earlier result of 1951, by assigning, simul- 
taneously, both the initial and terminal ciphers. The following theorem is an exten- 
sion of this result: 


THEOREM 3. If d,d,-:-d, and c,c,-::c, are two strings of decimal digits of 
arbitrary positive integer lengths s and r, respectively, where c, = 1, 3, 7, or 9, 
then the Dirichlet progression {Dk + I} contains an infinity of primes, both begin- 
ning in d,d,---d, and ending in c,c,°::C¢,, if it contains one number terminating 
with C1C2°*' C,. 


Proof. Let b denote the postulated member of {Dk + 1} which ends in c,c, ++: ¢,. 
Suppose, as before, that b has n digits. Then, from the last theorem, {Dk + 1} con- 
tains the Dirichlet progression P’ = {10"Dk + b} whose members all terminate in 
C,C,°::c,. By the first theorem, P’ contains an unlimited number of primes which 
begin with d,d,---d,. Thus, the proposition 1s true. 
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RESEARCH PROBLEMS 
EDITED BY RICHARD GUY 


In this Department the Monthly presents easily stated research problems dealing with notions 
ordinarily encountered in undergraduate mathematics. Each problem should be accompanied by 
relevant references (if any are known to the author) and by a brief description of known partial 
results. Manuscripts should be sent to Richard Guy, Department of Mathematics, Statistics, and 
Computing Science, The University of Calgary, Calgary, Alberta, Canada, T2N IN4. 


CHARACTERIZING A CURVE WITH THE DOUBLE MIDSET PROPERTY 
L. D. LOVELAND AND S. G. WAYMENT 


The midset M(a, b) of two points a and b in a metric space (X, d) is the set of 
all points x in X for which the distances d(a, x) and d(b, x) are equal. In the Euclidean 
plane E* for example, each midset M(a, b) is simply the perpendicular bisector of 
the segment joining a and b. A metric space X 1s said to have the double midset 
property (DMP) if, foreach two points a and b of X, the midset M(a, b) consists 
of two points. The circle and the ellipse in E* are examples of spaces having the 
DMP. 


CONJECTURE. If a continuum X has the DMP, then X is homeomor phic toa simple 
closed curve. 


A continuum is a nondegenerate (contains more than one point), compact, con- 
nected, metric space. 

It is well known that a continuum is a simple closed curve if each pair of its 
points separates it [5; Theorem 28.14, p. 207]; thus to establish the conjecture it 
would be sufficient to show that each pair of points in X lies in the midset of some 
two points of X. To see that this approach is doomed to failure, consider X to be 
the circle in E?. 

We present here some tools with which to attack the problem, and we also present 
some partial answers. The separation of X by a midset, as described in Lemma 1, 
is called the standard separation. 


LEMMA 1. Let X be a connected metric space, and let a and b be points of X. 
If A = {x|d(a,x) <d(b,x)} and B = {x|d(a,x)> d(b,x)}, then A and B are 
disjoint open sets and X — M(a,b)=AUB. 


The proof of Lemma 1 is easily obtained using the continuity of the metric 
function d: X x X — R. The next lemma is stated for a continuum with the DMP, 
but it is evident from the proof that any finite midset property would suffice. It 
follows from Lemma 2 that each two points of X are the endpoints of an are in X 
[5; Theorem 31.2, p. 219]. 
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LEMMA 2. If X is a continuum with the DMP, then X is locally connected. 


Proof. Suppose that X is not locally connected. Then there must exist a non- 
degenerate continuum Ky and a sequence {K,} of continua in X such that {K;} 
converges to Ky [4; Theorem 44, p. 111]. Let a and b be two points of Kg. It follows 
from Lemma 1 that M(a,b) 1 Ky # @. Also X¥ — M(a, b) = AU B, the standard 
separation, and each K;, (except K, and possibly one other K;,) is a connected subset 
of X — M(a,b). Thus we may assume that every element of some subsequence 
{K,,} of {K,} lies in A. But this is a contradiction since b is a limit point of 
Ur K,, and b belongs to B. 

A triod is a continuum T containing a point v, called the vertex of T, such that T 
is the union of three arcs A,;, A,, and A; where A; N A, = {v} if i ¢j. 


LEMMA 3. If X is a locally connected continuum that contains no triod, then 
X is either an arc or a simple closed curve. 


Proof. This is Theorem 75 of [4; p. 218]. However, a short proof can be obtained 
from the familiar characterization of a simple closed curve as a continuum separated 
by each doubleton subset [5; Theorem 28.14, p. 207]. For suppose X is not a simple 
closed curve. Then some doubleton subset {a,b} of X fails to separate X. Since a 
locally connected continuum is arcwise connected [5, Theorem 31.2, p. 219], there 
is an arc C in X with endpoints a and b. If there is a point x in X —C, then the con- 
nected open set X — {a,b} contains an arc joining x to a point of C — {a, b} (see 
the statement following the proof of Theorem 31.2 in [5; p. 221]). Thus X would 
contain a triod, contrary to the hypothesis. This shows that X = C, and the lemma 
follows. 

A point p of a continuum X is called a cut point of X if X — {p} is not connected. 

Notice that no continuum hypothesis is needed on X in Theorem 1 or in Co- 
rollary 1. 


THEOREM 1. If X is a metric space with the DMP and X contains a continuum 
J with no cut points, then X is a simple closed curve. 


Proof. Suppose there exists a point x in X —J. Let g:J > R be defined by 
g(t) = d(x, t). If there do not exist two points a and b of J equidistant from x 
then g is an injective mapping of the compact set J into the real line R. In this case 
g must be a homeomorphism [5; Theorem 17.14, p. 123]. But each continuum in 
R has cut points, so there must exist points a and b in J such that d(a, x) = d(b, x). 

By Lemma | we see that M(a, b) must separate a from b in J. However, x be- 
longs to M(a, b) and x is not in J. Since M(a, b) consists of two points and at most 
one of these points belongs to J, we see that a and b are not separated in J by M(a, b). 
This contradiction shows that X = J. 

The continuum X is locally connected by Lemma 2, and X has no cut points 
since X = J. Thus it follows from Lemma 3 that either X contains a triod or X 
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is a simple closed curve. Suppose that X contains a triod. Since no point of X is 
a cut point of X and X minus a point is arcwise connected, we see that X must 
contain a simple closed curve J’. Now the first two paragraphs of this proof, where 
J’ plays the role of J, show that X = J’, and the proof is complete. 


- CoROLLARY 1. If a metric space X has the DMP and contains a simple closed 
curve, then X is a simple closed curve. 


COROLLARY 2. If a continuum X has the DMP and has no cut points, then X 
is a simple closed curve. 


A metric space X is said to have the strong double midset property (SDMP) 
if, for each two points a and b of X , the sets A and B of Lemma 1 are each connected. 


THEOREM 2. If a continuum X has the SDMP, then X is a simple closed curve. 


Proof. We may suppose that X contains no simple closed curve since otherwise 
the result follows from Corollary 1. By Lemmas 2 and 3, either X contains a triod 
or X is an arc. However, X cannot be an arc because the midset of its endpoints 
would separate X into three disjoint open sets, contrary to the SDMP. 

Suppose X contains a triod T with vertex v. By the definition, T is the union 
of three arcs Cy,C,, and C3 where {v} = C;C, when i #j. There must exist 
two points a EC, and bE C, with d(a, v)=d(b, v). From the hypothesis and Lemma 1 
we see that X — M(a, b) is the union of two disjoint, open, connected sets A and B 
where ae A and be B. We may assume for convenience that A contains a point 
q of C,. Since A is a connected open subset of the arcwise connected space X, A 
is also arcwise connected [5; p. 221]. This means that an arc D exists in A joining 
q toa point of C,, and it follows that C,; UC, UD contains a simple closed curve. 
This is a contradiction, and the result follows. 


REMARKS. The above conjecture is false if X is not assumed to be connected 
(a four-point space with the discrete metric is a counterexample). We have not been 
able to answer the following related questions: 

(1) If X is a nondegenerate, connected, metric space with the DMP, then is X 
compact? 

(2) Can an arc have the DMP? 

(3) Can a continuum have the DMP if it contains a triod? 

(4) Can a continuum have the triple midset property? 

Notice that negative answers to both of questions (2) and (3) would establish 
the conjecture by use of Lemma 3. 

In most of the work involving midsets the metric is assumed to be convex. One 
exception to this is Berard’s work in [1] where he proves that a connected metric 
space with the unique midset property is homeomorphic to an interval on the real 
line. It follows from [2] and [3] that a continuum with a convex metric that has the 
DMP is isometric to a circle in the plane with the ‘“‘shorter arc’’ metric. 
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DIFFERENTIALS IN ONE DIMENSION 
MICHAEL A. GOLBERG 


The recent increase in the use of the Fréchet approach to calculus is a valuable 
trend in mathematics teaching [2, 3, 5]. However, little use is made of the general 
theory, since one quickly appeals to the standard case of functions between R” 
and R™ where finding differentials is reduced to the problem of computing Jacobians 
(derivatives when m = n = 1). As a consequence, students are frequently confused 
as to the necessity for such abstraction. Of course, if one is willing to use function 
space examples of the type that appear in elementary calculus of variations problems 
[5] the general method is shown to pay immediate dividends. The purpose of this 
note is to present some examples, based on the multiplicative vector space structure 
of the positive reals, showing that this approach can have surprising consequences 
even in one dimension. 

The author claims no particular originality for the following examples. They 
appear without computation in the important article of Averbukh and Smolyanov 
[1]. However, a search of calculus texts and reference material such as the MAA 
collected papers on calculus [5] and conversations with colleagues indicate that 
as far as pedagogical applications are concerned, they are unknown. 

Recall now for convenience some of the basic notions of the Fréchet calculus. 
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SOME APPLICATIONS OF GALOIS THEORY TO NORMAL POLYNOMIALS 


Tom PARKER 


In his classical text Algebra [8, p. 124], van der Waerden introduces the concept 
of a normal polynomial f/(X) over a field K— an irreducible polynomial over K 
such that K(6) is a splitting field of f(X) over K for each root @ of f(X) in an exten- 
sion field of K. But like other authors (see, for example, [3, p. 259]) van der Waerden 
does little with the concept, and indeed, at the point at which the definition of a 
normal polynomial is introduced in [8], the student has little to work with — no 
Galois theory and only the rudiments of field theory. On the other hand, once the 
Fundamental Theorem of Galois Theory has been proved and cyclotomic fields have 
been studied in Section 8.4 of [8], some nice applications of these results to the theory 
of normal polynomials can be given. The purpose of this note is to present some of 
these applications. We make no claims for originality of the results, although we 
have not been able to find some of them in the literature. Also, to be a bit more con- 
crete, we restrict to the case where the base field is the field Q of rational numbers. 
Our main purpose is to outline proofs of the following two theorems. 


THEOREM 1. If n is a positive integer, then there is a normal polynomial f(X) 
in Q[X] of degree n such that all the roots of f(X) are real. 


THEOREM 2. If n is an even positive integer, then there is a normal polynomial 
in Q[ X| of degree n with no real roots. 


It is clear, of course, that if one root of a normal polynomial over Q is real, then 
each of its roots is real. Theorem 2 is easy to prove; in view of the remark just made, 
we need only show that if n is even, then there is a nonreal normal extension field 
F of QO such that [F :Q]|=n, and this will follow easily from our proof of Theorem 1. 
To prove Theorem 1, we propose to show that some cyclotomic field Q, = Q(¢,), 
where £, = e?*", contains a real subfield K of degree n over Q. If this be proved, 
then Theorem 1 follows, for K is a primitive extension of Q — say K = Q(@) — and 
K/Q is normal since the Galois group G, of Q,/Q is abelian [8, p. 174], and hence 
each subgroup of G, is normal. Consequently, the minimal polynomial for 0 over Q 
is a normal polynomial of degree n with real roots. 

The fact that some Q, contains a real subfield of degree n over Q can be based on 
the following special case of Dirichlet’s Theorem: for each positive integer a, there 
aré infinitely many primes in the arithmetic progressiona +1,2a + 1,3a+1,-:-. 
Let us stress that we do not base our proof of Theorem 1 on Dirichlet’s Theorem, 
which is a result much more profound than any of the topics previously mentioned. 
Rather, a proof of the special case of the theorem that we need can be obtained from 
the following two results, which are reasonable to assign as exercises at this level. 


RESULT 1. (See [1, Theorem 1], [7].) Zf f is a nonconstant polynomial with 
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integer coefficients, then the set of primes that divide f(n), for some integer n, is 
infinite. 


RESULT 2. (See [5, Theorem 317, p. 512], [2].) For each positive integer n, let 
F,,(X) denote the nth cyclotomic polynomial. If p is prime and p }n, then F,(X) 
factors modulo p into a product of o(n)/f distinct irreducible polynomials, each of 
degree f, where f is the order of p modulo n. If r is a positive integer, then F yr,(X) 
= F(x)?” (mod p). 


CorOLLarY. (See [4, Theorem 94, p. 164].) The polynomial F,(X) has a root 
modulo p (that is, p divides F,(k) for some integer k) if and only if p = 1 (mod n). 
Consequently, there are infinitely many primes of the form nt + 1. 


We proceed to give a proof of Theorem 1. If n is odd, we choose a prime q of 
the form kn + 1. The Galois group of Q, = Q(¢,) 1s cyclic of order q — 1, and hence 
it contains a unique subgroup of index n. The field K corresponding to this subgroup 
has degree n over Q, is normal over Q, and since n is odd, K is a subfield of the reals. 
If 6 is a primitive element for K/Q — that is, K = Q(@) — then the minimal poly- 
nomial for 6 over QO is a normal polynomial of degree n with real roots. If n is even, 
say n = 2"m, where k is positive and m is odd, then we take a normal real field L of 
degree m over Q, and the field F = Q(,/p1,./D2,-+-, «/ Py), Where p; < py < p3 < °° 
is the sequence of positive primes. The field F is real, normal over Q, and[F :Q] = 2* 
(for an easy proof of this equality, see [6]). The composite LF = L(,/p,,-++,./ P,) of 
L and F is a normal extension of Q, it is a subfield of the reals, and since (m, 2") = 1, 
[LF :Q] = 2*m =n. Therefore we obtain, as in the case already considered, a 
normal polynomial over Q of degree 2*m with real roots. 

Since the polynomials f/(X) and f(X + a), for aéQ, are simultaneously normal, 
Theorem 1 yields, upon a suitable translation of roots, the following corollary. 


CoROLLARY. If r and s are nonnegative integers such that r +s > 0, then there 
is anormal polynomial g(X) over Q such that g(X) has exactly r positive real roots 
and s negative real roots. 


A final remark is in order. If g is prime, then van der Waerden’s technique in 
Section 8.4 of [8] yields an algorithmic process for determining a normal polynomial 
h,, of degree n over Q for each positive divisor n of q — 15; h,, is the minimal polynomial 
over Q of the (q — 1)/n-term period (see Section 8.4 of [8] for the definition) of 
the cyclotomic field Q,. 
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ANOTHER PROOF OF AN ESTIMATE FOR e 
R. F. JOHNSONBAUGH 


At the national meeting of the Mathematical Association of America in January, 
1973, Professor Paul Halmos suggested that publication of mathematical folklore 
would be a worthwhile contribution to mathematical literature. I thus submit an old 
proof of the monotonicity and boundedness of the sequence {(1 + 1/n)"} which I 
believe is the simplest that I have ever seen. 

The proof uses the simple inequality 

prt n+1 


< (n + 1)b" 
which we rewrite as 
b"[(n + 1)a — nb] < a®™* 


valid for 0 S a < b. Taking a = 1 + (1/(n + 1)) and b = 1 + (1/n), the term in 
brackets reduces to 1 and we have 


} 1\" 1 \nt1 
(*) (1 +7) < (1 +) 
Taking a = 1 and b = 1 + (1/2n), the term in brackets reduces to 4 and we have 
( + = ; <i. 
Multiplying by 2 and squaring we have 
1 \2" 
(*) (1 + x) < 4. 


Inequalities (*) and (**) imply that the sequence {(1 + (1/n))"} is increasing and 
bounded above by 4. 
In a similar way, one can use the inequality 


prtt _ gut 


boa > (n+ I)a 
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with a = 1 + (1/(n + 1)) and b = 1 + (1/n) to derive 


syne 1 i n?.+ 4n? + 4n + 1 
(1 +5) > (1444 |: 


Since the term in brackets is at least 1, we have shown that (1 + (1/n))"** is decreas- 
ing. 
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TO e VIA CONVEXITY 
H. SAMELSON 


1. The exponential function often receives a somewhat left-handed treatment in 
textbooks on real variables. The general function a” is introduced quite early; but to 
meet e, e*, and In x, one hasto wait till integration or differential equations appear. 
In this note we outline a variant that gets there a bit sooner, provides an example for 
limits or derivatives, and motivates the usual formula for e. Our approach does not 
seem to be in the literature, except for the recent note [7] by J. Tull which uses pretty 
much the same idea (the present note was written independently of [7] and submitted 
before it appeared). 


2. As usual, we first develop a* (for a > 0) from first principles (1.e., existence of 
sup in R), to get the following properties: a* is defined for all x; a* > 0; a*+” 
= a“: a’; (a“y = aX”; a*+ b* = (ab)*; a” is strictly increasing for a > 1; it is a 
continuous function (this amounts to a’/” > 1), with image (0, co) and continuous 
inverse logy if a 4 1. (See, e.g., [1], pp. 87-89.) 


3. Now the main observation: a” is convex; for any two x-values the graph of a” is 
below the chord. We show this first for the midpoint. We want a*°**? < 4(a* + a*’), 
With x’ = x + 2h (say h > 0) this becomes a**7" — a*** > a*** — a®. But this is 
clear on factoring a” from the L.H.S. By repeated halving we get all points 
x + m(x’ — x)/2"; and by continuity we get the result for all points on [x, x’]. 


4. Knowing a~ > 1 as x > 0, it makes sense to ask how a* — 1 compares to 
x; e.g., does 


. ar—i 
lim 
x->0 xX 


exist? (Is a* differentiable at x = 0?) By convexity of a* the difference quotient 
(a* — 1)/x, defined for all x 4 0, is an increasing function (look at the slope of the 
secant lines of the graph of a*, from (0, 1) to (x, a*)). Therefore lim,.,)+ and lim 
exist. For x < 0 we rewrite (a~ — 1)/x as 


x7>07 
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From a!*! + 1 we see that the two limits are equal, and that lim,_,)(a* — 1)/x exists. 
We call the limit value A(a), thus defining a function 4 on (0, oo ). (From a**” = a*: a’ 
one finds that a* is differentiable at each x, and that (a*)’ equals A(a) - a®.) From 
(a’)* = a’™ one finds A(a’) = t+ A(a) (using (a — 1)/x = t-(a™ — 1)/tx). Similarly 
one shows A(a: b) = A(a) + A(b), from a*- b* = (ab) (using (a*: b* — 1)/x = 
(a*~ - b* — b*)/x + (b* — 1)/x). Thus / begins to behave like log. 


AisO fora = land only fora = 1: Ifa > 1, then, taking x = —1, we have 
a *-1 1 
> - = —_—_ — ‘ 
ia) 2 = 1 7 7 9: 


similarly for a < 1 we get A(a) < 0. In fact A is strictly monotone (if a > b, write 
a= b:cwithe > 1). 


5. And now: Clearly the “‘best’? number is the one, to be called e, for which 
A(e) = 1. From the above laws one sees easily that there is one and only such value. 
We have A(e) = t : A(e) = t, so that A is just log, = In, the inverse of e*; i.e., we have 
x = e*) (And we have (e*)’ = e*.) 

The relation , 

lim &—* = 1, 

x0 x 
specialized tolim,.,,,n‘(e'/” — 1) = 1, suggests the relation e = lim,.,,,(1 + (1/n))"; 
namely, n:(e!/" — 1) ~ 1 suggests e/"~ 1 + 1/nande ~ (1 +(1/n))". This is of 
course vague. But from convexity we known: (e’/” — 1) = landsoe = (1 + (1/n))". 
A standard proof shows (1 + (1/n))” monotone increasing (see [2], pp. 24-25, or [4], 
p. 146). Calling the limit of this sequence c, for a moment, we have e = c. From 
c= (1 +(1/n))" or n-(c'” — 1) 21 we get A(c) = 1, and so ce. Therefore 
c = e. In other words, e = lim,-_,,,(1 + (1/n))”. We are now far enough along. 


Il WV 


6. The bibliography contains a few other references concerned with the problem 
of ‘‘introducing e’’. 
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ANOTHER PROOF THAT CONVEX FUNCTIONS ARE LOCALLY LIPSCHITZ 
A. W. ROBERTS AND D. E. VARBERG 


The Wayne State Mathematics Department Coffee Room recently brewed the 
following result [this MONTHLY, vol. 79 (1972), 1121-1124]. Every convex function f 
defined on an open convex set in R" is locally Lipschitz. A different recipe yields the 
same result with less work and applies in much more general spaces. It goes like this: 
(1) control the size of f by showing (local) boundedness, (2) mix boundedness with 
convexity to obtain a Lipschitz condition, (3) embellish with desired generalizations. 
Here are the details. 


LEMMA A. A convex function f, defined on an open convex set U in R", is locally 
bounded; that is, it is bounded in a neighborhood of each point Xp in U. 


Proof. Choose a cube K in U centered at x, and with vertices v,, v5, --+, v,, (m=2"). 
Since a cube is the convex hull of its vertices, we may for any x in K find scalars A; 
satisfying 


x= » AV; A; = 0, » A; = 1. 
1 


1 


By convexity (Jensen’s inequality for convex functions), 


f(x) S 2X Af(v) S max f(v;) = M, 
1 1s<ism 
so fis bounded above on K. 
On the other hand, for x in K we may choose y in K so that x) = 4x + 4y. Thus, 


F(X) S 2S (x) + 3f(y), 


or 
T(x) 2 2f (xo) — f(y) 2 2f(X0) — M, 
and fis also bounded below on K. J 


THEOREM A. Let f be convex on an open convex set U in R". Then f is locally 
Lipschitz on U; that is, it is Lipschitz on a neighborhood of each point xo of U. 
Consequently, f is Lipschitz on any compact subset of U. 


Proof. According to the lemma, fis locally bounded; so given x5, we may find a 
spherical neighborhood N,,(x9) of radius 2e on which f is bounded, say by M. For 
distinct x, and x2 in N,(xXo), set x3 = X2 + (e/a)(x, — x,) where a = | X,—- x1 | 
and note that x3 is in N,,(x,). If we solve for x,, we obtain 


Ot 
xX, +——— x 
ate ' ate’? 


Xo = 
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and so by convexity, 


f(%.) S$ — 5 F(1) + -——— 5 Is). 
Then 
f(a) — fas) S$ > f@s) — fled] s <|f@s) — flan], 
which combined with | f | < Manda« = | X,— xX, | yields 


f (x2) — f(*1) S (2M/e) || x2 — x1 |. 


Since the roles of x, and x, can be interchanged, we have 
|f (x2) — f(x1)| < (2M/e) | Xo 


that is, fis Lipschitz on N,(x,)). We conclude that fis locally Lipschitz on U. 

Now let D be a compact subset of U. The collection {N,(x,)} of neighborhoods 
obtained above covers D, as does some finite subcollection N,,N>,-::,N,,. Let 
K = max{K,, K,,:-:,K,,} where K; is the Lipschitz constant corresponding to 
N,,i = 1,2,--:,m. Finally let xe N; and ye N;, be any two distinct points of D and 
choose a segment [w, z] containing segment |x, y| in its interior so that we N; and 
z €N,. From the convexity of fon segment [w, z], 


x <f@ =f) < £9) = < f@-f0) < 
Je—w] ~ “y-x * Yz-9| 


which yields the conclusion | Ky) -—f (x) | <K ! y-x 1 ; 

Now for the embellishments. The definitions of convex, bounded, and Lipschitz 
all extend without modification to an arbitrary normed linear space. So does the proof 
of Theorem A; only the lemma offers any difficulties, but they are real. A convex func- 
tion on an infinite dimensional normed linear space may be locally unbounded. For 
example, the linear functional f: p > p’(0) on the space of polynomials normed by 


|p| = max |p()| 
-18xs1 


has this property. A slight additional condition fixes everything up. 


LEMMA B. Let f be convex on an open convex set U in a normed linear space. 
If f is bounded above in a neighborhood of just one point, then f is locally bounded 
on U, 


Proof. For convenience of notation, we suppose that the given point is the origin 
and that fis bounded above by M on a spherical neighborhood N = N,(0). Let y be 
any other point of U and choose p > 1 so that z = py isin U. If A = 1/p, then 


V = {v:v = (1 — A)x + dz,x in N} 
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is a neighborhood of y = Az with radius (1 — /)e. Moreover, 


F(v) S (1 — ANS (x) + AS) SM + f(z). 


Thus, fis bounded above in some neighborhood of each point y in U. A repetition of 
the second paragraph in the proof of Lemma A shows that it is also bounded below 
on each such neighborhood. J 

We have all the ingredients for a tangy generalization. 


THEOREM B. Let f be convex on an open convex set U in a normed linear space. 
If f is bounded above in a neighborhood of one point of U, then fis locally Lipschitz 
on U, hence Lipschitz on any compact subset of U. 


Compactness is a strong requirement, often missing, especially for sets in infinite 
dimensional spaces. We can make a substitute for it; and the proof of the resulting 
theorem is still essentially that of Theorem A. 


THEOREM C. Let f be convex with \f < M onan open convex set U in a normed 
linear space. If U contains an &-neighborhood of a subset V, then f is Lipschitz (with 
Lipschitz constant 2M/e) on V. 
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ON POLARS OF CONVEX POLYGONS 
RoBEeRT H. LOHMAN AND TERRY J. MORRISON 


In discussions concerning convexity and linear inequalities, it is often necessary 
to find the polar of a convex set in Euclidean space. The purpose of this note is to 
give a very elementary method for completely determining the polars of certain 
convex polygons in R*. We feel this is worthwhile for two reasons. First, it is an in- 
teresting geometric result that can be easily understood by students with a minimal 
background in geometry. Second, while it is usually stated that the polar of aconvex 
polyhedron is a convex polyhedron (cf. [1, p. 174]), no mention is made of how 
the vertices of the polar can be explicitly found, and this is the content of our result. 

Given a set U in the real linear space R?, the polar of U is defined by 


U° = {(u,v) eR’: |ux + vy | < 1 for all (x, y)eU}. 


If z = (a,b) and (a,b) # (0,0), it is simple to show that {z}° is the infinite strip 
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bounded by, and including, the parallel lines au + bv = + 1. If A isa subset of R’, 
we let <A> denote the convex hull of A; that is, <A> is the smallest convex subset 
of R* which contains A. A is symmetric if — A = A. It is always the case that A° is 
symmetric. The double polar theorem states that if U is a closed, convex, symmetric 
subset of R’, then U = U°°.A proof of the double polar theorem in a general setting 
can be found in [2, p. 238]. Let 


H = {(x, y):x <0 and y > 0 or x 2 0 and y 2 O}. 


For the remainder of the discussion, we assume that U is a convex, symmetric 
polygon containing (0, 0) as an interior point. We consider all the vertices z; = (x;, y;), 
i = 1,---n, of U that lie in H and assume that they are labelled as they are en- 
countered while traversing the boundary of U in H in a clockwise direction. The 
vertices of U are therefore, + z,;, i = 1,:::,n. Let Z) = (Xo, yo) be the first vertex 
on the boundary of U lying below Z,, 1.e., 25 = — Z,,. 


THEOREM. U® is the convex polygon with vertices + w,, i = 1,-+°:,n, where 


Ww. = ( Yi — Vi-1 Xi-1 — Xi 
a ae a 1. 
Xji4Vi MiVi~1 = Xi -1 Vi XV i-1 


Proof. Note that z;_, and z; do not both lie on the same line through the origin, 
nor can either point be the origin. Therefore, x;_,y; — x;);-; # 0 so that w, is well 
defined. Also, w;4(0,0) since z;_, and z, are distinct. Lett W=<{+w,:i=1,:--,n}). 
Then, by facts 1 and 7 in ((2], p. 237) and since {z}° = { — z}° for any point z, 


W° = ({+w,:i = 1,--,n)° = {kw i = 1,--,n}? = 1) {w,}°. 
But {w,}° is the infinite strip bounded by, and including, the parallel lines 


(yi — Yi-)X + O14 — XY = EOi-1)i — Xi)i- 1). 


The latter lines are precisely the lines through the pairs of vertices z;_,, z; and 
—Z;-,, — 2; of U for i = 1,--:,n. Since U is the intersection of the strips bounded 
by these lines, it follows that U = W°. On the other hand, W is a closed, convex, 
symmetric set in R*. By the double polar theorem, U° = W°° = W. 

As the convex hull of a finite set of points, U° is a convex polygon. Moreover, 
each vertex of U° must lie in this finite set. Therefore, since U° is symmetric, the 
proof will be complete if it is shown that each w, is a vertex of U°. Assume, to the 
contrary, that some w; is not a vertex of U°. Without loss of generality, i = n. Then 
w, {+ wi = 1,---,n - 1}, implying U° = ({+w,:i = 1,--,n2-—1}. There- 
fore 

n-1 


U = U% = () {wi}. 


i=1 
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If z, lies in the interior of each of the strips {w;}°, i= 1,---,n — 1, then it lies in the 
interior of their intersection, which (as inferred from the assumption) is the interior 
of U, an impossibility. Thus for some i, 1 < i $ n —1, z, lies on the line through 
Z;-, and z; or on the line through — z;_, and — z,;. This contradicts the fact that 
Zi-15 Zis Zn OF — 2-14, — 2; Z, are distinct vertices of U. Therefore, each point w, is a 
vertex of U°, 
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A NEARLY DISCRETE METRIC 
D. D. ROTHMANN 


An elementary metric d, having many interesting properties, can be defined on 
the set R of real numbers by setting d(x,y) = 0 if x = y and setting d(x, y) 
= max {|x|,|y»]} ifx # y. 

The open sets in this metric space are the elements of {B| B < R and 0 ¢B} 
U {(— 8,6) U Ale > 0 and A & R}. The title of this article is due to the fact that 
if a is a nonzero real number, then {a} is an open set. It is easy to see that this metric 
space is disconnected and complete. 


It is interesting to note that if r > 0, then the closure of {x | d(a,x) < r} need 
not equal {x | d(a, x) <r}. To see this, note that both {x | d(1, x) < 1} and the 
closure of {x|d(1,x) < 1} are given by {1}, whereas 


{x|d(,x) S$ 1} = {x|-1 <x 1}. 


Furthermore, if limx, and limy, both exist, it is not necessary for lim(x, + y,,) 
to equal limx, +limy,. For let x, = 1 and y, = —1/n, in which case, limx, = 1 
and limy, = 0. Since d(1 — 1/n,1) = 1 for every natural number n, lim(x, + y,) 
= lim(1 — 1/n) fails to converge to 1. 

As a consequence of the above paragraph, it is clear that the addition function 
(x,y) > x+y from R x R onto R fails to be continuous. This follows since the 
sequence {(1, — 1/n)} converges in the domain to (1,0), but the image sequence 
fails to converge. 

Note, however, that the inversion function x — — x from R onto R is continuous. 
To see this, assume the sequence {x,} converges to a. If a = 0, then 


A(Xyy A) = | Xn | — | — x, | = d(— x,, — 4) 


and hence, { — x,} converges to — a. On the other hand, if a 4 0, it follows that 
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x, = a for all n greater than some natural number k. Consequently, — x, = —a 
for all n greater than k and hence { — x,,} converges to — a. 

It is evident that both addition and inversion cannot be continuous in this metric 
topology, since otherwise R would be a topological group and, hence, homogeneous 
in this topology. 


MATHEMATICAL DEPARTMENT, MOORHEAD STATE COLLEGE, MOORHEAD, MN 56560. 
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Material for this Department should be sent to Shirley Hill, Department of Mathematics, 
University of Missouri, Kansas City, MO 64110, or to Paul Mielke, Department of Mathe- 
matics, Wabash College, Crawfordsville, IN £7938. 


PRECALCULUS MINI-COURSES, SELF PACING WITH CONSTRAINTS 
H. G. Moore 


Introduction. The past several years have seen the extension of self-paced and 
individualized instruction in mathematics to colleges and universities. For a variety 
of intricate reasons, the traditional university mathematics lecture is being replaced, 
at least for beginning undergraduates, by various adaptations of the self-pacing con- 
cept. [See Refs. ] 

One of the obvious weaknesses of total self-pacing is manifested by the very high 
attrition rate in these programs. In many cases almost 75 % of the students who begin 
the course will fail to complete it in an entirely self-paced program. In an effort to 
overcome this weakness, and to combine the best features of self-pacing with those 
of performance-criteria grading, the BYU Mathematics Department began this fall to 
experiment with a modular approach to teaching precalculus mathematics. This note 
outlines some of the details of that program. 


Mathematics 110. In attempting to meet the demands of various mathematical 
consumers (Engineers, Physical Scientists, Biological Scientists, Behavioral and 
Management Scientists, Technicians, etc.) a multiple track program of precalculus 
mathematics has grown up over the years. At Brigham Young, this involved at 
least five separate courses in the usual college-algebra-trigonometry-elementary 
functions courses. Each had its own flavor and particular combination of in- 
gredients. Because this material is largely a collection of only loosely related topics 
anyway, it seemed natural to investigate modularization of these courses. Mathe- 
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matics 110 is an experimental course consisting of twelve mini-courses (modules) 
covering the usual content of these precalculus tracks. The diagram below indicates 
these modules and their interrelationship with each other. A brief table of contents for 
each module is appended to this note. 
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Some of our reasons for using a modular approach in place of the more tradi- 
tional courses were stated as follows: 

(i) This approach allows each student to select those topics which are relevant to 
his major. At present, for example, a student must take 3 semester hours of mathe- 
matics 105 even though he needs only a portion of the topics covered in that course. 

(ii) This approach allows the student to study only those topics in which he is 
unprepared. If one has studied part of a traditional course elsewhere he must, in the 
old system, take the entire course to acquire those topics he needs. 

(iii) This approach allows each student to proceed at his own pace. Each module 
is presented several times a semester. If a student cannot learn the material in the 
allotted time, he may repeat the module in the same semester. 

(iv) This approach allows a student to study on his own and ‘“‘test out’’ of any 
given module whenever he feels ready, rather than having his progress determined 
by the rest of the class. 

(v) This approach allows students to enter or leave the course at several different 
times during the semester. 


(vi) This approach allows students to sample a larger variety of mathematics than 
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the traditional system. For example, in the old system, if a student needs to know 
some trigonometry, he must take either Mathematics 106 (3 hours) or Mathematics 
111 (5 hours). If his schedule does not allow enough time for one of these courses, 
he remains unprepared in trigonometry, which may well be detrimental to his pro- 
fessional progress. 


Mechanics of the course. Each module is studied individually as a short mathe- 
matics mini-course. With cooperation from our Registrar each student merely ap- 
proximates the number of modules he will complete as he registers at the beginning 
of the semester. (A sop to the VA and other number counters.) The mini-courses run 
for seven class days and are scheduled at various times throughout the semester. A 
schedule is provided to the student together with an instruction booklet describing the 
course. Each student is free to select his own program by studying, either on his own 
or in class, those modules he needs. He may attend any mini-course he wishes, sub- 
ject only to the constraint that once he has begun that module he must attempt the 
examination at the end of the mini-course. Class attendance is encouraged particularly 
when the material 1s new to the student. 

Whenever the student feels that he is sufficiently well prepared, before, during, or 
after the mini-course, he may take the final examination for that module. These 
exams are given in Class at the end of the module, or at any time during the school day 
in the Testing Center. The exams are machine generated, and a computer system 
maintains the records. The examination is graded immediately and, if passed, the 
student receives 0.5 semester hours of credit in Mathematics 110 with the grade 
earned on the examination. The grade and credit which will appear on the student’s 
permanent record is the composite of these individual modular grades earned during 
the semester. If the examination is failed, no grade or credit is recorded. At the end 
of the semester, the rare student who has passed nothing will receive 0.5 credit hours 
of failure in Mathematics 110. It is possible, therefore, for one student to earn 0.5 
hours of B in Mathematics 110 during the semester while another student earns 6.0 
hours of A in the same course. 

A student may retake an examination for a given module as many times as he 
wishes during the semester, either to eventually pass it, or to raise his grade. A 
different exam is administered each time. It is the last passing grade that determines 
the student’s grade on the module. This retaking privilege is constrained only by the 
semester calendar. The end of the semester ends the game for those modules passed 
that semester. However, additional modules may be studied during a subsequent 
sémester. 

A fairly high level of performance is required to pass a given modular examina- 
tion. This is usually at the 75% level; over 90% is required for an A grade. This is 
significantly higher performance than is expected to pass a traditional course. 

Students may study a given module on their own. They are free to attend the mini- 
course as often as they feel is necessary to prepare themselves to pass the examina- 
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tion. Study guides have been prepared for each module. Each was written by a 
different member of the faculty. Each guide consists of a brief table of contents, a list 
of behavioral objectives, a pre-test (to determine readiness for the material), ex- 
pository material with examples, exercises, and a sample final examination. 


RESULTS. The experiment is now* in its second semester and is still facing some 
difficulties. These include the following: 

(1) The unevenness of the textual material (showing their camel-like nature). 

(2) Some mechanical problems with the computerized record systems. 

(3) The need for multi-media assistance to supplement the mini-courses. 

(4) Some problems of teacher morale owing to the shortness of the mini-course 
and the student turn-over. 

Nevertheless, whereas ina traditional mathematics course at this level upwards of 
20% of the students receive no credit at all due to failure or withdrawal, while an 
additional 10% receive D grades, with this program 88 % of the students received pas- 
sing grades and some credit. They demonstrated some mathematical skill. 

In a survey conducted with a small sample of last semester’s participants, over 
70% reported a willingness to recommend this procedure to their friends. 

Last semester’s participants were anything but volunteers. All of the students who 
initially registered in some of the traditional mathematics sections were summarily 
selected to participate in the program. Of the 382 students so drafted, the mean 
number of credit hours earned was 2.51. The average grade on this course (composite) 
was 3.14 (4.00 = A). In contrast to this, of the 543 students enrolled in the traditional 
college algebra course, Mathematics 105, 22.5°% (122 students) received no credit 
while the remaining 421 students received 3 hours credit for a mean credit of 2.25 
hours per student. The average grade was 1.93 in the traditional course. 

This current semester, students were allowed to choose between the Mathematics 
110 modular program and the traditional courses. Data on these students will be 
reported later. At the half-way point this semester, it seems that the program is 
accomplishing many of its goals. While there is inherent danger in the fragmentation 
of a college course, this is only an extension of the danger already inherent in the 
college calendar itself. It seems that this modular approach does a better job of 
meeting the realities of students’ precollege preparation in mathematics. This pro- 
cedure is in general agreement with the current trend to grant college credit based on 
knowledge or skill wherever it was obtained, rather than for sitting through an 
academic exercise. 

On the other hand, it may be true that 1/2 credit hour modules are too fragmented. 
The problems of teacher morale and disciplined self-pacing may be better achieved if 
some modules were combined into larger units. The committee is investigating these 
ideas along with its evaluation of current procedure. 


* March 1973. 
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Contents of the twelve modules. 


MODULE 1: BAsic CONCEPTS 


1. Sets and Operaticns cn Sets 

2. The Real Numbers and Their Properties 

3. The Fundamental Operations, Linear Equations, Factoring 
4. Algebraic Fractions, Expcnents and Radicals 

5. Simultanecus Linear Equaticns, Quadratic Equations 

6. Inequalities and Absclute Value 
7. The Complex Numbers 


MODULE 2: FUNCTIONS 


. The Rectangular Cocrdinate System and Relations 

. Functions 

Some Functions and Their Graphs 

. Another Look at Functional Notation 

. New Functions From Old: The Sum, Product, Quotient, and Composition of Two Functions 
. Inverse Functions 


Nm ph wWN 


MODULE 3: POLYNOMIALS 


1. Introducticn to Pclynomials 

2. The Basic Algebra of Pclynomials 

3. Zeros, Degree, and The Fundamental Thecrem cf Algebra 
4. Division of Pclyncmials 

5. Synthetic Divisicn of Polynomials 

6. Theory of Polynomials 

7. Raticnal Roots of Polynomials 


MODULE 4: EXPONENTIAL AND LOGARITHMIC FUNCTIONS 


1. Exponents 

2. Exponential Functions 

3. Logarithmic Functions 

4. Computation with Logarithms 


MODULE 5: MATRICES AND SYSTEMS OF LINEAR EQUATIONS 


. Equivalent Systems of Linear Equaticns 
. Substitution and Graphing 

. Solutions in Echelon Form 

. Matrix Method 

. Matrix Algebra 

. Determinants and Cramer’s Rule 

. The Inverse of a Matrix 
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MODULE 6: TRIGONOMETRY | 


1. Angular Measure and Unit Circle Diagrams 
2. Circular Functions 
3. Right Triangle Relations 
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Values of the Circular Functions for Special Numbers 
Graphs of the Circular Functions 
Basic Identities 


MODULE 7: TRIGONOMETRY 2 


1. 
. Identiti s — Logic — Proof 

. More Graphs of Circular Functions — Periodicity 

. Inverses cf Circular Functions 

. Open Sentences 

. Solution of Simple Trigonometric Equations 

. Scluticn cf More Complex Trigcnometric Equations 
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Ydentities and Reduction Formula 


MODULE 8: TRIGONOMETRY 3 


1. 
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The solutions cf Right Triangles 
(a) Use cf the Trigoncmetric tables 
(b) Linear interpolaticn 


. The Law of Cosines 

. The Law cf Sines — The ambigucus case 

. Cartesian and Polar Representaticns of Complex Numbers 
. DeMcivre’s Thecrem and Rocts cf Complex Numbers 

. Harmonic Moticn 

. Summary 


MODULE 9: SEQUENCES AND MATHEMATICAL INDUCTION 


. Sequences and their definition 

. The Positive Integers and Mathematical Induction 
. Procfs by Mathematical Inducticn 

. Arithmetic Progressicns 

. Geometric Progressicns 

. The Bincmial Thecrem 


MODULE 10: COUNTING AND THE BINOMIAL THEOREM 


. Cardinality of Sets 

. Permutation 

. Combinaticns 

. The Binomial Thecrem 

. Partitions and the Multincmial Theorem 
. Summary 


MODULE 11: ANALYTIC GEOMETRY 


4 


. Introduction 

. Plane Coordinates 
. The Line 

. The Circle 

. The Parabola 

. The Ellipse 

. The Hyperbola 
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MODULE 12: LINEAR PROGRAMMING 


1. Systems of linear inequalities 

. The max-min problems — gecmetric scluticns and applicaticns 
. Max. problems — the simplex method 

. Min. problems — the duality principle 

. Allocation problems — applications of linear programming 
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are urged to enclose any solutions or information that will assist the editors. Ordinarily, prob- 
lems in well-known textbooks and results in generally accessible sources are not appropriate 
for this Department. No solutions (except those accompanying proposals) should be sent to 
Professor Starke. 


ELEMENTARY PROBLEMS 
Solutions of Elementary Problems should be sent to Problems Group, Mathematics Department, 
University of Maine, Orono, ME 04478. To facilitate their consideration, solutions of Elemen- 
tary Problems in this issue should be typed (with double spacing) and should be mailed before 
February 28, 1975. 


Note by the Editors. In view of the considerable interest in a number of the 
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older unsolved problems, it has been decided to reprint some of them every now and 
then. Solutions are solicited. 


E 570 [1943, 260]. Proposed by L. M. Kelly 
If the six conics, determined by each five of a set of six points, are congruent 
must they coincide? 


E 585 [1943, 454]. Proposed by A. H. Stone 

Let a circle with center O meet the sides BC, CA, AB of a triangle in the pairs of 
points X and X’, Y and Y’, Z and Z’. Let M be the Miquel point of X YZ (i.e., the 
point of concurrence of circles AYZ, BZ.X, CX Y), and M’ be that of X’Y’Z’. Prove 
that OM = OM’. 

If, further, the lines AX, BY, CZ concur, say in P, and consequently the lines 
AX’, BY’, CZ’ concur, say in P’, prove that PP’ and MM’ are parallel. 


E 2498. Proposed by R. E. Smith, Bishop Union High School, Bishop, California 

Given triangle ABC, find the locus of all points R (not necessarily in the plane of 
ABC) with the property that the three triangles RAB, RBC, and RCA have the same 
area. 


E 2499. Proposed by S. R. Conrad, B. N. Cardozo High School, Bayside, New 
York 
Construct the triangle ABC, given side a, angle A, and the bisector t, of angle A. 


E 2500. Proposed by P. Richard Herr, University Park, Pennsylvania 
Find all natural numbers n with the property that both n and o(o(n)) are perfect 
numbers, or prove that none exist. 


E 2501. Proposed by S. R. Conrad, B. N. Cardozo High School, Bayside, New 
York 

Let ABC be a right triangle with x« C> x B= x A, and let O and I be its 
circumcenter and incenter respectively. Show that the triangle BIO is a right triangle 
if and only if BC :CA:AB = 3:4:5. 


E 2502. Proposed by Jean-Marie De Koninck, Université Laval, Quebec 
For each natural number n, let 


‘ f(n) = sinn (f=). 


Prove that 


X f(r) = nlog (sen) +0(1). 
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E 2503. Proposed by R. F. Jackson, University of Toledo 
A fixed disk C, of unit radius is centered at (—1, 1). Beginning with the disk C,, 
centered at (1,1) and tangent to the x-axis and to Co, an infinite chain of disks {C,} 
is constructed, each tangent to the x-axis, to Co, and to C,_,. Find the sum of their 
areas. 
SOLUTIONS OF ELEMENTARY PROBLEMS 


Primes g not Satisfying g’?~ 1 = 1 (mod p2) 


E 2435 [1973, 943]. Proposed by Wells Johnson, Bowdoin College 
Let p = 5 bea prime number. Prove that there exist at least two distinct primes 
41» 42 Satisfying 1 < q; < p — 1 and (q,)’ * ¥ 1(mod p’). 


Solution by Irving Gerst, SUNY at Stony Brook. For p = 5, the primes 2 and 
3 satisfy the conditions. Hence assume p = 7. Call an integer n with (n, p) = 1 
proper if n?~* = 1, and improper otherwise (all congruences are to be taken modulo 
p’). Since the product of two proper integers is again proper, the following result 
holds: (A) If n > 1 is improper, then n has at least one improper prime divisor. Also, 
if n is proper and k is an integer with (k, p) = 1, then 


(kp — ny?-* = n?~* — (p — Ikpn?~* 


since p ¥ kn?~*. Thus: (B) If n is proper and (k, p) 

There are now two cases to consider: 

Case I: p — 2 is improper. Then, by (A), there exists an improper prime q with 
q|(p — 2). Also, since 1 is proper, (B) with n = 1, k = 1 implies that p — 1 is 
improper, so that, again by (A), there is an improper prime r with r|(p — 1). The 
primes r and q are distinct since (p — 2, p — 1) = 1, and each is less than p — 1. 

Case II: p — 2 is proper. Then (B), applied with n = p — 2 and k = 1, shows 
that 2 is improper. Now (p — 2)” is proper which implies that — 4p + 4 is proper. 
It now follows from (B) withn = —4p + 4and k = —3 that p — 4 1s improper, 
so that, by (A), there is an improper prime s with s | (p — 4). Since s is odd and less 
than p — 1, it follows that 2 and s are the required primes. 


1+ kpn?-* 41, 


1, then kp — nis improper. 


Also solved by the Bennett College Team, D. M. Bloom, Leonard Carlitz, Stephen Currier, O. P. 
Lossers (Netherlands), L. E. Mattics, Allen Stenger, Temple University Problem Solving Group, and 
the proposer. 


Matrices which Commute with all Doubly Stochastic Matrices 


E 2436 [1973, 943]. Proposed by E. T. H. Wang, University of Waterloo 

Ann X n matrix with nonnegative entries is doubly stochastic if each row sum 
and each column sum is 1. Characterize those doubly stochastic n x n matrices that 
commute with all doubly stochastic n x n matrices. 


I. Solution by D. M. Bloom, Brooklyn College. An n x n matrix A (doubly 
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stochastic or not) commutes with all n x n doubly stochastic matrices if and only 
if (1) all diagonal entries are equal (to «, say) and (2) all off-diagonal entries are equal 
(to B, say). If A is restricted to be doubly stochastic, then a, 8 = 0 and a + (n — 1)8 
= 1 so that these conditions are equivalent to (3) A = (1 — y)IJ + yJ, where 
0 < y S 1, where I is the identity matrix and where J is the matrix with all entries 
equal to 1/n. 

The fact that every matrix satisfying (1) and (2) commutes with alln x n doubly 
stochastic matrices follows by direct matrix multiplication. Conversely, if A com- 
mutes with alln x n doubly stochastic matrices, then it commutes with all permuta- 
tion matrices P. (The matrix P = (p,,;) is a permutation matrix if there exists a per- 
mutation a of {1,2,-:-,n} such that p;; = 1 if j = ix and 0 otherwise.) For such a 
matrix, (AP);; = a(i,jn~*) and (PA);; = a(iz,j) where a(i,j) = ay. If AP = PA 
for all z, then a(i,j) = a(iz, jz) for alli,j,2. For all i, k there is a permutation z such 
that iz = kandsoa,; = a,, for alli, k and (1) follows. Similarly, ifi #4 jandr # s, 
then there is a permutation x such that ix =r and jx =s and so a;, = a,, and (2) 
follows. 


II. Comment by K. F. Andersen, University of Alberta. There is an analog of 
this result for doubly stochastic operators on the space L of Lebesgue integrable 
functions on the unit interval [0, 1]. A(linear) operator T : L > L is doubly stochastic 
if 

(1) Tf 2 0 whenever f = @, 

(2) T1 = 1, 

(3) foTfdu = f[ofdu for all feL. 

(In the above @ represents the zero function 0(x) = 0,1 represents the constant 
function 1(x) = 1, and wis Lebesgue measure.) By considering first simple functions, 
we can show that a doubly stochastic operator T which commutes with all doubly 
stochastic operators on L must be of the form 


T = 1 — yl + yJ 


for some 0 S y S$ 1 where IJ is the identity operator Uf = f) and J is the averaging 
operator (Jf = {fofdu}1.) 

(This result is not surprising since an n x n doubly stochastic matrix can be con- 
sidered as a doubly stochastic operator on the real n-dimensional space R", and R" 
can be considered as L'(X, A,v) where X = {1,2,---,n}, A = P(X), and v = count- 
ing measure. —Ed.) 


Also solved by K. F. Andersen, Ethan Bolker, J. V. Brawley, A. W. Briggs, Jr., Floyd Christian, 
Jr., Peter de Buda, D. Z. Djokovi¢, T. E. Elsner, Jane Evans, Clark Givens, G. A. Heuer & Karl 
Heuer (Germany), Yasuhiko Ikeda, R. A. Jacobson, S. D. Kerr, J. C. Kieffer, Detlef Laugwitz 
(Germany), H. 8. Lieberman, O. P. Lossers (Netherlands), Carolyn MacDonald, J. G. Mauldon, 
Robert Patenaude, Ken Rebman, Emma Riddle, D. D. Rothmann, P. C. Shields (England), Richard 
Sinkhorn, W. C. Stone, Temple University Problem Solving Group, M. R. Vitale, William Watkins, 
R. D. Whittekin, W. W. Williams, Ken Yocom, and the proposer. 
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The Termwise Minimum of Two Divergent Series Can Converge 


E 2437 [1973, 943]. Proposed by David McLean, Warren, Michigan 

Let {a,} and {b,} be two sequences of real numbers that decrease monotonically 
to 0. If the series Xa, and Xb, both converge, then so does X max(a,, b,,). Suppose 
that the series 2a, and Xb, both diverge. Does it follow that the series X min(a,, b,) 


must diverge? 


Comment by Richard Poppen, Stanford University.*A practically identical pro- 
blem occurred as Advanced Problem 4278 by Peter Ungar [ 1948, 34; 1949, 423]. The 
stated problem also appears in the appendix (p. 201) of the 1967 corrected printing 
of G. Polya, Mathematical Discovery, Vol. 2 (Wiley, New York). 

It is interesting to note that the problem is slightly easier in its 1948 statement, 
since there the reader was asked to construct an example, whereas in the 1973 state- 
ment, the reader was asked to settle the question of whether an example existed. Yet 
the problem has been ‘‘demoted’’ from an Advanced to an Elementary Problem. 
Perhaps this indicates the advance of mathematics in the last 25 years. 


Solved by K. F. Andersen, John Annulis, Nicolas Artémiadis, Larry Bennett & Ken Yocom, 
Robert Breusch, George Crofts, S. C. Currier, Jr., D. Z. Djokovic, Roger Eggleton (Israel), D. W. 
Erbach (England), P. K. Garlick, A. M. Gendler ,G. A. Heuer (Germany), R. A. Jacobson, D. Z. 
Kilhefner, Robert Kopp, L. Kuipers, P. W. Lindstrom, O. P. Lossers (Netherlands), J. G. Mauldon, 
C, P. McCarty, Glen Meyers, Joel Pitt, J. W. Reed & J. P. Mayberry, Bruce Reznick, St. Olaf 
College Students, T. Salat (Czechoslovakia), Kenneth Schilling, SCSC Problem Solving Group, 
Wolfe Snow, Joel Spencer, A. H. Stein, Allen Stenger, Temple University Problems Group, R. H. 
Warren, Charles Wexler, Gordon Williams, J. K. Yates, and the proposer. 


Editor’s comment: It was also noted by Peter Ungar that this problem had occurred previously 
as 4278. Professor Ungar modestly declined to observe that it was his problem originally. 

The result is, surprising since the dual result with ‘‘divergent”’ replaced by “‘convergent” and “min” 
replaced by ‘“‘max”’ is true. Suppose that a, | 0 and 5, | 0 and that m, = min (a,, b,) and M, = 
max (a,, ,). Then always a, + 5, =m, -+ M,.If La,and 2, both converge, thenso do Xia, + b,) 
and 2m, and since YM, => [(a, + ,,)—iy] it follows that 31M, converges since the difference 
of convergent series is convergent. If, however, both da, and mb, diverge, then so do ua, + b,) 
and 2) M,, but in this case 1m, = L[(@, + 5,) — M,] and nothing can be inferred since the dif- 
ference of divergent series need not diverge. 


Meaningful Multiple Vector Products 


,E 2439 [1973, 1058]. Proposed by Edmund Umberger, Pennsylvania State 
University 

Let - and x denote the usual dot and cross product of vectors in 3-space, and let 

* denote any of the following operations: the usual scalar multiplication of scalar 

and vector, multiplication of vector and scalar with the obvious interpretation, or 

ordinary multiplication of scalar and scalar. How many of the 3" ways of inserting 

the symbols :, x, and * between consecutive vectors of the string v,V,°--v,+, will 
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result in meaningful expressions by suitable insertion of parentheses? For example, 
Vv, X V, *V3°V4 can be made meaningful, whereas v, *V,-V3°V, cannot. 


Solution by Kenneth Schilling, University of California, Davis. The number 
of ways that will result in meaningful expressions is 


n 
(1) » TENE TT (ikl 
k=0 L2*]> 12 . . 
This follows from the fact that a given placement of the symbols can be made 
meaningful if and only if s < d < s+ 1 where s is the number of occurrences of « and 
where d is the number of occurrences of -. 

Suppose first that s<d<s+1. The proof is by induction; the cases n = 1,2 
are trivial. For larger n, if some two vectors are separated by a x, then they can be 
combined to form a single vector, thus reducing the situation to the previous case. 
If there are no occurrences of x, then somewhere there must be a « adjacent toa-. 
Then (v,°V,)*V3 or V, *(v¥,°V3) likewise form a single vector and the induction is 
complete. 

Conversely, note that each time * is performed, one scalar is lost, and each 
time - is performed, one scalar is gained. When all computations are done, there 
must remain exactly one or zero scalars. Since we begin with no scalars, we must 
have sxd<s+1. 

The number of ways of having k occurrences of both * and -, and (n — 2k) 
occurrences of x is the multinomial coefficient 


n!} 
kK! k!(n — 2k)! 
and the number of ways of having k occurrences of *, (k + 1) occurrences of :, and 


(n — 2k — 1) occurrences of x is 


n! 
kK!(k+1)!(n—2k —1)! 


Summing these possibilities and manipulating the resulting sums yields (1). 


Also solved by T. J. Grilliot, Myron Hlynka, Ralph Jones, Carolyn MacDonald, and J. G. 
Mauldon. 


é 


A Tournament Scheduling Problem 


E 2441 [1973, 1058]. Proposed by Cornelius Groenewoud, Snyder, N.Y., and 
F. K. Hwang, Bell Telephone Laboratories 


One has n locations and m teams of n players each. Every week, each team is to 
send one player to each location where a resolvable round-robin tournament is 
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conducted. Show that it 1s possible to construct an n-week schedule such that every 
player goes to every location exactly once, and each player plays against every other 
player on every other team exactly once, whenever n is a prime power which exceeds 


mM. 


Solution by O. P. Lossers, Technological University, Eindhoven, Netherlands. 
It is well known (H. J. Ryser, Combinatorial Mathematics, Carus Mathematical 
Monograph No. 14, p. 81) that for n a prime power, m mutually orthogonal Latin 
squares of order n exist whenever n> m. Let A(1),-:-,A(m) be m such mutually 
orthogonal Latin squares of order n. Write A(p) = (a;,(p)) and let a;(p) = k mean 
that player number k of the pth team is sent to location j in the ith week. Since each 
row and each column of A(p) contains every element 1,2,---,n exactly once, it follows 
that each player of team p goes to every location exactly once (rows), and that in 
each week exactly one player of team p is sent to each location (columns). Since 
A(p) and A(q) are orthogonal for 1 S p,q <m and p # q, each player of the pth team 
plays against each player of the qth team exactly once. 


Also solved by Peter de Buda, Michael Goldberg, R. A. Jacobson, Carolyn MacDonald, J. G. 
Mauldon, Robert Patenaude, J. H. Pitt, Ken Rebman, Paul Smith, G. W. Valk, M.R. Vitale, and 


the proposers. 
A Sum Involving Roots of Unity 


E 2442 [1973, 1058]. Proposed by J. C. Hemperly, University of Maryland 
Let w,, @2,°::,@, denote the nth roots of unity. Evaluate 


Z| @,— ,|~?, 
the sum being taken over all distinct i, j. 
I. Solution by E. H. Umberger, Pennsylvania State University. The set 
|; —o,|, 1Si<j <n, represents the lengths of all sides, diagonals, and diameters 
(if any) of the regular n-gon inscribed in the unit circle. 


When n = 2m +1, there are n sides and n diagonals of each distinct length; 
using the Law of Cosines and a half-angle formula, we have 


m , —-1 m 
» | @;-— @;|77 =n x (2 - 200s“) =7 ¥ ese? 


i<j k=1 


n n>—1 on 


When n = 2m, there are in addition m diameters of length 2; hence 
m— 


n n>—-4 rn—-—n 
4 = 


ft. 
4 6 24 


1 
x jo, —@,|-? =f + esc? 
1 


i<j 
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It follows that the required sum is 


Py LL — n(n? — 1) 
24 } 12 


The formulas for the sum of the finite trigonometric series are given in Bromwich, 
Theory of Infinite Series (2nd edition), p. 210, and (incompletely) in L. B. W. Jolley, 
Summation of Series (2nd edition), formulas 439, 440. 


II. Solution by M. R. Murty and V. K. Murty (undergraduates), Carleton 
University. Let ow, = 1. Then 


n—-1 n-1 
x |o,-@,|-? =n Ll|1—a@,|-? = —n LY o(1 —@)-?, 
ixj i=1 i=1 
the first equality following from symmetry and the second from the fact that 


-7 + (1 — @)~7 = 0 


|1-— a; 


= 1. Now consider the following function of two variables: 


since |; 
x" — yn 
if x Ay 
F(x, y) = x" +x" 7y pie pxy™ 2p yr tae XY 
nx" t if x=y. 
We see that the partial derivative F, is given by 
n—1 n n 
x x" — ; 
[” — a if xy 
Fi(x,y)= 4*—¥ GY) 
3n(n — 1)x"~? if x=y, 
and so, if G = F,/F, then 
nx"—1 1 , 
a yn If x" ~ y" 
x"—y x—-y 
G(x, y) a 1 
nh — 
a ifx = 
ax x= y £0, 


the function G being defined for all (x, y) except when x = w,y for some nth root 
w; #1 of 1. Now evaluating the partial derivative G,(1,1), we have 


‘ _ 2 
G,(1,1) = lim wei! G(1, 1) _l | 
h>0 2 


But we have also that 


n-1 
F(x, y) = I] (x — wy), 
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and so 
and therefore 


implying that G,(x, y) = X"2} wx — w,y)~*. Therefore 


n(n? — 1) 


n~-J 
XL |a,-@,|-7 = —n X& o,(1-@)-? = —nG,(1,1) = 
. i=1 12 


inj 


Also solved by Bruce Berndt, Robert Breusch (New Zealand), Brother Alfred Brousseau, Leonard 
Carlitz, Chin-Hung Ching (Australia), Thomas Elsner, Clark Givens & Otto Ruehr, Michael 
Goldberg, M. G. Greening (Australia), Rev. William Habakkuk, A. C. Hindmarsh, M.S. Klamkin, 
M. J. Knight, Sinan Kunt, J. R. Kuttler,O. P. Lossers (Netherlands), Bernard Martin, L. E. Mattics, 
J. G. Mauldcn, Roger Nelson, Keith Powls, R. V. Pulskamp, St. Olaf College Students, Michael 
Shimshoni (Israel), and the proposer. Partial solutions by Jonathan Jankus, L. A. Ringenberg, 
Michael Skalsky, and Allen Stenger. 


ADVANCED PROBLEMS 


All solutions of Advanced Problems should be sent to J. Barlaz, Rutgers — The State University, 
New Brunswick, N. J. 08903. Solutions of Advanced Problems in this issue should be typed (with 
double spacing) on separate, signed sheets and should be mailed before February 28, 1975. 


An asterisk (*) means neither the proposer nor the editors supplied a solution. 


5952* [1974, 175]. Proposed by J. Gilles, University of Charleroi, Belgium 
Correction. The formulas to be proved were intended by the proposer to read as 
follows: 


00 3 

. $e 
n=1 n°sin nx /2 360 ./2 

(4) r(5) = 2a vit VARS +778, 


5994. Proposed by J. J. Higgins, University of Missouri, Rolla 

Let F and G be right-continuous distribution functions corresponding to the 
Lebesgue-Stieltjes measures fp and Ug respectively. If F and G have no common 
points of discontinuity, the well-known integration by parts formula gives 
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| Flote(ds) = F(0)GQ) — FaG(a) ~ | 


(a 


CHa) 


Give the corresponding integration by parts formula when F and G are allowed to 
have common points of discontinuity. 


5995. Proposed by L. A. Harris, University of Kentucky 

Let A be a bounded linear operator on normed linear space. Suppose A satisfies 
a quadratic equation with roots 4, and 4, and that A is not a scalar multiple of the 
identity operator. Show that 4, and 4, are eigenvalues of A, o(A) = {A,,A,}, and 


fA + f' Ar) (A -A,D for A, = 2, 


f(A) = 7 
1, — A L f(s) (A — AD -—fU2)(A-A,D] for A, 4A, 


for any function f which is analytic in a disk containing both 4, and A,. (For example, 
any 2 x 2 matrix satisfies its characteristic equation, which is quadratic.) 


5996. Proposed by Arthur Smith, Carleton University 

A well-known problem posed by Kuratowski concerns the maximum number of 
sets obtainable from a subset A of a topological space T by the operations of closure 
(~), taking interiors (°) and complementation. Suppose we do not allow comple- 
mentation but do allow arbitrary unions. 

Show that at most 13 sets can be constructed from A and give an example of a 


set A for which these 13 sets may be constructed, when T is the real line with the 
usual topology. 


5997. Proposed by M. S. Klamkin, Ford Motor Company 
Prove that 


| x? "(x — 1)?(x — 2)? (x - n)? | <T(1 +n)? 


where 0x <n and p,n are real and = 1. (This inequality has been given by 
A. Ostrowski for integral p, n. See Mitrinovié and Vasi¢, Analytic Inequalities, 
Springer-Verlag, 1970, p. 198.) 


5998*. Proposed by D. E. Daykin, Reading University, England 

Let n be a positive integer and let N be the set {1,2,---,n? + n + 1}. Suppose F isa 
family of distinct subsets of N such that 

(i) each member of F contains more than n? integers of N, and (ii) each integer 
of N is in more than n* members of F. Prove that two members of F have union N. 


5999*, Proposed by R. D. McKelvey, University of Rochester 

Let p be a finite measure on the o-algebra of sets in R" generated by the half 
spaces defined by hyperplanes through the origin. I.e., for any waeER", let H 
= {xeR"|x-a>0} and let H = {H, 


a 


aéR"}. Further, let B be the o-algebra 
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generated by H, and u: BR be a finite positive measure on B. Prove or disprove 
the conjecture: If u(A) = w(— A) for all Ae H, then uw(A) = u(— A) for all Ae B. 
(Here, of course, — A = {xe R"| — xe A}.) 


SOLUTIONS OF ADVANCED PROBLEMS 
Factoring Unimodular Matrices 


5876 [1972, 913]. Proposed by C. H. Kimberling, University of Evansville 


In the ring of 2 x 2 matrices over the reals, is every unimodular matrix a product 
of matrices of finite order? If so, generalize. 


Solution by W. C. Waterhouse, Cornell University. All conjugates of the matrix 


1 0 
them. Then N is a normal subgroup not consisting purely of scalar matrices, and 
therefore [E. Artin, Geometric Algebra, p. 165] it is all of SLQ, R). 

The same proof is valid for SL(n, k) with any n = 2 and any field k, except for 
SL(2, Z/2Z) and SL(2, Z/3Z) — and these, of course, are finite groups. 

Note: It is also possible to give a brief computational proof of the fact that 
every unimodular matrix is the product of matrices of determinant — 1 of order 
two, valid over any division ring k: The unimodular group is generated by the mat- 
rices I + ae,,, i # j, where a runs through non-zero elements of k and e;,; denotes 
the usual matrix units (loc. cit., p. 151). Now it is easily verified that if i 4 j, 
(I +e; — 2e;)U + (a + Le; — 2e;;) = 1+ ae; and (I + be,; — 2e;;)7 = I, for any 
bin k. Hence I + ae;; — 2e,;, i # j, is a set of matrices of order two such that every 
unimodular matrix is a product of elements of this set. 


(; 7 ) have order 4; let N be the subset of SL(2,R) consisting of products of 


Also sclved by D. Z. Djckovié, Gertrude Ehrlich, A. A. Jagers (Netherlands), Marijo LeVan, 
and J. B. Sunday. 


Lengths in Quasi-Frobenius Rings 


5891 [1973, 82]. Proposed by V. Dlab and C. M. Ringel, Carleton University, 
Ottawa, Canada . 

Prove or disprove that the left and right lengths of every factor ring R/I coincide, 
where R is a local quasi-Frobenius ring and J is an ideal of R. A local quasi- 
Frobenius ring is an Artinian local ring with a unique minimal left and a unique 
minimal right ideal (which necessarily coincide). 


Solution by T. A. Hannula, University of Maine at Orono. Let K be a field with 
isomorphic subfield K’ such that [K: K’| = 2. Let R be the ring with additive 
group K x K and multiplication given by (k,m)(/,n) = (kl,kn+ ml’). Note that 
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R is the ring obtained from the K—K bimodule K with scalar multiplication given 
by k*m* I= kml’, where I’ is the image of | in K’ under the isomorphism from 
K onto K’. R is an example of an exceptional ring given by Dlab and Ringel ([2], 
p. 139). Clearly, R has left dimension equal to 2 and right dimension equal to 3. 
We show that R is a homomorphic image of a quasi-Frobenius local ring yielding 
the necessary counterexample. 

Note that R is a finite dimensional algebra over the field K. Thus the functor 
Hom,(—, K) induces a Morita Duality between pF, the category of finitely generated 
left R-modules and Fp, the category of finitely generated right R-modules. It now 
follows ({1], Th. 5.2, p. 56) that there exists an R-R bimodule U such that (1) 
Endp(gU) & R with the isomorphism induced by right multiplication and (2) U 1s 
a finitely generated injective left R-module. The ring R x U obtained from the 
R-R bimodule U by letting (r, u)(s,v) = (rs, rv + us) is a left self-injective ring ((4], 
Th. 1.9(c), p. 132) since the right annihilator of U in R is 0 when R & End,(,U). 
Since both R and U have left composition series, R x U has finite length. It follows 
that R x U is a left self-injective, left Artinian ring, hence 1s quasi-Frobenius ({3], 
Th. 18, pp. 11-12). 

It is easy to check that R x U is a local ring with rad(R x U) = rad(R) x U. 
Moreover, 0 x U 1s an ideal with R = Rx U/0x U. Thus R x U is the required 
local quasi-Frobenius ring. 


References 


1. P.M. Cohn, Morita Equivalence and Duality, Queen Mary College Lecture Notes, 1966. 

2. V. Diab and C. M. Ringel, Balanced Rings, in Lectures cn Rings and Mcdules (Tulane 
University Ring and Operator Year 1970-1971), pp. 72-143. Lecture Notes in Mathematics, v. 246 
Springer, New York—Berlin—Heidelberg, 1972. 

3. S. Eilenberg and T. Nakayama, On the dimension of modules and algebras, II (Frobenius 
Algebras and Quasi-Frobenius Rings), Nagoya Math. J. 9(1955), 1-16. 

4. R. Fossum, P. Griffith and I. Reiten, Trivial Extensions cf Abelian Categories and Applica- 
ticns to Rings: An Expository Account, in Ring Thecry, Edited by Robert Gordon, Academic 
Press, N. Y., 1972. 


T. A. Hannula submitted a second solution. Also sclved by the prcposers. 


Decompositions of Abelian Groups 


5924 [1973, 814]. Proposed by Donald Girod, Canisius College, Buffalo, N.Y. 

A standard exercise in an introductory algebra course is to show that no group G 
can ever be the set theoretic union of two proper subgroups H,,H.. It is possible, 
however, for a group to be the union of some finite number (> 2) of proper sub- 
groups. For example, Z © Z is the union of three proper subgroups. Characterize 
those abelian groups G having a finite set of proper subgroups {H,,---,H,} such 
that G = H, U:: UH,. 
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Solution by Robert Gilmer, Florida State University. The following conditions 
on an abelian group G are equivalent: 

(1) G is the set theoretic union of a finite family of proper subgroups. 

(2) There exists a proper subgroup H of G such that G/H is finite and is not 
cyclic. 

(3) There exists an integer n > 1 such that G/nG is not cyclic. 

(4) There exists a prime integer p such that G/pG is not cyclic. 


Proof. (1) > (2): Assume that {H;}7., is a finite family of proper subgroups 
of G such that G = (J 7-,H,;, and G is not the union of a proper subfamily of 
{H,\",. By a result of D. S. Passman [Infinite group rings, Marcel Dekker, New 
York, 1971; Lemma 5.2, p. 17], each H; has finite index in G, and hence 
H = ()j=14H;, also has finite index in G. Since the group G/H is the union of its 
family {H;/H};~, of proper subgroups, G/H is not cyclic. 

(2) > (3): If H is a proper subgroup of G such that G/H has order n and G/H 
is not cyclic, then nG is contained in G, and since G/H is a homomorphic image 
of G/nG, it follows that G/nG is not cyclic. 

(3) > (4): Assume that G/nG is not cyclic, where n>1, and let 
n = p{'p>’-:: p,* be the prime factorization of n. Since G/nG is isomorphic to the 
direct sum of the family {G/p'G}i_, of primary groups, it follows that G/pf'G is 
not cyclic for some i. This implies that G/p,G is not cyclic, for if G = p,G + <g>, 
where <g> denotes the cyclic group generated by the element g, then it also follows 
that G = p}G+ <g> for each positive integer r. 

(4) — (1): Assume that p is a prime integer such that G/pG is not cyclic. Thus, 
as a vector space over Z/(p), G/pG has a basis & containing more than one element. 
Choose distinct elements v,,v, of # and let H be the subgroup of G generated by 
B — {v1,v,}. The factor group G/(pG + H) is elementary abelian of order p’, 
and hence is the union of its (finite) family of proper subgroups (there are p+ 1 
such subgroups); taking inverse images under the natural homomorphism of G 
onto G/(pG + A) it follows that G is the union of p+ 1 proper subgroups. 


REMARKS. In view of (4), it is clear that G cannot be expressed as a finite union 
of proper subgroups if G is cyclic or if G is divisible. But there are other families 
of groups G that cannot be so expressed. For example, if D 1s a subring of the ra- 
tionals containing Z, then the additive group of D cannot be expressed as a finite 
union of proper subgroups, and if S = {p,} a set of distinct primes, than the direct 
produgt of the family {C(p}")} of cyclic groups, where each n, is positive, is an 
abelian group that cannot be expressed as a finite union of proper subgroups. 


Also sclved by David Fried, A. A. Jagers (Netherlands), R. C. Lyndon, and the proposer. 
A Positive Definite Matrix 


5925 [1973, 814]. Proposed by A. G. O’Farrell, Brown University 
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Show that the matrix (a,;), where a;, = 1/(1 + | j- il), is positive definite. 


Solution by F. Gerrish, The Polytechnic, Kingston-upon-Thames, England. 
Suppose that (for i,j = 1,---,n) each b,,(t) is Riemann integrable on some interval 
Ic¢R, and that the symmetric matrix (b;,(t)) is positive definite for each tel. 
Then (a;;) is positive definite, where 


aij = | b; (t) dt . 
I 
For when x 40 we have 0< 2,,,b,,(t)x;x, (all te, and so 
0< | ( dX b,(t)x;x)dt = XL ajj;x;x;, 
1 \ig isj 


1.€., (a;;) 18 positive definite. 

The choice J = (0,1) and 5,,(t) = tl'-JI solves the original problem because 
(for each r = 2,---,n) the leading minor of order r in (b;,(#)) is reducible by the suc- 
cessive column operations c; > c,; — tc,;_; (Jj =r, r—1,---,2) to a triangular de- 
terminant with value (1 — t?)"', which is positive when te(0,1), and hence 
(b;,(t)) is positive definite. 

Alsc solved by Per Asincff & Tom Hgholdt (Denmark), P. R. Chernoff, L. E. Clarke (England), 
Jane Evans, E. W. Ewing, David Fried, Clark Givens, M. L. T. Hautus (Netherlands), Finbarr 
Holland (Eire), A. A. Jagers (Netherlands), C.R. Jchnson, J.C. Kieffer, I. I. Kotlarski, F. W. Steutel 
(Netherlands), J. H. Wells, and the proposer. 


Bound for a Convolution 


5926 [1973, 814]. Proposed by R. P. Boas, Northwestern University 
If f and g are nonnegative, bounded, and integrable over (— 00, 0), does it 
follow that 


| . sup [a(x — 1)f@)]dx 2 sup [ a- D fat? 


x 


Solution by P. R. Chernoff, University of California, Berkeley. Since 
sup, [g(x — t)f(t)] need not be measurable, we shall prove instead the modified, 
and formally stronger, inequality 


ie@) 


[ ess sup [g(x — )f(t)|dx 2 sup | g(x — Hf(dt. 


— € — 


First note that h(x) = esssup,|g(« — t)f(t)] is a measurable function. Indeed, 
if D is a countable dense subset of the unit ball of L'(R), we have 


h(x) = sup | * gx — NFOSOdt: 
gEeDJ—o 


thus h is the supremum of a countable family of measurable functions. 
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Now we can prove the inequality: 


sup | ax-9f@dt s |g |x| |= sup |g lu | roseae 


x 


sup {- i: g(x — Df OpWdtdx 


@eD 


IA 


[. ax ( sup | ic - DAO) a 


oe) @eD 


= [ ° h(x)dx. 


—~® 
Alsc solved by P. O. Frederickscn (Germany), David Fries, G. A. Heuer (Germany), Finbarr 


Holland (Eire), A. A. Jagers (Netherlands), O. P. Lossers (Netherlands), Roy Olson, Edward Rozema, 


and the proposer. 
Note. The propceser has noted a point by Frederickson that the inequality is not best possible. 


In fact, according to A. Prékopa (Acta Sci. Math. (Szeged) 32 (1971) 301-316; generalized by L. 
Leindler, Ibid. 33 (1972) 217-223), 


i” sup[g(x — OD) f()]dt = 2{ | f*dx i” grads 7 = 2) Pat — dat. 


—-—no x ™ 


The proof of Prékopa’s inequality is complicated. It would be interesting tc have a simple proof 
cf the stronger versicn cf the criginal inequality in which the right hand member is doubled. 


REVIEWS 
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Manuscripts of reviews as well as books submitted for review should be sent to: Book Review 
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Linear Optimization. By W. Allen Spivey, Robert M. Thrall. Holt, Rinehart and 
Winston, New York, 1970. xii + 530 pp. $15.75. (Telegraphic Review, June/July 
1971.) 


Having used Linear Optimization several times in an advanced undergraduate 
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course on linear programming for students in mathematics, operations research, 
and systems engineering, I have found this text to be an excellent one for class- 
room use. The fundamentals of linear programming are presented in a pedagogi- 
cally sound manner that is well received by students. At the same time, there is no 
loss of rigor in that the basic theory of the simplex algorithm is fully developed with 
a particularly nice treatment of the degeneracy problem. 


The first two chapters give an introduction to the geometry and the model building 
aspects of linear programming. A collection of modeling problems is given and refer- 
ence is made to these throughout the rest of the text. Chapter three contains a con- 
structive development of the simplex algorithm. This development differs from most 
text book presentations in that artificial variables are not used to obtain an initial 
basic feasible solution. The constructive approach given involves only the notion of a 
pivot which consists of elementary row operations. Given any linear programming 
problem, a systematic procedure is presented which shows how to pivot from one 
form of the problem to equivalent forms of the problem until a terminal form is 
obtained in a finite number of pivots. Even if certain variables are not constrained to 
be nonnegative (free variables), a systematic pivoting procedure is presented for 
handling such problems. Actually, this manner of handling free variables is one of the 
few places I disagree with the pedagogy of the authors. I usually demonstrate first 
how to replace n free variables with n + 1 nonnegative variables and then, if time 
allows, proceed with the pivoting procedure as an alternative method. 

Chapters four, five, and eight complete the development of general theory includ- 
ing the revised simplex method, duality, postoptimality analysis, and introduction of 
the elegant Tucker schema. The remaining chapters of the text are concerned with 
more specialized topics including transportation and assignment problems, matrix 
games, and decomposition techniques for large structured linear programs. I have 
found it best for classroom use to use the material on the transportation and assign- 
ment problems in a slightly different manner. The text first develops algorithms for 
the assignment problem (Chapter 6) and then presents an algorithm for the capacita- 
ted transportation problem (Chapter 7). This latter algorithm is reasonably complica- 
ted and seems to be a stumbling block for most students. I usually combine the 
appropriate material in Chapters 6 and 7 to present first an algorithm for the uncapa- 
citated transportation problem from which the algorithm for the assignment problem 
is easily obtained as a special case. Students are then in a better position to see the 
extension of the method to the capacitated case and this is usually given as an outside 
reading assignment. 

There are over 200 exercises included in the text. Most of these exercises are 
straightforward but do illustrate points made in the text. I usually supplement these 
with a few exercises to challenge the better students. The text also contains appen- 
dices giving necessary prerequisite material including topics in linear algebra. 
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The authors state that their major purpose in writing the text was to combine a 
constructive development of the simplex algorithm with a presentation that is both 
mathematically sound and intended for a reader who is not primarily a mathemati- 
cian. They have certainly achieved this goal and have written a very usable classroom 
text for students in varying disciplines. 


J. G. Ecker, Rensselaer Polytechnic Institute 


Introduction to Probability Theory. By Paul G. Hoel, Sidney C. Port, Charles J. 
Stone. Houghton Mifflin, Boston, Massachusetts, 1971. xi+258 pp. $10.95. 
(Telegraphic Review, November 1971.) 


Compared to other current texts this appears pleasantly small. When using this 
text in a three semester hour course, this instructor found himself adding some 
material from other texts but paying for it by having to skip material in this text. 
In outline this book contains a short course in discrete probability (chapters 1-4), 
analogous material for continuous distributions (chapters 5-7.4), the central limit 
theorem (section 7.5), and optional material on characteristic functions and Poisson 
processes (chapters 8-9). Upon closer inspection the following features stand out. 


The idea of a random variable is introduced early. The definition is later modified 
to handle continuous and general random variables. Although no mention is made 
of measure theory on the real line, the requirement that the inverse image of the 
half infinite interval (— 0o,x] be a member of the o-field of events in Q is com- 
pletely rigorous and correct. 


The central limit theorem is stated for sums of independent identically distributed 
random variables. The proof is not given until after characteristic functions have 
been introduced. Although the elementary proof for the binomial case is missing, 
there are graphs and numerical illustrations which make the theorem plausible. 
Further, this is one situation where the ‘‘elementary’’ proof is far less simple than 
the ‘‘complex’’ one. 


Chapter four deserves special commendation. A glance at the heading promises 
only some properties of discrete expectation. However, after covering variance of a 
sum of random variables, Chebyshev’s inequality (easily generalized proof without 
sums), and the weak law of large numbers, I had the pleasant realization that all the 
topics that make the last two lectures of a class harried had already been done. 
This I enjoyed. 

At this point, one may feel that the sections on continuous distributions would 
be repetitious. They are not. The super theorem validating chapter four in the 
continuous case is on page 176 without a boldface number and without proof. 
The rest of chapters five and six is devoted to examples, brand-name densities, 
change of variable formulas, density of a sum formula, and conditional densities. 
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Introduction to Probability Theory is the first of a three volume series by the 
same authors. The second and third volumes cover statistics and stochastic processes. 
The first volume makes me eager to see the others. 

RICHARD GISSELQUIST, Minneapolis, Minnesota 


Elements of Set Theory, Second Edition. By Peter W. Zehna and Robert L. Johnson. 
Allyn and Bacon, Boston, Massachusetts, 1972. ix + 197 pp. $8.95. (Telegraphic 
Review, August-September 1972.) 


The authors of this book express three purposes: to provide elements of set 
theory for upper division and graduate students planning to teach mathematics; 
to facilitate the transition from the computational methods of calculus to the abstract 
mathematics in higher level courses; to provide an alternative to calculus in the 
twelfth grade. We used this book in a sophomore course falling under the second 
classification. The intention of the course (and the book, I assume) is to study the 
fundamental concepts such as sets, relations, and functions that occur in all areas 
of mathematics and to investigate the general techniques used in proofs, such as 
mathematical induction, DeMorgan’s laws, and the method of indirect proof. 

The first goal is admirably met by Elements of Set Theory. Fundamental con- 
cepts are clearly explained with good examples and intriguing exercises. The def- 
initions are carefully worded, and the notation is generally excellent, although it 
was difficult to remember which of f* and f, is the image function and which is 
the inverse image function. 

The later chapters on infinite sets, cardinal numbers and ordering relations 
were well written but, unfortunately, beyond the level of many sophomore students. 
To be sure, these notions are difficult at first, but the authors could have provided 
more examples and made compromises in some of the theory. The students generally 
liked the book but complained that it was too brief with not enough examples, not 
enough exercises, and only one page explaining mathematical induction. 

One criticism that was heard is probably leveled at all books of this type: “‘It 
didn’t show how to do the proofs.’’ Of course, no book can entirely satisfy all 
students, but some improvements could be made. The first chapter had a fine, 
concise presentation of propositional logic with truth tables and of predicate logic, 
defining the quantifiers and giving rules for introducing and dropping them. But 
when logical rules, that is, informal rules of logic, were applied later in proofs, 
attention was not drawn to the procedures being used. It was as if the proofs were 
disjoint from the preceding logic. The student studying abstract theoretical concepts 
for the first time needs as much structuring of methods and listing of proof ‘‘tricks”’ 
as possible. Techniques used in proofs need to be identified and labeled so that 
they are recognized the next time and can be applied by the student. What this book 
lacked was an overall strategy for presenting the proof-techniques in a coordinated 
manner so that the student would be prepared for abstract algebra and analysis. 

KENNETH R. SLONNEGER, State University College, Fredonia, N.Y. 
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TELEGRAPHIC REVIEWS 


Telegraphic reviews are designed to give prompt notice of new 
books with sufficient information to assist our readers in deciding 
whether to order an examination copy or to suggest library purchase. 
Possible usesS are indicated as follows: 

T = textbook P = professional reading 

S = supplementary reading L = undergraduate library purchase 

13 to 18 = freshman to second year graduate level usage 

1 to 4 = appropriate time in semesters to cover text 
Asterisks (*) or guestion marks (?) denote special positive or nega- 
tive emphasis, respectively. Publishers are denoted by standard 
abbreviations; complete addresses may be found in Books tn Print. 


GENERAL, P*, L*, The Influence of Computing on Mathematical Research 
and Education. Ed: Joseph P. LaSalle. Proc. of Symp. in Appl. Math., 
Vv. 20. AMS, 1974, viii + 205 pp, $16.50. Six invited and fourteen 
contributed papers from an AMS-MAA symposium at Missoula, August, 1973. 
Altogether, an excellent, easily readable exposition of the present 
interface between computing and mathematics. LAS 


GENERAL, 1(13: 1), 4m Introduetion to Mathemattes, Second Edition. 
Bevan K. Youse. Allyn, 1974, xii + 337 pp, $10.95. For the "cultur- 
al" math course. Students and teachers alike will enjoy using this 
book. High school teachers will find some faScinating supplementary 
ideas. Pictures and biographical sketches of ten great mathematicians 
begin the chapters: The Nature of Mathematics, Numbers and Numerals, 
Checks and Pseudo-checks, The Expanding World of Numbers, Number 
Patterns, A Look at Topology, Probability and Statistics, Logic and 
the Axiomatic Approach, The Principles of Computer Programming, and 
Number Theory. Second edition contains some new topics and many new 
exercises. Chapter on computers is new. RBK 


GENERAL, 1(13-]4: 2), Mathematics for Managerial Decisions. Robert L. 
Childress. P-H, 1974, xiv + 689 pp, $12.95. Matrix algebra, linear 
and integer programming, single and multivariable calculus, probability 
theory, each surrounded by business and economic illustrations. A 
readable text for a year's survey course. LAS 


GENERAL, [*(14-15: 1), S, L, 4 Introduction to Axtomatie Systems. 
Burnett Meyer. Prindle, 1974, xiii + 190 pp, $10.50. For a course 


to bridge the gap between calculus and "abstract proof-oriented ad- 
vanced courses." Axiom systems, the affine plane, informal logic, in- 
formal set theory, groups, rings, fields, the number system, topology. 
An interesting approach to a common problem. FLW 


GENERAL, S$?(13), Thinking Metric. Thomas F. Gilbert, Marilyn B. 
Gilbert. Wiley, 1973, xii + 142 pp, $2.95 (P). Self-instructional 
booklet put out in anticipation of favorable congressional action on 
converting to the metric system. Goes somewhat overboard in its at- 
tempt to justify the change and to make the metric system meaningful. 
One wonders, for example, whether the teaching of fractions and mixed 
numbers" presumably can be eliminated from the curriculum," and what 
one would do with the "well over a billion dollars a year" that "the 
time spent in teaching just those skills may {now} cost us." RSK 
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GENERAL, S(13-16), L, Le Nombre Langage de la Setence. Tobias 
Dantzig. Blanchard, 1974, 248 pp, 28F (P). A translation of Dantzig's 
classic (Macmillan, N.Y., 1930) which was revised in this Monthly 38 
(1931) 164-66. The translation occasionally loses a little. Example: 
In the original, "As I am writing these lines there rings in my ears 
the old refrain: Reading, 'riting and 'rithmetic/Taught to the tune of 
a hickory stick." Translation: "...of reading, writing and arithme- 
tic, it is the last which humanity has had the most difficulty learn- 
ing." Except for a few cases like the above, a good translation. PJM 


GENERAL, S(16-18), P, Uberblicke Mathematik. Detlef Laugwitz. 
Bibliographisches Inst. Band 4: 1971, 123 pp; Band &: 1972, 172 pp; 
Band 6: 19738, 242 pp, (P). A series of expository and historical 
articles of general professional interest at a high level, e.g., an 
introduction to homology theory, an historical overview of topology. 
JAS 


GENERAL, S*(1/7-18), L, Meyers Handbuch iiber die Mathematik. Ed: 
Herbert Meschkowski. Bibliographisches Inst, 1972, 1234 pp, 36DM. 
"Das Buch nicht mit 1 + 1 = 2, sondern mit den Elementen der Mathe- 
matik, mit der Einftuhrung in die Sprache des Mathematikers." Es 
bietet ein Begriffsworterbuch der Mathematik und liber tausend Seite 
mit einer "Leicht lesbare Darstellung der Grundlagen und der verschie- 
denen Arbeitsweisen der modernen Mathematik." EinschliesSende sind 
Topologie, Wahrscheinlichkeitsrechnung, Informationstheorie, Theorie 
der transfiniten Mengen, usw. An equally literate translatton of this 
untque volume (at the same cost) would be most welcome. JAS 


BASIC, Practteal Applteations in Mathematics. Edwin I. Stein. Allyn, 
1972, iv + 220 pp, $5.50 (P). Consists only of a large number of 
drill problems in arithmetic and practical applications or word pro- 
blems. No examples are worked out and no answers are provided. RBK 


Basic, 1(13: ]), Business Mathematies for Colleges. Andrew Vazsonyi, 
Richard Brunell. Irwin, 1974, ix + 404 pp, $8.50 (P). Very basic 
mathematics, starting with the four arithmetic operations on decimal 
numbers and moving up to interest and percentages. Semi-programmed.PJM 


Basic, 1(13: 1), S, Praetteal Algebra. Peter H. Selby. Wiley, 1974, 
x + 326 pp, $4.95 (P). In programmed format, for self-study or class- 
room use. The content of a high school algebra course through quad- 
ratics. Frequent self-tests and worked examples. No trig function 

or logs. Especially appropriate for review work. TAV 


Basic, [(13: 1), Modern Elementary Algebra for College Students, 
Seeond Edttton. Vivian Shaw Groza, Susanne M. Shelley. Rinehart Pr, 
1974, viii + 519 pp, $9.95. Factoring, graphing, quadratic equations. 
Intuitive, informal explanations, many verbal problems. Summary after 
each chapter. Historical notes. LH 


PRECALCULUS , T(13: 1, 2), Fundamental Mathematies, Fourth Editton. 
Thomas L. Wade, Howard E. Taylor. McGraw, 1974, xiii + 604 pp, $11.95. 
First half of text for those whose algebraic skills are insufficient 
for standard pre-calculus or finite math course. Second half includes 
functions, graphs, basic trigonometry, logarithms, interest, prob- 
ability and statistics. Many drill exercises. LH 
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PrecaLcuLus, [(13: 1), College Trigonometry. Mustafa A. Munem, 
William Tschirhart, James P. Yizze. Worth, 1974, ix + 386 pp, $8.95; 
Study Gutde to Accompany College Trigonometry, 243 pp, $3.95 (P). A 
good, solid introduction to trigonometry. After the necessary defini- 
tion of sets and functions, the authors define trigonometric functions 
in terms of angles, and then as "circular" functions defined on real 
numbers. Trigonometric identities and graphs of the trig and inverse 
trig functions follow. Finally, all of the machinery is applied: first 
to solving triangles, then to complex numbers and vectors in the plane. 
A slower paced version of the appropriate sections of the first and 
third authors' precalculus book. The study guide is semi-programmed 

(Q and A but no branching) and contains more exercises. If a course 

in trigonometry is given, this is a good book; but for a pre~calculus 
course, or a combined algebra-trig course, to use this book and another 
would be too expensive. PJM 


PrecaLcuLus, 1(13: 1), College Algebra. John M. Peterson, Floyd E. 
Haupt. Prindle, 1974, ix + 346 pp, $11.50. Intuitive approach to 
concepts. Emphasis on mechanical skills with applications to business, 
economics, biological and social sciences. Functions, systems of equa- 
tions, matrices, linear programming, complex numbers, sequences, series, 
probability. LH 


PRECALCULUS. T(13: 1), Modern Intermediate Algebra for College Stu- 

dents, Second Edition. Vivian Shaw Groza, Susanne M. Shelley. Rinehart 
Pr, 1974, x + 533 pp, $9.95. Functions, graphs of quadratics, systems 
of equations, matrices, sequences and series. Detailed examples of 
each concept, chapter summaries, many exercises. LH 


PREcCALCULUS, I1(13: 1, 2), Algebra and Caleulus for Business. Thomas 
R. Dyckman, L. Joseph Thomas. P-H, 1974, xii + 450 pp, $10.95. Basic 


mechanics of differentiation and integration with business applica- 
tions, aimed at the mathematically unsophisticated. Algebra review 
includes logarithms, Simultaneous equations, inequalities and linear 
programming. LH 


EDUCATION, S{13. 16), P, Learning Mathematics through Activtttes: A 
Resource Book for Elementary Teachers. S. Jeanne Kelley. Freel, 1973, 
vi +121 pp, $3.50 (P). A collection of simple yet effective activi- 
ties to make mathematical concepts interesting for primary school 
students. Must reading for new and experienced teachers; highly 
recommended for parents of young children. Most activities look like 
more fun than TV. TAV 


EDUCATION, T(15-16: 1), Multiple Methods of Teaching Mathematties tn 

he Elementary School, Second Edttton. Charles H. D'Augustine. Har- 
Row, 1973, xv + 400 pp, $6.95 (P). Revision of earlier methods text. 
Updated bibliographies. Increased attention to applications. Be- 
havioral objectives listed for each chapter. First three chapters 
designed for self study. PSJ 


EpuCATION, P*, Mathematics Ltbrary--Elementary and Juntor High Sehool. 
Clarence Ethél Hardgrove, Herbert F. Miller. NCTM, 1973, v + 70 pp, 
$1.50 (P). Companion bibliography to The High School Mathematics Ltb- 
rary, Fifth Edition, by William L. Schaaf (TR, December 1973). Re- 
vision of the authors' 1968 pamphlet. Annotated, with grade-placement 
Suggestions. RSK 
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EDUCATION, P, Rechnerkunde. Ed: Glinter Lobin. Hermann Schroedel, 
1973, 218 pp, (P). A series of papers on various aspects of compu- 
ter science education sponsored by the "Forschungs-und Entwicklungs- 
zentrum flr objektivierte Lehr-und Lernverfahren" (FEOLL). This is 
one of the Paderborn conferences held in October 1972. The approach 
is very "Scientific." JAS 

EDUCATION, P, Sehulfernsehen im Unterricht. Gerhard Tulodziecki. 
Hermann Schroedel, 1973, 121 pp, (P). The proceedings of the fifth 
Paderborn conference from October 1972. Part of it concerns a fifth 
school year television program "Einfthrung in die Mengenlehre." JAS 


History, P, L**, Letbniaz in Parts 1672-1676: His Growth to Mathema- 
tteal Maturtty. Joseph E. Hofmann. Cambridge U Pr, 1974, xi + 372 
pp, $23.50. A thoroughly revised translation of the 1949 original 
Die Entwitcklungsgeschichte der Letbntzschen Mathematik. A minutely 
detailed study of the meteoric ascendence of Leibniz from a "deplor- 
able" breadth of knowledge to one of the greatest mathematicians of 
all time. "Seldom, if ever, has a decisive period in the history of 
mathematics been described with such intensity"--D.J. Struik, review- 
ing the original edition. LAS 


History, P, La Vita dt Copernteo di Bernardino Baldi. Bronislaw 
Bilifski. PWN, 1973, 109 pp, (P). A scholarly study of Baldi's 
"Life of Copernicus." This early (1588) biography suffers from 

acute manuscript difficulties, so the emphasis is on textual research 
based on Bilinski's extensive study of the manuscripts. JAS 


History, S(14-16), L*, Le Programme D'Erlangen. Félix Klein. 
Gauthier-Villars, 1974, xiv + 72 pp, 19F (P). A translation into 
French of Klein's 1872 address on the relationship of groups and 
geometry. PJM 


History, P, L*, The Development of Mathematics tn China and Japan, 
Second Edttton. Yoshio Mikami. Chelsea, 1974, x + 389 pp, $9.50. 
Corrected reprint of 1913 edition, originally published as an ap- 
pendix to Moritz Cantor's Geschtehte der mathemattschen Witssen- 
schaften, together with an appendix on soroban calculation by Rikitaro 
Fujisawa. Like all Chelsea mathematics books, printed on durable, 
acid-free paper. LAS 


History, S*, P, L*®*, Niels Henrtk Abel: Mathematician Extraordinary. 
Oystein Ore. Chelsea, 1974, 277 pp, $8.50. Reprint of a modern 
Classic, first published by U. Minnesota in 1957. A sympathetic bio- 
graphy, unencumbered by mathematical detail. LAS 


FounDATIONS, 1 (13: 1), S, Logte tn Mathematics: An Elementary Approach. 
Arthur E. Hallerberg. Hafner Pr, 1974, vi + 90 pp, $2.75 (P). A pro- 
grammed text covering implications, modus ponens (by means of a dia- 
gram), connectives, truth tables, tautologies, proofs, and defini- 
tions. Very little on quantification. FLW 


FouNDATIONS, 1(13: 1), S, Mathematical Proof: An Elementary Approach. 
Arthur E. Hallerberg. Hafner Pr, 1974, viii + 104 pp, $3.95 (P). Pro- 
grammed text to follow the author's Logic in Mathemattes. Proofs, de- 
finitions, formal proofs, and a little on quantifiers. Appendices on 
proof strategies, induction, and other topics. FLW 
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FOUNDATIONS, 1 (13: 1), S, Introduetton to Symbolie Logic. Karl J. 
Smith. Brooks/Cole, 1974, viii + 119 pp, $3.95 (P). Connectives, 
truth tables, tautologies, quantifiers, proofs, and Boolean algebra. 
Not much consideration of the negation of quantified statements which 
many students seem to find difficult. FLW 


FOUNDATIONS, P, Quantoren-Modalitaten-Paradoxien. Horst Wessel. VEB, 
1972, 524 pp, M29,80. The stated purpose is to "popularize the aims, 
results and methods of modern logic." The result is an unusual col- 
lection of papers, all in German, some translated from Russian; highly 
technical papers on a wide variety of modern research topics are pre- 
ceded by several articles of an historical nature. JAS 


FOUNDATIONS, P, L, Berkeley’s Philosophy of Setence. Richard J. 
Brook. Martinus Nijhoff, 1973, 210 pp, $18. "We take seriously 
Berkeley's claim that he is separating the 'wheat' of Newtonian 
science from the 'chaff' of metaphysical additions to it. We claim, 
however,...that much of what Berkeley would eliminate is more essen- 
tial than he believed to a proper understanding of the Newtonian edi- 
fice." Chapters on signification, vision, physics and mathematics, 
including a lengthy commentary on The Analyst. LAS 


FOUNDATIONS, I (16-18: 1), S, P, L, ZLeetures on Model Theory, Part I. 
Richard GosStanian. Lect. Notes Ser., No. 39. Aarhus U, 1974, ii + 


207 pp, $3.75 (P). A presentation of the main methods used in the 
model theory of first order languages. Presumes a good familiarity 
with set theory and some knowledge of modern algebra; proofs are 
quite detailed. LCL 


FOUNDATIONS, S, P, L, The Principles of Inductive Logic. John Venn. 
Chelsea, 1973, xx + 604 pp, $15. Unaltered reprint of the second edi- 
tion published in Cambridge in 1907. The philosophical foundations 

of mathematics continue to be confronted with fundamental problems re- 
garding the external world of phenomena "pursuing its undeviating 
course" and the internal world of "the observing and thinking mind." 
Here is a beautifully reasoned analysis that is hard to put down.LCL 


FOUNDATIONS » P, L, Logie, Methodology and Phtlosophy of Setence IV. 

Patrick Suppes, et al. Stud. in Logic and Found. of Math., V. 74. 
North- Holland, 1973, x + 981 pp, $56. An impressive and diverse ar- 
ray Of papers presented in 1971 in Bucharest, Romania, at the Fourth 
International Congress. Topics range from mathematical logic to eco- 
nomics, psychology and quantum mechanics; level of articles range as 
broadly, from elegant expositions for informed laymen to concise re- 
search reports for specialists. LAS 


FOUNDATIONS, P, Leeture Notes tn Mathematics-387: Cambridge Summer 

Sehool in Mathematical Logte. Ed: A.R.D. Mathias, H. Rogers. Springer- 
Verlag, 1973, ix + 660 pp, $17.30 (P). Papers from an August, 1971 
conference highlighted by an extensive exposition of intuitionism by 
D. van Dalen. LAS 


CoMBINATORICS, P, Lecture Notes in Mathematics-382: Combinatortal _ 
Theory Semtnar Bindhoven University of Technology. Jacobus H. van Lint. 
Springer-Verlag, 1974, vii + 131 pp, $7.40 (P). Notes of a seminar 
which was based on Marshall Hall's Combtnatortal Theory. Contains 
generalizations of theorems in Hall's book, references to recent re- 
Sults, and problems which arose during the seminar. A valuable book 

for researchers. SG 
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ComBINATORICS, P, Map Color Theorem. Gerhard Ringel. Grund. math. 
Wissenschaften, B. 209. Springer-Verlag, 1974, xii + 191 pp, $22.20. 
An account of the history and ultimate proof (in 1968 by the author 
and the late J.W.T. Youngs) of the map color theorem first stated 
(with incomplete proof) in 1890 by P.J. Heawood: The chromatic number 
of an orientable surface of genus p> 1 equals [{{(7 + Jl ¥ 48p) 72 


(where [x] denotes the largest integer not exceeding x). The 
proof employs new combinatorial analyses of current graphs. LAS 


NuMBER THEORY, P, Leeture Notes in Mathemattes-334: The Metrical 
Theory of Jacobi-Perron Algorithm. Fritz Schweiger. Springer- 

Verlag, 1973, 111 pp, $7.20 (P). Studies aspects of Jacobi algorithm 
related to measure theory, ergodic theory, dimension theory and dio- 
phantine approximation. Treats the algorithm as a model of an f-ex- 
pansion. Complements the 1972 monograph Lecture Notes-207 (TR, Febru- 
ary 1972) by L. Bernstein on the algebraic and arithmetic aspects.DFA 


NUMBER THEORY, P, Aspects of the Greatest Integer Funetton, Part I: 
The greatest integer function tn the domain of the rattonal numbers. 
Folke Ryde. Almqvist & Wiksell, 1973, 109 pp, Sw.kr. 70. A report 
on the author's investigation of the greatest integer function, con- 
centrating on Diophantine equationsinvolving this function. SG 


NUMBER THEORY, 1(18), P*, Untform Distributton of Sequences. L. 
Kuipers, H. Niederreiter. Wiley, 1974, xiv + 390 pp, $24.50. An 


excellent graduate-level text and reference. The book covers the 
classical theory of uniform distribution mod one (i.e., Weyl's paper), 
a quantitative approach to the classical theory (discrepancy), uniform 
distribution in compact spaces and topological groups, and sequences 
of integers and polynomials. Extensive bibliography; informative 
historical notes on each topic; many, many exercises. SG 


ALGEBRA, S(18), P, lLeeture Notes in Mathemattes-357: Primideale in 
Einhullenden auflosbarer Lte-Algebren. Walter Borho, Peter Gabriel, 
Rudolf Rentschler. Springer-Verlag, 1973, 182 pp, $7 (P). An infor- 
mally written account, for specialists, of the theory of prime ideals 
in enveloping algebras of solvable Lie algebras. Deals largely with 
the work of Dixmier. JD-B 


ALceBpra, |(1/7-18), S, P, L, Introduetion to Quadratie Forms, Second 
Printing, Corrected. O.T. O'Meara. Grund. math. Wissenschaften, B. 
117. Springer-Verlag, 1971, x + 342 pp, $21.60. See review by G. 
Whaples in this Monthly, February 1965, pp. 211-212. LCL 


ALGEBRA, S(18), P. Homological Dimenstons of Modules. Barbara L. 
Osofsky. CBMS Reg. Conf. in Math., No. 12. AMS, 1973, viii + 89 pp, 
$4.40 (P). Theorems about homological dimension for non-Noetherian 
(large) rings and modules involve set theoretic considerations such 
as the continuum hypothesis. A number of such results are presented 
here together with the necessary set-theoretic and homological back- 
grounds. JAS 


ALGEBRA, P, Leeture Notes in Mathematics-356: Infinitestmally Central 
Extensions of Chevaltley Groups. W.L.Jd. van der Kallen. Springer- 
Verlag, 1973, vii + 147 pp, $6.20 (P). A study of the connection be- 
tween infinitesimally central extensions of Chevalley groups and uni- 
versal central extensions of their Lie algebras. JAS 


1974] REVIEWS 1049 


ALGEBRA. T** (16-17: 2, 3), S*, P*¥, L, Diserete Mathematies: Applied 
Algebra for Computer and Informatton Setence. Leonard S. Bobrow, 
Michael A. Arbib. Saunders, 1974, xiii + 719 pp, $16.50. A massive 
exposition of applied modern algebra designed to do for the budding 
computer scientist or systems engineer what texts like Courant and 
Hilbert did for the physicist and engineer several decades ago. It 
begins with ideas based solely on high school algebra, yet concludes 
at the fontier of algebraic automata theory; in between are the mak- 
ings of many different courses ranging from Modern Algebra with Ap- 
plications to Automata Theory. Some topics: graphs, automata, semi- 
groups, computability, context-free languages, normal subgroups, uni- 
versal algebras, Markov chains, rings, modules, polynomial rings, 
cyclic codes, category theory. LAS 


ALGEBRA, S, P, L, Problems itn Group Theory. John D. Dixon. Dover, 
1973, xv + 176 pp, $3 (PP). Unabridged republication of the 1967 edi- 
tion (TR, January 1968). LCL 


ALGEBRA, P, Lecture Notes in Mathematies-319: Conference on Group 
Theory. Ed: R.W. Gatterdam, K.W. Weston. Springer-Verlag, 1973, 
188 pp, $6.70 (P). 22 papers from a June 1972 conference sponsored 
by U. Wisconsin, Parkside. LAS 


AtceBRaA, P, L**, Reviews on Finite Groups. Ed: Daniel Gorenstein. 
AMS, 1974, xi + 706 pp, $50 (P). Reprints of 3052 reviews originally 
published in Mathematical Reviews from 1940 through 1970, organized 
and cross referenced by subject. LAS 


ALGEBRA, P, JLeeture Notes in Mathematties-340: Groupes de Monodromte 
en Géométrie Algébrtque. P. Deligne, N. Katz. Springer-Verlag, 1973, 
x + 438 pp, $18 (P). Lectures ten thru twenty-two of the 1967-69 
Séminaire de Géométrie Algébrique du Bois-Marie. Earlier lectures 
appear in Leeture Notes No. 288. JAS 


ALGEBRA , P, Wumber Theory, Algebraie Geometry and Commutative Alge- 

bra: In Honor of Yasuo Aktaukt. Ed: Y. Kusunoki, et az. Kinokuniya 
Books, 1973, 528 pp, $63.60. A collection of papers published in 
honor of Yasuo Akizuki on the occasion of his seventieth birthday. 
Includes a listing of the contents of the Journal of Mathematics of 
Kyoto University, Vol. 13, No. 1, another volume dedicated to Pro- 
fessor Akizuki. JAS 


ALGEBRA, S(18), P*, Introductton to Some Methods of Algebraic K- 

heory. Hyman Bass. CBMS Reg. Conf. in Math., No. 20. AMS, 1974, 
v + 68 pp, $4.40 (P). Definition, discussion, computations, and ap- 
plications. of K;}. A good presentation of the sort that might help 
keep mathematicians in better communication with one another. From 
a conference at Colorado State University in August, 1973. JAS 


FINITE MATHEMATICS , T*(13-16: 1, 2), S,_L*, Applicable Finite Mathe- 
mattes. David S. Moore, James W. Yackel. HM, 1974, xi + 398 pp, 


$10.95. Superior. More serious level than usual for such books but 
without sacrificing simplicity, clarity. Computer projects, suggest- 
ions for further development at end of each chapter. Probability, 
Markov chains, linear programming, game theory, decision theory. LH 
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FINITE MatHemMatTics, [(13-14: 1), Finite Mathematics. Hugh G. Campbell, 
Robert E. Spencer. Macmillan, 1974, x + 326 pp, $9.95. Clear, well- 
motivated with applications every few pages to social, management, 

life sciences. Numerous examples and illustrations. List of new 
vocabulary at end of each chapter. Logic, sets, probability, matrices, 
linear programming, game theory. LH 


FINITE MatHematics, [(13-14: 1, 2), Finite Mathematics and Caleulus 
with Applications to Business. Paul G. Hoel. Wiley, 1974, ix + 446 


pp, $10.95. Functions, systems of linear equations, matrices, linear 
programming, probability, and a compact and straightforward introduct- 
ion to calculus. FLW 


Finite MatHematics, 1(13-14: 1], 2), Finite Mathematics. David G. 
Crowdis, Susanne M. Shelley, Brandon W. Wheeler. Rinehart Pr, 1974, 


ix + 417 pp, $11.95. Logic (without quantifiers), sets (without order 
relations and equivalence classes), probability (without Bayes theorem 
and subjective probabilities), matrix algebra (with determinants in an 
appendix), linear programming, game theory, and BASIC programming.FLW 


FINITE MATHEMATICS, I*(13: 2), Mathematics: With Applteations in the 
Management, Natural, and Soctal Setences. Margaret L. Lial, Charles 


D. Miller. Scott F, 1974, 564 pp, $10.95. In four essentially inde- 
pendent parts: I: Review and elementary functions; II: Matrix algebra, 
linear programming; III: Probability, decision theory, elementary 
statistics; IV: Elements of calculus. Unique feature is actual case 
studies from medicine and business that illustrate mathematical con- 
cepts. For the majority of students who take only one year of college 
mathematics, this provides a more realistic course than a detailed 
calculus course. TAV 


CaLcuLus, [(13: 2, 3), Cateulus and Analytie Geometry. Philip Ss. 
Clarke, Jr. Heath, 1974, xii + 930 pp, $13.95. Very clear presenta- 
tion. Thorough coverage of topics from review of inequalities and 
analytic geometry to vectors in n-space and multi-variable differen- 
tiation and integration. Some rigorous argument but avoids more dif- 
ficult proofs. Wide range of applications in exercises and examples. LH 


CaLcuLus, 1(13: 2, 3), L, Mathematical Analysts, Business and Economtec 
Appltecattons, Second Editton. Jean E. Draper, Jane S. Klingman. Har- 
Row, 1972, xi + 691 pp, $13.95. A calculus text that is well conceived 
and executed. The topics covered include the standard calculus topics, 
partial derivatives, differential equations, difference equations, 
matrix algebra, linear programming, game theory. Extensive and fre- 
quent sections on applications, mostly economic. The authors' claim 
that the material can be covered in a year is very doubtful. TAV 


CaLcuLus, 1(13: 1), 4 Short Catleutus for Students of Business, the 
Soetal Setences and Biology. Watson Fulks. Boulder Book, 1974, xiii 
+ 242 pp, $9.95. The author calls this a "what-it-means and how-to- 
do’‘it book." Topics: differentiation (emphasis on linear approxima- 
tion), integration, functions of 2 variables through Lagrange multi- 
pliers. Applications are well chosen and the author's informal prose 
style is very attractive. TAV 


CALCULUS , T(13: 2), Engineering Mathematics. A.C. Bajpai, L.R. Mustoe, 
Walker. Wiley, 1974, xiii + 793 pp, $22.50; $11.95 (P). Differen- 
tiation and integration, partial differentiation, ordinary differential 


1974] REVIEWS 1051 


equations, some probability and statistics. Flow charting, numerical 
methods throughout. Problem oriented, with few proofs. From p. 495: 
"Definition. An ordinary dtfferenttal equation is an equation which 
contains only total derivatives and no partial derivatives." DFA 


CaLcuLus, 1(2), S. P, L, Mathematieal Methods for Economists. Stephen 
Glaister. Lect. in Econ., No. 4. Gray-Mills, 1972, 207 pp, $14.50. 

A compact introductory survey of linear algebra and calculus, focus- 
ing on economic applications. Some problems, with answers to odd- 
numbered ones at the back. A good reference for college mathematics 
teachers in search of significant economic illustrations. LAS 


ReaL ANALYSIS, I(18: 1), P, ZLeeture Notes in Mathematies-315: Inte- 
gratton Theory (with Special Attentton to Veetor Measures). Klaus 


Bichteler. Springer-Verlag, 1973, vi + 357 pp, $9.70 (P). Extends 
M.H. Stone's unified treatment of set functions and Radon measures. 
Definition of measurability includes those of Bourbaki and Caratheo- 
dory-Halmos. Concept of "upper gauge" leads to a Daniell integral 
even for measures and linear maps that do not have finite variation. 
Chapters: Riesz spaces and elementary integrals; Upper gauges and ex- 
tension theory; Measurability; Elementary operations on measure spaces; 
Liftings and derivatives. Exercises for each section. Subject index, 
notation index. Bibliography. RSK 


ComPLEX ANALYSIS, I*(16: 1), L. Complex Variables. George Polya, 
Gordon Latta. Wiley, 1974, xiv + 327 pp, $12.95. As befits a text 


by the first author the emphasis is on problems. The reader must be 
an active participant, for much of the material is developed in the 
exercises. A casual reader will find the textual material skimpy but 
enough is written for the real purpose of this text: learning by 
doing. TAV 


COMPLEX ANALYSIS. S(17-18), P, The General Theory of Dirichlet's 
Sertes. Ed .G. Leathem, G. H. Hardy. Cambridge Tracts in Math. and 


Math. bhysics. “No. 18. Hafner, 1972, 78 pp, $5.95. The classical 
theory as originally published in 1915 by Cambridge University Press. 
LCL 


COMPLEX ANALYSIS, I (16-17: l, 2), L, Introduction to Complex Variables. 
. Grove, G. Ladas. HM, 1974, x + 221 pp, $11.95. After discussing 


the algebra and topology of the complex numbers, the authors define 
analytic functions, talk about complex integration and the residue 
theorem, and give applications to such areas as 2-dimensional flows 
and Fourier transforms. Additional topics (e.g., conformal maps, 
doubly periodic functions) are relegated to appendices. Biographies 
of mathematicians are scattered throughout the book giving an histori- 
cal flavor to the text which is all too rare. Exercises and index, 
but no bibliography. PJM 


Compcex Anacysis, [I (15-16: 1), Complex Analysts with Applications. 
Richatd A. Silverman. P-H, 1974, x + 274 pp, $12.95. Very similar 


in content to many other texts for a first course, with some topics 
omitted to provide what the author calls "the irreducible minimum 
every scientist and engineer should know about the techniques of com- 
plex analysis." Extensive well chosen exercise sets and comments to 
provide insight close each chapter. Its very readable style should 
appeal to students. TAV 
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ComPpLex ANALYSIS, P, JLeeture Notes in Mathematics-348: Generalized 
Hypergeometrie Funettons with Appltecattons tin Stattsties and Physteal 
Setences. A.M. Mathai, R.K. Saxena. Springer-Verlag, 1973, vii + 314 
pp, $10.70 (P). Integrals, finite and infinite series, logarithmic 
cases and computable representations of Meijer's G-functions. Applica 
tions to statistics, dual integral equations, communication theory, 
heat conduction. References to and exercises from 360 research papers 
DFA 


ComMPLEX ANALYSIS, P, JLeeture Notes in Mathematics-320, 349, 3650: 
Modular Funettons of One Vartable. Springer-Verlag, 1973. JV. I, 
Ed: Willem Kuyk, 195 pp, $6.70 (P); V. If, Ed: W. Kuyk, P. Deligne, 
598 pp, $14.70 (P); V. III, Ed: Willem Kuyk, J.-P. Serre, 350 pp, 
$10.70 (P). Proceedings of an international summer school at U. 
Antwerp, 1972. <A fourth volume is also planned. LAS 


ComPLex ANALYsIS, 1*(15: 1), L, Complex Variables and Applications, 
Third Edttton. Ruel V. Churchill, James W. Brown, Roger F. Verhey. 


McGraw, 1974, x + 332 pp, $11.95. No major changes from the earlier 
edition, long the classic in the field. The revisions have been 
mainly for clarity and precision, with minor organizational changes. 
Includes new exercises and some new material on the argument principle 
and sequences. One of the best is now better. TAV 


DIFFERENTIAL EQUATIONS, P, Ditfferenttalgletichungen: Losungsmethoden 
und Losungen, Third Unaltered Edition. E. Kamke. Band I: Gewohnltche 


Differentialgleitehungen, 1971, xxvi + 666 pp, $12.50; Band II: Par- 
tielle Differentialgleichungen Erster Ordnung fur etne Gesuchte Funk- 
tton, 1974, xii + 243 pp, $7.50. A reprint of the corrected (in 1948) 
1944 third edition of Volume I, and of the unaltered 1944 third edi- 
tion of Volume II. Includes a massive and encyclopaedic solutions 
manual for ordinary differential equations (1500 individually solved 
equations in Volume I). JAS 


DIFFERENTIAL EQUATIONS, [(18: 1), P, Introduction to Singular Pertur- 
battons. Robert E. O'Malley, Jr. Appl. Math. and Mech., V. 14. Acad 


Pr, 1974, viii + 206 pp, $16.50. Techniques for obtaining asymptotic 
solutions to boundary value problems for linear and nonlinear ordinary 
differential equations. Includes problems arising in chemical reactor 
theory and in optimal control theory. For applied mathematicians, 
engineers, students. References to current literature throughout.DFA 


DIFFERENTIAL EQUATIONS, T(17-18: 1, 2), S, P*, Asymptoties and 
Speetal Funettons. W.d. Olver. Acad Pr, 1974, xvi + 572 pp, 


$39.50. An exceLient and thorough introduction to both asymptotics 

and special functions, a natural and appealing combination. Pre- 
requisites: ordinary differential equations, advanced calculus and 
complex variable theory. Oriented about the solution of difficult 
differential equations. Includes recent results on error analysis. 

The first half of the book, which could serve as a good text, is avail- 
able separately under the title Introduction to Asymptotties and Special 
Funettons for $10. RWN 


NUMERICAL ANALYsis, [ (14-16: 1), L, Theory and Applications of Numert- 
eal Analysis. G.M. Phillips, P.J. Taylor. Acad Pr, 1973, x + 380 pp, 


£3.90 (P). A very useable introductory text. Topics include inter- 
polation, approximation, numerical integration and numerical solution 


of nonlinear equations, linear systems, ordinary differential 
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equations and two point boundary value problems. The coverage varies: 
generally it's quite thorough, including the relevant theory; at times 
it's cursory. Good examples, exercises, and bibliography. RWN 


NUMERICAL ANALYSIS, I*(16: 1, 2), P. L. Numerical Methods. Germund 
Dahlquist, Ake Bjorck. Transl: Ned Anderson. P-H, 1974, xviii + 573 


pp, $15.95. Appears to be a very good text and reference. Presumes 
some differential equations and linear algebra but no functional analy- 
Sis. Covers standard topics (function approximation, numerical linear 
algebra, nonlinear equations, interpolation, numerical integration and 
differential equations) plus chapters on accuracy considerations, 
Fourier methods, optimization and simulation. Bibliography and a guide 
to published algorithms. RWN 


NUMERICAL ANALYSIS, [(15-17: 1, 2), L, Introduction to Numerical 
Analysts, Second Edttton. F.B. Hildebrand. McGraw, 1974, xiii + 669 


pp, $14.95. Same organization of topics as in the successful first 
edition (1956). Several new sections on recent developments, e.g., 
splines. The substantial selection of problems is augmented by 150 
new problems. RWN 


FUNCTIONAL ANALYSIS, P, JLZeeture Notes in Mathematics-287: Hyperfune- 
ttons and Pseudo-Differential Equations. Ed: Hikosaburo Komatsu. 


Springer-Verlag, 1973, vii + 529 pp, $13.40 (P). Papers from the 
conference at Katata, Japan in October 1971, together with three re- 
lated papers from a conference at Kyoto University in September of 
that year. Nearly half the volume is a paper, "Micro-functions and 
Pseudo-differential Equations" by M. Sato, T. Kawai, and M. Kashiwara. 
JAS 


FUNCTIONAL ANALYSIS, P, L, Complete WNormed Algebras. F.F. Bonsall, 
. Duncan. Ergebnisse der Math., B. 80. Springer-Verlag, 1973, x + 


301 pp, $26.20. An account of the principal methods and results in 
the theory of Banach algebras, both commutative and noncommutative. 
Chapters: concepts and elementary results, commutativity, representa- 
tion theory, minimal ideals, star algebras, cohomology, miscellany. 
Bibliography of 488 items. Index, symbol index. RBK 


OPTIMIZATION, P, JLeeture Notes tn Eeonomtes and Mathematical Systems- 
77: Problémes de Minimax via L'Analyse Convexe et les Inégalités 
Variattonnelles: Théorte et Algorithmes. A. Auslender. Springer- 
Verlag, 1972, vii + 132 pp, $5.10 (P). For a general class of mini- 
max problems, convex analysis is used to establish the existence 
theory and the variational inequalities are used to derive several 
numerical algorithms. RWN 


ANALYSIS, I(17), P, Differential Games. Avner Friedman. CBMS Reg. 
Conf. in Math., No. 18. AMS, 1974, 66 pp, $4 (P). Develops the con- 
cepts of value, strategy and saddle points. The question of existence 
is treated as well as connections with the Hamilton-Jacobi equations. 
Bibliography. TAV 


ANALYSIS, 1*(16: 2), P*®, Absolute Analysts. F. and R. Nevanlinna. 
Transl: Phillip Emig. Grund. math. Wissenschaften, B. 102. Springer- 
Verlag, 1973, 270 pp, $36.10. A compelling text. An attempt is made 
to present a systematic basis for a general, absolute coordinate and 
dimension free infinitesimal vector calculus. A joyous wedding of 
Classical analysis and modern functional analysis. TAV 
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AnaALYsis, SC14-16), L*, Les Sséries Mathématiques. Gaston Casanova. 
Pr U France, 1974, 128 pp, (P). Almost everything you want to know 
about series. Starting from the definition of limit of a sequence, 
the author discusses positive term series, real and complex series, 
and proceeds up to Fourier series and series of orthogonal functions. 
The last chapter on generalizations includes series with values ina 
topological group and some applications to physics. Short biblio- 
graphy consisting entirely of French texts, no index or exercises. 

A good, handy reference book. The French is eminently readable. PJM 


ALGEBRAIC GEOMETRY, P, Lecture Notes in Mathematics-3389: Toroidal 
Embeddings I. G. Kempf, et al. Springer-Verlag, 1973, viii + 209 

pp, $8.20 (P). A systematic presentation of results about local analy- 
tic coordinates of monomials, which turn out to yield embedded tori. 
After a general introduction, the major development of the theory is 
given in chapters on semi-stable reduction and applications by D. 
Mumford and a chapter on polyhedral subdivisions by F. Knudsen. JAS 


GEOMETRY, S(16), Pp, L, The Axtoms of Projeettve Geometry. A.N. 
Whitehead. Cambridge Tracts in Math. and Math. Physics, No. 4. 


Hafner, 1971, viii + 64 pp, $4. A delightful discussion of axioma- 
tics and geometry precedes the development of a projective axiom sys- 
tem. Several of the axioms are presented after discussion of the pro- 
perties requiring these assumptions. Not intended as a complete text 
on projective geometry, this tract requires some previous exposure to 
geometry. No index. Reprint of the 1906 original edition. JNC 


GEomMETRY, 1(13: 1), Baste Concepts in Geometry: An Introduction to 
Proof. Frank B. Allen, Betty Stine Guyer. Dickenson, 1973, xii + 
253 pp, $9.95. Chapters on sets and logic, reasoning and proof to- 
gether with extensive symbolism and flow-diagram formats are used to 

convey the reasoning involved in some of the elementary proofs of 
Euclidean geometry. Unfortunately, most of the proofs are left in 
Outline form and the geometrical implications are lost in the symbo- 
lism. JNC 


GEOMETRY, P, Ditfferenttal Geometry: In Honor of Kentaro Yano. Ed: 
S. Kobayashi, M. Obata, T. Takahashi. Kinokuniya Books, 1972, viii 
+ 541 pp, $46.80. A wide variety of papers presented in honor of 
Kentaro Yano on the occasion of his sixtieth birthday. JAS 


TopoLocy, P, Proceedings of the Internattonal Symposium on Topology 
and tts Applieattons. Duro R. Kurepa. Savez Drustava Mate., Beograd, 
1973, 272 pp. These proceedings from August 1972 contain sixty-one 
papers and questions covering every conceivable area related to topol- 
ogy. JAS 


TopoLocy, S(1/7-18), P, Conneeted Orderable Spaces. H. Kok. Math. 
Centre Tracts, No. 49. Math Centrum, 1973, 91 pp, Dfl. 10 (P). A 
Space is (strictly) orderable if its topology contains (is equal to) 
the order topology given by some order relation on the underlying 
set. This research monograph is a study of topological properties 
related to the property of orderability and ends with a substantial 
list of (counter)examples. JAS 


TopoLocy, 1(17-18), Mengentheoretische Topologie. Boto von Querenburg. 
Springer-Verlag, 1973, viii + 195 pp, $6.10 (P). Sophisticated point 
set topology. A thorough text that starts with basics but moves 
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rapidly to cover a number of major results, e.g., the Stone- 
Weierstrass theorem, the Bing-Nagata-Smirnov metrization theory, 
Stone-Cech compactification and a number of special advanced topics. 
The text includes a number of not-too-difficult exercises, an adequate 
index, and a family tree of topology on the back cover. JAS 


TopoLocy, P, Theory of Sets and Topology: In Honour of Feltx Hausdorff 
(1868-1942). Ed: Gunter Asser, et al. VEB, 1972, 525 pp. A large 
collection of papers on a wide variety of topics collected by the edi- 
tors at the University of Greifswald where Hausdorff was from 1913 un- 
til 1921. JAS 


PROBABILITY, P, JLeeture Notes in Mathemattes-360: Laws of Large 
Numbers for Normed Linear Spaces and Certain Fréchet Spaces. W.J. 
Padgett, R.L. Taylor. Springer-Verlag, 1973, vi +111 pp, $6.20 (P). 
"The aims of these notes are to present a unified theory of weak and 
strong laws of large numbers for random elements [random variables 
taking their values in a function space | in abstract spaces, and give 
some applications..." Basically self-contained for the qualified 
reader. TAV 


PROBABILITY, |(17: 1), P, Random and Restricted Walks: Theory and Ap- 
plicattons. Michael N. Barber, B.W. Ninham. Gordin, 1970, xiii + 176 
pp, $17.95. Principles of random walks are developed from generating 
functions, with emphasis on lattice walks and self-avoiding walks. A 
second section treats applications to polymer chemistry. Biblio- 
graphy. TAV 


PROBABILITY, S*(17), P, L, Stoehastie Models for Social Processes, 
Second Editton. D.J. Bartholomew. Wiley, 1973, xi + 410 pp, $19.50. 
Valuable supplementary reading for a course in applied probability. 
Greatly expanded from the first edition (1967). An excellent example 
of the increasing use of sophisticated mathematical models by social 
scientists. Contains an extensive bibliography, no exercises. TAV 


PROBABILITY , T?(18), P, Random Ftelds and Interacting Particle Sys- 

tems. F. Spitzer. MAA, 1971, 126 pp, $2.35 (P). From lectures at 
the 1971 MAA Summer Seminar, Williams College. The author moves 
quickly from finite Markov chains to advanced models. No table of 
contents, or index. TAV 


PROBABILITY, 1(18: 2), P, Independent and Stattonary Sequences of 
Random Vartables. I.A. Ibragimov, Yu. V. Linnik. Wolters-Noordhoff, 
1971, 443 pp, $38. A comprehensive analysis of the behavior of the 
distribution function Fy(x) for a sum of n random variables from 
a stationary sequence. Four chapters on independent identically dis- 
tributed R.V.'s, nine on the theory of large deviations, four on 
weakly stationary sequences and a chapter on unsolved problems. The 
English version reads smoothly and fluently. TAV 


PROBABILITY, P, Monotone Transformations and Limit Laws. A.A. 
Balkema. Math. Centre Tracts, No. 45. Math Centrum, 1973, 170 pp, 
Dfl. 18 (P). Essentially the author's thesis, the monograph studies 
the question of convergence of distribution types. The basic question 
is under what conditions does a sequence of random variables converge 
to a r.v. with either a logarithmic, exponential or power distribution. 
A few sketchy applications are included. TAV 
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STATISTICS, |(1/), Digttal Time Series Analysis. Robert K. Otnes, 
Loren Enochson. Wiley, 1972, x + 467 pp, $17.75. Primarily a re- 
ference for users. Mathematical preliminaries, including Fourier 
transforms and an introduction to data acquisition are included. 
Computational methods for filtering, Fourier transforms, spectral 
densities, transfer and coherence functions, and prohability density 
functions. RWN 


STATISTICS, 1 (13-14: 1), Stattsttes for Teachers. Estelle S. Gellman. 
Har-Row, 1973, vii + 239 pp, $5.95 (P). Presupposes only high school 
algebra. EmphaSizes examples of interest to classroom teachers. Very 
light on probability. FLW 


STATISTICS, _) (13- 14: 1), S, Statisties. Donald J. Koosis. Wiley, 
2, x + pp, $2.95 (P). A programmed workbook to be used alone 


or “song with a standard text which presupposes only high school alge- 
bra. FLW 


STATISTICS, I (1s- V7: 1, 2), S, L, Probability and Statistical Infer- 
enee. Richard G. Krutchkoff, Gordon, 1970, xiv + 291 pp,$24.50. A 


compact and yet “Suite comprehensive text for a post-calculus course. FLW 


STATISTICS, P, Characterization Problems in Mathematical Statistties. 
A.M. Kagan, Yu. V. Linnik, C. Radhakrishna Rao. Wiley, 1973, xii + 
499 pp, $22.50. In the Wiley Series in Probability and Mathematical 
Statistics. Theoretical presentation of properties that characterize 
the principal distributions of mathematical statistics. Contains an 
extensive bibliography and a collection of approximately fifty un- 
solved problems related to the discussion. RSK 


STATISTICS, rar 15: 2, 3), Baste Stattsttes wtth Business Applieca- 
ttons, Second Edttton. Richard C. Clelland, et al. Wiley, 1973, xii 


+ 691 pp, $14.50. In the Wiley Series in Probability and Mathematical 
Statistics. A consolidation of the material in the 1966 First Edttton 
(TR, January 1967), which was designed for sophomores at the Wharton 
School of Business having a background in calculus and the elements 

of set theory and matrix algebra. Contains more material on prob- 
ability than most texts of this type, including a chapter on the 
moment generating function. Devotes half of section on inference to 
decision theory and Bayesian inference. Concludes with a section on 
regression, time series and econometrics. RSK 


STATISTICS, P, Distribution Theory for Tests Based on the Sample Dis- 
trtbutton Funetton. J3. Durbin. CBMS Reg. Conf. in Appl. Math., No. 

9. SIAM, 1973, vi + 64 pp, $4.80 (P). Based on ten lectures given 

at SUNY at Buffalo in August/September 1971. Primarily concerned with 
tests based on the two classes of statistics typified by the Kolmogorov- 
Smirnov statistic and the Cramér-von Mises statistic, Applications 
limited to goodness-of-fit tests. RSK 


Statistics, S**(13), L*, Flaws and Fallactes in Statistical Thinking. 
Stephen K. Campbell. P-H, 1974, viii + 200 pp, $4.95 (P). Entertain- 

ing and informative presentation of the misuses of statistics, illus- 
trated by hundreds of examples, most of which are real. Reminiscent 

of Darrell Huff's How to Lie wtth Statisttes, but more comprehensive. 

Unfortunately marred by several sexist remarks and cartoons. RSK 
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STATISTICS, P, Selected Tables in Mathematical Statistics, Volume I. 
Coeditors: H.L. Harter, D.B. Owen. AMS, 1973, vii + 403 pp, $8.60. 
Second printing with minor revisions of book originally published by 
Markham Publishing Company in 1970 (TR, April 1971). RSK 


Statistics, S*(15-17), P, L*, Comparative Statistteal Inference. Vic 
Barnett. Wiley, 1973, xv + 287 pp, $16.50. In the Wiley Series in 


Probability and Mathematical Statistics. Well-documented comprehen- 
Sive treatment surveying and contrasting the different approaches to 
statistical inference and decision making from a conceptual or philo- 
sophical viewpoint. Primarily concerned with the relationships and 
differences between classical inference, Bayesian inference and de- 
cision theory, it also mentions some alternative approaches, and dis- 
cusses prerequisite concepts such as the nature of probability and 
utility. RSK 


STATISTICS, S(16), P, L*, Sequential Analysts. Abraham Wald. Dover, 
73, X11 + 212 pp, $3.50 (P). Reprint of Wald's 1947 classic. Pre- 
sents the theory of the sequential probability ratio test, a procedure 
in which the number of observations is not predetermined but depends 

at each stage on the results of the previous observations. RSK 


STATISTICS, P, Selected Topics in Statistteal Theory. Geoffrey Ss. 
Watson. MAA, 1971, v + 167 pp, $2.35 (P). Notes produced at the 
1971 Cooperative Summer Seminar at Williams College, covering one 

of the two series of lectures given. Contains no table of contents 
or index. Topics are outlined in the preface, and range from a short 
elementary chapter on sampling from a finite population to chapters 
on stationary processes and spectral estimation, and goodness-of-fit 
tests of the Cramér-von Mises type using Fourier series methods. RSK 


STATISTICS, 1(13: 1), Educational Statisttes: Use and Interpretatton, 
Second Edttton. W. James Popham, Kenneth A. Sirotnik. Har-Row, 1973, 
xi + 413 pp, $11.95. Revision of Popham's 1967 text, designed to 


help educators become "professionally literate." Topics covered in- 
clude analysis of covariance and factor analysis, but the approach is 
more common-sense than mathematical. Statistical techniques involving 


considerable computation are each dealt with in two chapters, one 
general, the other giving computational details. RSK 


STATISTICS, 1(13), S*, L, Stattsttes by Example. Ed: Frederick 
Mosteller, et al. A-W, 1973, $3 (P) each. Exploring Data, xvi + 125 


pp; Wetghtng Chances, xiv + 145 pp; Detecting Patterns, x + 166 pp; 
Finding Models, xiv + 146 pp; Teachers’ Commentary and Soluttons Manu- 
al, Martha Zelinke, et al, $2 (P) each. Prepared by the Joint Commit- 
tee on the Curriculum in Statistics and Probability of the ASA and the 
NCTM, which also prepared a companion collection of applications of 
statistics, Statisttes: A Guide to the Unknown, Judith Tanur, et al, 
editors (ER, April 1974). Consists of sets of interesting examples 
based upon real problems, and includes exercises and projects related 
to these examples. The mathematical prerequisites range from arith- 
metic, rates and percentages for Hxploring Data to elementary prob- 
ability and intermediate algebra for Finding Models. A must for any- 
one planning to teach high school mathematics, at which level it is 
most appropriate. RSK 
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Statistics, T(16-17: 2), P*, L*, The Design and Analysis of Expert- 
ments. Oscar Kempthorne. Krieger, 1973, xix + 631 pp, $17.50. Re- 
print, with corrections, of the author's well-known and often refer- 
enced 1952 text. It remains the definitive work in many areas of de- 
Sign. RSK 


COMPUTER SCIENCE, P, Complextty of Computer Computattons. Ed: Raymond 
Miller, James W. Thatcher. Plenum Pr, 1972, x + 225 pp, $16.50. 
Proceedings of the 1972 IBM Research Symposium: 14 papers, panel dis- 

cussion, bibliography, indices. LAS 


COMPUTER SCIENCE , T(15-17: 1), L. Computability Theory: An Introduc- 
tton. Neil D. Jones. Acad Pr, 1973, xiv + 154 pp, $9.50. Develops 


ina relatively elementary way the theory of computability for Turing 
machines using S-rudimentary formulas. This approach is syntatic 
rather than numeric. Also discusses related problems and other formu- 
lations of computability. RWN 


ComPuTEeR Science, [*(15-17: 1), L. Systems Programming. John J. 
Donovan. McGraw, 1972, xviii + 488 pp, $13.95. One of the best 


texts on systems programming: assemblers, loaders, macros, compilers, 
and operating systems. Somewhat oriented toward the 360. Best used 
with a background in PL/I and assembly. Gets at the heart of the pro- 
blem without being strapped by peculiar details. Exercises. RWN 


COMPUTER SCIENCE, 1(15), Destgn Methods for Digital Systems. J. 
Chinal. Transl: A. Preston, A. Summer. Springer-Verlag, 1973, xvii 


+ 506 pp, $33.90. Translated from the French. An introduction to 
switching theory. Includes number systems, arithmetic, codes, hard- 
ware logic, boolean algebra, boolean functions, switching and sequen- 
tial networks and their simplification and synthesis. RWN 


CompuTeR Science, 1(15-16: 1), L, Translations of Computer Languages. 
Frederick W. Weingarten. Holden- -Day, 1973, xi + 180 pp, $10.95. A 


good introductory book. Concentrates on technigues for parsing: bot- 
tom-up, top-down and left-right. Includes preliminary material on 
formal grammars. Also considers restricted, bounded context, and pre- 
cedence grammars. "Algorithmic rather than mathematical." RWN 


CoMPUTER SCIENCE, P, 48C ALGOL: A Portable Language for Formula Mani- 
pulatton Systems. R.P. Van de Riet. Math Centrum, 1973. Part 1: 

The Language, Math. Centre Tracts, No. 46, iv + 173 pp, Dfl. 18 (P); 
Part &2: The Comptler, Math. Centre Tracts, No. 47, 116 pp, Dfl. 12 (P). 
A language which allows the declaration and use of complex data struc- 
tures and operations on these structures for processing formulas 
(similar to Formula Algol and Formac). A well-documented listing of 
the pre-processor is provided. Applications include the manipulation 
of polynomials, determinants and differential equations. RWN 
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Reviewers Whose Inittals Appear Above 


David F. Appleyard, Carleton; Judith N. Cederberg, St. Olaf; John Dyer- 
Bennet, Carleton; Steven Galovich, Carleton; Loren Haskins, Carleton; 
Paul S. Jorgensen, Carleton; Roger B. Kirchner, Carleton; Richard S. 
Kleber, St. Olaf; Loren C. Larson, St. Olaf; Pierre J. Malraison, 
Carleton; R.W. Nau, Carleton; J. Arthur Seebach, Jr., St. Olaf; Lynn 

A. Steen, St. Olaf; T.A. Vessey, St. Olaf; Frank L. Wolf, Carleton. 


NEWS AND NOTICES 


EDITED BY RAOUL HAILPERN, SUNY at Buffalo 


Readers are invited to contribute to the general interest of this department by sending news 
items to Mathematical Association of America, 1225 Connecticut Avenue, NW, Washington, 
D. C. 20086. Items must be submitted at least two months before publication can take place. 


PERSONAL ITEMS 


Gonzaga University: Instructor Barbara Harras has been promoted to Assistant Pro- 
fessor; Assistant Professor K. E. Martin has been appointed Chairman of the Mathematics 
Department. 

Mr. Jack Barone, Bernard Baruch College, CUNY, has been promoted from Lecturer 
to Assistant Professor. 

Professor H. F. Bohnenblust, Caltech, has retired with the title of Professor Emeritus. 

Assistant Professor D. E. Cameron, The University of Akron, has been promoted to 
Associate Professor. 

Assistant Professor W. H. Ford, Clemson University, has been appointed Assistant 
Professor at the University of the Pacific. 

Assistant Professor W. R. Klinger, Marion College, has been promoted to Associate 
Professor. 

Assistant Professor Larry Krajewski, Viterbo College, has been promoted to Associate 
Professor and appointed Chairman of the Department of Mathematics. 

Vice President for Academic Affairs D. W. Lick, Russell Sage College, has been appointed 
Dean of the School of Sciences and Professor of Mathematics at Old Dominion University. 

Associate Professor R. G. McDermot, Duquesne University, has been appointed Chair- 
man of the Mathematics Department. 

Dr. Maria Steinberg, California State University, Northridge, has retired with the title 
of Professor Emeritus. 

Associate Professor E. C. Young, Florida State University, has been promoted to Pro- 
fessor. 


Mrs. Beatrice P. DeLany, Research Associate, Illinois Institute of Technology, died 
on October 14, 1973. She was a member of the Association for twenty-four years. 

Mr. Eugene B. Duffy, Arlington, Virginia, died on May 18, 1974, at the age of 71. He 
was a member of the Association for twenty-two years. 

Professor Abraham Robinson, Yale University, died on April 11, 1974, at the age 
of 55. He was a member of the Association for five vears. 


CANADIAN SOCIETY FOR HISTORY AND PHILOSOPHY OF MATHEMATICS 
SOCIETE CANADIENNE D’HISTOIRE ET DE PHILOSOPHIE DES MATHEMATIQUES 


At a founding meeting on June 3, 1974, in Toronto, the C.S.H.P.M./S.C.H.P.M. adopted 
a constitution stating that “‘the aim of the Society is to promote throughout Canada dis- 
cussion, research, teaching, and publication in the history and philosophy of mathematics.” 
The first Executive Council was elected as follows: President: C. V. Jones (York University); 
Vice-President: T.W. Settle (Guelph University); Secretary-Treasurer: J. L. Berggren 
(Simon Fraser University); Council Members: W.S.H. Crawford (Mount Allison Uni- 
versity), N. TI. Gridgemen (National Research Council), and Fred Ustina (University of 
Alberta at Edmonton). 
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Membership is open ‘‘to any person with interest in the history and philosophy of 
mathematics.’? Annual dues of $4.00 were set for 1974 and 1975. Historia Mathematica 
was named the official journal of the Society, and members were offered the option of paying 
a single fee of $10.00 for membership and subscription to the journal, starting with 1974 
and Volume I. Those interested in membership should write to the Secretary-Treasurer, 
Professor J. L. Berggren, Mathematics Department, Simon Fraser University, Burnaby, 
British Columbia. 

The first annual meeting was divided between sessions with the Canadian Society for 
the History and Philosophy of Science in connection with the Learned Societies Conference 
in Toronto (3-4 June) and with the Canadian Mathematical Congress at Laval University 
(7 June). In Toronto there was a joint meeting with the C.S.H.P.S./S.C.H.P.S. on the role 
of mathematics in the history of physical science, at which the speakers were J. L. Berggren, 
Stillman Drake, and H.S. M. Coxeter. There was also a session with papers by Tyrone 
Lai, Stephen Regoczei, Byron Wall, V. Linis, G. H. Moore, and P. K. Schotch. At Laval 
University there was a session with papers by Wei-Ching Chang, K. O. May, and G. H. 
Moore. In addition, H. Zassenhaus and E. A. Barbeau gave invited addresses on historical 


topics. 


MATHEMATICAL ASSOCIATION OF AMERICA 
Official Reports and Communications 


OCTOBER MEETING OF THE INDIANA SECTION 


The fall meeting of the Indiana Section of the MAA was held at Ball State University, 
Muncie, on Saturday, October 20, 1973, with approximately 120 persons in attendance. 

The morning program consisted of papers by Professor M. A. Nyman, Manchester 
College, on ‘“‘SSome Remarks on a Generalization of Haar Series,’’ and by Professor F. W. 
Owens, Ball State University, ‘“‘On Some Graph Theoretical Research Problems from the 
Monthly.’’ There followed a panel discussion on mathematics as viewed by representatives 
from business and industry, with Professor M. D. Thompson, Indiana University, as chair- 
man, and consisting of Kenneth Clark, Lincoln National Life Insurance Co., Fort Wayne; 
Donald Holland, Operations Research Group, Detriot Diesel, Allison Division of General 
Motors, Indianapolis; David Sears, Computer Science-Numerical Analysis Division, General 
Motors, Indianapolis; and Lealon Tomkinson, Statistics Group, Eli Lilly Company, In- 
dianapolis. , 

A business meeting followed the luncheon. In addition to reports on current plans of 
the MAA, the MAA High School Contest in Indiana, and the Indiana School Mathematics 
Journal, the members approved unanimously the motion of Professor M. C. Gemignani, 
Indiana-Purdue at Indianapolis, that the Section adopt a registration fee of one dollar at 
each meeting, with the proviso that the Executive Committee be delegated authority to exempt 
certain classes of attendants, such as speakers and students, from payment of this fee. In 
the absence of any news on the bill on science and technology, there was no report made. 

An invited address followed on ‘“‘Mass Balance and Interdisciplinary Models,’’ by Profes- 
sor Robert Pingry, Purdue University. 

R. T. Hoop, Secretary-Treasurer 


1974] MATHEMATICAL ASSOCIATION OF AMERICA 1061 
APRIL MEETING OF THE INDIANA SECTION 


The spring meeting of the Indiana Section of the MAA was held at Rose-Hulman In- 
stitute of Technology, Terre Haute, on Saturday, April 27, 1974, with approximately forty- 
five members present. The morning program consisted of the following papers: ““A Con- 
structive Theory of Completeness,’’ by Professor John Lennes, Valparaiso University; 
‘“Newton’s Power Sum Formula and Some Related Multisections,’’ by Professor Clark 
Kimberling, Evansville University; ‘Fixed Point Iteration Using Infinite Matrices,’’ by 
Professor B. E. Rhoades, Indiana University; ‘“When do the Periodic Elements of a Group 
Form a Subgroup ?’’ by Professor Gary Sherman, Rose-Hulman Institute. 

Following lunch an MAA film was shown of an address by Professor R. H. Bing: ‘“‘“Some 
Challenging Conjectures.’’ During the business meeting, Professor L. J. Cote was chosen 
to be the Indiana co-chairman of the MAA High School Contest for 1975. The formation 
of a speakers’ bureau (of members who would be willing to speak at sister institutions) was 
discussed. Professor Harold Hanes, Earlham College, as chairman of the Nominating Com- 
mittee, presented the following slate of officers for 1974-75 (which was unanimously appro- 
ved): Chairman, Professor M. D. Thompson, Indiana University; Vice-chairman, Profes- 
sor R. T. Hood, Franklin College; Secretary-Treasurer, Professor David Wilson, Wabash 
College. 

Following the business meeting, Mr. Dale Van Laningham, a Rose-Hulman student 
and member of Pi Mu Epsilon, spoke on “‘The Sinbad Steamship Company: A Program to 
Schedule Freighter Traffic Optimally.’’ An invited address followed, by Professor Casper 
Goffman, Purdue University : ““Everywhere Convergence of Fourier Series.”’ 

R. T. Hoop, Secretary-Treasurer 


APRIL MEETING OF THE IOWA SECTION 


The 61st regular meeting of the Iowa Section of the MAA was held at Upper Iowa 
University, Fayette, Iowa, on April 19, 1974. Chairman Donald Bailey presided. Total at- 
tendance was 33, including 32 members of the Section and one visitor from the Kansas 
Section. 

Following the invited address, ‘‘Ramsey Theory and the Problem of Eccentric Hosts,’’ 
by Seymour Schuster, Carleton College, and Governor Hogg’s report, the business meeting 
was held. A progress report of the Visiting Lectures Program conducted by the Section was 
given by Chairman Bailey, and by general consent, it was agreed that we should continue 
the program. Attendance and ways to increase participation in the section affairs were 
discussed, but no definitive action was taken. 

Lawrence Hart, Loras College, Dubuque, Iowa, was elected as Chairman-Elect. 


The following contributed papers completed the program: 
1. Isoderivative curves, by George Bridgman, Wartburg College. 
2+ A mean value theorem for integrals, by Donald Bailey, Cornell College. 
3. A simplified proof of Bezout’s theorem, by Arnold Adelberg, Grinnell College. 
4. A small college cooperative seminar, by E. T. Hill, Cornell College. 
B. E. GILLAM, Secretary-Treasurer 
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APRIL MEETING OF THE SEAWAY SECTION 


The Spring Meeting of the Seaway Section of the MAA was held at Union College, 
Schenectady, N. Y. on April 27, 1974, with an attendance of 83 people, including 73 members 
of the Association. Professor W. C. Stone of Union College, President of the Section, presided. 

At the morning session, Dr. H. C. Martin, President of Union College, welcomed the 
members of the Seaway Section on behalf of the host institution. 

Professor Malcolm Pownall of Colgate University, Governor of the Section, gave an 
invited lecture, ‘““Recent Trends in Undergraduate Mathematical Programs.”’ 

Professor Arthur Danese, State University College at Fredonia, presented the Harry 
S. Gehman Lecture, his topic being ““The Mathematician as a Teacher.”’ 

At the business meeting the following officers were elected: Chairman, D.O.McKay, Uni- 
versity of Western Ontario; First Vice-Chairman, Mabel D. Montgomery, State University 
College at Buffalo; Second Vice-Chairman, Peter Lindstrom, Genesee Community College. 

It was announced that P. G. deBuda, student at the University of Toronto, had received 
the highest score in the Section in the 1973 William Lowell Putnam Mathematical Com- 
petition, and that he would receive a check for $10 from the Section. 

The Annual Report on the MAA High School Mathematics Contest was presented as a 
written report from H. B. Foisy, State University College at Potsdam, read by J. F. Smith. 


During the afternoon the following contributed papers were presented: 

Fuzzy Sets Theory, by W. E. Hartnett, State University College at Plattsburgh. 

Mathematical Models — or — Should Mathematics be just a Set of Classroom Exercises? by 
A. C. Green, State University College at Buffalo. 

Report on the National Conference for Personalized Instruction in Higher Education, Washington, 
D. C., by W. H. Reynolds, State University College at Cortland. 

Elementary Linear Algebra-Polynomial Evaluation of Functions Using Real Matrices, by Donald 
Fama, Auburn Community College. 

Multi-structured College Courses in General Mathematics and Calculus, by Larry Copes, Syracuse 
University. 

A Variable Instruction Program for Mathematics, by J. A. Voytuk, Rensselaer Polytechnic Institute. 

Examples of Two-Dimensional Symmetry by the Graphic Artist, M. C. Escher, by S.C. Van Orden, 
Eisenhower College. 

Fibonacci Bases of Egyptian Fractions, by John McKibben, Skidmore College. 

Some Reasons to Doubt the Validity of Goldbach’s Conjecture, by R. D. Larsson, Schenectady 
County Community College. 

A Note on f b x* dx, by P. A. Lindstrom, Genesee Community College. 

Normality and Relative Density in Groups, by G. T. Frey, St. Bonaventure University. 

Irreducibility of Polynomials over Finite Fields, by C. W. Kchls, Syracuse University. 

EMMET STOPHER, Secretary-Treasurer 


APRIL MEETING OF THE TEXAS SECTION 


The annual meeting of the Texas Section of the MAA was held at the University of Texas 
at Austin on April 5 and 6, 1974. There were 220 registered persons attending, including 193 
members of the Association and 26 students. 

Professor D. E. Edmondson, University of Texas at Austin, Vice-Chairman of the Sec- 
tion, became Chairman. The following officers were elected: First Vice-Chairman, Professor 
J. E. Hodge, Angelo State University; Second Vice-Chairman, Professor G. R. Blakley, 
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Texas A & M University; Level I Director, Professor Amogene Devaney, Amarillo College; 
Director-at-Large, Professor R. G. Dean, Stephen F. Austin State University; Director of 
MAA High School Contest, Professor J. R. Boone, Texas A & M University. 

Professor Dorothy Bernstein spoke on ‘“‘How to Make and Break Codes’’; Professor W. 
T. Reid spoke on “Anatomy of the Ordinary Differential Equation’; Professor Emeritus 
H. J. Ettlinger spoke on ““The Cauchy Initial Value Problem’’; Professor Amogene Devaney 
arranged a panel on Basic Mathematics; Professor J. L. Poirot arranged for a series of 
papers on Computer Science in Mathematics Departments. 

The following contributed papers were presented: 


1. A Progress Report on Phase A of MAP, by D. M. Kulvicki, University of Texas at Austin. 

2. The Volume of the Convex Hull of a Set of Vectors, by A. R. Amir-Moez, R. E. Long, Texas 
Tech University. 

3. Finite Reductive Modular Lattices, by D. E. Edmondson, University of Texas at Austin. 

4. A Class of Reflexive Lattices of Subspaces, by Gretchen Mocningham, Texas Tech University. 

5. Projective Representations of Wreath Products, by Bolling Farmer, University cf Texas at 
Austin. 

6. Holomorphic Extension for Certain Non-CR-Submanifolds, by J. W. Mcocningham, Texas 
Tech University. 

7. On the Structure of Certain Linear Extensor Operators via Multitensor Transform Analysis, 
by D. M. Kulvicki, University cf Texas at Austin. 

8. Linear Best Approximation Mappings onto Cp, by Russell Bilyeu, North Texas State University. 

9. Generalized Lipschitz Conditions, by F. N. Huggins, University of Texas at Arlington. 

10. Irreducibly Confluent Mappings, by D. R. Read, Lamar University. 

11. Continued Fractions and Totally Monotone Sequences, by D. F. Dawscn, North Texas State 
University. 

12. On Canonical Tangential Lie Group Resolutions and Associated Lie Algebra Resolutions, by 
D. M. Kulvicki, University of Texas at Austin. 

13. Cubic Programming, by S. W. McGuire, J. F. Harvill, Lamar University. 

14. A Nonlinear Least-Squares Model for Spectral Analysis, by S. W. McGuire, B. D. Read, 
Lamar University. 

15. Computing and Elementary Linear Algebra, by C. B. Murray, University of Houston. 

16. Academic and Financial Aspects of a Time-Sharing Network, by D. A. Caughfield, Abilene 
Christian College. 

17. A Multi-Discipline Computer Science Course, by Fred Wright, Tyler Junicr College. 

18. Computer Science Service Courses for the Math Student, by G. G. Early, J. L. Pcirct; Scuth- 
west Texas State University. 

19. Computer Science Department Organization and Its Relationship to Other Disciplines, by 
A. R. Goddard, East Texas State University. 

20. A Computer Science Degree within the Math Department, by J. L. Poirot, G. G. Early, South- 
west Texas State University. 

21. The Self-Paced Calculus Course at Rice University, by M. L. Curtis, Rice University. 

22. Self-Paced Instruction and the Transfer Student, by J. A. Nickel, University cf Texas of the 
Permian Basin. 

23. A Liberal Arts Mathematics Course with Laboratory, by B. J. Dulin, McMurry College. 

24. ‘Proof’ that All Triangles are Isosceles, by Jchn Lamb, Jr., East Texas State University. 

25. Rational Triangles with a 60° Angle, by George Berzsenyi, Lamar University. 

26. Eccentricity — As Appolonius Might Have Defined It, by Margaret R. Hutchinson, University 
of St. Thomas. 

27. Cuisenaire Rods in College Algebra, by J. A. Bell, Texas A & I University at Laredo. 
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28. The Game of Tick-Tack-Toe, by Jack Hardy, Texas A & I University. 

29. Some Sufficient Conditions for Prime Regular Rings to be Primitive, by E. P. Armendariz, 
University of Texas at Austin. 

30. On Gaussian Integers All of whose Prime Factors are Large, by D. G. Hazlewocd, Scuthwest 
Texas State University. 

31. A Gap Theorem for Complex Taylor Series, by J. M. Stark, Lamar University. 

32. The Radius of Convergence of a Generalized Power Series, by Kenny Zuber and Bill Anderson, 
East Texas State University. 

33. Summation of Certain Infinite Series by Using the Gamma Functions, by Russell Cowan, 
Lamar University. 

34. Experience with Self-Paced Computer Courses, by K. W. Kennedy, Rice University. 

35. n-th Order Vector Differential Equations with Matrix Coefficients, by A. D. Stewart, Prairie 
View A & M University. 

36. Separable Quotients of Banach Spaces, by Eltcn Lacey, University cf Texas at Austin. 

J. C. BRADFORD, Secretary-Treasurer 


MAY MEETING OF THE ALLEGHENY MOUNTAIN SECTION 


The spring meeting of the Allegheny Mountain Section of the MAA was held at Allegheny 
College in Meadville, Pennsylvania, on May 3 and 4, 1974, with Dr. Charles Cable, Chairman 
of the Section, as host. Approximately 150 members registered at the meeting. 

On Friday evening, a panel discussion on “‘The Problem of Attracting and Stimulating 
Genuine Student Interest in Mathematics’’ was moderated by Dr. Earle Myers of the Univer- 
sity of Pittsburgh. Other participants included Father Socher of Canevin High School, “‘Com- 
puters in High School Classes,’’ Dorothea Peeler of Allegheny County Community College, 
“Calculators in the Classroom,’’ and Dr. Raymond Voltz of Grove City College, ‘“‘A Student 
Centered Curriculum.”’ 

A special feature of the meeting was a program for students. A panel discussion on “Job 
Opportunities for Mathematics and Computer Science Majors’’ was moderated by Professor 
R. Lundgren of Allegheny College. Panel members included Dr. Robert Dannels, Westing- 
house Electric Corp.; Ms. Kathleen Seech, Mellon Bank; and Dr. John Forman, IBM 
Corp. The panel discussion on “‘Graduate School Programs in the Allegheny Mountain 
Section’’ was chaired by Professor Richard McDermot of Allegheny College. Representatives 
from each college with a graduate program discussed their respective programs. 

Fifteen-minute talks were presented as follows: 


Faculty 

On linear algebra and multilinear algebra, by J. F. Kim, West Virginia University. 

Equivalence classes of polynomials over finite fields, by G. L. Mullen, Pennsylvania State Univer- 
sity. 

Flat Banach spaces, by Ronald Harrell, Allegheny College. 

Multiplicative functions, by Sahib Singh, Clarion State College. 

Computer Programming as a tool to understanding calculus, by Ronald Larscn, Behrend Campus, 
Pennsylvania State University. 

Experimentation in the mathematics requirement for general education, by John Broughton, Indiana 
University of Pennsylvania. 

Recent research in the teaching of mathematical induction, by R. A. Ward, Bethany College. 

Applications of D = Dit jt in college freshman mathematics, by Shu-Shen Sah, Slippery Rock 
State College. 
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Students 

Numerical solution of the plate bending problem, by Sharon Trimpey, University of Pittsburgh. 

The modeling of an ecological system, by Bruce Gavett, Allegheny College. 

The tower of Hanoi, Nim game, and the wonderful world of base two, by Bill Means, Edinboro 
State College. 

A ring of number theoretic functions, by Kathleen Kreep, Indiana University of Pennsylvania. 

Square trigonometry, by Sharon Dittmer, Slippery Rock State Collge. 

Relaxing point-differentiability as a sufficient condition for point continuity, by Frank Ditraglia 
and Jeffrey Sheaffer, Bethany Ccllege. 

Selected MAA films were also shown. 

Invited lecturers for the meeting included Dr. J. C. Eaves of West Virginia University, 
“Selected Topics for the Undergraduate’’; Dr. Frederick Steen, Allegheny College, ‘““Cross 
Country Run;’’ and Dr. Alex Rosenberg, Cornell University, Editor of the MONTHLY, 
‘‘Current Directions of Research in Algebra.”’ 

Professor Charles Cable, Chairman of the Section, presided at the Business Meeting. 
The Secretary’s report included the list of Putnam Competitions winners, and new books 
for the MAA Library. The top five students in the Putnam Competition were C. B. Croke, 
J. P. Smith, S. J. Spector, R. C. Valentini, of Carnegie Mellon University, and Karen Wein- 
stein of Grove City College. A one year subscription to the MATHEMATICS MAGAZINE will 
be awarded to these students. A report on the High School Mathematics Contest was given 
by Professors Frank Kocher of Penn State and I. D. Peters of West Virginia University 
for Western Pennsylvania and West Virginia respectively. A report on the Visiting Lecturers 
Program was given by Dr. Earle Myers. Reports were also given by Professor R. G. Ayoub, 
Governor of the Section, and by Dr. Alex Rosenberg, the guest speaker for the Association. 
Officers elected were Robert McDermot, Duquesne University—Second Vice Chairman, and 
M. R. Woodard, Indiana University of Pennsylvania — Secretary-Treasurer. Continuing 
as Chairman is Charles Cable of Allegheny College and Charles Hall of the University of 
Pittsburgh as First Vice Chairman. 

M. R. WoobDArD, Secretary-Treasurer 


MAY MEETING OF THE ILLINOIS SECTION 


The Fifty-third annual meeting of the Illinois Section of the MAA was held on the campus 
of Knox College, Galesburg, on Friday and Saturday, May 10-11, 1974, with approximately 
100 members in attendance. The program featured Professor Ralph Boas of Northwestern 
University, President of the MAA, who spoke following the Friday banquet on ‘“‘Anomalous 
Cancellation.”’ 

The following papers were presented: 

Density questions in additive number theory, by M. B. Nathanson, S. I. U. — Carbondale. 

Differential geometry and convexity, by Stephanie Alexander, University of Illinois. 

Matrices of matrices, by Paul Halmos, Indiana University. 

Curves which are rated X-Y, by William Andrews, Triton College. 

Didactics of mathematics in teacher education, by Peter Braunfeld, University cf Illinois. 

Functional analysis and the calculus of finite differences, by A. J. Insel, Ulinois State University. 

At the annual busihess meeting with Professor Neal Foland, Chairman, presiding, com- 
mittee reports were presented, the by-laws amended, and Professor Robert Bryan of Knox 
College elected Chairman for 1974-1975. Professor Jon Laible of Eastern Illinois University, 
was named Chairman-elect, and Professor Robert Johnson of Augustana College was elected 
First Vice-chairman. 

H. C. Saar, Secretary-Treasurer 
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CALENDAR OF FUTURE MEETINGS 


Fifty-eighth Annual Meeting, Washington, D. C., January 25-27, 1975. 
Fifty-fifth Summer Meeting, Western Michigan University, Kalamazoo, August 18-20, 


1975. 


The following is a list of the Sections of the Association with dates of future meetings 
so far as they have been reported to the Editorial Director. 


ALLEGHENY MOUNTAIN, Duquesne University, 
Pittsburgh, Pennsylvania, April 25-26, 1975. 

FLoRIDA, Manatee Junior College, Bradenton, 
March 7-8, 1975. 

ILLINOIS, Rockford College, Rockford, May 
9-10, 1975. 

INDIANA 

Iowa, Icwa State University, Ames, April 
18-19, 1975. 

KANSAS 

KENTUCKY 

LOUISIANA-MISSISSIPPI, Centenary College, Shre- 
veport, Louisiana, February 1975. 

MARYLAND-DISTRICT OF COLUMBIA- VIRGINIA 

METROPOLITAN NEW YORK 

MICHIGAN 

MIssouRI, Misscuri Western Cceollege, St. 
Joseph, Spring 1975. 

NEBRASKA, Nebraska Wesleyan University, 
Lincoln, April 18-19, 1975. 

NEW JERSEY 


NorTH CENTRAL, Hamline University, St. 
Paul, Minnescta, April 28, 1975. 

NORTHEASTERN 

NORTHERN CALIFORNIA, Menlo College, Menlc 
Park, February 8, 1975. 

OHIO 

OKLAHOMA-ARKANSAS, Central State University, 


Edmond, Oklahoma, April 4-5, 1975. 
PACIFIC NORTHWEST 
PHILADELPHIA 
Rocky MOoOunTAIN, Mesa College, Grand 
Junction, Coloradc, April 11-12, 1975. 


SEAWAY 

SOUTHEASTERN, University cf South Alabama, 
Mobile, March 21-22, 1975. 

SOUTHERN CALIFORNIA 

SOUTHWESTERN 

Texas, Angelo State University, San Angelo, 
April 1975. 

WISCONSIN, University of Wisccnsin-Superior, 
April or May 1975. 


FUTURE MEETINGS OF OTHER ORGANIZATIONS 


AMERICAN ASSOCIATION FOR THE ADVANCEMENT 
OF SCIENCE 

AMERICAN MATHEMATICAL SOCIETY, Washington, 
D. C., January 23-26, 1975. 

AMERICAN SOCIETY FOR ENGINEERING EDUCATION, 
Colcradc State University, Fort Collins, 
June 16-19, 1975. 

ASSOCIATION FOR COMPUTING MACHINERY, 
Radisson Hotel, Minneapolis, Minnescta, 
October 21-23, 1975. 

ASSOCIATION FOR SYMBOLIC Locic, Shoreham 
Hotel, Washington, D. C., January 23-24, 
1975. 

ASSOCIATION FOR WOMEN IN MATHEMATICS, 

Washington, D.C., January 24, 1975. 


FIBONACCI ASSOCIATION 

INSTITUTE OF MATHEMATICAL STATISTICS 

Mu ALPHA THETA 

NATIONAL COUNCIL OF TEACHERS OF MATHEMA- 
Tics, Washington, D. C., January 25-26, 
1975 (joint meeting with MAA). 

OPERATIONS RESEARCH SOCIETY OF AMERICA, 
Chicago, April 30—May 2, 1975. 

Pi Mu EPsILon, Western Michigan University, 
Kalamazoo, August 19-20, 1975. 

SCHOOL SCIENCE AND MATHEMATICS ASSOCIA- 
TION 

SOCIETY FOR INDUSTRIAL AND APPLIED MATHE- 
MATICS 


THE POWE 
OF CALCULUS © 


~The First Ec ition — 
_ worked. 
he Second Edition 
works even better. 


The first edition of Whipkey/Whipkey’s The Power of Calculus quickly became 
a best seller for nonmath majors who needed a short course in calculus. It worked 


because It gave such a clear development of ideas and concepts. Because it 
spoke directly to students with the right balance of intuition and formalism. And 
because it showed them the importance, power and relevance of calculus... by 


way of examples and exercises .. . to their fields of study in biology, business, 
and the social sciences. 

In preparing the second edition, the book was extensively reviewed by people 
who used it over the past two years. Their comments on ‘how to improve the 


book’’ helped to make a best seller work better. Here’s a list of the changes—- 


«A new review of basic algebra including exponents and factoring 

¢ New tables of logarithms and exponentials 

*A revision of Chapter 6 on the definite integral—it’s now defined in a less 
formal manner and the pace of the entire chapter has been slowed 

«The examples have more steps and provide better preparation to work the 


exercises 


* More graphs are used to illustrate concepts, and chapter reviews have been 


included 


*Many more problems and application exercises have been included so stu- 


dents will get the practice they need. 


OUTLINE OF CONTENTS 


Review and Preparation for the Study 
of Calculus. Functions, Inequalities 
and Absolute Value. Limits, Deriva- 
tives and Continuity. Differentiation 
Techniques. Applications of the De- 
rivative. Integration. Logarithmic and 
Exponential Functions; Review of The 
Great Ideas of Calculus. Partial Deriv- 
atives and Their Applications. Appen- 
dix. Answers to Problems, Index. 


THE POWER OF CALCULUS 
Second Edition 
By Kenneth L. Whipkey, Westminster 


College, and Mary Nell Whipkey, 
Youngstown State University. 


January 1975 368 pages 


For a complimentary copy, contact 
your Wiley representative or write 
to Robert McConnin, Dept. 239, N.Y. 
office. Please include course title, en- 
rollment, and present text. 


JOHN WILEY & SONS 

605 Third Avenue, 

New York, N.Y. 10016 

In Canada: 22 Worcester Road, 
Rexdale, Ontario 
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Theory meets practice 
in Saunders fexts. 


Teaching applied math to students from different disciplines? 
Now there’s a pair of texts that provide unique syntheses of a 
number of subject areas in their approach. 


Padulo & Arbib’s System Theory is a self-contained 
introduction that unifies the classical Laplace transform, 
frequency-domain approaches with the modern state-variable, 
time-domain techniques. Unlike most texts, it presents system 
theory in its entirety: nonlinear as well as linear, infinite- and 
finite-dimensional, discrete- and continuous-time, and 
time-varying and -invariant. 


Students preparing for industrial careers or further study can 
see how the math they’re being taught is really used today—in 
Operations research, systems analysis, computer science, 
applied physics and economics, to name but a few 
applications of the text’s subject matter. 


By Louis Padulo, Stanford University; and Michael A. Arbib, 
University of Massachusetts. 779 pp. 253 ill. $17.50. April. 


Bobrow & Arbib’s Discrete Mathematics is a companion 
volume that develops the abstract math necessary for the study 
of computer and information science. Its applications in 
automata theory, computability, languages, information theory 
and coding make it another versatile text in its own right. 


In each chapter of the book, a real-life problem is translated 
into an unambiguous mathematical statement, which the 
student follows through clearly explained techniques and 
theorems to a solution. No algebraic sophistication is assumed 
of the reader, and remedial material is included. 


By Leonard S. Bobrow and Michael A. Arbib, both of the 
University of Massachusetts. 719 pp. 215 ill. $17.50. May. 


Want to provide your students with a really modern linear 
programming text that picks up where others sum up? 


Methods and Applications of Linear Programming provides 
excellent coverage of theory, computational procedures, and 
applications. Authors Cooper and Steinberg include topics not 
normally found in other texts: computer systems, upper 
bounding techniques, decomposition, network flows, the 
composite simplex method, and the assignment problem. An 
introduction to the methods and applications of integer 
programming is also featured. 


By Leon Cooper, Southern Methodist University; and 
David I. Steinberg, Southern IIlinois University. 
434 pp. 120 ill. $14.75. May. 


W.B. Saunders Company 


West Washington Square, Philadelphia, Pa. 19105 


extende d 


Norbert Wiener: Co//ected Works 
Volume |: Mathematical Philosophy and 
Foundations; Potential Theory; 
Brownian Movement, Wiener Integrals, 
Ergodic and Chaos Theories, Turbulence 
and Statistical Mechanics 

edited by P. Masani 

$25.00 


Discrete Multivariate Analysis: 

Theory and Practice 

by Yvonne M. M. Bishop, Stephen E. 
Fienberg, and Paul W. Holland 

with the collaboration of Richard J. Light 
and Frederick Mosteller 

$27.50 


Ordinary Differential Equations 
by V. I. Arnold 

translated from the Russian by 
Richard A. Silverman 

$17.50 


into theory. 


€ PRIMER OF LINEAR ALGEBRA 


NEW - a survey of the basic ideas and theory of linear 
algebra in one concise, well-organized volume. 


tary exercises desi 
developed in the c 


For more information, write: Robert Jordan, Dept. J971, 
College Div., Prentice-Hall, Englewood Cliffs, N.J. 07632 


PRENTICE-HALL 


development s 


Elementary Real and Complex Analysis 
by Georgi E. Shilov 
$19.95 


Elementary Functional Analysis 
by Georgi E. Shilov 
$19.95 


The above two texts by Shilov are 
respectively, Volumes 1 and 2 of his 

series Mathematical Analysis. These revised 
English editions were 

translated from the Russian and 

edited by Richard A. Silverman 


The MIT Press 


Massachusetts Institute of Technology 
Cambridge, Massachusetts 02142 


Gerald L. Bradley 


Claremont Men’s College 


e Designed for your introductory courses in linear algebra, 
assuming no previous training in abstract reasoning. 
e Illustrates and motivates each topic before formalizing it 


e Develops key theoretical ideas algorithmically - enabling 
your students to acquire computational skills while learning 
basic abstract theory. 

e Concludes each chapter with a selection of supplemen- 


ned to review the fundamental ideas 
apter. 1/75 approx. 400pp. $11.95 


MATHEMATICS 
AND THE MODERN 
WORLD 


Mario F. Triola 
Dutchess Community College, New York 


A Text for Liberal Arts and 
General Education Students 


The text blends historical and descriptive material with actual problem-solving 
techniques. It contains over 1500 problems and exercises and hundreds of worked 
out examples. The text material is profusely supplemented with drawings and 
photographic illustrations of mathematics in the modern world. Major topics are 
prefaced with historical and philosophical introductions, and optional material on 
the history of mathematics is in an appendix. There is a final chapter on mathe- 
matics in the humanities and the social sciences. The chapters can be taught in any 
order of preference. Written for students of average ability, the approach is intui- 
tive requiring only a knowledge of basic algebra. 1973; 437pp.; hb. Instructor’s 
Guide. 


For copies please write: 
Cummings Publishing Company, Inc. 
2727 Sand Hill Road, Dept. M, Menlo Park, California 94025 


SELECTED PAPERS ON CALCULUS 


Reprinted from the 


AMERICAN MATHEMATICAL MONTHLY 
(Volumes 1-75) 


and from the 


MATHEMATICS MAGAZINE 
(Volumes 1-40) 


Selected and arranged by an editorial committee consisting of 
TOM M. APOSTOL, Chairman, California Institute of Technology 
HUBERT E, CHRESTENSON, Reed College 
C. STANLEY OGILVY, Hamilton College 
DONALD E. RICHMOND, Williams College 
N. JAMES SCHOONMAKER, University of Vermont 


One copy of this volume may be purchased by individual members of MAA for $5.00. 
Orders with remittance should be sent to: 


MATHEMATICAL ASSOCIATION OF AMERICA 
1225 Connecticut Avenue NW 
Washington, D. C. 20036 


Additional copies and copies for nonmembers may be purchased for $10.00 prepaid only from 
BOX MAA-1, Dickenson Publishing Company, Ralston Park, Belmont, California 94002. 


A Fresh Approach 

to the Study of 
Mathematics on the 
Undergraduate Level: 


Undergraduate Texts in 


e 
Mathematics 
Editor: P. R. Halmos 
Indiana University, Bloomington, Indiana 
The texts in this series are pacesetters, not merely 
standard introductory textbooks. Undergraduate 
Texts in Mathematics will serve as guides to further 
study; in carefully chosen, well-defined areas the 
student is exposed to sophisticated mathematical 
concepts. A deeper study of these concepts 
provides insights into the structure and scope of 
the theories treated. 


Elementary Rocatiity Theory 
with Stochastic Processes 


By Kai Lai Chung 

Stanford University, Stanford, California 

is an introductory textbook on probability theory 
and its applications. The text builds a balanced 
program of basic study and is particularly suitable 
for a self-contained elementary probability course 
for undergraduates. It can also be used as a pre- 
requisite to more advanced courses on the subject 
and related fields such as statistics, operations 
research, and engineering mathematics. 

1974. 336p. 36 illus. cloth/$12.00 


Finite Dimensional Vector Scaces 
2nd Edition 
By P. R. Halmos 
“,, The presentation is never awkward ordry... 
it is as unconventional and colorful as one has come 
to expect from the author. The book contains about 
350 well placed and instructive problems, which 
cover a considerable part of the subject... All 
in all this is an excellent work, of equally high value 
for both student and teacher.”’ 

Zentralblatt fur Mathematik 
1974. 200p. cloth/$7.95 


Naive Set Theory 
By P. R. Halmos 
‘‘.,. Because of the informal method of presenta- 
tion, the book is eminently suited for use as a 
textbook or for self-study. The reader should derive 
from this volume a maximum of understanding of 
the theorems of set theory and of their basic impor- 
tance in the study of mathematics.”’ 

Philosophy and Phenomenological Research 


1974. 104p. cloth/$6.80 


Finite Dimensional Vector Spaces and Naive Set 
Theory were originally published by D. Van Nostrand. 
Company. 


For examination copies and further information, please contact 
College Department 

Springer-Verlag New York Inc. 

175 Fifth Avenue 

New York, New York 10010 


Elements of Algebra 


Second Edition Francis J. Mueller 


A stepping stone 

to higher level courses 

in math, science, 
engineering and business— 


Mueller’s text assumes 
no prior knowledge 
beyond basic arithmetic, 
introducing algebra in such a 
way as to prepare students for 
a variety of higher-level courses. 
Offering both a pre-chapter and post- 
chapter quiz in each section, the 

text allows each student to evaluate his 
own competence. This revised edition 
also features a wealth of carefully graded 
exercises, including extensive review 
exercises following each chapter. A revised 
introductory chapter provides students with an easier 
access to the text, while ten full chapters are devoted 
to the fundamental concepts of basic algebra courses. 


For more information, write: 

Robert Jordan/Dept. J973/ 
College Division/Prentice-Hall/ 
Englewood Cliffs, N.J. 


Prentice-Hall 


US POSTAL SERVICE 
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numerical analysis for 
mathematics, engineering, and science students 


METHODS OF COMPUTATION 

The Linear Space Approach to Numerical Analysis 

Jens A. Jensen/John H. Rowland, University of Wyoming 

Assuming a knowledge of elementary calculus, the authors present the flavor 
of modern functional analysis without losing sight of the practical aspects of 
computation. Techniques are stressed before they are applied as solutions to 
individual problems, and, to unify many ideas, topics are frequently discussed 
within the framework of a linear space. January 1975, 272 pages, cloth, approx. 
$11.95. 


calculus fundamentals for 
business, biology, and social science students 


ESSENTIAL CALCULUS 

With Applications in Business, Biology, and Behavioral Sciences 

Margaret L. Lial/Charles D. Miller, American River College 

‘The best text of its kind | have ever read. Its treatment of differential and 
integral calculus is truly outstanding. Its greatest strength is the many and 
interesting commercial applications of calculus. The step-by-step illustrative 
solutions are marvelous. Never have | seen more meaningful and clear 
explanations supported by many challenging and relevant practice exercises. 
— Pre-publication reviewer. 

An algebra review (with diagnostic pretest), pretests for each chapter, and 
optional sections for longer courses make the text useful and flexible. 
Complete Instructor's Guide. January 1975, 352 pages, cloth, approx. $11.95. 


calculus preparation for all students 


ELEMENTARY FUNCTIONS 

A Precalculus Primer 

|. H. Rose, The City University of New York 

A non-rigorous introduction to all the main ideas of functions deliberately 
restricts material to what students rea//ly need to Know to understand the 
concept of function. Instructor’s Manual. 1973, 324 pages, cloth $10.95. 


ELEMENTARY FUNCTIONS AND ANALYSIS 

Charles J. A. Halberg, Jr., University of California, Riverside 

John F. Devlin, Wheatley School, New York 

Immediate introduction of limits through an elementary treatment of sequences, 
after which elementary functions are introduced, is a major feature of this text. 
Solutions Manual. 1974, 416 pages, cloth $9.95. 


For further information write to 

Jack Bevington, Advertising Department 

Scott, Foresman College Division 
1900 East Lake Avenue Glenview, Illinois 60025 


Most Math and Statistics 
texts are adequate... 

for ideal norms. Wiley intro- 
duces 4 texts...for people. 


This fresh, student-oriented edition will make your job easier. ... 


1. COLLEGE ALGEBRA AND TRIGONOMETRY 

Second Edition 

By Margaret F. Willerding 

Simplified and expanded, the second edition of COLLEGE ALGEBRA AND TRIGO- 
NOMETRY has over 3500 problems, and features more review material. Maintains the 
original aim of presenting an integrated approach to intermediate algebra and trigo- 
nometry. Stress on manipulative skills prepares students for advanced algebra or calculus. 
Instructor's manual also available. 

1975 


Containing over 3000 exercises, this is the most up-to-date intermediate text available. ... 


2. MODERN INTERMEDIATE ALGEBRA, 

Second Edtion 

By Margaret F. Willerding 

This completely revised edition of MODERN INTERMEDIATE ALGEBRA combines an 
informal exposition style with in-depth explanations of all concepts and definitions. 
Like the popular first edition, it exposes students with mathematical deficiencies to a 
step-by-step approach to intermediate algebra. Every theoretical and computational 
aspect is explained by at least one example. An instructor's manual suggests methods 
of presentation, and includes the answers to all even-numbered exercises. 

1975 


A solid presentation of all the principles of introductory algebra. ... 


3. INTRODUCTORY ALGEBRA: A College Approach 

Third Edition 

By Milton D. Eulenberg, Theodore S. Sunko, and Howard A. James 

This new edition of INTRODUCTORY ALGEBRA retains the basic features that made 
the previous editions so successful. Many field-tested exercise sets have been rede- 
signed to make this an even more challenging introductory presentation. Emphasis on 
sound mathematical practice builds a firm foundation for further mathematical study. 
A corresponding instructor's manual contains a comprehensive testing program, and 
provides answers to all the exercises. 

1975 


4. STATISTICS MADE RELEVANT: A Casebook of Real-Life Examples 

By Paul Baum and Ernest M. Scheuer 

Your students will appreciate this one-of-a-kind statistics text. Using real newspaper 
articles, it shows how to apply statistical analysis to the interpretation of raw data. This 
common-sense approach enables students to relate statistical techniques to their own 
life experiences. Equally important is what you won't find in this text: no more synthetic 
problems, mind-boggling formulas, or extraneous theorems. 

1975 

For your complimentary examination copies, contact your Wiley representative or write 
Bob McConnin, Dept. 238, N.Y. office. Please include course title, enrollment, and 
present text. 


JOHN WILEY AND SONS, INC. 


605 Third Avenue, New York, N.Y. 10016 a a 
In Canada: 22 Worcester Road, Rexdale, Ontario j 


A4639RM 


THE MATHEMATICAL ASSOCIATION OF AMERICA 


1225 Connecticut Avenue, N.W. 


Washington, DC 20036 


INDEX TO VOLUME 81, 1974 
THE AMERICAN MATHEMATICAL MONTHLY 


Author Index . 

SubjectIndex. . . .. . 
Problems and Solutions Index . 
Reviews Index . . 
News and Notices Index . 
MAA and its Sections Index . 


1153 
1157 
1162 
1164 
1187 
1188 


AUTHOR INDEX 


AssoTT HL, Erpés P, and HANSON D On the 
number of times an integer occurs as a 
binomial coefficient 256-261 

ANDREW DR A fourth course in mathematics 
for elementary school teachers: analytic 
geometry 399-400 

AULT RoBIN Metric characterization of circles 
149-153 

Award for Distinguished service to Professor 
R.H. Bing 111 

Award of the 1974 Chauvenet Prize to Professor 
Peter D. Lax 113 

AyousB RAYMOND Euler and the zeta function 
1067-86 

BaiLeY DF  Krasnoselski’s theorem on the 
real line 506-507 

BALOGUN BO Conjugately pure subgroup 
problems 156-158 

BanG CM A condition for two matrices to be 
inverses of each other 764-767 

BARTLE RG Report of the Committee on New 
Priorities for Undergraduate Education in 
the Mathematical Sciences 984-988. 

BgeaR HS A new look at the three circles theorem 
487-490 

BERGSTROM HARALD Some 
convex sets 265-267 

Beumgr MG The definite integral symbol] 1095 

BEYER WA See Conant DR 

BILLSTEIN RICHARD A college teaching course 
for future Ph.D.’s in mathematics 1105-10 

BIRKHOFF GARRETT Corrections to ‘Current 
trends in algebra.” 746 

BLAcK WL, HowLaANp HC and HowLanp B 
A theorem about zig-zags between two 
circles 754~757 


problems for 


Boas RP and Marcus MB_ Inverse functions 
and integration by parts 760-761 

BOCHNER SALOMON Mathematical reflections 
827-852 

BOGHOSSIAN ARTIN _ Better-than-uniform ap- 
proximation of continuous functions by C” 
functions 999-1001 

BokowskI J and WILLS JM Upper bounds for 
the number of lattice points of convex 
bodies 620-622 

BONNICE WE On convex polygons determined 
by a finite planar set 749-752 

Boruck!i LJ and Diaz, JOAQUIN B. A note on 
primes, with arbitrary initial or terminal 
decimal ciphers in Dirichlet arithmetic pro- 
gressions 1001-02 

BRIZOLIS DEMETRIOS 
valued polynomials 
field 997-999 

BROWN RF Elementary consequences of the 
noncontractibility of the circle 247-252 

BumsBy RT Upper bounds on arc length 385-387 

Buon! JJ Differentiability in Banach algebras 
493-495 

CALLAHAN JAMES Singularities and plane maps 
211-240 

CAMERON P, HockinGc JG and NAIMPALLY SA 
Nearness—A better approach to cons 
tinuity and limits 739-745 

CARROLL TB A characterization of completely 
multiplicative arithmetic functions 993-995 


On the ratios of integer- 
over any algebraic 


CAVARETTA AS An elementary proof of Kol- 
mogorov’s theorem 480-486 

CHAKERIAN GD_ A characterization of curves 
of constant width 153-155 


1153 


1154 


CHARTRAND GARY and SCHUSTER SEYMOUR 
Which graphs have unique distance trees? 
53-56 

COHEN MAuvrRIcE Foliations of 3-manifolds 
462-473 

CONANT DR and Beyer WA _ Generalized 
Pythagorean theorem 262-265 

CUNNINGHAM FREDERIC Three Kakeya problems 
582-592 

DEAKIN MAB A conjecture arising from the- 
oretical genetics 56-57 

D1az JB See Borucki LJ 

DiyKsTRA EW Programming as a discipline of 
mathematical nature 608-612 

DRESSLER RE and STROMBERG KR The Tonelli 
integral 67-68 

DULA GrorA See Inselberg A 

EpGAaR HM _ The _ exponential Diophantine 
equation 1-+-a+a2 +---+a*~1=p” 7158-159 

ELIAS PeTeR The noisy channel coding theorem 
for erasure channels 853-862 

ErpD6s P See Abbott HL 

ERICKSEN WS The intersection of subspaces 
159-160 

FARy IsTVAN and ISENBERG EM On a converse 
of the Jordan curve theorem 636-639 

FEARNLEY-SANDER DESMOND and SYMONS JSV 
Apollonius and inner products 990-993 

FerGuson D_ A structure for unstructured 
lectures 512-514 

FILLMORE PA The shift operator 717-723 

FLANDERS HARLEY Correction to ““Differentia- 
tion under the integral sign” 145 

FLorA BV Jr First hand experience with in- 
dependent study of mathematics for pro- 


spective secondary mathematics teachers 
78-83 

FRANKEL THEODORE Maxwell’s equations 
343-349 


FUNKENBUSCH WW _ From Euler’s formula to 
/Pick’s formula using an edge theorem 
647-648 

GALE DAvip A curious Nim-type game 876-879 

GASKELL RE and KLAMKIN MS The industrial 
mathematician views his profession: A 
report of the Committee on Corporate 
Members 699-716 

Gaupry GI Sets of positive product measure 
in which every rectangle is null 889-890 


INDEX TO VOLUME 81, 1974 


[December 


GAULD DB Topological properties of manifolds 
633-636 

GERRIETS JOHN and POOLE GEORGE Convex 
regions which cover arcs of constant length 
36-41 

GOLBERG MA Differentials in one dimension 
1006-08 

GOLOMB MICHAEL Variations on atheorem by 
Archimedes 138-145 

GoLomsB SW The largest graceful subgraph of 
the complete graph 499-501 

, A direct interpretation of Gandhi’s 
formula 752-754 

GouLD HW Coefficient identities for powers of 
Taylor and Dirichlet series 3-14 

GRABINER JUDITH V Is mathematical truth 
time-dependent? 354-365 

GRAHAM RL ROTHSCHILD BL and Straus EG 
Are there n-++2 points in E” with odd integral 
distances? 21-25 

Gray Mary Lecturer 
relations 514—-S15 

GREENBERG MJ An elementary proof of the 
Kronecker-Weber theorem 601-607 

GREITZER S The Second U.S.A. Mathematical 
Olympiad 252-255 

GRIMSON RC Reciprocity theorem for Dedekind 
sums 747-749 

GUDDER STANLEY Inner product spaces 29-36 

Hates AW and NuNKE RJ Groups have few 
composition series 50-51 

HANSON D See Abbott HL 

HerDA Hans A_ characterization of circles 
and other closed curves 146-149 

HERING FRANZ A problem about sequences of 
zeros and ones 883-884 

Hickerson DR A partition identity of the 
Euler type 627-629 

HILLMAN AP The William Lowell Putnam 
Mathematical Competition 1086-95 

HirsHON R_ Some properties of automorphisms 
with an application to matrices 261-262 

Hockinc JG See Cameron P 

HOWLAND B_ See Black WL 

HOWLAND HC See Black WL 

InseEL AJ Nilpotent transformations and the 
decomposition of a vector space 160-162 

INSELBERG A and DULA GIORA The geometry 
of Lyapunov functions 1102-1104 

ISENBERG EM See Fary Istvan 


program as_ public 


1974] 


JAMISON RE A quick proof for a one-dimensional 
version of Liapounoff’s theorem 507--508 

JOHNSON HH and Osaka J An isoperimetric 
inequality for polyhedra 58-61 

JOHNSON W and SILVER M A model for permuta- 
tions 503-506 

JOHNSONBAUGH RF Another 
estimate for e 1011-12 

Jones JP Recursive undecidability — an ex- 
position 724-738 

Kac MARK Hugo Steinhaus — A reminiscence 
and a tribute 572-581 

Kapoor GP A new characterization of the 
exponential function 380-381 

KATZNELSON Y and STROMBERG KARL Every- 
where differentiable, nowhere monotone, 
functions 349-354 

KELLER JB Optimal velocity in a race 474-480 

KHAN RA A probabilistic proof of Stirling’s 
formula 366-369 

KIMBERLING CH Some corollaries to an integral 
inequality 269-270 

KLAMKIN MS See Gaskell RE 

KLOPFENSTEIN KF and TELSTE JOHN Visualizing 
uniform continuity of functions of several 
variables 623-625 

KNuTH DE Computer science and its relation 
to mathematics 323-343 

LAFFEY TJ Infinite rings with all proper subrings 
finite 270-272 

LEHRER TOM Songs 490, 612, 745 

Levow RB Relative colorings and the four-color 
conjecture 491-492 

Lin, TUNG-Po The power mean and the loga- 
rithmic mean 879-883 

LOHMAN RH and Morrison TJ On polars of 
convex polygons 1016-18 

LOVELAND LD and WAYMENTSS Characterizing 
a curve with the double midset property 
1003-06 

Lyxos, PG The computer illiteracy problem; 
A partial solution 393-398 

MAHLER K How I became a mathematician 
981-983 

MALTBIE A SAVAGE RG and Wasik JL The 
operation and evaluation of a proctorial 
system of instruction in mathematics 
71-78 

MALViyA BD A problem concerning weakly 
completely continuous A*-algebras 267-268 

Marcus MB See Boas RP Jr. 
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MARSDEN MJ_ Triangles with integer-valued 
sides 373-376 

May KENNETH O History in the mathematics 
curriculum 899-901 

McKEAN HE See Young DL 

MegrER CHRISTOPH Decomposition of a cube 
into smaller cubes 630-631 

METELLI C and SALcE L A note on the well 
ordering of cardinals 501-502 

MINDA CD See Styer David 

MITCHELMORE MC A _ matter 
643-647 

MOoLnar EA A matrix problem 383-384 

Moore HG Precalculus mini-courses, 
pacing with constraints 1019-25 

MorrRIson TJ See Lohman RH 

MUKHERJEE TK and SUMMERS WH Continuous 
linear functionals arising from convergence 
in measure 63-66 

NAIMPALLY SA See Cameron P 

NATHANSON MB Catalan’s 
371-373 

NeuseR DA and WayMeNntT SG A note on the 
intermediate value property 995-997 

NEWMAN DJ Fourier uniqueness via complex 
variables 379-380 

——\ —, Point separating algebras of polynomials 
496-498 

NEWMAN FL See Young DL 

NewTon TA On using a differential equation 
to generate polynomials 592-601 

NIJENHUIS ALBERT Strong. derivatives 
inverse mappings 969-980 

NitscHE JCC Plateau’s problems and _ their 
modern ramifications 945-968 

NovAKk BreTISLAV and ZNAM STEFAN Disjoint 
covering systems 42-45 

NuNKE RJ See Hales AW 

O_msteD JMH R.W. Brink—An_ obituary 
873-875 

OsAKA J See Johnson HH 

PACKEL EW Hilbert space operators and quan- 
tum mechanics 863-873 

PARKER TOM Some applications of Galois theory 
to normal polynomials 1009-11 

PFEFFER WEF More on involutions of a circle 
613-616 

PooLe GEORGE See Gerriets John 

PRATHER RE Third party movements 762-764 

Price DT Countable additivity for probability 
measures 886-889 


of definition 


self 


equation in K(t) 


and 


1156 


Rapo RICHARD A theorem on k-solubility of 
linear equations 617-620 

RAMALEY WC A semester of mathematics each 
month 509-512 

REDHEFFER Ray An elementary proof of sharp 
uniqueness theorems for second-order initial- 
value problems 377-379 

ReicH SIMEON A Poincaré type coincidence 
theorem 52-53 

ROBERTS AW and VARBERG DE Another proof 
that convex functions are locally Lipschitz 
1014-16 

ROHDE HANNS-WALTER Complex iterated radi- 
cals 14-21 

ROSELLE Davin Comments and complements 
1097-99 

ROTHMANN DD A nearly discrete metric 1018-19 

ROTHSCHILD BL See Graham RL 

RyFrF JV The weak closure of a certain set in /! 
69-70 

SALCE L See Metelli C 

SAMELSON Hans To e via convexity 1012-13 

SAVAGE RG See Maltbie A 

SCANDURA JM Mathematical Problem Solving 
273-280 

SCHENKMAN EuGENE The independence of some 
exponential values 46-49 

SCHUSTER EF Buffon’s needle experiment 26-29 

SCHUSTER SEYMOUR See Chartrand Gary 

ScoTT PR An area-perimeter problem 884-885 

SHANAHAN PAtTricK Addendum to “A unified 
proof of several basic theorems of real 
analysis’? 890-891 

SHELUPSKY Davip A proof of the binomial 
theorem 390-393 

SILVER M_ See Johnson W 

SILVER MuRRAY Bender’s theorem and associa- 
ted extremal figures 382-383 

SMALL DB A visiting lecture program for 
secondary schools in Maine 400-403 

SPEARS WD A comment on M.F. Dacey’s 
‘“‘Mathematics for the undergraduate in the 
social sciences’? 403-404 

STEIN SK Algebraic tiling 445-462 

STRANGE JOHN A_ generalization of Morley’s 
theorem 61-63 


INDEX TO VOLUME 81, 1974 


STRAUS EG See Graham RL 

STROMBERG KR_ See Dressler RE 

STROMBERG KARL See Katznelson Y 

SUMMERS WH. See Mukherjee TK 

Symons JSV See Fearnley-Sander Desmond 

STYER DaAvip and MINDA CD The use of the 
monodromy theorem and entire functions 
with non-vanishing derivative 639-642 

TELSTE JOHN See Klopfenstein KF 

TNESING GL and Woop CA Using the computer 
as a discovery tool in calculus 163-168 

ToTH FeJes L A covering problem 632 

TUCKER ALAN Toward a mathematics major 
for the 1980’s 891-899 

VARBERG DE See Roberts AW 

WaADE WR. The bounded convergence theorem 
387-389, 1105 

WAGNER CG Automorphisms of p-adic number 
fields 51-52 

WASIK JL See Maltbie A 

WASHINGTON LAWRENCE On the self-duality of 
Q, 369-371 

WAYMENT SG See Neuser DA 

WAYMENT SS See Loveland LD 

WILLIAMS ER Mathematics for the ““Disadvan- 
taged”’ 648-659 

WILLS JM See Bokowski J 

WIMMER HK _ Spectral radius and radius of 
convergence 625-627 

WITSENHAUSEN HS On the maximum of the sum 
of squared distances under a diameter 
constraint 1100-01 

——~—., Spherical sets without orthogonal point 
pairs 1101-02 

Woop CA See Thesing GL 

WOODALL DR The Bay Restaurant—A_ linear 
Storage problem 240-246 

YOUNG DL McKeEAN HE and NEWMAN FL 
A personalized system of instruction in an 
undergraduate mathematics service sequence 
767-175 

ZALCMAN LAWRENCE Real proofs of complex 
theorems (and vice versa) 115-137 

ZNAM STEFAN See Novak Bretislav 
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GENERAL 


General mathematics, RE GASKELL, MS 
KLAMKIN 699, ToM LEHRER 490,612, 745, 
D. ROSELLE 1097 

Methodology and philosophy of mathe- 
matics RG BARTLE 984 


HISTORY AND BIOGRAPHY 


General histories, source books, KO 
May 899 

18th Century, JV GRABINER 354, R 
AYOUB 1067 

19th Century, JV GRABINER 354 
Biographies, obituaries, personalia, 
MARK Kac 572, S BOCHNER 877, 
JMH Otmstep 873, JCC NitscHe 945, 
K MAHLER 981, R Ayous 1067 MG 
BEUMER 1095 


LOGIC AND FOUNDATIONS 


Turing machines, JP JoNges 724 
Degrees of unsolvability JP Jones 724 
Decidability and undecidability JP 
JONES 724 


SET THEORY 


Transfinite numbers 
SALCE 501 
Combinatorial R Rapo 617 


Axiom of choice and equivalent pro- 
positions (Zorn’s lemma, etc.) 
C MerELLI, L SALcE 501 


C Mere, L 


COMBINATORICS 


Combinatorial choice problems, subsets, 
representatives, R RApDo 617 
Factorials, binomial coefficients, com- 
binatorial functions, HL Assotr, P 
ErDOs, D HANSON 256 


Al5 


A99 


B30 


B40 
B45 


Co5 
C15 


C30 


C99 


10-XX 
A0S5 


Al10 


A20 


A25 


A40 


A45 
B15 


B25 


E05 
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Combinatorial enumeration problems, 
generating functions, HW GouLp 3, 
F HERING 883 

Classical combinatorial problems, JW 
RYFF 69, DR WooDALL 240 _ 
Other designs, configurations, WE 
BONNICE 749 _ 


Packing and covering, L Feses Toto 632 


Tessellation and tiling problems 

SK Stem 445 

Trees, G CHARTRAND, S SCHUSTER 53 
Chromatic theory of graphs and maps, 
RB Levow 491 

Enumeration of graphs and maps, SW 
GOLOMB 499 

Graph theory, WW FUNKENBUSCH 647 


NUMBER THEORY 


Multiplicative structure of the integers 
(GCD, etc.), MJ MARSDEN 373 
Congruences, primitive roots, RL Gra- 
HAM, BL ROTSCHILD, EG Straus 21 
Number theoretic functions, related 
members, inversion formulas, RC Grim- 
SON 747, D GALE 876, TB CARROLL 993 
Elementary prime number theory, fac- 
torization, MJ MARSDEN 373, SW Go- 
LOMB 752, LJ Borucki, JB Diaz 1001 
Special numbers, sequences and poly- 
nomials (e.g. Bernoulli), JV RyFr 69 
Partitions, DR HICKERSON 627 

Higher degree equations, MB NATHAN- 
SON 371 

Nonpolynomial equations, HM EDGAR 
758 

Lattices and convex bodies, SK STEIN 
445, J. Bokowsk1, JM WILLS 620 PR 
ScoTT 884 
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H05 


H15 
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12-XX 


A20 


A35 


AS5 
B99 


F10 


F20 


13-XX 


B25 


14-XX 
BOS 


15-XX 


A03 
A09 
A21 
A36 
A42 


A60 
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Irrationality and 
SCHENKMAN 46 
Riemann zeta-function, R AyousB, 1067 
Distribution of primes and of integers 
with specified multiplicative properties, 
HL Assott, P Erpés, D HANSON 256 
Sequences of integers, B Novak, S ZNAM 

42 


transcendence, E 


ALGEBRAIC NUMBER THEORY, 
FIELD THEORY AND POLYNOM- 
TIALS 


Polynomials (irreducibility, etc.), 

D Brizouis 997 

Abelian and metabelian extensions (in- 
cluding cyclotomic, Kummer, cyclic), 
MJ GREENBERG 601, TOM PARKER 1009 
Galois theory, TOM PARKER 1009 


Algebraic number theory: local and 
p-adic fields, CG WaAcGnerR 51, L Wa- 
SHINGTON 369 

Separable extensions, 
T PARKER 1009 
Transcendental 


Galois theory, 
extensions, MB Na- 
THANSON 371, DJ NEWMAN 496 ; 


COMMUTATIVE RINGS AND AL- 
GEBRAS 


Polynomials over commutative rings, 
DJ NEWMAN 496 


ALGEBRAIC GEOMETRY 


Singularities, J CALLAHAN 211 


LINEAR AND MULTILINEAR AL- 
GEBRA; MATRIX THEORY (Finite 
and infinite) 

Vector spaces, linear dependence, rank, 
WS ERICKSEN 159 

Matrix inversion, generalized inverses, 
CB BANG 764 

Canonical forms, reductions, classifica- 
tion, AJ INseL 160 

Matrices of integers, R HirsHon 261, 
EA MOLNAR 383 

Inequalities involving eigenvalues and 
eigenvectors, HK Wimmer 625 

Norms of matrices, applications of 
functional analysis to matrix theory, 
HK WIimMeER 625 
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16-XX 


A44 
A46 


20-XX 


BOS 


E15 


F30 


F50 


F55 
K45 


26-XX 
—O1 


A03 


A06 


AO09 


Al2 


Al5 


[December 


Quadratic and bilinear forms, inner 
products, D FEARNLEY-SANDER, JS 
SYMONS 990 


ASSOCIATIVE RINGS AND AL- 
GEBRAS 

Finite rings, TJ LArrey 270 

Chain conditions; finite dimensional al- 
gebras, Artin rings, Noetherian rings, 


TJ LAFFEY 270 


GROUP THEORY AND GENERALI- 
ZATIONS 


General theory, W JOHNSON, M SILVER 
503 

Chains of subgroups (solvable groups, 
nilpotent groups, etc.), AW HALzs, 
RJ NuUNKE 50 

Subgroup lattices, maximal subgroups, 
subnormal subgroups, etc., BO BALOGUN 
156 

Periodic groups, R HirsHon 261 


Automorphism, R HirRsHoN 261 
Topological methods, L WaAsHINGTON 


369 


REAL FUNCTIONS 


Elementary exposition (collegiate level), 
L ZALCMAN 115 

Foundations: limits and generalizations, 
elementary topology of the line, DF 
BAILEY 506, P CAMERON, JG HOckING, 
SA NAIMPALLY 739 

One-variable calculus, CH KIMBERLING 


269, RT BumBy 385, MC MITCHELMORE 


643, RP Boas, MB Marcus 760, 
D NeuserR, SG WaAyYMENT 995, MA 
GOLBERG 1006 

Elementary functions, CH KIMBERLING 
269 D SHELUPsKY 390, H SAMELSON 
1012, R JOHNSONBAUGH 1011 

Rate of growth of functions, orders of 
infinity, slowly increasing functions, 
DF BarLey 506, AW Roserts, DE 
VARBERG 1014 

Continuity and related questions (mo- 
dulus of continuity, discontinuities, etc.) 
GD CHAKERIAN 153, KF KLOPFENSTEIN, 
J TELSTE 623, D NeusER, SG WAYMENT 
995 


A30 


A36 


AA2 


AS1 


AS4 


A57 


A69 


A86 


A87 


A93 


Al0 


A20 


AT75 


SUBJECT INDEX 


Lipschitz (Holder) classes, AW RoBERTS 
DE VARBERG 1014 

Differentiation (functions of one vari- 
able): general theory, generalized deriv- 
atives, mean-value theorems, AS Ca- 
VARETTA 480, Y KATZNELSON, K STROM- 
BERG 349 

Singular functions, Cantor functions, 
functions with other special properties, 
Y KATZNELSON, K STROMBERG 349 
Antidifferentiation, RP Boas, MB Mar- 
cus 760 

Integrals of Riemann, Stieltjes, and Le- 
besgue type, RE DRessLer, KR StTRoM- 
BERG 67 

Convexity, generalizations, RT BuMBy 
385, H SAMELSON 1012 

Several variables: continuity and dif- 
ferentiation questions, A NIJENHUIs 969, 
A INSELBERG, G Duta 1102 

Several variables: implicit function 
theorems, Jacobians, transformations 
with several variables, A NIJENHUIS 969 
Special properties of functions of several 
variables, Holder conditions, etc. A 
INSELBERG, G Duta 1102 

Inequalities for sums, series, and inte- 
grals, D SHELUPSKY 390 


Other analytical inequalities, TUNG-Po 
LIn 879 

C”-functions, quasi-analytic functions, 
A BOGHOSSIAN 999 


MEASURE AND INTEGRATION 


Elementary exposition (collegiate level), 
L ZALCMAN 115 

Classes of sets (Borel fields o-rings, etc.) 
measurable sets, Suslin sets, analytic 
sets, RE Jamison 507, HS WiITSEN- 
HAUSEN 1101 

Real- or complex-valued set functions, 
contents, measures, outer measures, 
capacities, etc., GI GAupRY 889, P 
SHANAHAN 890 

Measurable and nonmeasurable func- 
tions, sequences of measurable functions, 
modes of convergence, TK MUKHERJEE 
WH Summers 63, WR WADE 387 
Integration with respect to measures and 
other set functions, RE DRessLer, KR 


STROMBERG 67, WR WADE 387 
Length, area, volume, other geometric 


measure theory, DR CoNaANnT, WA 
BEYER 262, F CUNNINGHAM 582 


30-XX 


—O1 


Al0 


A20 


A22 
A24 


A42 


A66 


31-XX 


A0O5 Harmonic, subharmonic, 


34-XX 


A10 


A30 


A50 


C30 


DO5 
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FUNCTIONS OF A COMPLEX 
VARIABLE 


Elementary exposition (collegiate level), 
P ZALCMAN 115 
Power series (including lacunary series), 
L ZALCMAN 115 


Analytic continuation, L ZALCMAN 115, 
D Stver, CD MINDA 639 


Dirichlet series and other series ex- 
pansions, exponential series, HW Go- 
ULD 3 

Functional equations in the complex 
domain, iteration and composition of 
analytic functions, HW RoHpE 14 
Continued fractions, HW RoupeE 14 
Conformal mappings of special domains 
L ZALCMAN 115 


Maximum principle; Schwarz’ lemma, 
Lindeléf principle, analogues and gen- 
eralizations, HS BEAR 487 

Entire functions, general theory, GP 
KApoor 380, D StvErR, CD MINDA 639 


POTENTIAL THEORY 


superharmo- 
nic functions, HS BEAR 487 


ORDINARY DIFFERENTIAL EQUA- 
TIONS 


Initial value problems: general existence 
and uniqueness theorems; continuous 
dependence of solutions on parameters, 
initial conditions and boundary con- 
ditions, R. REDHEFFER 377, RE PRATHER 
762, A NIJENHUIS 969 


Linear equations and _ systems, 
NEWTON 592 

Numerical approximation of solutions, 
TA NEWTON 592 

Manifolds of solutions, averaging me- 
thod, M CoHEN 462 

Asymptotic properties, characteristic 
exponents, RE PRATHER 762 


TA 


D20 Ljapunov stability, A INSELBERG, G 


41-XX 


Al5 


Duta 1102 


APPROXIMATIONS AND EXPAN- 
SIONS 


Spline approximation, AS CAVARETTA 
480 
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42-XX 


A20 


A48 


46-XX 
B99 


Co5 


G05 


H20 


L20 


47-XX 


Al5 
B15 


49-XX 


Al0 


B10 


B25 


x 


F20 


F25 
50-XX 
Al5 


‘Geometric measure and 
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Approximation by other special func- 
tion classes, A BOGHOSSIAN 999 


FOURIER ANALYSIS 


Convergence of Fourier and trigono- 
metric series, L ZALCMAN 115 
Uniqueness of trigonometric expansions, 
uniqueness of Fourier expansions, Rie- 
mann theory, localization, DJ NEWMAN 
379 


FUNCTIONAL ANALYSIS 


Normed linear spaces and Banach 
spaces, AW RoBerTs, DE VARBERG 1014 


Geometry and topology of the spaces, 
S GUDDER 29, JV RyFr 69, H HERDA 146, 


R AuLr 149 
Derivatives, JJ BUoNI 493, MA GOLBERG 


1006 
Structure classification, BD MALVIYA 
267 
Operator algebras on Banach and linear 
topological spaces, BD MALviyA 267 


OPERATOR THEORY 


Invariant subspaces, PA FrLuMore 717 
Hermitian and normal _ operators, 
(spectral measures, functional calculus, 
etc.) PA FILLMORE 717 


CALCULUS OF VARIATIONS AND 
OPTIMAL CONTROL 


Problems involving ordinary differential 
equations, JCC NITSCHE 945 


Problems involving ordinary differential 
equations, JB KELLER 474 

Problems involving partial differential 
equations, JCC NITSCHE 945 

integration 
theory, integral and normal currents, 
flat chains and cochains, varifolds, 


JCC NITSCHE, 945 


Surface area, M. GOLOMB 138 
GEOMETRY 


Transformation groups, J BokowskI, 
JM WILLS 620 


A30 


BOS 
B10 


B15 
B20 


B30 


DO5 


52-XX 


A05 


Al0 


A20 


A40 


A45 


53-XX 
A05 


A10 
C65 


54-XX 
DO5 


D20 


B35 
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Length, area, volume, F CUNNINGHAM 
582 

Constructions, J STRANGE 61 

Metric formulae, RL GRAHAM, BL ROTH- 
SCHILD, EG Straus 21, M GovLoms 138, 


HS WITSENHAUSEN 1100 

Inequalities, C MEIER 630 

Geometry of circles, H HERpDA 146, 
R Avutt 149, WEF Prerrer 613, WL 
Biack, HC How.anp, B HOWLAND 754 
Regular figures, division of space, 
C Meter 630, L Fesyes TOTH 632 

Affine geometry, general, D FEARNLEY- 
SANDER, JSV SyMons 990 


CONVEX SETS AND GEOMETRIC 
INEQUALITIES 


Convex sets without dimension restric- 
tions, H HerpDA 146 


Convex sets in 2 dimensions, J GERRIETS, 
G PooLeE 36, GD CHAKERIAN 153, 
M SILVER 382, WE BOoONNIcE 749, PR 
ScoTT 884, RH LoHMAN, TJ MorrIson 
1016 

Convex sets in x dimensions, H Berc- 
STROM 265 

Inequalities and extremum problems, 
J GERRIETS, G PooLe 36, HH JOHNsOoN, 
J OSAKA 58, M SILVER 382 

Packing and covering, L Feses TOTH 632 


DIFFERENTIAL GEOMETRY 


Curves and surfaces in euclidean space, 
HH Jounson, J OsaAKA 58, WL BLAcKk, 
HC How.Lanp, B HOWLAND 754 
Minimal surfaces, JCC NitscHe 945 
Integral geometry, differential forms, 
currents, etc., M GOLOMB 138 


GENERAL TOPOLOGY 


Connected and locally connected spaces 
(general aspects), I FAry, EM IsENBERG 
636 

Covering properties; Lindeléf, (m,n)- 
compact, paracompact, pointwise para- 
compact, etc., DB GAULD 633 

Metric spaces, metrizability, DD RotTH- 
MANN 1018 


1974] 


E45 compact) metric 


SS WAYMENT 


Compact (locally 
spaces, LD LOVELAND 
1003 

H25 Fixed-point and coincidence theorems, 
S REICH 52 


55-XX ALGEBRAIC TOPOLOGY 


D15 Classification of homotopy type, RF 
BROWN 247 

Homotopy groups of wedges, joins, and 
simple spaces, EA MOLNAR 383 

Stable homotopy of spheres, RA 


MOLNAR 383 


57-XX MANIFOLDS AND CELL COM- 
PLEXES 


—01 Elementary exposition (collegiate level), 
M CoHEN 462 

A05 Topology of £2, 2-manifolds, RF Brown 
247, I FARy, EM IsENBERG, 636 

A10 Topology of £3, 3-manifolds, M CoHEN 


462 
A15 Topology of E,, n-manifolds 3<a< ©), 
S ReicH 52, DB GAULD 633 


D30 Foliations, M CoHEN 462 


58-XX GLOBAL ANALYSIS; ANALYSIS ON 
MANIFOLDS 


—01 Elementary exposition (collegiate level), 
J CALLAHAN 211 
Differentiable maps and singularities, 
J CALLAHAN 211 


60-XX PROBABILITY THEORY AND S8TO- 
CHASTIC PROCESSES 


-01 Elementary exposition (collegiate level), 
DT Price 886 
Axioms, foundations, EF SCHUSTER 26 
DT PRIcE 886 
Central limit and other weak theorems, 
RA KHAN 366 


65-XX NUMERICAL ANALYSIS 


Initial value problems TA Newton 592 


68-XX COMPUTER SCIENCE 


-01 Elementary exposition (collegiate level), 
DE KnNutTH 323 
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AOS Programming theory, EW Duxstra 608 
A1l0O Algorithms, DE KNutH 323 


78-XX OPTICS; ELECTROMAGNETIC THE- 
ORY 


A25 Electromagnetic theory, T FRANKEL 343 
81-XX QUANTUM MECHANICS 


AO9 Selfadjoint operator theory in quantum 
mechanics, essential selfadjointness of 
the Hamiltonian, EW PACKEL 863 


83-XX RELATIVITY 


AOS Special relativity, T FRANKEL 343 


90-XX ECONOMICS, OPERATIONS’ RE- 
SEARCH, PROGRAMMING, GAMES 


B35 Scheduling theory, DR WoopaLL 240 


92-XX BIOLOGY AND BEHAVIORAL 
SCIENCES 


AO5 Biology, J. CALLAHAN 211 
Al0 Genetics, MA DEAKIN 56 


94-XX INFORMATION AND COMMUNI- 
CATION, CIRCUITS, AUTOMATA 


Al0 Coding theory, P Evras 853 
A15 Information theory, P ELtas 853 


96-XX MATHEMATICAL EDUCATION 
ELEMENTARY 


B10 Discovery method, JM ScaNpuRa 273 


GO5 Psychological studies, JM ScANDURA 
273 


97-XX MATHEMATICAL EDUCATION, 
SECONDARY 


A35 Applied mathematics, MARy GRAY 
514 

DO5 Enrichment, S GREITZER 252, DB SMALL 
400, Mary Gray 514 

EO5 Superior students, S GREITZER 252, DB 


SMALL 400 


96-XX MATHEMATICAL EDUCATION, 
COLLEGIATE 


AOS Arithmetic, 
WILLIAMS 648 


D FERGUSON 512, ER 
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Al0O Algebra, ER WILLIAMS, 648 B20 Computer assisted instruction PG 
A15 Geometry, DR ANpREws 399 Lyxos 393 —_ 
A20 ene ane analysis, GL THESING, B25 Programmed materials, A MALTBIE, 
Ato C oop hemat; 4 ‘cal RG Savace, JL Wasik 71, DL Youna, 
omputer mathematics and numeric HE McKean, FL Newman 767, HG 
analysis, GL THEsSING, CA Woop 163, 

PG L 393 Moore 1019 

YKOS B99 Instructional techniques, WC RAMALEY 


A35 Applied mathematics, WD Spgars 403, 


50 
RE GASKELL, MS KLAMKIN 699, A ? 


DOS Enrichment, KO May 899 


TUCKER 891 
A99 Curriculum development, RG BARTLE E05 Superior students, AP HILLMAN 1086 
984 FO5 Slow learners, D FERGUSON 512, ER 


BO5 Individual differences, A MALTBIE, RG WILLIAMS 648 


SavaGce, JL Wasik 71, BV Fiora 78, HO05 Teacher training, BV FLorA 78, DR 
DL Younc, HE McKEAN, FL NeEwMAN ANDREWS 399, KO May 899, R BILL- 


767, HG Moore 1019 STEIN 1105 
B10 Discovery method, ER WILLIAMS 648 


QUERIES 
Numbers in boldface type refer to pages of replies 

Berlichingen GV 3, 146 Mielke P 6, 255 

Boas RP 1 & 2, 41, 613 , 15, 989 
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Coddington Earl A Extension Theory of 
Formally Normal and Symmetric Sub- 
spaces 194 

Cognitive Lecture Notes tn Economtes and 
Mathematical Systems-83 692 

Cohen AM Numertecal Analysts 312 

Cohn PM Algebra Volume 1 927 

Colby Kenneth Mark See Schank Roger C 

Collatz Lothar Krabs Werner Approxtma- 
ttonstheorte 194 

Collatz L Wetterling W Nwnertsche Methoden 
bet Optimterungsaufgaben 313 

Collatz L See Albrecht J 

Condorcet M le Marquis de Hssat sur L'Ap- 
plication de L'Analyse a la Prob- 
abiltté des Décistons 802 

Constantinescu F Dtistrtbuttonen und thre 
Anwendung tn der Physik 1138 

Conti R Ruberti A (Ed) Lecture Notes tn 
Computer Setence-3 & 4 933 

Conway John B Funetions of One Complex 
Vartable 310 

Cooke Kenneth L See Bentley Donald L 

Cooper Leon Steinberg David Methods and 
Applteations of Linear Programming 930 

Copeland Richard W How Children Learn 
Mathemattes Second Edttton Teaching 
Implteattons of Piaget's Research 1134 

Mathemattes and the Elementary 
Teacher Second Edition 801 

Coppel WA Linear Systems 203 

Corcoran John (Ed) Anetent Logie and Its 
Modern Interpretations 1135 

Corduneanu Constantin Integral Equations 
and Stability of Feedback Systems 929 

Costabel Pierre Letbniz and Dynamies The 
Texts of 1692 306 ; 

Coughlin Raymond Flementary Applied Cal- 
culus A Short Course 928 

Coury Fred F (Ed) A Practteal Guide to 
Mintcomputer Applieations 814 

Couturat Louis De L'infint Mathématique 
306 

Cowan Jack D (Ed) Some Mathematical 
Questtons tn Biology IIT 425 
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Cowan Jack D (Ed) Some Mathemattcal 
Questions tn Btrology III 425 
Some Mathematiteal Questions in 
Brology IV 425 
Coxeter HSM Projective Geometry Second 
Edttton 1140 
Regular Polytopes Third Editton 
931 
Crawley Peter Dilworth Robert P Alge- 
brate Theory of Lattices 805 
Cristescu Romulus Marinescu Gheorghe 
Applications of the Theory of Dtis- 
trtbuttons 548 
Crossley JN Nerode Anil Combinatortal 
Funetors 1135 
Crosswhite F Joe Teachtng Mathemattes 
Psychological Foundations 305 
Crouch Ralph Herr Albert Sasin Dorothy 
B Calculus wtth Analytte Geometry 543 
Crovelli Robert A Princtples of Statis- 
ttes and Probabtlity 813 
Crowdis David G Shelley Susanne M 
Wheeler Brandon W Fintte Mathemattes 
1050 
Calculus for Bustness Btology and 
the Soetal Setences 805 
Curl James C Developmental Artthmette 
An Individualized Approach 922 
Curle N Applted Differenttal Equattons 
807 
Curtis Charles W Linear Algebra An In- 
troduetory Approach Third Editton 
926 
Cutler Donald I Introductton to Compu- 
ter Programming Second Edition 692 
Dahl O-J Dijkstra W Hoare CAR Struc- 
tured Programming 692 
Dahlquist Germund Bjorck Ake Numerical 
Methods 1053 
Dalton LeRoy C Snyder Henry D (Ed) 
Toptes for Mathemattes Clubs 186 
Daniel Cuthbert Wood Fred S Fitting 
Equations to Data Computer Analysis 
of Multifactor Data for Setentists 
and Engineers 690 
Dantzig George B Saaty Thomas L Compact 
City A Plan for a Liveable Urban En- 
vironment 816 
Dantzig Tobias Le Nombre Langage de la 
Setence 1044 
D'Augustine Charles H Multtple Methods 
of Teaching Mathemattes tn the EFle- 
mentary School Second Edition 1045 
Davidson Ronald C See Marion Jerry B 
Davis Elwyn H Introductory Modern Alge- 
bra 927 
Davis Martin Computabtltty 934 


Day Mahlon M Normed Linear Spaces Third 
Edttton 194 
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DeFinetti Bruno Theory of Probability A 
Crttteal Introductory Treatment V 1 
1141 

DeJager EM Spectral Theory and Asympto- 
ttes of Differenttal Equations 1137 

Delambre JBJ Rapport histortque sur les 
progres des sciences mathématiques 
deputs 1789 802 

Deligne P Katz N Lecture Notes in Mathe- 
mattes-340 1049 

Deligne P See Kuyk W 

Dellacherie C Meyer PA Weil M Lecture 
Notes tn Mathematies-381 1142 

Lecture Notes in Mathemattes-321 932 

Dellacherie Claude Lecture Notes in Ma- 
themattes-295 196 

Deo Narsingh Graph Theowy with Appltea- 
ttons to Engtneering and Computer 
Setence 925 

Derman Cyrus Gleser Leon J Olkin Ingram 
A Gutde to Probabtlity Theory and Ap- 
pltieatton 423 

Descombes Roger Intégration 190 

Desjardins Robert B See Levin Richard I 

des Lauriers M-L Guerard La Mathématique 
Les Matnémattques La Mathématique 
Moderne 799 

d'Espagnat B (Ed) Foundations of Quantum 
Mechantes 429 

DeTar DeLos F Prinetples of FORTRAN Pro- 
gramming 692 

Dettman John W Introduction to Linear 
Algebra and Differential Equations 541 

Devine Donald F Kaufmann Jerome E Mathema- 
ttes for Elementary Edueatton 923 

Devlin Keith J Lecture Notes tn Mathema-~ 
ttes-354 925 

Diamond Harold G (Ed) Analytic Number 
Theory 188 

Dickey RW (Ed) Nonlinear Elastteity 426 

Dierker E Lecture Notes in Eeonomies and 
Mathematteal Systems-92 936 

Dieudonné J Introduction to the Theory of 
Formal Groups 308 

Dijkstra EW See Dahl O-J 

Dilworth Robert P See Crawley Peter 

Dinca Florea Teodosiu Cristian Nonlinear 
and Random Vibrations 807 

Dingle RB Asymptotic Expansions Thetr De- 
rivation and Interpretation 315 

Director Stephen W Rohrer Ronald A Intro- 
ductton to Systems Theory 203 

Dixon Crist Linear Algebra 189 

Dixon John D Problems in Group Theory 1049 

The Structure of Linear Groups 543 

Dixon LCW Nonlinear Optimisation 809 

Dolby James L Tukey John W The Statistics 
Cum Index 689 

Donovan John J Systems Programming 1058 
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Dorn William S Greenberg Herbert J 
Keller Sister Mary K Mathemattecal 
Logie and Probability wtth Basic 
Programming 683 

Dou Alberto Mendizabal Alfredo 
Eeuactones en Dertvadas Parctiales 
y su Resoluct6n Numértca 192 

Drake Stillman Galileo Galtlet Two 
New Setences 1134 

Draper Jean E Klingman Jane S Mathe- 
matteal Analysts Business and Eco- 
nomie Applicattons Second Edttion 
1050 

Dubisch Roy Howes Vernon E IJnterme- 
dtate Algebra Third Editton 1133 

Dugué Daniel (Ed) Oeuvres de Paul 
Lévy V I 1134 

Duistermaat JJ Fourter Integral Opera- 
tors 311 

Duncan J See Bonsall FF 

Durand David Stable Chaos An Intro- 
duetton to Stattsttcal Control 106 

Durbin J Distrtbutton Theory for Tests 
Based on the Sample Distritbutton 
Funetton 1056 

DuVal Patrick Fllitptie Funetions and 
Elltptie Curves 310 

Dyckman Thomas R Thomas L Joseph Alge- 
bra and Caleulus for Business 1045 

Dymax My Computer Likes Me...when t 
speak tn BASIC 199 

Eames Charles and Ray A Computer Per- 
spective 187 

Earl James M See Salkind Charles T 

Eaves Edgar D Introductory Mathema- 
tieal Analysts Fourth Edttton 922 

Education Education tn Applted Mathe- 
mattes 537 

Edwards Allen L Statisttcal Methods 
Third Edition 198 

Edwards Jr CH Advanced Caleulus of 
Several Variables 308 

Edwards DE See Moore PG 

Edwards HM Rremann's Zeta Funetton 
541 

Edwards Leonard E PL/1 for Bustness 
Applteattons 201 

Eisenberg Murray Topology 688 

El Baz E Castel B Graphical Methods of 
Spin Algebras tn Atomic Nuclear and 
Particle Physics 548 

Elliott Ronald E Problem Solving and 
Flowcharting 319 

Ellis B Robert See Estes James W 

Ellis GFR See Hawking SW 

Elmaghraby SE (Ed) Lecture Notes tin 
Economtes and Mathematical Systems- 


86 546 
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El'sgol'ts LE Norkin SB Introduction to 
the Theory and Applicatton of Dtffer- 
enttal Equattons with Deviating Argu- 
ments 311 

Emmet ER Puzzles for Pleasure 537 

Ene Horia I Gogonea Sorin Probleme in 
Teorta Filtrattet 936 

Engel W Pirl U Aufgaben mit Losungen aus 
Olymptaden Junger Mathematiker der 
DDR Band 1 304 

Engeler Erwin Introduction to the Theory 
of Computatton 934 

Enochson Loren See Otnes Robert K 

Erdos Paul Spencer Joel Probabtltisttie 
Methods tn Combtnatortes 925 

Estes James W Ellis B Robert Elements of 
Computer Setenee 200 

Eves Howard W Mathematical Ctreles 
Squared A Thtrd Collectton of Mathe- 
matteal Stortes and Anecdotes 420 

Faber MJ Metrtzability in Generalized 
Ordered Spaces 1140 

Faith Carl Algebra Rings Modules and 
Categortes I 308 

Fay John D Lecture Notes tn Mathemattics- 
502 688 

Federer Walter T Statistics and Society 
Data Colleetton and Interpretation 932 

Fehr Howard F Phillips Jo McKeeby Teach- 
tng Modern Mathematics in the Elemen- 
tary School Second Edttton 684 

Feichtinger G Lecture Notes tn Operations 
Research and Mathematical Systems-44 
935 

Fejfar James L See Larsen Max D 

Félix Lucienne Message d'un mathématicten 
Henrt Lebesgue 924 

Dialogues sur la Géométrte Dessi 
Matt Logt 801 

Ferrier Jean Pierre Spectral Theory and 
Complex Analysts 687 

Fichtenholz GM The Definite Integral 309 

The Indefinite Integral 309 

Fillmore PA (Ed) Lecture Notes tn Mathe- 
mattes-345 545 

Fink Stuart E Burian Barbara J Bustness 
Data Processing 692 

Finkel LeRoy See Albrecht Robert L 

Finney DJ Experimental Design and its 
Stattsttcal Basts 1142 

Fischer Frederic E Fundamental Statistti- 
eal Concepts 198 

Fishburn Peter C Mathemattes of Dectiston 
Theory 935 

The Theory of Social Choice 320 

Fisher Sir Ronald A Statistical Methods 
and Setenttfte Inference Third Edt- 
tion 932 
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Fix George J See Strang Gilbert 

Flanders Harley Korfhage Robert R Price 
Justin J A Second Course tn Catlcu- 
lus 928 

Fleiss Joseph L Stattsttcal Methods for 
Rates and Proportions 932 

Fletcher TJ Linear Algebra Through Its 
Applications 189 

Flieger Wilhelm See Keyfitz Nathan 

Flores Ivan Operating System for Multt- 
programming wtth a Variable Number 
of Tasks 814 

Flugge Siegfried Praettcal Quantum Me- 
chantes 427 

Foata Dominique La Sérte Génératrice 
Exponenttelle Dans les Problemes 
D'Enumératton 1135 

Forsythe Alexandra I Computer Sctence 
Projects and Study Problems 202 

Fox Jerome (Ed) Proceedings of the 
Sympostum on Computer-Communteca- 
ttons Networks and Teletraffte 693 

Fraser JT Haber FC Muller GH The Study 
of Time 815 

Freiman GA Foundattons of a Structural 
Theory of Set Additton 685 

Fremlin DH Topologtcal Riesz Spaces 
and Measure Theory 545 

Frenkel Jean Géométrie pour l'eléve- 
professeur 810 

Freudenthal Hans Mathematics As An 
Educattonal Task 186 

Freund Helmut Sorger Peter (Ed) Bett- 
rage zum Mathemattkunterricht 1972 
187 

Freund John E Modern Elementary Sta- 
ttsttes Fourth Edition 317 

Perles Benjamin M Bustness Sta- 
tistics A First Course 1142 

Fried HM Functtonal Methods and Models 
tn Quantum Fteld Theory 694 

Friedman Avner Differential Games 1053 

Friedman Herbert Introduction to Sta- 
tisttes 197 

Friedrichs KO Spectral Theory of Opera- 
tors in Hilbert Space 313 

Fruchter Benjamin See Guilford JP 

Fry TF Computer Appreciation 201 

Futéik Svatopluk Lecture Notes in Ma- 
themattes-346 545 

Fulks Watson A Short Caleulus for Stu- 
dents of Business the Social Seten- 
ees and Btology 1050 

Gaal Lisl Classical Galots Theory wtth 
Examples Second Edttton 190 

Gaal Steven A Linear Analysts and Re- 
presentation Theory 315 


Gabriel Peter See Borho Walter 
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Gage R William See Beatty William E 

Gamow G Mr Tompkins tn Paperback 694 

Ganelius Tord H Lecture Notes tn Mathe- 
mattes-232 310 

Gans David An Introductton to Non-Eucli- 
dean Geometry 315 

Garnir HG Analyse Fonetionnelle Tome III 
195 

Gatterdam RW Weston KW (Ed) Lecture Notes 
tn Mathematics-319 1049 

Gaughan Edward D College Algebra 684 

Gaver Donald P Thompson Gerald L Program- 
ming and Probabtlity Models and Opera- 
ttons Research 687 

Gellman Estelle S Stattsties for Teachers 
1056 

Georgii Hans-Otto Lecture Notes in Phy- 
stes-16 429 

Gerstenhaber Murray (Ed) Some Mathema- 
tical Problems tn Btrology 425 

Some Mathematical Questtons in 

Biology 425 

Gewirtz Allan Sitomer Harry Tucker 
Albert W Constructive Linear Algebra 
685 

Gilbert Marilyn B See Gilbert Thomas F 

Gilbert Thomas F Gilbert Marilyn B Thtnk- 
tng Metric 1043 

Giles JR Real Analysts An Introductory 
Course 806 

Gill Jack C Mathematics and the Ltberal 
Arts 303 

Gillman Leonard McDowell Robert H Caleu- 
lus 309 

Gillmore C Stewart Coulomb and the Fvolu- 
tion of Phystes and Engineering in 
Etghteenth-Century France 802 

Gilmore Robert Lie Groups Lte Algebras 
and Some of Their Applicattons 930 

Girsanov IV Lecture Notes tn Economtcs 
and Mathematical Systems-67 196 

Glaister Stephen Mathemattcal Methods 
for Economists 1051 

Glaser Anton Neater by the Meter An 
Amertcan Guide to the Metric System 
924 

Glaser Leslie C Geometrical Combinatorial 
Topology V II 106 

Gleser Leon J See Derman Cyrus 

Glicksberg Irving Recent Results on 
Funetton Algebras 687 

Gnugnoli Giuliano See Maisel Herbert 

Gogonea Sorin See Ene Horia I 

Goldstein Avram Btostatistics An Intro- 
duetory Text Etghth Printtng 198 

Goldstein Larry Joel Abstract Algebra A 
First Course 421 

Gorenstein Daniel (Ed) Revtews on Finite 
Groups 1049 
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Gostanian Richard Lectures on Model 
Theory Part I 1047 

Gotlieb CC Borodin A Soctal Issues tn 
Computing 799 

Goto Morikuni An Introduction to Lte 
Algebra for Lie Group 926 

Goult RJ Applicable Mathematics A 
Course for Sctenttsts and Engine- 
ers 806 

Gourlay AR Watson GA Computattonal 
Methods for Matrix Etgenproblems 934 

Graham Malcolm Mathematics A Liberal 
Arts Approach 185 

Gray A William Ulm Otis M Elementary 
Probabiltty and Statistics With 
Optional Computer Applications 107 

Graybill Franklin A Introduction to 
Matrices wtth Applicattons tn Sta- 
tistics 106 

Greenberg Herbert J See Dorn William S$ 

Greenberg Leon (Ed) Dtscontinuous Groups 
and Rtemann Surfaces 688 

Greenberg Philip J Mathieu Groups 189 

Greenspan Donald Discrete Numertcal 
Methods tn Physics and Engtneertng 
1137 

Greenspan Donald Discrete Models 319 

Greub Werner Comnecttons Curvature and 
Cohomology V II 197 

Grey Louis D A Course in APL/360 wtth 
Applications 691 

Griffin Harriet Flementary Theory of 
Numbers 541 

Gross Donald Harris Carl M Fundament- 
als of Queueing Theory 1141 

Gross Jonathan L Brainerd Walter S Fun- 
damental Programming Coneepts 202 

Grossman Stanley I Turner James E Ma- 
themattes for the Btologteal Seten- 
ees 923 

Grove EA Ladas G Introductton to Com- 
plex Variables 1051 

Groza Vivian Shaw Shelley Susanne M 
Modern Elementary Algebra for Col- 
lege Students Second Edttion 1044 

Modern Intermediate Algebra for 

College Students Second Editton 
1045 

Gruenberger Fred (Ed) Effective vs 
Efftetent Computing 934 

Grunbaum Adolf Phtlosophtcal Problems 
of Space and Time Second Enlarged 
Edttton 803 

Guenther William C Concepts of Sta- 
tistteal Inference Second Edttton 
107 

Gugenheim VKAM May J Peter On the 


Theory and Appltcations of Differ- 
enttal Torston Products 1135 
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Guilford JP Fruchter Benjamin Fundament- 
al Statistics tn Physchology and Edu- 
cation Fifth Editton 318 

Gunning RC Lectures on Complex Analytte 
Vartettes Finite Analytie Mappings 1136 


Lectures on Rtemann Surfaces Jacobt 


Variettes 190 

Gupta RP See Kabe DG 

Guttridge Bryan Wainwright Jonathan R 
Computers in Architectural Practice 
815 

Guyer Betty Stine See Allen Frank B 

Haber Audrey Runyon Richard P General 
Stattisttes Second Editton 813 

Haber FC See Fraser JT 

Hackert Adelbert F Fintte Mathematics 
from Sets to Game Theory 923 

Hackworth Robert D See Alwin Robert H 

Haeussler Jr Ernest F Paul Richard S JIn- 
troductory Mathematteal Analysis for 
Students of Business and Economics 544 

Hainzl J Mathemattk fur Naturwissen- 
schaftler 921 

Haitovsky Yoel Regression Estimation from 
Grouped Observations 813 

Hallerberg Arthur E Logic tn Mathemattes 
An Elementary Approach 1046 

Mathemattecal Proof An Elementary Ap- 

proach 1046 

Hammer AG Elementary Matrix Algebra for 
Psychologists and Soctal Setentists 
307 

Hamming RW Numerical Methods for Seten- 
tists and Engineers Second Editton 194 

Harary Frank Palmer Edgar M Graphtcal 
Enumeratton 804 

Hardgrove Clarence Ethel Miller Herbert 
F Mathematies Library--Elementary and 
Juntor High Sehool 1045 

Harding EF Kendall DG (Ed) Stochastte 
Geometry A Trtbute to the Memory of 
Rollo Davtdson 690 

Harding EF See Kendall DG 

Hardy GH See Leathem JG 

Harkins Peter B Introduetton to Computer 
Programming for the Soctal Setenees 
201 

Harris Carl M See Gross Donald 

Marris Edward G A Pedestrian Approach to 
Quantum Field Theory 548 

Harrison Malcolm C Data-Structures and 
Programming 202 

Hart William L Algebra and the Flemen- 
tary Funettons wtth Ineluded Instruc- 
tor's Guide Spectal Edition 1134 

Harter HL Owen DB (Ed) Selected Tables 
tn Mathematical Stattsttes V I 1057 

Hartman Philip Ordinary Differenttal 
Equattons 686 
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Harvey ER See Ashley John P 

Hastings NAJ Dynamic Programming (with 
Management Appltcattons) 314 

Haupt Floyd E See Peterson John M 

Hawkes Nigel (Ed) Lecture Notes in 
Economics and Mathematical Systems- 
80 427 

Hawking SW Ellis GFR The Large Scale 
Structure of Space-Time 107 

Hayman WK See Clunie J 

Hays William L Statistics for the Soctal 
Setences Second Editton 933 

Head Tom Modules A Primer of Structure 
Theorems 1136 

Heading John Ordinary Differenttal Equa- 
ttons 193 

Heath Robert W See Alo Richard A 

Heer CV Statistical Mechanics Kinetic 
Theory and Stochastte Processes 107 

Heeren Vern E See Miller Charles D 

Heineman E Richard Plane Trtgonometry 
with Tables Fourth Edttion 1133 

Heinmets F Quantttattve Cellular 
Biology An Approach to the Quantt- 
tative Analysts of Life Processes 
319 

Hemmer William Concepttons of Space 
Beginning Geometrtes for College 810 

Hengartner W Theodorescu R Coneentra- 
tton Funettons 931 

Henley Ernest J Williams RA Graph Theory 
tn Modern Engtneertng 936 

Hermann Robert Interdisetplinary Mathe- 
mattes V I-III 542 

Interdisetplinary Mathemattes V 

IV-VI 428 

Phystcal Aspects of Lie Group 

Theory 1138 

Geometry Phystes and Systems 429 

Herr Albert See Crouch Ralph 

Herrlich Horst Strecker George E Cate- 
gory Theory An Introductton 308 

Heward James H Steele Peter M Business 
Control Through Multtple Regression 
Analysts A Teehntque for the Numer- 
ate Manager 812 

Heyer H Mathemattsche Theorie statis- 
tischer Experimente 317 

Higgins Jr G Albert The Elementary 
Funettons An Algortthmte Approach 
104 

Hildebrand FB Introductton to Numert- 
eal Analysts Second Editton 1053 

Hille Einar Analytic Funetton Theory 
Second EHdttion 422 

Hille Einar See Salas Saturnino L 

Hilton Peter Wu Yel-Chiang A Course tn 


Modern Algebra 927 


Himmelblau David M (Ed) Decomposition of 
Large-Scale Problems 203 

Applted Nonlinear Programming 314 

Hirsch Morris W Smale Stephen Dt fferen- 
ttal Equations Dynamtcal Systems and 
Linear Algebra 929 

Hirsch Seymour C COBOL A Simplifted Ap- 
proach 691 

Hitiris Theodore See Burrows Paul 

Hoare CAR See Dahl O-J 

Hochstadt Harry Integral Equattons 313 

Hodson FR (Ed) Mathematics in the Archae- 
ologteal and Historical Seiences 203 

Hoel Paul G Finite Mathematics and Cal- 
culus wtth Appltcations to Bustness 
1050 

Hoffmann Banesh Albert Einstetn Creator 
and Rebel 105 

Hoffmann-J¢rgensen J The Theory of Analy- 
tte Spaces 316 

Hoffmann dé Visme G Binary Sequences 694 

Hofmann Joseph E Letbntz tn Parts 1672- 
1676 Hts Growth to Mathemattcal Matu- 
rity 1046 

Hofmann Karl H Mostert Paul S Cohomology 
Theortes for Compact Abelian Groups 804 

Holland ASB Introduction to the Theory of 
Enttre Funettons 806 

Hollander Myles Wolfe Douglas A Nonpara- 
metrte Stattsttcal Methods 199 

Honsberger Ross Mathematical Gems from 
Elementary Combtnatories Number Theory 
and Geometry 683 

Hope Keith Methods of Multtvartate Analy- 
sts With Handbook of Multivariate 
Methods Programmed in Atlas Autocode 
318 

Horecky Jan (Ed) Prague Studies in Mathe- 
matteal Lingutsties V 4 427 

Hormander Lars An Introduction to Complex 
Analysts tn Several Vartables 807 

Horner Donald R A Survey of College Mathe- 
mattes Second Edition 304 

House William C (Ed) Operattons Research 
An Introduetton to Modern Applications 
204 

Householder AS Lectures on Numerical Alge- 
bra 542 

Howes Vernon E See Dubisch Roy 

Howland Joseph W See Alwin Robert H 

Howson AG (Ed) Developments in Mathema- 
tteal Edueatton Proceedings of the 
Seeond International Congress on 
Mathematical Educatton 186 

Héyrup Else og Jens Matemattkken 7 
Samfundet 538 

Huang Cliff J See Bolch Ben W 


Huck H Leeture Notes tn Mathematics-335 
688 
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Huneycutt Jr James E Introduction to 
Probability 810 

Hungerford Thomas W Algebra 926 

Hunt Robert W Differenttal Equations 
and Related Topies for Setence and 
Engtneertng 193 

Huntsberger David V Billingsley Patrick 
Elements of Stattsttcal Inference 
Third Editton 318 

Hurd Albert Loeb Peter (Ed) Lecture 
Notes tn Mathemattes-369 1135 

Husemoller D See Milnor J 

Huxley MN The Distrtbutton of Prime 
Numbers Large Steves and Zero- 
Denstty Theorems 188 

IREM de Strasbourg Le Livre du Probleme 
799 A 

Iacob Andrei Metode Topologice tn 
Mecantea Clastea 694 

Ibragimov IA Linnik YuV Independent and 
Stattonary Sequences of Random Vart- 
ables 1055 

Iosifescu M Tautu P Stochastte Processes 
and Applications tn Btology and Medt- 
etne 693 

Istratescu Vasile I Introducere tn 
Teoria Punetelor Fixe 80 

Ivascu Dumitru Introducere tn teorta 
grupurtlor Klein 686 

Iverson Kenneth E Algebra An Algorithmic 
Treatment 420 

Jackson Robert John Victor Canontcal Dtf- 
ferential Operators and Lower-order 
Symbols 316 

Jacobs Zeney P Communtcating with the 
Computer Introductory Fxpertences 
FORTRAN IV 202 

Jaeger JC Starfield AM An Introduction 
to Applied Mathematics Second Edt- 
tton 1137 

Jagers Peter Rade Lennart (Ed) Mathema- 
ttes and Statistics Essays tn Honour 
of Harald Bergstrom 932 

Jain SK See Bhattacharya PB 

Jamison Robert V Introduction to Compu- 
ter Setenee Mathematics 319 

Janossy L Theory of Relattvtty Based on 
Physical Reality 429 

Jaulin Bernard See Azra Jean-Pierre 

Jech Thomas J The Axtom of Chotee 105 

Johnson RE Kiokemeister FL Caleulus 
wtth Analytte Geometry Fifth Edt- 
tton 927 

Johnson Robert L McNerney Charles R Ar7v- 
thematics AText for Elementary School 
Teachers 1134 

Johnson Robert R Elementary Statistics 
689 

Jones Burton W Linear Algebra 307 
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Jones Neil D Computabiltty Theory An In- 
troduction 1058 

Jorgens Konrad Weidmann Joachim Lecture 
Notes tn Mathematics-313 816 

Joseph Daniel D See Stakgold Ivar 

Kabe DG Gupta RP (Ed) Multtvariate Sta- 
tistteal Inference 199 

Kagan AM Linnik YuV Rao C Radhakrishna 
Charactertzatton Problems in Mathema- 
tteal Statisttes 1056 

Kagiwada Harriet H System Identificatton 
Methods and Appltcations 934 

Kahane Howard Logte_.and Philosophy A Mo- 
dern Introduction Second Edition 307 

Kalaba Robert See Casti John 

Kalin Robert See Nichols Eugene D 

Kallaher MJ Ostrom TG (Ed) Proceedings 
of the International Conference on 
Projective Planes 315 

Kamke E Differentialgletchungen Losungs- 
methoden und Losungen Third Unaltered 
Editton 1052 

Kaplan Wilfred Advanced Calculus Second 
Edttton 190 

Kaplansky Irving Algebrate and Analyttc 
Aspects of Operator Algebras 808 

Katz N See Deligne P 

Kaufman Burt A See Rising Gerald R 

Kaufmann Jerome E See Devine Donald F 

Kazmier Leonard J Stattstical Analysts 
for Bustness and Feonomtes Second 
Editton 198 

Keedy Mervin L Bittinger Marvin L Alge- 
bra and Trtgonometry A Funettons Ap- 
proach 922 

Keisler HJ See Chang CC 

Keller Joseph B McKean Henry P (Ed) Sto- 
chastie Differenttal Equattons 316 

Keller Sister Mary K 

Kelley S Jeanne Learning Mathematics 
through Activtties A Resource Book 
for Elementary Teaehers 1045 

Kemeny John G Snell J Laurie Thompson 
Gerald L Introduction to Fintte Ma- 
thematics Thtrd Editton 800 

Man and the Computer 104 

Kempf G Lecture Notes tn Mathematics-339 
1054 

Kempthorne Oscar The Destgn and Analysis 
of Experiments 1058 

Kendall DG Harding EF (Ed) Stochastic 
Analysts A Trtbute to the Memory of 
Rollo Davidson 316 

Kendall DG See Harding EF 

Kendall MG Time-Sertes 813 

Kendall Maurice G Stuart Alan The Ad- 
vaneed Theory of Statisttes V 2 Third 
Edition 198 
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Kennedy Hubert C (Ed) Selected Works of 
Giuseppe Peano 188 

Kertész A (Ed) Rings Modules and Radt- 
cals 307 

Keyfitz Nathan Flieger Wilhelm Popula- 
tton Facts and Methods of Demogra- 
phy 426 

Kilmister CW General Theory of Rela- 
tivity 428 

Kilpatrick Jeremy See Polya George 

Kiokemeister FL See Johnson RE 

Kirch Allan M Elementary Number Theory 
A Computer Approach 926 

Introductory Statisttes with 

FORTRAN 318 

Klambauer Gabriel Reazi Analysts 309 

Klein Félix Gesammelte Mathemattsche 
Abhandtlungen 306 

Le Programme D'Erlangen 1046 

Kleinrock Leonard Communication Nets 
Stochastite Message Flow and Delay 
314 

Klingman Jane S See Draper Jean E 

Knopp Paul J Linear Algebra An Intro- 
duetton 542 

Knuth Donald E The Art of Computer Pro- 
gramming V 3 202 

Knutson John C Rogers James V Elemen- 
tary Algebra for the College Stu- 
dent 104 

Kobayashi S Obata M Takahashi T (Ed) 
Differenttal Geometry In Honor or 
Kentaro Yano 1054 

Kohavi Zvi Paz Azaria (Ed) Theory of 
Machines and Computations 813 

Kohlas J Lecture Notes in Economies and 
Mathematteal Systems-63 809 

Kok H Connected Orderable Spaces 1054 

Kokorin AI Kopytov VM Fully Ordered 
Groups 1135 

Kokov Vadim (Ed) Proceedings of a Semt- 
nar on Applteattons of Differenttal 
Equattons to Mechantes and Physics 
192 

Komatsu Hikosaburo (Ed) Lecture Notes 
tn Mathemattes-287 1053 

Koosis Donald J Stattsties 1056 

Kopytov VM See Kokorin AI 

Korevaar J See Butzer PL 

Korfhage Robert R See Flanders Harley 

Korn Granino A Mintecomputers for Engi- 
neers and Setenttsts 200 

Korn Henry R Liberi Albert W An Elemen- 
tary Approach to Funettons 923 

Kotkin GL Serbo VG Collection of Pro- 
blems tn Classteal Mechanies 548 

Kotz Samuel Ausstan-English/English- 


Russtan Glossary of Statistical 
Terms 197 
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Krabs Werner See Collatz Lothar 

Krall Allan M Linear Methods of Applied 
Analysts 311 

Krasnosel'skii MA Nonlinear Almost Pertio- 
die Osetllations 311 


Approximate Solutton of Operator 


Equattons 195 

Krein SG Linear Differenttal Equations 
tn Banach Space 311 

Kreith Kurt Lecture Notes in Mathemattcs- 
324 929 

Krickeberg K See Behara M 

Krishnaiah Paruchuri R (Ed) Multtvartate 
Anlaysts-III 318 

Kruschke David Dome Cookbook of Geodesic 
Geometry 816 

Krutchkoff Richard G Probability and 
Stattstteal Inference 1056 

Kticera M (Ed) Theory of Nonlinear Opera- 
tors 195 

Kudrjavcev LD Dtrect and Inverse Imbedding 
Theorems Applteations to the Solution 
of Elltptte Equattons by Vartattonal 
Methods 1137 

Kuester James L Mize Joe H Optimtzattion 
Techniques wtth Fortran 546 

Kuipers L Niederreiter H Untform Dtstri- 
button of Sequences 1048 

Kujala Robert O Vitter III Albert L (Ed) 
Value-Dtstrtbuttion Theory Part A 806 

Kunzi HP See Beckmann MJ 

Kuperman IB Approxtmate Linear Algebrate 
Equations 312 

Kurepa Duro R Proceedings of the Interna- 
ttonal Sympostum on Topology and tts 
Applteattons 1054 

Kurki-Suonio Reino A Programmer's Intro- 
duetton to Computability and Formal 
Languages 814 

Kusunoki Y (Ed) Nwnber Theory Algebrate 
Geometry and Commutative Algebra In 
Honor of Yasuo Akizukt 1049 

Kuyk Willem Deligne P Serre J-P (Ed) 
Leeture Notes in Mathemattes-320 349 
500 1052 

Ladas G See Grove EA 

Lake Frances See Newmark Joseph 

Lakshmikantham V See Bernfeld Stephen R 

Lambert JD Computational Methods in Ordi- 
nary Differenttal Equattons 191 

Lamperti John Stochastte Proeesses 1141 

Land AH Powell S Fortran Codes for Mathe- 
matteal Programming Linear Quadratte 
and Diserete 809 

Landa LN Algortthmization in Learning and 
Instruetton 684 

Landweber Lawrence H See Brainerd Walter S 

Lang Serge Elltptte Funettons 687 


Caleulus of Several Variables 928 
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Lang Serge A First Course in Caleulus 
Third Editton 190 
Lapidus Leon See Seinfeld John H 
Larrieu J Principles of Linear Algebra 
189 
Larsen Max D Fejfar James L Essentials 
of Elementary School Mathematies 1134 
Larsen Ronald Banach Algebras An Intro- 
duction 422 
Funettonal Analysts An Introduec- 
tton 423 
Larson Harold J Introduction to Prob- 
abiltty Theory and Statistieal In- 
ference Second Edttton 1142 
LaSalle Joseph P (Ed) The Influenee of 
Computing on Mathematical Research 
and Edueatton 1043 
Latta Gordon See Polya George 
Laugwitz Detlef Uberblteke Mathemattk 
1044 
Lax Peter D Hyperbolte Systems of Con- 
servation Laws and the Mathematteal 
Theory of Shoek Waves 312 
Lazarov Connor Wasserman Arthur Complex 
Aettons of Lie Groups 931 
Leake Charles See Lieblich Gerald S 
Leathem JG Hardy GH (Ed) The General 
Theory of Ditrichlet's Sertes 1051 
Lebesgue Henri Oeuvres Setenttiftques 
V I-V 306 
Leeons Sur L'Intégration 187 
Ledermann W Introduction to Group 
Theory 805 
Lee John AN Computer Semanties Studtes 
of Algorithms Processors and Langu- 
ages 814 
Lee Richard Char-Tung See Chang Chin- 
Liang 
Lehto O Virtanen KI Quastconformal Map- 
pings in the Plane Seeond Fditton 806 
Leichtweiss K See Blaschke W 
Leinbagh L Carl Caleulus with the Com- 
puter A Laboratory Manual 190 
Lelong Pierre (Ed) Lecture Notes in 
Mathemattes-332 544 
Lenard A (Ed) Leeture Notes tn Physies- 
20 429 
Leondes CT (Ed) Control and Dynamt 
Systems Advances in Theory and Ap- 
plications V 9 204 
Control and Dynamte Systems V 10 
204 
Control and Dynamie Systems V 11 
935 
Levin Jack Elementary Stattsties in 
Soetal Research 317 
Levin Richard I Desjardins Robert B 


Theory of Games and Strategies 195 
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Levison Michael Sentance W Alan Introduc- 
tton to Computer Setence 691 

The Settlement of Polynesta A Compu- 
ter Simulation 320 

Levitan BM American Mathematical Society 
Translations Series 2 V 101 196 

Lewis Eunice M See McFarland Dora 

Lial Margaret L Miller Charles D Precal- 
culus Mathemattes Algebra Trigonometry 
and Analytic Geometry 185 

Mathemattes With Applications in the 

Management Natural and Social Setences 
1050 

Liberi Albert W See Korn Henry R 

Lichtenberg DB Unitary Symmetry and Ele- 
mentary Particles 694 

Lieberstein H Melvin Mathematical Physt- 
ology Blood Flow and Electrically 
Active Cells 425 

Lieblich Gerald S Leake Charles Pre- 
Algebra Mathemattes 538 

Lin Shwu-Yeng T Lin You-Feng Set Theory 
An Intuitive Approach 925 

Lin You-Feng See Lin Shwu-Yeng T 

Lindahl L-A Poulsen F Thin Sets in Har- 
monte Analysts 196 

Lindenstrauss Joram Tzafiri Lior Lecture 
Notes tn Mathemattes-338 313 

Lindgren Harry Reereattonal Problems tn 
Geometrte Disseetions and How to Solve 
Them 304 

Lindgren Kenneth E See Wright D Franklin 

Linnik YuV See Ibragimov IA 

Linnik YuV See Kagan AM 

Lions JL Magenes E Non-Homogeneous Boun- 
dary Value Problems and Applteattions 
V II 807 

Non~Homogeneous Boundary Value Prob- 

lems and Applteattons V III 193 

Some Aspects of the Optimal Control 
of Dtstrtbuted Parameter Systems 195 

Liu CL Toptes tn Combtnatortal Mathema- 
ttes 541 

Lobin Gunter (Ed) Rechnerkunde 1046 

Loeb Peter See Hurd Albert 

Lorentz GG (Ed) Approxtmation Theory 546 

Lourie Janice R Textile Graphtes/Compu- 
ter Atded 933 

Lucas Edourad L'Arithmétique Amusante 
921 

Lucas JR A Treatise on Time and Space 
815 

Luneburg H Finfuhrung tn die Algebra 188 

Lyapunov AA (Ed) Systems Theory Research 
(Problemy Ktbernettkkt) V 23 693 

Macaulay FS The Algebrate Theory of Modu- 
lar Systems 685 

Magenes E See Lions JL 
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Magid Andy R The Separable Galots Theory 


of Commutative Rings 1136 

Magid Andy R See McDonald Bernard R 

Magnus Wilhelm Noneuclidean Tessela- 
ttons and Their Groups 1140 

Maisel Herbert Gnugnoli Giuliano Stmu- 
latton of Discrete Stochastic Sy- 
stems 320 

Maki Daniel P Thompson Maynard Mathema- 
tteal Models and Applications wtth 
Emphasis on the Soctal Life and 
Management Setences 547 

Mal'cev AI Algebrate Systems 307 

Malik Henrick J Mullen Kenneth A First 
Course tn Probability and Statis- 
ttes 689 

Malkevitch Joseph Meyer Walter Graphs 
Models and Fintte Mathematics 800 

Malliavin Paul Géométrie différentielle 
tntrinséque 809 

Mansfield MJ Caleulus An Introductory 
Course 685 

Mansour M Schaufelberger W (Ed) Lecture 
Notes in Eeonomtes and Mathematteal 
Systems-93 94 935 

Marcus Marvin Fintte Dimenstonal Multt- 
ltnear Algebra Part I 542 

Mardia KV Statitsties of Direettonal 
Data 812 


Marinescu Gheorghe See Cristescu Romulus 


Marion Jerry B Davidson Ronald C Mathe- 
matteal Revtew for the Phystcal 
Setences 922 

Marsden Jerrold E Basic Complex Analy- 
sts 422 

Martin-Lof Per Notes on Constructive 
Mathemattes 924 

Maslov VP Théorte des Perturbations et 
Méthodes Asymptottques 544 

Massey BS Untts Dimenstonal Analysis 
and Phystcal Simtlarity 427 

Mathai AM Saxena RK Lecture Notes in 
Mathematties-348 1052 

Mathias ARD Rogers H (Ed) Leeture Notes 
tn Mathemattes-3837 1047 

Maurer HA Williams MR A Collection of 
Programming Problems and Techniques 
201 

Maurin Krzysztof Analiza 687 

May J Peter See Gugenheim VKAM 

Maynard Hugh B See Tucker Don H 

Mazur Barry Messing William Lecture 
Notes tn Mathematies-370 1135 

McDonald Bernard R Magid Andy R Smith 
Kirby C (Ed) Ring Theory Proceedings 
of the Oklahoma Conference 543 

McDowell Robert H See Gillman Leonard 


McFarland Dora Lewis Eunice M Introduc- 
tion to Modern Mathematies Second 
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Edttton 539 

McKean Henry P See Keller Joseph B 

McLean Robert A See Anderson Virgil L 

McNerney Charles R See Johnson Robert L 

Meadowcroft II James J Beginning Algebra 
for Mature Students 304 

Meir A Sharma A (Ed) Spline Funettons and 
Approximation Theory 313 

Melsa James L See Sage Andrew P 

Melzak ZA Companion to Conerete Mathema- 
ttes Mathematteal Teehniques and Vart- 
ous Applteations 304 

Mendel Jerry MDiserete Techniques of Para- 
meter Estimatton The Equation Error 
Formulation 426 

Mendelson Elliott Sehaum's Outline of 
Theory and Problems of Boolean Alge- 
bra and Swttehing Ctreuits 424 

Mendenhall William Ott Lyman Understand- 
tng Stattstties 317 

Mendizabal Alfredo See Dou Alberto 

Menken Jane A See Sheps Mindel C 

Merriell David M Caleulus A Programmed 
Text 422 

Meschkowski Herbert (Ed) Meyers Handbuch 
uber dte Mathematik 1044 

Meserve Bruce E Sobel Max A Foundations 
of Number Systems 420 

Meshalkin LD Collection of Problems tn 
Probability Theory 810 

Messer Andrew C See Alexander Daniel E 

Messing William See Mazur Barry 

Meyer Burnett An Introductton to Axtoma- 
tte Systems 1043 

Meyer Gunter H Inttial Value Methods for 
Boundary Value Problems Theory and Ap- 
plteatton of Invartant Imbedding 193 

Meyer PA See Dellacherie C 

Meyer RE (Ed) Waves on Beaches and Re- 
sulting Sediment Transport 427 

Meyer Walter See Malkevitch Joseph 

Mihoc Gh Modele Matematiece ale Astepttrii 
810 

Mihram G Arthur Stimulation Statistteal 
Foundations and Methodology 934 

Mikami Yoshio The Development of Mathema- 
ties in China and Japan Second Edt- 
tton 1046 

Milgram R James Lecture Notes in Mathema- 
ties-368 1140 

Miller Charles D Heeren Vern E Mathema- 
tteal Ideas An Introduetton Second 
Editton 303 


Salzman Stanley A Business Mathema- 


ties 922 
Miller Charles D See Lial Margaret L 
Miller Herbert F See Hardgrove Clarence 
Ethel 
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Miller John JH (Ed) Topies in Numerical 
Analysis 686 

Miller Raymond E Thatcher James W (Ed) 
Complextty of Computer Computations 
1058 

Milnor J Husemoller D Symmetric Biltnear 
Forms 308 

Misner Charles W Thorne Kip S Wheeler 
John Archibald Gravitation 428 

Mize Joe H See Kuester James L 

Mizohata Sigeru The Theory of Partial 
Differenttal Equations 192 

Mizrahi Abe Sullivan Michael Topics in 
Elementary Mathematics 802 

Mohler Ronald R Btltnear Control Pro- 
eesses With Applications to Engine- 
ering Eeology and Medicine 693 

Moise Edwin E Elementary Geometry from 
an Advaneed Standpotnt Second Edt- 
tton 1139 

Molina EC Potsson's Exponenttal Btnomt- 
al Limit 933 

Monna AF Functtonal Analysts in Htstori- 
eal Perspective 540 

Monna AF See van Dalen D 

Moon Robert G Applted Mathematics for 
Technical Programs Algebra 538 

Moore Calvin C (Ed) Harmonte Analysis 
on Homogeneous Spaces 809 

Moore David S Yackel James W Applteable 
Finite Mathematies 1049 

Moore PG Edwards DE Shirley Eryl AC 
Standard Statistteal Calculations 
Second Edition 690 

Mordell LJ Two Papers on Number Theory 
541 

Morley MD (Ed) Studies in Model Theory 
802 

Morrey Jr Charles M See Protter Murray H 

Morse Marston Vartattonal Analysts Crt- 
tical Extremals and Sturmian Exten- 
stons 546 

Moser Jurgen Stable and Random Mottons 
tn Dynamical Systems With Special 
Emphasis on Celestial Mechantes 192 

Mosher Robert E Intermedtate Algebra 
for Today 922 

Mosteller Frederick Rourke Robert EK 
Sturdy Statisties Nonparametries and 
Order Statistics 423 

Statistics by Example 1057 

Mostert Paul S See Hofmann Karl H 

Mostow GD Strong Rigtdity of Locally 
Symmetric Spaces 315 

Mullen Kenneth See Malik Henrick J 

Muller GH See Fraser JT 

Munem Mustafa A Tschirhart William 


Yizze James P College Algebra 1133 
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Munem Mustafa A Tschirhart William Yizze 
James P College Trigonometry 1045 

Murakami Shingo Lecture Notes in Mathe- 
mattes=280 197 

Murtha James Willard Earl Statistics and 
Caleulus A First Course 424 

Mustoe LR See Bajpai AC 

Myers Jerome L Fundamentals of Experimen- 
tal Design Second Editton 812 

Myint-U Tyn Partial Differential Equa- 
ttons of Mathematteal Physics 191 

Myx André Modéles Finis 924 

NASA Space Mathemattes A Resource for 
Teachers 684 

NCTM The Rattonal Numbers 684 

Guidelines for the Preparation of 
Teachers of Mathematics 420 

Geometry tn the Mathemattes Curricu- 

lum Thirty-stxth Yearbook 305 

Nachbin Leopoldo (Ed) Leeture Notes tn 
Mathemattes-384 1138 

Nagata Jun-iti See Alo Richard A 

Nakayama Shigeru Sivin Nathan (Ed) Chinese 
Setence Explorations of an Anectent 
Tradttton 921 

Nanny J Louis Cable John L Developing 
Skills in Algebra A Lecture Worktext 
2 volumes 1133 

Narkiewicz Wladyslaw Elementary and Analy- 
tte Theory of Algebrate Numbers 685 

Negus RW Fundamentals of Finite Mathema- 
ttes 800 

Nemes T Cybernette Machines 813 

Nering Evar D Elementary Linear Algebra 
307 

Nerode Anil See Crossley JN 

Neter John Wasserman William Applied 
Linear Statistical Models Regresston 
Analysts of Varianee and Experimental 
Destgns 1143 

Nevanlinna F and R Absolute Analysts 1053 

Newell Alan C (Ed) Nonlinear Wave Motion 
1137 

Newell GF Lecture Notes tn Economtes and 
Mathematical Systems-87 316 

Newell Gordon F (Ed) Traffte Flow and 
Transportation 320 

Newmark Joseph Lake Frances Mathematics 
as A Seeond Language 537 

Ney Peter Port Sidney (Ed) Advances tn 
Probabtlity and Related Topies V 31141 

Nichols Eugene D Kalin Robert Analytic 
Geometry 186 

Swain Robert L Mathemattes for the 

Elementary School Teacher 539 

Niederreiter H See Kuipers L 

Nievergelt Jurg Computer Approaches to 
Mathematical Problems 199 
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Ninham BW See Barber Michael N 
Nirenberg Louis Lectures on Linear Par- 
tial Differential Equations 191 
Nohel John A See Brauer Fred 
Norkin SB See El'sgol'ts LE 
Northcott DG A First Course of Homolo- 
gteal Algebra 189 
Novy Lubos Origins of Modern Algebra 
104 
Nussenzveig HM Causaltty and Dtsper- 
ston Relattons 694 
Nyman David F See Prince Lawrence J 
Oakley CO The Calculus 309 
Obata M See Kobayashi $ 
Oberhettinger Fritz Badii Larry Tables 
of Laplace Transforms 314 
Fourter Transforms of Dtstrtbu- 
ttons and Thetr Inverses A Collect- 
ton of Tables 931 
Fourter Expanstons A Collectton 
of Formulas 314 
Oldham Keith B Spanier Jerome The 
Fraettonal Caleulus Theory and Ap- 
plteations of Differentiation and 
Integration to Arbttrary Order 1139 
Oliver Robert M See Potts Renfrey B 
Olkin Ingram See Derman Cyrus 
Olver FWJ Asymptottcs and Spectal 
Funettons 1052 
O'Malley Jr Robert E Introduction to 
Stngular Perturbattons 1052 
O'Meara OT Introduectton to Quadratte 
Forms Second Printing Corrected 1048 
Oort F (Ed) Algebrate Geometry Oslo 
1970 809 
Open University Topies tn Pure Mathe- 
mattes 16 Volumes 804 
An Introduction to Caleulus and 
Algebra 3 Volumes 544 
Linear Mathemattes 25 Volumes 421 
Computing and Computers 15 volumes 
815 
An Algortthmte Approach to Compu- 
ting 7 Volumes 815 
Mathematics A Foundations Course 
52 Volumes 422 
Meehantes and Applted Caleulus 
8 Volumes 428 
Elementary Mathematics for Setenee 
and Technology 9 Volumes 544 
Ord JK Familtes of Frequency Distrtbu- 
ttons 812 
Ore Oystein Niels Hemrtk Abel Mathema- 
ttetan Extraordinary 1046 
Organick Elliott I Computer System 
Organization The B5700/B6700 Series 
319 
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Orr Howard Introductton to Computer Pro- 
gramming for Btologteal Setenttsts 201 

Ortell Edward C Smith Sanderson M Artth- 
mette Beginntng Math for College Stu- 
dents 185 

Osgood Charles F (Ed) Dtophantine Approxt- 
matton and Its Applteations 545 

Osofsky Barbara L Homological Dimensions 
of Modules 1048 

Ostrom TG See Kallaher MJ 

Ostrowski AM Solution of Equations in 
Euclidean and Banach Spaces Third 
Edttion of Solutton of Equations and 
Systems of Equations 808 

Otnes Robert K Enochson Loren Digttal 
Time Sertes Analysts 1056 

Ott Lyman See Mendenhall William 

Outcalt David L Wood JP A Second Course 
tn Algebra 538 

Owen DB See Harter HL 

Pachucki Chester Mathemattes for Indus- 
trtal Teechntetans 538 

Packel Edward W Functional Analysis A 
Short Course 686 

Padgett WJ Taylor RL Lecture Notes tn 
Mathemattes-360 1055 

Padgett WJ See Tsokos Chris P 

Padulo Louis Arbib Michael A System 
Theory A Untfied State-Space Approach 
to Conttnuous and Diserete Systems 934 

Page A See Brown AL 

Page E Queueing Theory tn OR 314 

Page T Leeture Notes tn Economies and 
Mathematteal Systems-85 426 

Paige Lowell J Swift J Dean Slobko Thomas 
A Elements of Linear Algebra Second 
Edttton 541 

Palmer Edgar M See Harary Frank 

Parker Richard A Demotte Mathematical 
Papyrt 540 

Parratt Lyman G Probabiltty and Expert- 
mental Errors tn Setenee An Elemen- 
tary Survey 199 

Parthasarathy KR Schmidt K Lecture Notes 
tn Mathemattes-272 689 

Patera Jiri Sankoff David Tables of 
Branching Rules for Representattons 
of Simple Lte Algebras 816 

Pathria RK Stattsttcal Mechanies 107 

Paul Richard S See Haeussler Jr Ernest F 

Paz Azaria See Kohavi Zvi 

Pazer Harold L Swanson Lloyd A Modern 
Methods for Stattstteal Analysts 811 

Peixoto MM (Ed) Dynamical Systems 319 

Penguin The Penguin Book of Tables 1132 

Perles Benjamin M See Freund John E 

Person Russell V Essenttals of Mathema- 
ties Third Edition 305 
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Peter Gilbert M Peterson Daniel R Intro- 
duetton to Techntcal Mathematics 1132 

Peters William S See Summers George W 

Peterson Daniel R See Peter Gilbert M 

Peterson John A First Course in Mathe- 
mattes 420 

Peterson John M Finite Mathematics 800 

Haupt Floyd E College Algebra 1045 

Phillips GM Taylor PJ Theory and Appltca- 
tions of Numerical Analysts 1052 

Phillips Jo McKeeby See Fehr Howard F 

Phillips Jr John L Statistical Think- 
tng A Struetural Approach 813 

Picard Claude-Francois Graphes et 
Questtonnatres 803 

Piccinini Renzo A CW-Complexes Homology 
Theory 197 

Piersol Allan G See Bendat Julius S 

Poenaru Valentin Lecture Notes in Ma- 
thematics-371 930 

Polis A Richard Beard Earl ML Fundament- 
al Mathemattes for Elementary Tea- 
chers A Behavioral Objectives Ap- 
proach 923 

Pollard AH Introductory Stattstics A 
Service Course 318 

Pollard JH Mathematteal Models for the 
Growth of Human Populations 547 

Polya George Kilpatrick Jeremy The 
Stanford Mathematics Problem Book 
with Hints and Soluttons 1132 

Latta Gordon Complex Vartables 

1051 

Ponasse Daniel Mathematteal Logte 306 

Pool James CT (Ed) Mathematical Aspects 
of Stattstical Mechanics 694 

Popham W James Sirotnik Kenneth A Edu- 
eattonal Stattsties Use and Inter- 
pretation Seeond Editton 1057 

Port Sidney See Ney Peter 

Post Dudley L (Ed) The Use of Computers 
in Secondary School Mathemattes 540 

Post Thomas R See Reys Robert E 

Potts Renfrey B Oliver Robert M Flows 
tn Transportation Networks 195 

Poulsen F See Lindahl L-A 

Powell RE Shah SM Swnmability Theory 
and Its Applicattons 315 

Powell S See Land AH 

Preis Sandra Cocks George Artthmetic 
1133 

Price Justin J See Flanders Harley 

Prince Lawrence J Nyman David F Intro- 
duetion to Computers and Computer 
Programming 200 

Procesi Claudio Rings wtth Polynomtal 
Identittes 542 


Protter Murray H Morrey Jr Charles M 
Caleulus for College Students Second 
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Edttton 106 

Pun Lucas Introduction to @ptimizatton 
Practice 314 

Rabinovitch Nachum L Probability and 
Stattsttieal Inference in Anctent and 
Medieval Jewish Literature 187 

Racine Michel L The Arithmetics of Quad- 

. ratte Jordan Algebras 543 

Rade Lennart Thinning of Renewal Point 
Processes A Flow Graph Study 423 

R&de Lennart See Jagers Peter 

Rader Trout Theory of General Economic 
Equiltbrium 935 

Radjavi Heydar Rosenthal Peter Invariant 
Subspaces 423 

Rahman NA Practteal Exeretses tn Prob- 
abiltty and Statisttes 198 

Rainville Earl D Bedient Phillip E Elemen- 
tary Differential Equations Fifth Edi- 
tton 1137 

A Short Course tn Differential Equa- 
ttons Fifth Edttion 545 

Ralley Thomas G (Ed) Leeture Notes in 
Mathemattes-353 543 

Rao C Radhakrishna Linear Statistical In- 
ference and Its Appltcations Second 
Edtitton 933 

Rao C Radhakrishna See Kagan AM 

Rasiowa Helena Introduetton to Modern 
Mathemattes 307 

Reeb Georges H Feutlletages késultats 
Anetens et Nouveaux (Painlevé Hector 
et Marttnet) 688 

Rentschler Rudolf See Borho Walter 

Report Report of Algebra Group 542 

Resnikoff HL Wells Jr RO Mathematics in 
Civtltzatton 303 

Reys Robert E Post Thomas R The Mathema- 
ttes Laboratory Theory to Practice 801 

Rice Trevor Mathematical Games and Puzzles 
1132 

Richardson Leonard F See Richardson Moses 

Richardson Moses Richardson Leonard F Col- 
lege Algebra 4th Editton 305 

Rickart Charles E General Theory of Banach 
Algebras 1139 

Riddle Douglas F Caleulus and Analytic 
Geometry Second Edition 928 

Ringel Gerhard Map Color Theorem 1048 

Ringrose John R Compact Non-Self-Adjotnt 
Operators 808 

Rising Gerald R Kaufman Burt A (Ed) A Re- 
sponse to Managertal Education 186 

Ritter Gunter Minimun Principle and Maxt- 
maltty 545 

Robert A Systemes de Polynomes 926 

Robert Marguerite Ensetgnement Elémen- 
tatre 1 802 
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Roberts A Wayne Varberg Dale E Convex 
Funettons 422 

Robson Colin Experiment Design and 
Stattsttes tn Psychology 424 

Rogers H See Mathias ARD 

Rogers James V See Knutson John C 

Rohlf F James See Sokal Robert R 

Rohrer Ronald A See Director Stephen W 

Roscoe John T Fundamental Research Sta- 
tisties for the Behavtoral Setences 
690 

Rose Israel H Elementary Functions A 
Preealeulus Primer 186 

Rosen Robert (Ed) Foundations of Ma- 
thematical Btology 547 

Rosenblatt Judah See Rosenblatt Lisa 

Rosenblatt Lisa Rosenblatt Judah Sim- 
plified Fortran Programming With 
Companton Problems 202 

Rosenthal Peter See Radjavi Heydar 

Ross Shepley L Differential Equattons 
Seeond Editton 545 

Rotman Joseph J The Theory of Groups 
An Introduetion Seeond Edition 308 

Rourke CP Sanderson BJ Introduction to 
Piecewtse-Linear Topology 106 

Rourke Robert EK See Mosteller 
Frederick 

Roussas George G A First Course tn 
Mathematical Statistics 689 

Rowley JCR Econometric Esttmatton 932 

Ruberti A See Conti R 

Rubinow Sol I Mathemattcal Problems tn 
the Btologteal Setenees 319 

Rudenberg L Zassenhaus H Hermann Min- 
kowskt Brtefe an David Hilbert 187 

Rudin Walter Real and Complex Analysts 
Second Editton 423 

Rund Hanno The Hamtlton-Jacobt Theory 
tn the Caleulus of Variations Its 
Role tn Mathematies and Phystes 929 

Rushing T Benny Topologteal Embeddings 
106 

Rustin Randell (Ed) Computattonal Com- 
plextty 692 

Combinatortal Algorithns 692 

Ruymgaart FH Asymptotte Theory of 
Rank Tests for Independenee 316 

Ryde Folke Aspects of the Greatest 
Integer Funetion Part I 1048 

Rynyon Richard P See Haber Audrey 

Saaty Thomas L See Dantzig George B 

Sacks R Leeture Notes tn Eeonomtes and 
Mathematteal Systems-82 203 

Sagan Hans Advanced Caleulus of Real- 
Valued Funetions of a Real Vartable 
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EULER AND THE ZETA FUNCTION 


RAYMOND AYOUB 


1. Introduction. Mathematics in general appeals to the intellect; great mathe- 
matics, however, has, in addition, a kind of perceptual quality which endows it with 
a beauty comparable to that of great art or music. In this category belongs much of 
the work of the great 18th century Swiss mathematician, Leonhard Euler (1707-1783). 

One of the most enchanting episodes is his work on the zeta function, to which 
this article is devoted. In anticipation of the later notation of G.F.B. Riemann 
(1826-1866), let 


9 


Mes 


1 
((s) = i n> 
where for the moment no specification will be made on s. Euler’s work on ¢(s) began 
about 1730 with approximations to the value of €(2), continued with the evaluation of 
¢(2n), where n is a natural number 2 1, and resulted about 1749 in the discovery 
of the functional equation almost 110 years before Riemann. 

Before beginning the story, we shall give a brief sketch of Euler’s life. Most of the 
facts are taken from a eulogy delivered by Nicholas Fuss (1755-1825), the husband of 
one of Euler’s granddaughters. 

The city of Basel in Switzerland was one of many free cities in Europe and by the 
17th century had become an important center of trade and commerce. The University 
became a noted institution, largely through the fame of an extraordinary family — 
the Bernoullis. This family had come from Antwerp to Basel and the founder of the 
mathematical dynasty was Nicholas Bernoulli. He had 3 sons, two of whom, James 
(often referred to as Jacob) (1654-1705), and John (1667-1748), became noted mathe- 
maticians. Both were pupils of G. Leibniz (1646-1716) with whom John carried on 
an extensive correspondence and with whose work both James and John became 
familiar. James was a professor at Basel until his death in 1705. John, who had been 
a professor at Groningen, replaced him. To give an indication of the mathematical 
activity of this period, it is worthwhile pointing out that I. Newton (1642-1727) had 
started his work on the theory of fluxions about 1664, publishing his great work, 


1067 
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Principia Mathematica, in 1687. On the continent G. Leibniz began his studies on 
the calculus about 1672 and published much of his work in Ithe journal Acta 
Eruditorum. This was a monthly periodical published in Leipzig and devoted to 
miscellaneous articles, books and book reviews. 

Paul Euler (1670-1745) was a Lutheran Pastor who was mathematically talented 
and who had studied mathematics with James Bernoulli at the University of Basel. 
Into this intellectually rich and stimulating environment, Leonhard was born in 1707. 
He was a precocious child who received much encouragement from his father. He 
entered the University of Basel and displayed such remarkable talent for mathe- 
matics that John Bernoulli gave him special instruction on Saturdays. He graduated 
with a kind of master’s degree in 1724 at the age of 17. He had enrolled in the Faculty 
of Theology and had written a thesis in Latin on a comparison between Newtonian 
and Cartesian philosophy. Although Paul expected his son to study theology, he did 
not discourage Leonhard’s interest in mathematics. (Still, mathematics was fine as a 
hobby, but surely not as a profession!) 

At this period there were 3 famous centers of learning, the academies at Berlin, 
Paris, and St. Petersburg, and it was frequently the case that a young scholar would 
journey to one of these. 

John Bernoulli had 3 sons. Two of them, Nicholas II (1695-1726) and Daniel 
(1700-1782), were mathematicians who befriended Euler. They both went to 
St. Petersburg in 1725 and both had a high regard for their younger colleague. After 
some effort, Daniel wrote to Euler that he had secured for him a stipend in the 
Academy. The appointment was actually in the physiology section but Euler quickly 
drifted into the mathematics section. He then left Basel and arrived] in St. Petersburg 
in 1727, remaining there until 1741. 

The period had its troubles. Tsarina Catherine I was committed to carrying out the 
policy of her husband, Peter the Great, in establishing a strong Academy. Unfor- 
tunately she died the day Euler set foot in Russia. The throne passed to Peter I’s 
grandson, Peter II, who was only 12 and Russia was ruled by despotic regents who 
declared that the Academy was very costly and was of little use to the state. Euler 
despaired of being able to pursue his interests and decided to join the navy. Admiral 
Sievers saw in him a valuable asset to the navy and offered him a position as lieutenant, 
with promises of rapid promotion. From the sources available to the author it is not 
clear to what extent, if any, Euler was active in naval affairs. The death of Peter II 
brought to an end the despotic regency and the Academy’s condition improved, but 
the despotism had discouraged some foreign scholars, who returned to their home- 
land. An opportunity arose when Bullfingr left Russia and in 1731 Euler was appointed 
professor of natural sciences. Two years later, when Daniel decided to return to 
Basel in 1733, he recommended that Euler be appointed his successor as professor of 
mathematics. Euler remained in this position until 1741 when he was summoned by 
Frederick the Great of Prussia to the Berlin Academy. He was in Berlin until 1766. 
Catherine II, the Great, acceded to the throne of Russia in 1762 and in 1766 sum- 
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moned Euler back to the Academy in St. Petersburg where he remained until his 
death in 1783. 

Euler did significant work in all areas of mathematics and his work in any one of 
these would have assured him a place in history. He was a prodigious writer whose 
collected works run currently to 70 quarto volumes with more to come. In editing 
Euler’s works shortly after his death N. Fuss listed 756 articles distributed in time as 
follows: 1727-33:24; 1734-43:49; 1744-53:125; 1754-63:99; 1764-72 :104; 
1773-82 :355. The most astonishing feature is the phenomenal number written in the 
last 10 years of his life, during which years he was blind. Since Fuss’s editing activities, 
numerous additional manuscripts have been found and the total will run to almost 
900. In addition to his articles he wrote several books, among the most noted and 
influential of which was his Introductio in Analysin Infinitorum. Some have criticized 
his writings as being repetitive but it is proper to ignore this kind of pedantry. 

Euler’s articles were mostly in Latin which is unfortunate in view of our present 
day ignorance of the classics. On the other hand, the Latin is comparatively simple 
and, with a rudimentary knowledge, together with a dictionary, the reader will be 
rewarded for his efforts. It is especially fortunate that the notation is familiar, and 
where the language is difficult, the mathematics comes to the rescue. It is customary 
to be surprised at how ‘‘modern’’ his notation is; the truth is that his influence was 
so profound that we still use much of the notation he helped to establish. 

Reading his papers is an exhilarating experience; one is struck by the great 
imagination and originality. Sometimes a result familiar to the reader will take on an 
original and illuminating aspect, and one wishes that later writers had not tampered 
with it. 

Euler’s personal life, though relatively uneventful, was marred by several tragedies. 
Though apparently of a strong constitution, he developed a massive infection which 
resulted in the loss of one eye in 1735. The second eye developed a cataract about 
1766 which rendered him blind. He could still distinguish lights and shadows and 
sometimes wrote mathematics in very large symbols on a blackboard. Despite this 
handicap, he continued unabated his mathematical activities with the help of young 
assistants. He once met with J. d’Alembert (1717-1783) who was utterly astonished at 
Euler’s ability to carry out in his head the most complicated analytical calculations. 

Euler married Catherine Gsell in 1733. She was the daughter of a well-known 
artist. She had 13 children 8 of whom tragically died in childhood. Catherine died in 
1776, Euler then married her half sister. 

His character was that of a kind and gentle man. He had a phenomenal memory, 
had studied the classics, ard is said to have known the Aeneid by heart. Though the 
recipient of numerous honors during his lifetime, he retained his modesty and humility 
and it was said of him that he took as much pleasure in the discoveries of others as he 
did in his own. 

He carried on an extensive correspondence with various mathematicians, especi- 
ally Christian Goldbach (1690-1764). He also wrote a series of letters on various 


1070 RAYMOND AYOUB [December 


subjects in natural philosophy addressed to a German princess. The quality of all his 
letters reflects his pleasant personality. 
2. Early history of the function ((s). In elementary courses in calculus, one of 


the first examples of an infinite series is that given by ¢(s). 
The student quickly learns, mainly via the integral test, that 


converges if s > 1 and diverges if s < 1. Some enthusiastic teachers will point out 
that, in fact, 


(1) (2) = ¥ 


and perhaps remark that this relation is difficult to prove and that students who go 
on in mathematics will eventually learn at least one proof. More enthusiastic teachers 
will further point out that if k is an integer k = 1, then 


_ (= 1B, (2n)* 
2) (Qk) = “ar 


where B,, is a rational number, viz. a Bernoulli number, a fact first proved by Euler. 
The generating function for these numbers is given by 


x x ~ Bi» 
eop7 toate 
However, it is easily seen that B2,,4,; = 0 and that B, = 1/6, B, = — (1/30), 


Be = 1/42,---. They might further point out that if m is odd, m = 2k + 1 (k = 1), 
then no such formula is known for ((m), and despite considerable efforts over the 
years, the arithmetic nature of even ¢(3) remains an unsolved problem. 

Before proceeding, it is interesting to note that Euler often worked with 


~ 1 


1 = 2, Gn ei 
with 
00 —| nti 
w= De, 
n=1 n 
and with 
oe (-1)" 
Ws) = 2% Gap: 


The first two are related to C(s) by 
1 
(s) = Os) + 5 Ms) ; 
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hence 6(s) = (1 — (1/25))C(s), while 
os) = 3) — 2M) = (1 2-H). 


Thus @(n) and 6(n) can be evaluated if ¢(n) can be. One important advantage of 
@(s) over f(s) is that the series for ¢(s) converges if s > 0, while that for C(s) only 
fors > 1. 

By contrast w(s) has a superficial resemblance to ¢(s) but although w(2n + 1) has 
been evaluated, #(2n + 1) has not. In fact Euler proved that 


YQn +1) = (—1)" 2m 2 8 


22"*2(2n)! 
where 
secx = 5 (—1)" Fan 2n 
n=0 2n! 


and E,,, are called Euler numbers. 

Let us begin the story and go back ... Infinite series have occurred sporadically 
in mathematics for centuries — in fact Archimedes (287-212 B.C.), when he derived 
his famous theorem on the quadrature of the parabola, proved in effect that the 
series 

4" 
n=1 
converges. As far as the harmonic series is concerned, however (despite Plato’s 


interest), the earliest recorded appearance appears to be in the works of Nicholas of 
Oresme (1323-1382) who proved that the series 


diverges. 

The problem occurs again in 1650 in a book Novae Quadraturae Arithmeticae 
by a professor of mechanics in Bologna named Pietro Mengoli (1625-1686). He 
related the series to the logarithm and posed the problem of finding the sum of the 
series 


if it converges. 

Whether through the book of Mengoli or (what seems likely) independently, the 
problem became known in France and England. In fact, the English mathematician 
John Wallis (1616-1703), professor at Oxford, commented on the problem in 1655 in 
his book Arithmetica Infinitorum. He had computed the value of €(2) to 3 decimal 
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places but it does not appear that he recognized this value, 1.645, as being about 27/6. 
In a letter to John Bernoulli in 1673, Leibniz wrote: ‘‘let 


x x? 


1 
dy — i +5 + 3 + os 
then dy = (— [log(1 — x)]/x) dx, thus 
x? x? log(1 — x) 


e 


As log(1 — x) is infinite when x = 1, consider instead 


d xX xe 
rn rn 


4 


and get y = | [(log(1 + x)]/x)dx.”’ 
He now integrates by parts and deduces that the evaluation of the sum 


(— 1y"*} 


n2 


n=1 


reduces to the evaluation of integrals of the form |x°(1 + x)"dx. He continues: “‘If 
perhaps it were possible to consider all the cases in order, some light would be shed 
upon the problem.”’ 

In a letter to James Bernoulli in 1691, his brother John wrote, ‘‘I see now the 
route for finding the sum ;+4+ 95 +75 +°::.’’ No further work, however, was 
forthcoming from him until 1742 when he published a proof similar to that given by 
Euler in 1734. 

In the St. Petersburg Academy, the members were drawn to the problem and took 
a great interest in the evaluation of ¢(2). That it is a tantalizing problem stems in part 
from the fact that the series has a superficial resemblance to the series 

~ 1 
a n(n + 1) ’ 


whose value is easily seen to be 


This fact was early recognized by the academicians. In 1728, Daniel Bernoulli wrote 
to Goldbach that he had a method for computing quickly an approximation to {(2) 
and gave as an approximate value 8/5. In reply Goldbach wrote that he could show 
that 


15 = 1.64 < &(2) < 1% = 1.66. 
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Neither gave indications of their computations. As noted above, Daniel Bernoulli and 
Euler both lived in St. Petersburg between 1727 and 1733 and it seems very probable 
that they discussed the problem together. 


3. Euler’s early contributions. There the problem lay. Euler’s first contribution 
came in 1731 when he gave an original method for computing ¢(2). His method 
appeared in a paper De summatione innumerabilium progressionum. He deals with 
sums of the type 


00 k 


Xx 


a (ak + b)™ ~ 


In the special case of €(2) his argument is as follows: Since 


n-1 


, It follows 


log(1 — x) _ y x 
=1 n 


x n 


that —¢(2) = {o(log(1 — x)/x)dx. Replacing 1 — x by ¢ and splitting the integral, 
it follows that 
‘log t * ‘log t ( 
—C(2) = +o”! = peat | poy = 1, 4+ 1). \ 
In I,, put u = 1 — t, expand in a power series and integrate termwise; then if 
y= J — xX, 


On the other hand, in J,, expand (1 — 1)‘ in a series, and integrate by parts getting 
I, = —log x log(l —x)-— oe . 
n=1 


Hence (2) = log x log(1 — x) + D?_,x"/n? + L_,(1 — x)"/n?. Putting x = 4, 
we conclude that 


1 


2"n2 


¢(2) = (log 2)? + y 
n=1 


What has been achieved by this next argument? The series X°_, 1/2"n? converges 
much more rapidly than does the series for ((2). Knowing that 
log2 = —lo 1-5) = y = 480453 
ees e( 2) yay 12” ° 
and that 


sw 1.164482, 
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Euler concludes that €(2) ~ 1.644934. 

It should be remarked that in 1730 James Stirling (1692-1770) had computed (2) 
to 9 decimal places, of which 8 were correct, but Euler was unaware of these calcula- 
tions. 

Euler’s next contribution came in 1732/33 in a paper entitled Methodus Generalis 
Summandi Progressiones. In this he states the ‘“‘Euler-McLaurin’’ formula (Colin 
McLaurin (1698-1746)). In a later paper Inventio summae cuiusque seriei ex dato 
Termino generali, published in 1736, he gives a proof. Although the paper was 
published in 1736, it is reasonable to assume that the work was done before 1734. 
We shall give Euler’s argument which we modify slightly. Moreover, we shall ignore 
a few technicalities. Let 


S(x) = Dd fin). 


nsx 
The object is to approximate S(x) by an integral. We have 
(A) f(x) = S(x) — S& — 1). 
Using the Taylor (Brooke Taylor, 1685-1731) expansion, it follows that 


® fo) = % CUES 


n! 


(the difficulty, of course, is that in writing (A) we are assuming x to be an integer 
while in (B), we assume x to be any real number). 

Assume now that this series can be inverted; that is, assume there exist constants 
bo, 61, b2, +++ such that 


(©) SO) = LY bf. 
n=0 


Differentiating (B),i nserting in (C), and equating coefficients, gives recurrence 
formulae for the b’s, viz., 


Hence S(x) = by J f(x)dx + X71, bf “~1x), The b’s turn out to be essentially 
the Bernoulli numbers. This fact can be intuitively gleaned from the following argu- 
ment: let D denote the operator d/dx, then (B) can be written as 


f(x) = (! _ pd 4 p'- --) SG) _ (——4)s 


’ 


or inverting, 


SP) = (<q). 
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On the other hand, the generating function for the Bernoulli numbers as noted 
above, gives 


Hence, replacing x by —D gives the desired result. Euler is evidently excited by 
this discovery (as which of us would not be!) and proceeds to apply it with great 
enthusiasm in the paper which appeared in 1736, Inventio summae cuiusque seriei 
ex dato Termino generali, referred to above. 

He derives a formula for 


xm (k 21) 
m=1 
and painstakingly computes the necessary constants B2,---,B,; and writes out at 
length the results for k = 1,---,16. Then he applies it to the harmonic series, showing 
that 


x ~ = const + logx +5 toe, 
nsx 


2x 12x? 
and performs calculations for x = 10' for 1 = 1,2,3,4,5,6. Finally among other 
things, he computes ((2) and €(3) with great accuracy. For ¢(2), he writes 
10 oe) 
1 1 
2) = — —. 
o( ) n=1 n? r a n? 
He computes the first term by hand and then estimates the remainder by the 
formula. His result is that approximately 


C(2) = 1.64493406684822643647. 


Still the evaluation of ((2) in closed form eluded him. Needless to say, this method 
of approximation opened a whole new area of research. 


4. First triumph. Euler’s first triumph came in 1734. Having previously done 
work on the roots of polynomials, he conceived the idea of generalizing the factoriza- 
tion of polynomials to transcendental functions. Euler communicated his result to 
Daniel Bernoulli and, while unfortunately this letter has been lost, the reply does 
exist. Daniel says: ‘“The theorem on the sum of the series 

1 1 1 1 1 1 4 
1+7t+ogt+et = andl +sp+a +a + — 50 
is very remarkable. You must no doubt have come upon it a posteriori. I should very 
much like to see your solution.”’ 

Here is a sketch of it as it appears in De summis serierum reciprocarum. Consider 

the expression f(x) = 1 — (sin x/sin «) with « fixed and «not a multiple of z. Leibniz 
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had derived the power series expansion for sin x, so write 


x x3 


— + ~ 
sna  3!sing 


I(x) = 1 


The right hand side is now viewed as a polynomial of infinite degree. If a,,a2,°++,4,,°°° 
are the roots, then write 


x x | x a x 
X = 1 -*)(1 ~~) eee (1 =) oor (1 -~), 
I) ( ay a2 ay, J ay 
The roots of f(x) however, are evident from the left hand side, viz., 


n= O+1, + 2,-.°; 


_ 2nt + 
— \Qnn+na— a 


thus | 
fo) = Tl (arpa)! mea esa) 


= (1-2) ('- acta) (+ arctica) ('~ ake) (tte) 


We can now expand the right hand side in a power series and equate coefficients. 
The expansion on the right involves the ‘‘infinite’’ elementary symmetric functions 
and Euler now derived the infinite analogues of Newton’s formulae, viz., if a,, +++, a,,°°° 
is a sequence and 


On = Le aya 
igsereod 
while S,, = 272, a7", then in particular, 
S, = 6,, S, = 07 —20,, S3 = o} — 30,0, + 363. 


The other relations may be similarly derived. 
Applying these facts to (F) we get (since o, = 0), 


a ee ee ee ee 


of n=t (2n—-1)n-—a (Qn-l1)n+a 2ntn+a 2nt-« sin a 
1 < 1 1 1 1 
++ Y (- G+ SS HH eS GH SS 
on? n=l (orcas ((2n—1)n+a)* (2nn+«)? ed 
— oi 
~ gin2a’ 
1 1 1 1 1 
at (eat eae t Gace ee) 
OL n=1 \(2n — 1) — a) ((2n — 1)a + a) (Q2nt +a)” (2nt—«) 
1 1 


singja 2sina 
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Putting « = 7/2, the first gives (4/x)((1 —4 +<4-:) = 1—a fact already known 
to James Gregory (1638-1675). The second, however, leads to the long sought after 
objective, for it gives 


8 1 1 1 _ 
ai tartar toy = b 
However, as Euler remarks, 


1 1 1 
(2) = (14+ grt+ gto) +9 


and this, then, gives (2) = 27/6. Similar arguments give 


p-t43_ 154.028 
33° 53 73 ~ 32? 
t¢e 434.2% 

34" 54 96’ 


and, hence, £(4) = 2*/90. 
Likewise Euler computes the corresponding series with exponents 5,6,7, and 8. 
If « = 7/4, the first relation gives 


-—a fact he attributes to Newton. 
This elegant discovery gave him one of his earliest successes and established him 


as a mathematician of the first rank. 
One.is naturally tempted to ask why, if Euler intends to use infinite products, he 


does not simply use sin x itself? In fact he does; as a postscript to this paper, he notes 
that 


(G) sin x - 1 (1 - - <5) 


n 


and deduces more directly, €(2n) for n = 1,2,3,4,5,6. (G), however, does not give 
the flexibility of (F) and clearly has no hope of yielding anything about C(2n + 1). 
One might surmise that he first proved (G) and then the more general result (F). 

Two objections were raised to this proof by Daniel Bernoulli. In the first place, one 
can’t compute with infinite series in the same way that one does with polynomials, 
and in the second place, it is not evident that all the roots of sin x = sin a are real. 
Euler recognizes the second objection as being valid and proceeds to prove that, in 
fact, all the roots are real. As to the first objection, he rightfully insisted in 1740 that 
the method is as well founded as any other method and, moreover, it is based upon a 
principle of which adequate use had not been made. Indeed, it opened up the theory 


1078 RAYMOND AYOUB [December 


of infinite products and partial fraction decomposition of transcendental functions 
and its importance goes far beyond the immediate application. 
5. Connections with arithmetic. Having achieved his objective of evaluating C(2), 


Euler now turned to the arithmetic properties of ¢(s). In 1737 he communicated a 


paper entitled Variae Observationes circa series infinitas. 
Here for the first time he proved the famous Euler product decomposition in the 


form 
Ds. 35.55. 75-115... 
= GING DE-DE HAH | 


One of his theorems is the statement that 


9 


he Oo 


1 
> -~log = 
Pp n 


Pp 
where the left hand side is summed over all p. Nowadays we would insist on writing 


that as x > © 


a [Re 


» 1 jog » 
nsx 


psx P 


He also ‘‘proved”’ that ifn = pj! ++ py! and A(n) = (—1)" 7°"? 77", then 


y M9 
n=1 Nt 


and the corresponding fact for u(u) (what is now called the Mobius function) is stated 
in his ‘‘Introductio’’. Regretfully, we have put the word “‘proved’’ in quotation marks 
since the justification of this statement is as deep a result as the prime number 


theorem itself. 

6. Return to ¢(s). He returned to ¢(s) in 1740 in a paper entitled De Seribus 
Quibusdam Considerationes. In this he developed the partial fraction decomposition 
of various functions. In particular, he proved that 

mcos|(b — a)/2n|x 
nsin|{(b+a)/2n|x—nsin|[(b—a)/2n|n 

By specializing, once again he deduced the values of €(2), €(4),---. 

In the meantime what has happened to ¢(3)? In this same paper he computed 
approximate values of €(2n + 1) for n = 1,2,3,4,5 to which he added the known 
values of ¢(2n). He wrote these in the form 


((n) = Nn". 


ae 2b 2a 


1 
=-+ yO 
Qa ,=,(2k—1)*n?—b* = (2kn)* —-a? 


He says that if n is even, then N is rational, while if N is odd then he conjectures that 
N is a function of log 2. 
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There is now a slight digression. 

Apparently to respond to the earlier criticism concerning his first proof, Euler 
published a paper in an obscure journal, ‘“Literary Journal of Germany, Switzerland 
and the North (The Hague)’’, entitled Démonstration de la somme de la suite 
1+i+4+-. Here he derived once again the formula for (2). 

Since this method is elementary, and is not generally known, and can be given 
in an elementary course, we present it in detail. We have 


; * arc sin t 
dare sin x)? = [ ———— dt. 
" /1 — 0 
If we expand (1 — u”)~? by the binomial theorem and integrate termwise, we get 


du gS 13-Qn =) Pm 
0 JI—wv n=1 2°4---2n 2n+1 


arc sint = 


It follows that 


00 2... _ x 2n+1 
tdt 1:3--(2n-1) 1 { t it 


OY —_—_ 
Jl —-2 n=1 2:°4---2n 2n + 1 0 Jl —- 2 


Euler then writes, ‘“Since the first term is integrable all the others will also be since 
the integration of each term reduces to that of the preceding. One can see this clearly 
if we reflect that in general 


x n+42 x n n+1 
(te a tt ta ie 
oA -P " of -P " 


(Apparently the favorite phrases of mathematicians, ‘‘clearly etc.,’’ are not of recent 
origin!) In fact, it takes a few steps to see this ‘‘clearly.’’ Let 


x n+2 xX n+ 
Ifo) = [PE = [Ee 
° 1 -— ° /1 — ? 


Integration by parts gives I,(x) = —x"**/1 — x2 + (n + 1) f§t"C/1 — #)dt. 


—— 


Multiplying the integrand by 1 = J 1 — ft?/ J 1 — t?, and splitting into 2 parts gives 
I(x) = —x"**/1 — x2 + (n+ DI,_2(x) — (n+ D1,(x), 


x 
dare sin x)? = [ 
10) 


and the result follows. 
Thus 


() [ pon+i an [ pont 
° Toe 2n+1 Jo ~—> 


and as [9 tdt/./1 — t? = 1, we conclude that 
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= _ __ 2nlen = 2)i2 


Therefore 27/8 = #(arc sin 1)? = D9 1/(2n + 1)”, which as we know from above is 
equivalent to ¢(2) = x*/6. The same result may be obtained by first showing that 
4(arc sin x)* satisfies the differential equation 


(1 — x*)y"— xy’ = 1, 


then using undetermined coefficients to derive the series for 4(arc sin x)”, and finally 
integrating termwise to get 4(arc sin x)°, after using the above result (H). The reader 
will find it interesting to carry out these steps. The method gives C(2) = 27/6 directly. 
Euler concludes with the remark that despite repeated efforts, he was unable to use 
this technique to find €(2n) for n = 2. The reader will note that we have glossed over 
the mild difficulties associated with the point x = 1. 

Since the time of Euler, there have been many proofs giving the value of {(2n). 
The interested reader is urged to consult K. Knopp’s book on ‘“‘Infinite Series.”’ 


7. The functional equation and ¢€(3). In the middle of the paper De 
Seriebus::- referred to above, Euler began a highly interesting new development. 
There he states that 


1-34+5-7+..=0 
1-37+53-74.. =0, 
etc., whereas, 
L-4+4-—4+-- = log 2, 
1-243-44.5 =4, 
1-234 33-44... = — §, 
1—2°4+35-454.. = 4, 
1—27437-474.. = — 17/16 
On the other hand, 
1-274+37-44.. = 0, 
1—2*4 347-474... = 0, 


I 
oS 


1— 2° + 3°— 484... 
Where do these come from? They are derived as follows. Let 
f(xy) = Lt xtx?tertxtter = Il —x)if |x| <1. 


Euler has no reluctance to putx = —1;thenl! -1+1-—-1+-- = 4, 
To f(x) apply the operator x(d/dx). Then 
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d _ 2 3 _ x . 
x I(x) = x + 2x + 3x° + ~ Gx? ? 
putting x = —1, gives1—24+3-—4+4+-:: = 4. 
Apply the operator again: 
22 4 32x93 4... = Wt %) 
x + 2°x* + 3°x” + = G — x)? 
Putting x = —1, gives 1 — 27 + 37 — +» = 0. 


As the series converges at each stage of this process for |x | <1, we have Euler 
anticipating ‘‘Abel summability’’ by some 75 years. Then Euler notes that 


paasedee ete 2M dade), 
1-2°+4+3°-4 4+. = -5- Se (t+ytate) 
1—-2°4+3-4 4. =-4- (lt get gto) 
1—2743'-4' 4.5 —- tts tat). 


as can be verified by an easy computation using the values of 0(2n): 
As in Section 1, let O(s) = L°_p1/(2n + 1)° and ¢(s) = 3,(-1)"""/n°. 
These relations can be rephrased as 


_ (—1)"~*2-(2n — 1)! 


Hel _— 2n) mr ~(2n) (n = 1, 2, 3, 4), 


where, of course, 0(m), (m = 0, + 1, + 2,---) is to be understood as 


2 (—1)"" 1x" 
lim » (ci . 
x7?17- n=1 n 


Although he does not explicitly say so, one gets the impression that Euler is trying 
energetically to develop a technique for evaluating ¢(3), and this impression is partially 
confirmed Jater, as we shall see. 

In 1749 he gave a paper to the Berlin Academy entitled Remarques sur un beau 
rapport entre les séries des puissances tant directes que réciproques. 

This time he considers 
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alone and notes the following relations: 


1-2+3-44+5-6+:3 | 1-(27;— 1) 
rt 1 2t 1 1 ~ (2 — 1)? ’ 
laa +32 get ge get 


127 — 27 + 37 — 42 4 52 — 67 4... 


rt 1 it i di = 9, 
las tas gs tgs est 
PP -—2°+3?-445°-OF +s — — 1:2+3Q*-1) 
i 1 1 41 #42 (23 —1)n* ’ 
boa tae ge tye et 
¢— 2% + 3-4 45-64 


1 1 1 1 1 
13s tas 7 gs tgs gst 


or ifn = 2, 


~—.____“*_____“ if n is even 
(2"- 1 — 1)x" ° 


(J) etl =n) _ 


(— 1)" * 1 (Q” _ 1)(n _ 1)! 
p(n) | 


Lo if n is odd. 
These relations are listed for n = 2, 3,-:- 10. On the other hand, ifn = 1, we see that 


L-14+1l—-lte 1 


T-$4+3-F4- ° 2nd’ 


“‘whose connection with the others is entirely hidden.’’ (J) is now rewritten in the 
form 


gi—n)  —-(n—1D!Q"-1) an 


= cos — , 
d(n) (2"~* — 1)x" 2 
and Euler says ‘‘I shall hazard the following conjecture: 
o(1 — s) —T(s)(2° — 1) cos zs/2 
(K) yy ley os | 
(s) (2°~" — I)n 


is‘true for all s’’. Isn’t this derivation beautiful!? 

Now taking the limit of the right hand side as s > 1 gives exactly 1/21n2! Euler 
continues: °‘The validity of our conjecture for s = 1 (which case first appeared to 
deviate from the others) is already a strong justification’ of the truth of our conjec- 


1 Although Euler uses the word ‘“‘preuve,”’ the original meaning in English (and presumably 
also in French) conveys the idea of testing an assumption or statement rather than proving in our 
sense. Compare, for example, the expression “‘the exception that ‘proves’ the rule.” 
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ture since it appears unlikely that a false assumption could have upheld the truth of 
this case. We can therefore regard our conjecture as being solidly based but I shall 
give other justifications which are equally convincing.’’ 

He then checks the formula for s = 4,3, and in general s = (2k + 1)/2. 

We have seen in Chapter 1, that 


p(s) = (1 — 2'~*)&(s), 


which leads at once from (K) to 
C1 —s) = 2° *2'~ST(s) cos > C(s), 


and this is the famous functional equation*®. It was proved by Riemann in 1859. 
It should be noted that Euler could not have used ¢(s) itself since 
wo 
lim XY n*x" 


x717- n=l 


does not exist for k = 0,1, 2, --- and therefore he could not have attached a meaning to 


00 
> n 79) 
n=1 


for s = 2,3,-+. 
On the other hand, it can be shown that the series 


ds) = X (-1)""*n* = A — 2° YK) 
n=1 
converges for s > O(in fact ifs = o + it, foro > 0), but as the pole of ((s) ats = 1 
has been removed by the factor (1 — 2'~‘), there remains nothing in the nature of 
@(s) to account for this limitation, and it turns out that 


» (— 1)"* 1 ns 
n=l 
is Abel summable for every value of s. 
One is naturally tempted to ask whether Riemann could have seen Euler’s work. 
There is no evidence that he had?. 
Euler continues: 
‘As far as the sum of the reciprocals of powers (i.e., %°2,(—1)"*'/n*) is con- 
cerned, I have already observed that their sum can be assigned a value only when k 


2 Since completing this article the author has found that E. Landau has given a rigorous proof 
of the functional equation in the form (K). See Bibliotheca Mathematica, vol. 7 (1906-1907) pp. 
69-79. 

3 Added in proof. A. Weil remarks that the external evidence supports strongly the view that 
Riemann was very familiar with Euler’s contributions. 
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is even and that when k is odd, all my efforts have been useless up to now.”’ 
Euler now observes as follows: If s = 24 + 1, then 
(274 _ 1)n?**! d@( —2A) 

(2A + 1)(274*+! — 1) cos((2A + 1)z/2) ’ 


d2,4+1) = - 


and o(—24A) as well as cos((2A + 1)z/2) vanish if / is an integer. Taking the limit as 
A — ma positive integer with the help of l’Hospital’s rule, we get 


2(27" — 1)n2™ we (-1)"* 1 nn" log n 


(L) go2m +1) = + (2m) 22" +1 — 4) cos mm 


“It is necessary therefore to find the value of these sums 
ie. 6) 
a (-1)""' nn?" logn. 
n=1 


But this research is probably more difficult than the one we have in mind (meaning 
@(2m + 1)) and I perceive no method whatsoever which could lead us to the pro- 
posed objective.’’ 

He returned to the question for what appears to be the last time in 1772 in a 
paper entitled Exercitationes Analyticae. Through a striking and elaborate scheme, 
he proved that 

1 1 1? n/2 
l+—-+—+°:: = —log242 x log sin xdx. 
33.58 4 | 
Here is a sketch of the proof which invokes the extreme virtuosity of a master: 
We know from (L) that 


where 


This follows from (L) as well as the relations cited in Section 1. Of course we con- 
tinue to understand that if 22,4, does not converge but »&,2,a,x" converges 
for |x | <1, then b,°,a, is defined by 
ie @) 
lim a,x", if this limit exists. 
x717 n=1 


Euler then shows that 


(2n + 1)? 


Z= En?! nt hy 
a (2n)\(2n + 2) 


(2n)? 00 
g (2n — ln + 1) — 2 n(n + 1)log 


The expansion of the logarithm is carried out and the series rearranged. Letting 
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Ms) = Ly=i1/(n(n + 1))°, then 


1 o ; 
Z = 5-7 + z aw (Cn — 2) + (—1)"An — 1), 


A(n) is then expressed in terms of ((2k)(k = 1,2,---,n), and if 


+ (n+tk—1)n+k)- (n+ 2k = 2) 


S — 
(n) aoa 4 k'(n 4 k)22n+2k 


then 


1 1 
Z=- — 3+ S(1) + 2 x (2) apa — 


He now finds the sum S(n) by showing that 


Sn + 1) ; 


dan (n+k—1)n+k)--(n + 2k — 2)x"™ 
Sx) = n + k!(n + k) 


satisfies a difference differential equation and that 


1+2x—-— /1—- 4x 


SC) = 4 


This is to be evaluated when x = 1. The result of these intricate details is that 


ee ee | 
S(2 1) —- = ; 


. 1 — C(2n) 
2 pa. Cn + 1)Qn + 2)2?" 


We know that ((2n) = «,7°", where «,,, is explicitly determined in terms of the 
Bernoulli numbers. 
If then 


OO 


es ee 
SQ) = x 2 (Qn + 1)(2n +2)’ 


then by twice differentiating f(x), we see that it satisfies a differential equation which 
can be solved in view of the fact that we can evaluate the generating function 


[o@) 
Dd oy, X7 
n=l 


Is not this derivation breathtaking, especially in the light of the fact that Euler 
was now blind and these calculations were performed mentally! 


8. Conclusion. So end the main contributions of Euler to the zeta function. He 
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did, however, write a brief paper on the function ©, x"/n” toward the end of his 
life (1779), which was published posthumously. We have given only the highlights of 
his work on ¢(s). Scattered throughout his papers on analysis and in his correspond- 
ence with Goldbach and the Bernoulli’s are many results which are related to the 
problem. 

While he did not succeed in every objective he set himself, his triumphs stand like 
a grand fresco — a monument to his extraordinary imagination and sense of beauty 


and harmony. 
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THE WILLIAM LOWELL PUTNAM MATHEMATICAL COMPETITION 


A. P. HILLMAN 


The following results of the thirty-fourth William Lowell Putnam Mathematical 
Competition, held on December 1, 1973, have been determined in accordance with 
the regulations governing the Competition. This competition is supported by the 
William Lowell Putnam Prize Fund for the Promotion of Scholarship left by Mrs. 
Putnam in memory of her husband and is held under the auspices of the Mathematical 
Association of America. 

The first prize, five hundred dollars, is awarded to the Department of Mathematics 
of the California Institute of Technology, Pasadena, California. The members of the 
team were Arthur L. Rubin, James B. Shearer, and Michael F. Yoder; to each of 
these a prize of one hundred dollars is awarded. 

The second prize, four hundred dollars, is awarded to the Department of Mathe- 
matics of the University of British Columbia, Vancouver, British Columbia. The 
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members of the team were Mark Latham, J. Bruce Neilson, and John L. Spouge; 
to each of these a prize of seventy-five dollars is awarded. 

The third prize, three hundred dollars, is awarded to the Department of Mathe- 
matics of the University of Chicago, Chicago, Illinois. The members of the team were 
Franklin T. Adams, James E. McClure, and David A. Vogan; to each of these a 
prize of fifty dollars is awarded. 

The fourth prize, two hundred dollars, is awarded to the Department of Mathe- 
matics of Harvard University, Cambridge, Massachusetts. The members of the 
team were Seth I. Breidbart, David C. Garlock, and Alan S. Grenadir; to each of 
these a prize of fifty dollars is awarded. 

The fifth prize, one hundred dollars, is awarded to the Department of Mathe- 
matics of Princeton University, Princeton, New Jersey. The members of the team 
were Angelos J. Tsirimokos, Loring W. Tu, and Joseph L. Tupper III; to each of 
these a prize of fifty dollars is awarded. 

The five persons ranking highest in the examination, named in alphabetical 
order, are David J. Anick, Massachusetts Institute of Technology; Peter G. de Buda, 
University of Toronto; Matthew L. Ginsberg, Wesleyan University; Arthur L. Rubin, 
California Institute of Technology; and Angelos J. Tsirimokos, Princeton University. 
Each of these has been designated as a Putnam Fellow by the Mathematical As- 
sociation of America and is awarded a prize of two hundred and fifty dollars. 

The next five highest ranking individuals, named in alphabetical order, are 
Franklin T. Adams, University of Chicago; Seth I. Breidbart, Harvard University; 
Christopher L. Henley, California Institute of Technology; Gary A. Miller, University 
of Chicago; and John L. Spouge, University of British Columbia. To each of these 
a prize of one hundred dollars is awarded. 

The following teams, named in alphabetical order, won honorable mention: 
Massachusetts Institute of Technology, the members of the team were David J. Anick, 
Glenn A. Iba, and Frank E. Morgan; Oberlin College, the members of the team 
were Peter F. Garst, James A. Paget, and Craig D. Seeley; Purdue University, the 
members of the team were Neal E. Brand, Leslie P. Chew, and Paul M. Farmwald; 
Swarthmore College, the members of the team were Leslie Hogben, David S. Shucker, 
and Kin O. Tam; and University of Waterloo, the members of the team were Stephen 
C. Locke, John M. MacDonald, and Jan F. Verster. 

Honorable mention is given to the following thirty-one individuals, named in 
alphabetical order: Mark D. Anderson, Lehigh University; Anders E. Carlsson, 
Harvard University; Julius P. Collins, Polytechnic Institute of New York; Frederic 
G. Commoner, Harvard University; Mark S. Fischler, Massachusetts Institute of 
Technology; Joe Y. Halpern, University of Toronto; Steven H. Herman, Rensselaer 
Polytechnic Institute; Jesse O. Hobbs, Michigan State University; David S. Jerison, 
Harvard University; Kevin J. Karplus, Michigan State University; Sheldon H. Katz, 
Massachusetts Institute of Technology; Albert S. Kyle, Davidson College; Mark 
Latham, University of British Columbia; Paul S. Lemke, Rensselaer Polytechnic 
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Institute; Frank M. Liang, California Institute of Technology; James M. Lyon, 
Princeton University; Armando Manduca, University of Connecticut; Ross E. 
Millikan, University of California-Berkeley; Jan L. Morrison, University of Toronto; 
James A. Paget, Oberlin College; Robert S. Rumely, Grinnell College; James B. Saxe, 
Union College; Edward A. Severn, University of Waterloo; James B. Shearer, 
California Institute of Technology; Stephen C. Spriggs, University of Maryland; 
Jacob A. Sturm, Columbia University; Stephen T. Tappel, California Institute of 
Technology; Jeffrey D. Tiedeman, Reed College; David A. Vogan, University of 
Chicago; Edward L. Wimmers, Massachusetts Institute of Technology; Michael F. 
Yoder, California Institute of Technology. 

The other individuals who were ranked in the top one hundred, listed in alpha- 
betical order of their schools are: Acadia University, Michael A. Stockdale; Amherst 
College, Mark I. Heiligman; Bishop’s University, Neil J. Redding; University of 
British Columbia, J. Bruce Neilson; Brown University, Russell B. Campbell, William 
R. Monach, Hisao Nakanishi; California Institute of Technology, David S. Dummit, 
Douglas B. Tyler; California Polytechnic State University, Martin C. Weiss; Univer- 
sity of Chicago, Thomas P. Branson, James E. McClure, Andrew M. McLennan; 
Clarkson College of Technology, Amos R. Newcombe; Columbia University, Meir 
Shinnar; Dartmouth College, David S. Pearson, Daniel J. Velleman; Denison Uni- 
vresity, Clifford T. Thomas; Drexel University, Thomas J. Leidigh; Grinnell College, 
James P. Fernow; Harvard University, Jeffrey M. Dielle, David C. Garlock, Alan S. 
Grenadir, David Harbater, George P. Mair, Philip E. Moore, Lloyd N. Trefethen; 
Indiana University, John H. Boyd II]; University of Manitoba, Terry H. Andres, 
Thomas G. Kucera; Massachusetts Institute of Technology, Frank E. Morgan; 
McMaster University, Donald T. Kersey, John R. Lawson; Michigan State University, 
David M. Bowen, Mark Hersey, Mark P. Merriman; University of Michigan, Gene 
D. Cooperman, Glenn Herteg; University of Minnesota-Minneapolis, Lowell D. 
Palecek; City College of New York, David A. Spear; Northwestern University, 
Gary M. Lieberman; University of Pennsylvania, James B. Orlin; Pomona College, 
Charles M. Grinstead; Princeton University, Karl C. Rubin, Roger S. Schlafly; 
Purdue University-W. Lafayette, Leslie P. Chew; Queen’s University, Harold S. 
Wilson; Reed College, Daniel W. Bump; Rice University, John W. Myre, John F. 
Rudin; Rose-Hulman Institute of Technology, Leo H. Ringwald; Stanford University, 
Bruce A. Fast, John T. Robinson; Swarthmore College, Leslie Hogben, David S. 
Schucker, David H. Vanderbilt; University of Waterloo, Stephen C. Locke, Peter F. 
Schneider; Wesleyan University, Scott E. Brodie; University of Wisconsin- 
Milwaukee, Robert H. Marheine; Yale University, Robert C. Weissler; Yeshiva 
College, Joel Gross. 

Two thousand and fifty-three students from three hundred and sixty-two colleges 
and universities in the United States and Canada participated in the examination 
on December 1, 1973. 

The Questions Committee, consisting of Nathan S. Mendelsohn (chairman), 
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Donald J. Newman, and J. Ian Richards prepared the problems (listed below) for 
the competition. 


PROBLEMS, PART A 


A-1. (a) Let ABC be any triangle. LetX, Y, Z be points on the sides BC, CA, AB respectively. 
Suppose the distances BX < XC, CY S YA, AZ S ZB (see Figure 1). Show that the 
area of the triangle X YZ is = (1/4) (area of triangle ABC). 

(b) Let ABC be any triangle, and let XY, Y, Z be points on the sides BC, CA, ABrespectively 
(but without any assumption about the ratios of the distances BX/XC, etc.; See Figures | 
and 2). Using (a) or by any other method, show: One of the three corner triangles AZY, 
BXZ, CYX has an area S area of triangle XYZ. 


A 


B xX C 
Fic. 1 Fic. 2 


A-2. Consider an infinite series whose nth term is + (1/n), the + signs being determined according 
to a pattern that repeats periodically in blocks of eight. [There are 28 possible patterns of 
which two examples are: 

+ + eee + “fb ) 
+o So 4+ SOOO. 
The first example would generate the series 
1 + (1/2) — (1/3) — (1/4 — (1/5) — (1/6) + (1/7) + (1/8) 
+ (1/9) + (1/10) ~ (1/11) — (1/12) — ++] 


(a) Show that a sufficient condition for the series to be conditionally convergent is that there 
be four ‘‘-++’’ signs and four ‘“‘—” signs in the block of eight. 


(b) Isthis sufficient condition also necessary ? 
[Here “‘convergent’’ means “convergent to a finite limit.’’] 


A-3. Let n be a fixed positive integer and let b(m) be the minimum value of 


k++ — 
Ty 


1090 A. P. HILLMAN [December 


as k is allowed to range through all positive integers. Prove that b(n) and / 4n + 1 have the 
same integer part. [The “integer part’’ of a real number is the greatest integer which does not 


exceed it, e.g. for z it is 3, for J21it is 4, for 5 it is 5, etc.] 
A--4, How many zeros does the function f(x) = 2* — 1 — x? have on the real line? [By a “zero” 
of a function f, we mean a value xy in the domain of f (here the set of all real numbers) such 


that f(x) = 0.] 


A-5. A particle moves in 3-space according to the equations: 


[Here x(t), (t), z(t) are real-valued functions of the real variable ¢.] Show that: 
(a) If two of x(0), y(O), z(0) equal zero, then the particle never moves. 
(b) If x(0) = »(0) = 1, z(0) = 0, then the solution is: 
x = sect, y=sect, z = tanf; 
whereas if x(0) = y(0) = 1, z(0) = — 1, then 


=/¢+1),»y =1/¢4+),2 = — 1/¢ + 1). 


(c) If at least two of the values x(0), (0), z(0) are different from zero, then either the particle 
moves to infinity at some finite time in the future, or it came from infinity at some finite 
time in the past. [A point (x, y, z) in 3-space “moves to infinity” if its distance from the 
origin approaches infinity. ] 


A-6. Prove that it is impossible for seven distinct straight lines to be situated in the euclidean plane 


so as to have at least six points where exactly three of these lines intersect and at least four 
points where exactly two of these lines intersect. 


PROBLEMS, PART B 


B-1. Let a1, a2, ...,@2n41 bea set of integers such that, if any one of them is removed, the remaining 
ones can be divided into two sets of n integers with equal sums. Prove a; = az = +++ = d2n41. 


B-2. Let z = x + iy be a complex number with x and y rational and with | z| = 1. Show that the 
number |z?” — 1 | is rational for every integer n. 


B-3, Consider an integer p > 1 with the property that the polynomial x2 — x + p takes prime 
values for all integers x in the range 0 S x < p. (Examples: p = 5 and p = 41 have this 
property.) Show that there is exactly one triple of integers a, b, c satisfying the conditions: 

b2 — 4ac = 1 — 4p, 


0O<asc, 


—asb<a. 
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B-4. (a) On [0,1], let f have a continuous derivative satisfying 0 < f’@) <1. Also suppose that 


f(0) = 0. Prove that 
1 2 1 
|| fos | = } [f(x)]3dx. 
0 0 


[Hint: Replace the inequality by one involving the inverse function to /(] 
(b) Show an example in which equality occurs. 


B-5. (a) Let z bea solution of the quadratic equation 
az2 + bz+c=0 


and let n be a positive integer. Show that z can be expressed as a rational function of 
z" a, b,c. 

(b) Using (a) or by any other means, express x as a rational function of x3 and x + (1/x). 
(Display your answer explicitly in a clearly visible form.) 
[By a rational function of several variables, we mean a quotient of polynomials in those 
variables, the polynomials having rational numbers as coefficients, and the denominator 
being not identically zero. Thus to obtain x as a rational function of vu = x2 and v = 
x + (1/x), we could write x = (u + 1)/v.] 


B-6. On the domain 0 S 0 S 27: 
(a) Prove that sin2@- sin (20) takes its maximum at z/3 and 47/3 (and hence its minimum 


at 27/3 and 57/3). 
(b) Show that 


| sin 20 {sin3(20) - sin 3(40) «>> sin3(2"—16)} sin (2"6) | 


takes its maximum at 6 = 7/3. (The maximum may also be attained at other points.) 
(c) Derive the inequality: 


sin20 - sin2(20) - sin2(40) --+ sin2Q2"6) < 3/4)". 


SOLUTIONS, PART A 


A-1. (a) If X, Y, Z are at the midpoints of the sides, the area of AX YZ is one 
fourth of the area of AABC. Also, as long as BX < XC, CY < YA and AZ < ZB, 
moving one of X, Y, Z to the midpoint of its side, while leaving the other two fixed, 
does,not increase the area of AX YZ since the altitude to the fixed base of AXYZ 
decreases or remains constant. 

(b) Under the hypothesis of (a) the three corner triangles have no more than 
three fourths of the total area and so one of them must have smaller area than 
AX YZ. All other cases are similar to the one in which XC < BX and CY < YA. 
Then consideration of the altitudes to base XY shows that ACYX has smaller 
area than AX YZ. 
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A-2. The ideas in both parts are similar and the answer in (b) is ““Yes.’’ Let u,, be 
the nth term + 1/n and S, = u, + ---+u,. Since u, > 0 as n > 00, {S,} will con- 
verge if and only if {Sg,,,} does. Using the facts that 


l I k 


n nt+k_— n(n+k)’ 


that %(1/n*) converges, and that X(1/n) diverges, one shows that with four ‘¢+”’ 
signs and four ‘‘—’’ signs in each block, {S.,,} converges as the term-by-term sum of 
four convergent sequences while an imbalance of signs makes {S,,,} divergent as 
the sum of a convergent and a divergent sequence. 


A-3. Let c(n) = J4n+1 and let [x] denote the greatest integer in x; then we 
wish to show that [b(n)] = [c(n)]. Let k(n) be a value of k that minimizes k + (n/k). 


Then 
b(n — 1) S k(n) + {(n — 1)/k(n)} < k(n) + {n/k(n)} = b(n), 
1.e., b(n — 1) < b(n). Let m be a positive integer. Then 
b(m*) = 2m, b(m* + m) = 2m + 1. (1) 
It follows from formulas (I) and the strictly increasing nature of b(n) that 
[b(n)] = 2m for m? <n < m*4+™m, [b(n)] = 2m4+1 form*+m _— (I) 
<n<(m+1)’. 
On the other hand, c(n) is also an increasing function and 
c(m? — 1) = ./4m? — 3 < 2m, c(m?) = ./4m24+1 > 2m, c(m? + m) 
= ./4m?+4m +1 = 2m +1. 
These facts show that (II) remains true when [c(n)| is substituted for [b(n)]. 


A-4. Three; at 0, 1, and some x > 1. The first two are clear and the other 
follows from f(4) < O and f(5) > 0 or from f'(1) < 0 while f(x) — + 0 asx> + 00. 
There are no more zeros since four zeros of f would imply a zero of f” using an 
extension of Rolle’s Theorem; but f”(x) = (log2)*2* ¥ 0 for all x. 


A-5. (a) If two of x(0), (0), z(0) vanish, then x’(0) = y’(0) = z’(0) = 0, and 
the uniqueness theorem applies (the equations are clearly ‘‘Lipschitz’’). 

(b) Clear (this was intended as a hint for part (c)). 

(c) Now write the equations in the symmetric form: 


xXx’ = py’ = 7z' = xyz. 


Thus x*—c, = y*—c, = z*—c, with constant c;. Say without loss of generality 
that c, = c, = c3, and then set c,; = 0. Thus z* < y? < x?, and: 
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z= x*—-¢, = y?—- 0, 6,20; 


dz 

dt 
Now let time ¢ move in the direction which makes | z| increase (this depends on the 
sign of z and on the + sign in the square root). 


~ 4 (@ Feet Fa) 


For simplicity assume that z(0) 2 0, and that the sign on the square root is + ; 
then let time move positively. Since 


t= [ dz/./(z2 + ¢4)(z? +>) 


and the z-integral converges, a finite amount of time suffices to push z out to infinity. 
A-6. Any two distinct lines in the plane meet in at most one point. There are 


;) = 21 pairs of lines. A triple intersection accounts for 3 of these 


pairs of lines, and a simple intersection accounts for 1. 
Finally,6-3+4-°1 = 22 > 21. 


altogether ( 


SOLUTIONS, PART B 


B-1. Since the sum of the 2n integers remaining is always even, no matter which 
of the a; is taken away, allof the a; must have the same parity. Now a similar argument 
shows that they are all congruent (mod 4); for the property held by the a; is shared 
by the integers a,/2 or (a,;—1)/2 (depending on whether the a; are all even or all odd). 
Continuing in this manner, all of the a; are congruent (mod 2“) for every k. This is 
possible for integers only if they are equal. 


B-2. Let z =e” and z" = w =u -+ iv (with wu and v real). Then |z*"—1 
_ 2 _ 2 2 2 2411/2 _ . 2 2 2n 
= lw —1| = [(u* — v* — 1)* + Quv)* |" = 2|v|, using u~ + v0* = 1. [|z —] 
= 2 | sin no | is also easily shown geometrically using an isosceles triangle. ] Hence it 
suffices to show that v = sin n@ is rational when x = cos@ and y = sin@ are rational. 
For n 2 0, this follows from (x + iy)” = u + iv or by mathematical induction using 
the addition formulas for the sine and cosine. Then the case n < 0 follows using 
sin(— a) = sing. 


B-3. One triple (a,b,c) satisfying the conditions is (1, — 1, p); it remains to 
show that this is the only solution. Clearly b must be odd since b* = 1 (mod 4). 
Also b* = (— b)*, so write | b | = 2x —1. Then b* — 4ac = 1 — 4p gives 


x*—x+ p= ae. 


If 0 < x < p, the hypothesis tells us that ac is prime; then 0 < a < c implies that 
a = 1, it follows from —a S b < a and the oddness of b that b = —1, and 
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1—4p = b* —4ac = 1 — 4c gives usc = p. Since x = (|b + 1)/2 = 0, it suffices 
to show that x < p. Since | b | <a<c, b*—4ac = 1—4p, and p = 2, one sees 
that x < p using 


3a = 4a* —a* < 4ac— b* = 49-1, 
|b] S as J4p- 0/73, 
(|b| + 1)/2 < /p/3 + (1/2) < p. 


B-4. We give two solutions; the first does not use the hint and the second does. 
The following theorem and proof submitted by Professor J. G. Mauldon of Amherst 
College provides the first solution. (This is similar to the solutions provided by all 
but one solver of the problem.) 


THEOREM. If f is continuous on [0,1], f(0) = 0, and 0 S f'(x) S 1 on (0,1), 


then 
[ Feodde| > | "Eft 2ax 


unless, identically on [0,1], either f(x) = x or f(x) = 0. 


Proof. Define G(t) = 2 [of(x)dx —[f()]° for te[0,1]. Then G(0) = 0 and 
G'(t) = 2f(H[1 —f'()] 2 9, so that G(t) 2 0 and consequently f(t)G(1t) = 0. 

Now define F(t) = [fof(x)dx]? — fo f(x)]°dx for te[0,1]. Then F(0) = 0 
and F’(t) = f(t)G(t) 2 0, so that F(t) 2 0 and in particular F(1) 2 0. 

Equality is possible only if f(t)G(t) = F’(t) = 0 for all t, which implies that, 
for some K, f = 0 on [0,K] and G’ = 0, with f > 0, on (K,1). We then have 
f' =1 on (K,1), which is admissible only if K = 0 or K = 1, since otherwise 
J '(K) is simultaneously defined and undefined. 

The unique answer to (b) is f(x) = x. The following is an outline of a proof 
of (a) using the hint. Let f(1) = c. The hypothesis implies that f has an inverse g 
with g'(y) Z2lon0sS y Sc. Let 


A= | [ seoax] and B = [ elax 


IA 


Xx 


Then 
c 2 c c c Zz 
a=[[ veo] = [| ve'oreo'@azay = 2] | vo'or-0'@ayae 
using the symmetry of the integrand about the line y = z. Now g’(y) 2 1 implies 


A 2 | zg'(z) | 2vdy| dz =| z*g'(z)dz = B. 
0 0 0 


B-5. (a) Let r = — b/a and s = — c/a. Let polynomials p, and g, in r and s 
be defined by the initial conditions pp = 0, py = 1, qo = 1, and g, = 0 andthe 
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recursion formulas p, = rp,—, + SP,-2. and q, = 'q,-1 + SQn-2 for n > 1. Using 
z" = rz"~1 4 sz""* and mathematical induction, one proves that z” = p,z+ q, 
and that all the coefficients in p,(7,s) are positive. Then multiplying numerator and 
denominator of the right hand side of z = [z" — q,( — b/a, — c/a)]/p,( — b/a, — c/a) 
by the proper power of a leads to z = F(z", a, b,c)/G(a, b,c), where F and G are 
polynomials with integer coefficients. Since all the coefficients in p,(r,s) are positive, 
the same is true of G(a, b,c). Therefore G(a, b,c) is not identically zero and F/G is 
the desired rational function. 

(b) Let v = x +(1/x). Then x? — vx +1 = 0. Using (a) with z replaced by x, 
one finds that x* = p3x + q3 with p; = v? —1 and q, = — v. Then 


x = (x° — q3)/p3 = (x* +0)[(v* — 1). 
B-6. (a) Simple calculus. 
(b) By induction: The case n = 1 is just (a). 
Now the ratio of the expression for n+ 1 to the expression for n is equal to: 


| sin?2"6 - sin2"*+@ | 


Since 0 = 2/3 gives 2"0 = 22/3 or 4x/3 (mod 27), this ratio is maximized at 8 = 7/3, 
and by induction, then, the whole expression is maximized. 

(c) Set 0 = x/3, and observe that the expression in part (b) is then exactly equal 
to (3/4) 3”/?; its 2/3 power is thus equal to (3/4)". That is the maximum; in general 
the 2/3 power of the expression in (b) is $ (3/4)". To get from that to the expression 
in (c), we would increase the powers of the end factors sin @ and sin 26; this can only 
decrease the product, since | sin 0| <1. 
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THE DEFINITE INTEGRAL SYMBOL 
MARTIN G. BEUMER 


The title of this note is borrowed from Franklin M. Turrell who wrote about this 
subject in 1960 [1]. I should like to present here an anecdote on the same subject; to 
the best of my knowledge this anecdote was never published. 

In the beginning of the 20th century there were frequent and fruitful contacts 
between the leading chemists in Western Europe (including the Scandinavian 
countries and, of course, Great Britain); I consider Read’s description [2] of these 
contacts to be the best on record. 

At that time mathematics (esp. calculus) began to penetrate the circles of the 
adepts of physical chemistry. One of the leading personalities in that field was Jacobus 
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Henricus van’t Hoff (1852-1911), the Nobel prize winner for chemistry in 1901. 
Since 1889 van’t Hoff was a member of the Deutsche chemische Gesellschaft (German 
Chemical Association). At an informal meeting with fellow members he gave the 
following explanation concerning the origin of the integral-symbol: 

The word is derived from /nteger (whole, entire) and Aa/ (German word for: eel). 

This anecdote was related to me some 25 years ago by Professor Ernst Cohen, 
one of van ’t Hoff’s pupils and collaborators; in the excellent biography of van ’t Hoff, 
written by Cohen [3] it is not mentioned. Shortly after relating this anecdote to me 
Cohen was killed. He was one of many thousands of Jewish compatriots who suffered 
the same fate in Germany just before the end of world war II. Since then I have not 
been able to trace this anecdote from any other source. 
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QUERIES 
Epitrrep BY A. C. ZITRONENBAUM 


This Department welcomes queries from readers about mathematics at the collegiate level, 
such as sources for exposition of a particular topic from a special point of view, references to 
vageluy remembered articles, descriptions of special kinds of courses or teaching methods, and 
methods for constructing illustrative examples for exercises of particular kinds (questions on 
research topics should, in general, be addressed to the “‘Queries Department” of the Notices of 
the American Mathematical Society). Replies will be forwarded to the questioner and may also be 
edited into a composite answer for publication in this Department. Consequently all items sub- 
mitted for consideration for possible publication should include the name and complete mailing 
address of the person who is to receive the reply. Queries and answers should be sent to A. C. 
Zitronenbaum, Department of Mathematics, Cornell University, Ithaca, NY 14858. 


Reply to Query 7. Part (i) asks for a discussion of the lens formulae of Newton 
and Gauss. A relevant reference is: A. A. Blank, A Note on Gaussian Optics, Pro- 
ceedings of the UICSM Conference ‘‘The Role of Applications in a Secondary 
School Mathematics Curriculum,’’ 1963. 

Part (111) asks for discussion of the Buckingham pi theorem of dimensional ana- 
lysis. Three references were supplied: G. Birkhoff, Hydrodynamics, Dover, 1950, 
Ch. 3. P. W. Bridgman, Dimensional Analysis, Yale, 1963, Ch. 4. J. C. Oxtoby, 
American Physics Teacher, 2 (1934), 85-90. The last is particularly suitable. 
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16. Arthur Marshall. Yaglom and Yaglom, Challenging Mathematical Prob- 
lems with Elementary Solutions, Vol. I1, Holden-Day, 1967; Problem 171 (page 
40) gives as “‘Mertens’ First Theorem’’: 


In? In3, InS | In? nd |, Inp 


ee ee, rE InN, 


where p is the greatest prime < N.Can the exact Mertens reference be supplied? 


MATHEMATICAL NOTES 
EDITED BY DAVID ROSELLE 


Material for this Department should be sent to David Roselle, Department of Mathematics, 
Virginia Polytechnic Institute, Blacksburg, VA 24061. 


COMMENTS AND COMPLEMENTS 
DAVID ROSELLE 


This annual article is designed to provide our readers with an outlet for remarks 
on papers that have appeared in the Mathematical and Classroom Notes sections 
of the MONTHLY. Because of the nature of the material we seek to publish, it is inherent 
that there will be some duplication of results already in the literature; such dupli- 
cation may not be undesirable depending upon accessibility, presentation, etc. In 
any case, we are happy to have readers’ comments on articles we have published. 

During the past year, we have received the following information. 


Research problems. It is unusual to address this section in this annual article, 
but G. J. Simmons has asked that there be published a counter example to the con- 
jecture given by Solomon W. Golomb in The largest graceful subgraph of the 
complete graph (this MONTHLY, 81(1974), 499-501). The counterexample shows 
that E(8) 2 23 and Simmons has results which show E(n) > [n2/4] + n—2 for all 
n = 8. The example is shown in the following graph: 
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Interested readers are referred to Simmons’ article Synch-sets; A variant of 
difference sets (to appear in Proceedings of the Fifth Southeastern Conference on 
Combinatorics, Graph Theory and Computing, Boca Raton, Florida, Feb. 1974). 


Calculus. Richard Johnsonbaugh has pointed out that the proof given by A. G. 
Fadell, A proof of the chain rule for derivatives in n-space (this MONTHLY, 80 (1973), 
1134-5) also appears in Lang’s A Second Course in Calculus (second edition), 
pages 527-8. 


Analysis. The complete solution of the problem posed by D. P. Stanford in 
Functions satisfying a mean value property at their zeros (this MONTHLY, 80 (1973), 
665-7) is given by Lawrence Zaleman in Analyticity and the Pompeiu problem 
(Arch. Rat. Mech. Anal. 47(1972), 237-54). This reference was communicated by 
Professor Zalcman. 

D. E. Sanderson has observed a more general version of the theorem given by 
Professors Wilansky and Heinen in their article A theorem on set inclusion in metric 
spaces (this MONTHLY, 80(1973), 46-8): 


THEOREM. If 0A < B and B’ is connected, then AC Bor B’ cA. 


Proof. Since 0A CB and C(A)=AvUOA, then ANB’ =A°QOB’ and 
A’ (\B’ = C(A)’ OB’ and both are open in B’ . Since B’ is connected, either A MB’ 
or A’ 1B’ must be empty, i.e., either 4 < B or B’ CA. 


Topology. Robert Herrmann points out that the theorem proved by R. J. St. 
Andre in A classification of ultrafilters (this MONTHLY, 78(1971), 1126-7) also 
appears in P. M. Cohn’s Universal Algebra as problem 16 on p. 199. 

H. Gonshor has indicated a simpler proof of the theorem on p. 788 of G. P. 
Barker’s article Topological properties of the row echelon form (this MONTHLY, 
80 (1973), 787-9). From the fact stated on p. 787 that u(A—B) <e implies that A 
and B are pattern equivalent, it is immediate that P(A) is a closed open set. Hence 
C(A) c A(A) c P(A). 

Professors Eric K. van Douwen, James T. Smith, and Elliott S. Wolk have 
independently pointed out that the content of C. Metelli’s and L. Salce’s note A 
note on the well ordering of cardinals (this MONTHLY, 81 (1974), 501-2) was given 
previously by C. S. Honig (Proof of the well ordering of cardinal numbers, Proc. 
Amer. Math. Soc., 5 (1954), 312). 


Algebra. J. L. Brenner has commented again on the articles by Bartlow (79 (1972) 
776-9) and Parkinson (80(1973), 190-2) and indicates that it is possible to show 
that a necessary and sufficient condition that a permutation in A, be expressible as 
a product of two permutations of period 2 is that it can be conjugate to its own 
inverse. Brenner also calls readers attention to treatments of determinants which 
avoid the introduction of permutations. Lang’s text Algebra (p. 330) gives the sort 
of treatment to which Brenner refers. 
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General. Bruce Berndt has sent a very short proof of Lemma 2 of Tom M. 
Apostol’s article Another elementary proof of Euler’s formula for €(2n) (this 
MonrtTHLY, 80(1973), 425-31). We recall first that 


00 2n—1 
y 


_. __ 14\n42n 
coty = 2 1)"2 Bon nyt (0<y<n), 


where B, is the nth Bernoulli number. Thus, since cosy = sinycoty, we obtain 


1 r r 2°" Bo, 
() = 2 (-1)(Q(r—n) +1)! (2n)! 
, n=0 


which is the same as the identity in question. 

Albert A. Mullin writes to this author that the results in Hemminger’s article (this 
MONTHLY, 73 (1966), 1001-2) can be generalized. The generalization involves replac- 
ing Hemminger’s condition (2) by the weaker condition that the elements of the 
sequence be generalized relatively prime (for definition see A. A. Mullin, Problems 
on the density of arithmetic sequences, this MONTHLY, 79 (1972), 1118-9). It can 
then be shown that any generalized acceptable sequence can be used to establish 
the infinitude of primes. 

Professor A. Zirahzadeh calls attention to the relation between his article (Mathe- 
matics Student, 30(1962)) and the article Generalized Pythagorean Theorem 
(March, 1974, 262-4) by Beyer and Conant. The earlier paper deals with ordinary 
Euclidean volume while the latter deals with m-dimensional Lebesgue measure. 

Leon Gerber has sent an annotated list of references related to the Beyer-Conant 
article with references as early as Tinseau, Solution de quelques problémes relatifs 
ala théorie des surfaces courbes et des courbes a4 double courbure, Acad. Sci. Paris, 
Mem. Math. Phys., 9 (1780), 593-624. Henry S. Tropp refers readers to The Py- 
thagorean Proposition by Elisha Scott Robinson (National Council of Teachers 
of Mathematics, 1940, republished in 1968) where a survey of the elementary aspects 
of this theorem appears. Finally, I. J. Good refers readers to elementary problem 
1923 (this MONTHLY, 73 (1966), 891) both for the solution and the references given. 
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RESEARCH PROBLEMS 
EDITED BY RICHARD GUY 


In this Department the Monthly presents easily stated research problems dealing with notions 
ordinarily encountered in undergraduate mathematics. Each problem should be accompanied by 
relevant references (if any are known to the author) and by a brief description of known partial 
results. Manuscripts should be sent to Richard Guy, Department of Mathematics, Statistics, and 
Computing Science, The University of Calgary, Calgary, Alberta, Canada, T2N 1N4. 


ON THE MAXIMUM OF THE SUM OF SQUARED DISTANCES UNDER 
A DIAMETER CONSTRAINT 


H. S. WiTsENHAUSEN 
Let x,,--:,x, be points in E* chosen under the constraint | Xi — X; | <S 1. We seek 
the maximum M(d,n) of 2, ; | Xi — X; |. 


CONJECTURE: The maximum is attained when the points are distributed as 
evenly as possible among the d + 1 vertices of a regular simplex of edge-length 1. 


The following theorem gives an upper bound which shows that the conjecture is 
correct at least when nv is a multiple of d + 1. Otherwise a small interval of uncertainty 
is left between the conjectured value and the upper bound. 

THEOREM. M(d,n) S n7d/(d + 1). 

Proof. By translation one may assume %,;x, = 0, i.e., the origin is the centroid 
of the m points. Then | 

S= ZX |x,-x,|? = © a-—x,x,-—x) = 2nd |x,|?. 
i,j i,j i 


The centroid is well known to have the property of minimizing & ,|| x, — y ||? over 
yin E*. Let c be the center of the unique sphere of minimum radius R, containing the 


n points. Then 
S S$ 2nd |x;- cl? s 2nd R* = 2n?R?. 


In 1901, Jung [2] established the following inequality between R and the diameter 
D, for sets in E? 


d 
Rs aq D. 


Since D < 1 in the present case, the theorem is established. 
Note that the theorem and conjecture carry over to 2; , | Xi — Xy |? for p 22 
because || x; — x,|| S 1 implies 


— x, ||P _ x, ||? 
x: — x5 |? sf — xy] 
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with equality when | Xi xX; | = Oor 1, as is the case for all distances in the arrange- 
ments considered above. 

J. Seidel has pointed out that the diameter graph of the conjectured configuration 
is a Turan graph, it has the largest possible number of edges for maximum clique 
size d + 1. However, this has not led to a proof of the conjecture. 

A completely analogous problem, with similar results but different methods, has 
been considered by J. B. Kruskal and the author [3], following a conjecture of 
W. Kruskal. The problem is to choose n unit vectors u, in E* subject to <u;, u p2o 
so as to minimize | Lu; | . The conjectured optimal configuration is to distribute the 
vectors as evenly as possible among the d members of an orthonormal set. 

The problem of maximizing 2; , | Xi— X; | for | Xi— xX; | < 1 appears much 
more difficult, even in the plane. Regular polygons are only optimal for n = 3 or 5. 
Vertices of the equilateral triangle repeated k times (n = 3k) are not optimal for 
large k. Even the limit for n > o0 is not known. We conjecture that it is a distribution 
on the boundary of the Reuleaux triangle. 

For the maximum product of the distances, in the plane, Danzer and Pommerenke 
[1] have shown that regular polygons are not optimal for n odd. 
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SPHERICAL SETS WITHOUT ORTHOGONAL POINT PAIRS 
H. S. WiITSENHAUSEN 


Let S,, denote the boundary of a sphere in E”** with unit n-dimensional content. 
Two points of S, are called orthogonal if they subtend a right angle at the center of 
the sphere. 


PROBLEM: Find a,, the supremum of the content of the measurable sets in S, 
which contain no pair of orthogonal points. 


Observe that if a set A satisfies this condition then so does the union of A with its 
antipodal set. Thus it suffices to consider sets symmetric with respect to the center 
of the sphere. This implies that: (i) If the condition is strengthened to exclude 
antipodal pairs, the supremum becomes a,/2. (ii) The problem could be stated in the 
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elliptic space &” of unit content, with a, the supremum of all measurable sets no 
two points of which have the diameter of the space as distance. 
One has the bounds 


1/4 n/2 
(1) [ sin” ‘x - ax/ | sin” 'x-dx Sa, < (n+ 1)"'. 
0 0 


e 


The left side of (1) corresponds to an open spherical cap of radius z/4 and its antipode, 
and is of order O(n” ‘/22~"/?). The right side comes from a probabilistic argument. 
Let Po, P;,-::, P, be pairwise orthogonal points in S,,. Then for t selected at random in 
the real orthogonal group on E"**, under normalized Haar measure, the events 
tP,¢ A have probability equal to the content of A and, if A satisfies the condition of 
the problem, these n + 1 events are mutually exclusive. 

From (1) follows a, = 1/2 and 1 — 27'/* < a, < 37', but even the value of a, 
does not appear to be known. 
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CLASSROOM NOTES 
EDITED BY DAvip ROSELLE 


Material for this Department should be sent to David Roselle, Department of Mathematics, 
Virginia Polytechnic Institute, Blacksburg, VA 24061. 


THE GEOMETRY OF LIAPUNOV FUNCTIONS 


ALFRED INSELBERG AND GIORA DULA 


A real-valued function V defined on a region Q containing the origin @ of R” 
is called positive definite if 

(i) It is continuous and has continuous first partial derivatives on Q. 

Gi) V(X) 2 0 VX EQ. 

(ii) ViX)=0 == X=89. 

For an autonomous n-dimensional system 
(1) X = F(X) with F(0) = @, 


and having Q as its region of existence of unique solutions with prescribed initial 
values, V is a Liapunoy function if in addition 


(2) V(X) = F(X): grad V(X) S50 VXeEQ 


along the paths of (1). 
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The requirement on the first partials of V, in the definition of positive definite- 
ness, guarantees the existence of the gradient of V which is needed in the second 
definition. 

The importance of Liapunov functions in stability theory is well appreciated 
and does not require any elaboration. 

There is a widespread, and not entirely harmless, misconception concerning the 
geometry of the surface z = V(X). The fallacy seems to have originated from a 
remark made in several texts (even in some good ones [1]), that positive definite 
functions have an isolated relative minimum at the origin. This observation is then 
interpreted geometrically to depict the surface z = V(X), in a sufficiently small 
neighborhood of the origin, as a smooth cup. Such a “‘picture’’ is often used to pro- 
vide an intuitive background for some of the theory. 

The purpose of this note is to point out that positive definite as well as Liapunov 
functions need not have an isolated relative minimum at the origin. Further, that 
the cup-like form of V is not essential and that V can be bounded above and below 
with continuous functions which are monotone increasing in the norm | x | . That 
is, Vcan always be ‘“‘squeezed’’ between two smoothly behaving monotone functions. 
We have then a model which in many ways is more useful than the previous incor- 
rect one in visualizing the behavior of Liapunov functions. Furthermore, this model 
can easily be generalized to apply to non-autonomous systems. 

Proceeding now with an example let 


x 2N (sin = + 2 x #0 
f(s) = , x 


x=0, 


where N is a positive integer. This function has continuous derivatives of order 
up to (and including) N—1 atx =0. 
Notice that 


0s x7" < f(x) < 3x7" = VxeR, 


hence fis positive definite for N > 1. However, f does not have an isolated relative 
minimum at the origin. 
In R" let 


n 
F(X) = & f(x), 
i=1 
where xX ,,°°:,x, are the components of the vector X. By construction, F has con- 
tinuous partial derivatives of order N — 1 at @. It is also positive definite on 
Q = {X:|x;|<1, i=1,--,n}, 


where 0 S F(X) S 3 | X |? , VX €Q. Clearly, F does not have an isolated minimum 
at the origin. 
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An autonomous system for which F serves as a Liapunov function can be easily 
constructed. In particular, for 


(3) X = — VF(X) = —grad F(X) 
we have along the paths of (3) 
F(X) = —(VF(X)) - (VF(X)) 
= —(VF(X)) $0. 


Hence by Liapunov’s First Stability Theorem the origin is a stable critical point 
of (3). For N > 2, the system (3) has unique solutions in Q for prescribed initial 
values. 

Evidently, not only positive definite but even Liapunov functions need not have 
an isolated relative minimum at the origin. 

The pitfall of the cup-like representation of the surface z = V(X) is altogether 
avoided in [2]. The development there, however, lacks an intuitively helpful geo- 
metrical model. 

Hahn, [3], points out that there exist continuous functions v(| xX 
such that 


(4) Wil Xi) s VX) Ss yA] Xp), 


where the y, are monotone increasing in the norm of || X ||. 
In our example for f 


), P= 1,2 


W(x) = x, W(x) = 3x* and for F 


vi] X |) = 0, va] X |) = 3] x]? 


in ©, 

Appending Hahn’s observation to the development in [2] provides a didactically 
very useful device, since geometrically the wy; can be easily visualized. Also the gener- 
alization [4] of Liapunov functions to non-autonomous systems can be made 
directly from (4). 
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CORRECTION TO “THE BOUNDED CONVERGENCE THEOREM” 


W.R. WADE 


The last inequality displayed on page 388 (this MONTHLY, 81 (1974)) should read 


), 


where 


foods) fax = {f [rc 109 fax} | f | jtax]” <eamyr. (meen 


M, if l<r<o 
M’ = 
20min yg , if O<r<l. 


DEPARTMENT OF MATHEMATICS, UNIVERSITY OF TENNESSEE, KNOXVILLE, TN 37916. 


MATHEMATICAL EDUCATION 
EDITED BY SHIRLEY HILL AND PAUL T. MIELKE 


Material for this Department should be sent to Shirley Hill, Department of Mathematics, 
University of Missouri, Kansas City, MO 64110, or to Paul T. Mielke, Department of Mathe- 
matics, Wabash College, Crawfordsville, IN 47938. 


A COLLEGE TEACHING COURSE FOR FUTURE PH.D.’S IN MATHEMATICS 


RICHARD BILLSTEIN 


Most of the Ph.D. graduates in mathematics acquire jobs in the academic world 
where teaching becomes their main function. The nation’s two- and four-year colleges, 
as well as the universities, need Ph.D.’s who are not only well trained in mathematics 
but also effective teachers in the classroom. Possibly the largest market at the 
present time for mathematics graduate students is at the opposite extreme of their 
training, i.e., the small two- and-four-year colleges. The majority of the students 
that Ph.D. graduates will be working with lack mathematical training. The students 
in the small colleges for the most part are not mathematics majors; they are 
physicists, chemists, economists, biologists, engineers, teachers, accountants, or 
anybody else who feels that he either needs to know, or would like to know, more 
mathematics. Perhaps the most difficult job for the majority of mathematics Ph.D. 
graduates will be teaching undergraduates who plan to use some mathematics 
in their disciplines but do not plan to become mathematics majors. Thus, it is the 
responsibility of the Ph.D.-granting institutions to help future Ph.D.’s teach as 
effectively as possible. In the words of the Commission on Undergraduate 
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Education in the Biological Sciences, ““The university is the only place where future 
teachers in universities and in colleges of all types can learn to teach under- 
graduates. If the job is not done by the universities, it is not done.”’ 

Since there is little or no attention paid to teaching in the graduate school, one 
may ask where a college professor acquires skill as a teacher. The training of faculty 
members usually does not contain any special course or seminar in any aspect of 
college teaching. Ann Heiss is very critical of the way graduate education is managed: 
‘“«, .the emphasis in most Ph.D. programs has been heavily weighted in favor of 
preparing students to discover knowledge, and only incidentally, if at all, on how to 
impart to others the nature and value of that knowledge. As a result, the Ameri- 
can college teacher is the only high level professional person who enters his career 
with no practice and no experience in using the tools of his profession.” [1] 

Now that the demand for researchers is slackening, an opportunity exists to 
attend to this problem. In the words of Herstein, “Indeed, if for no other reason 
than that most Ph.D.’s eventually earn their living by teaching, those seeking the 
Ph.D. should have some ‘training’ in their future profession.’’[2] 

The Department of Mathematics of the University of Montana offers two options 
in its Ph.D. program: 

1. The traditional Ph.D. program aimed at preparing research specialists in 
theoretical mathematics, and 

2. The Mathematical Sciences Ph.D. Option intended to train college mathematics 
teachers. 

Besides the subject matter curriculum in the Mathematical Sciences Ph.D. Option, 
several courses and seminars are offered to meet the special needs of the program. 
Among the courses and seminars being offered are: a course sequence on mathematical 
modeling in the sciences; a course in the history of contemporary mathematics; a 
seminar on college teaching; a current topics seminar, and a teaching internship. 

Since the majority of the graduate students at the University of Montana will 
eventually be college teachers, a seminar in College Teaching seemed appropriate 
and, in fact, necessary. It is with this thought in mind that the Mathematics Department 
set up two sections of the seminar. Section One considered topics that students 
should be aware of before starting on their careers as teachers while Section Two 
considered actual classroom techniques and procedures in teaching a mathematics 
class. 

Section One took the form of a formal class meeting the first two weeks with 
lectures and materials presented by the writer and another staff member. The remain- 
der of the term was filled with informal lectures by each of the participants in the 
class over areas which the class and instructors agreed on as important in the life 
of a college teacher. Discussions and questions followed each presentation. It was 
hoped that each participant would gain from the research and individual experiences 
of the other members of the class. A formal written presentation by each member of 
the class was required with copies to be given to each member of the class. An impor- 
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tant feature of this formal write-up was an annotated bibliography concerning the 
topic being discussed. The purpose of the annotated bibliography was to give the 
members of the class a permanent record of sources of additional information which 
would be helpful to the students when out in the field teaching. 

Topics which were selected as appropriate for discussion included the following: 
the role of mathematics in the physical, biological, and social sciences; curriculum 
planningin various size colleges ; particular course planning ; measurement and evalua- 
tion of student achievement and instructor effectiveness ; teaching as a profession; job 
situations in mathematics inside and outside of teaching; different organizations for 
mathematics teachers; recommendations for the training of college mathematics 
teachers; trends in mathematics; new ideas in the teaching of mathematics; maintain- 
ing mathematical momentum while teaching; the role of research vs. teaching; 
computers in mathematics education; alternatives to the Ph.D.; obligations of the 
college professor outside the classroom; attitudes of students and teacher in the 
mathematics classroom; a basic mathematics library; a look at how and where to 
publish; promotion, tenure and administrative policies of various colleges ; educational 
and psychological theories involving mathematics; and other topics of interest to the 
participants. 

Several films such as “‘Challenge in the Classroom —The Methods of R. L. Moore,”’ 
‘“‘Let’s Teach Guessing,” “John von Neumann,” and “Gottingen and New York — 
Reflections on a Life in Mathematics,’’ were shown to generate new ideas and dis- 
cussions. Guest lecturers in certain special areas were welcomed in the course. 
Other students and members of the department were encouraged to attend the class 
meetings and contribute to the discussion if they wished. This served the purpose 
of getting everyone in the department interested in topics involved in teaching. 

At the beginning of the quarter many handouts were distributed to the students. 
The class made extensive use of the CUPM booklets such as “‘Suggestions on the 
Teaching of College Mathematics,”’ “Qualifications for a College Faculty in Mathema- 
tics,” ““A Beginning Graduate Program in Mathematics for Prospective Teachers of 
Undergraduates,” and CUPM newsletters such as ““The Beginning Teacher of Col- 
lege Mathematics,” ““New Methods for Teaching Elementary Courses and for the 
Orientation of Teaching Assistants,” and ““Maintaining Mathematical Momentum.” 

Copies of many articles of interest which appeared in journals such as The Amer- 
ican Mathematical Monthly,The Two- Year College Mathematics Journal, or Educational 
Studies of Mathematics were distributed to the participants. Several books on the 
topics mentioned above were purchased by the department and kept in the periodical 
room for reference. 

Topics which seemed to generate the most interest during the quarter included 
various grading techniques, setting up a mathematics curriculum in various size 
colleges, the uses of the computer in teaching mathematics, the life of the mathematics 
teacher both inside and outside of the classroom, maintaining mathematical momen- 
tum in a small college, alternatives to the traditional Ph.D., and job situations for 
mathematicians inside and outside of teaching. 
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The class found that each member had his own technique and philosophy of 
grading. Techniques in grading varied from computing straight percentages and 
using natural breaks for assigning grades to scaling the grades using a slide rule. 
Out of curiosity, the grading patterns of the faculty were compared with the grading 
patterns of the teaching assistants who taught the same undergraduate courses 
the previous quarter. A discussion of Pass/Non-Pass grading vs. the traditional 
letter grades also generated interest. The discussion during the week centered around 
the hypothesis: “Students suffer because of faculty ineptness in evaluating student 
performances.” 

The discussion of computers in mathematics education was centered in two general 
areas: (1) the use of computers as a computational device and a means of assisting 
instruction in the present courses and (2) individualization. Individualization was 
further broken down into the classifications of computer-managed instruction 
and computer-assisted instruction. Several of the more interesting programs that 
depend on the computer as a computational device were examined. 

In the week devoted to the topic of the undergraduate mathematics curriculum, 
the class members put themselves in the position of being teachers in a small four- 
year college and were faced with the problem of designing an optimal mathematics 
program to be taught by a small staff of three-to-five faculty members. The question 
of what collection of mathematics courses should be considered as a prerequisite 
for a successful career and/or further study undertaken after completion of the under- 
graduate program was a point of major discussion. The class relied heavily on the 
Committee on the Undergraduate Program in Mathematics (CUPM) literature for 
guidance. Not only the number of courses but specific course content, order of offer- 
ing, and course prerequisites were considered. One conclusion reached by the majority 
of the participants was that the breadth of a mathematics teacher in these schools is 
at least as important as his specialty. 

‘‘Why should graduate programs in mathematics consider an alternative to the 
Ph.D. degree ?’’ was a topic which students considered as essential to the discussions. 
Two proposals were examined : (1) change the present Ph.D. program and (2) institute 
a degree, comparable to the Ph.D. intended for those whose primary function will 
be teaching rather than research. The pros and cons of each proposal were examined. 
The Doctor of Arts Program (D.A.) was examined in detail and compared and con- 
trasted with the Montana program. 

The following statement from a CUPM report generated another week of dis- 
cussion: 


.-his (the instructor’s) attitudes toward his students and his subject set the tone for his total 
teaching activity, and are often as influential on the subsequent mathematical development of his 
students as anything he does. [3] 


The function of the teacher beyond that of simply providing information concern- 
ing mathematics was the major topic during one week of class. It was pointed out 
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that students in some classes use their teachers as models of what they might become. 
Thus the teacher’s actions and responsibilities are of extreme importance. The teach- 
er’s personality can affect the atmosphere for learning. The teacher who fails to create a 
situation in which the student is motivated to learn fails in carrying out his role as a 
teacher. The class agreed that the great teacher was one who gives frequent con- 
sideration to the ways in which he is accomplishing his total task. 

Another week was spent talking about the college teacher’s duties and responsi- 
bilities outside of the classroom. During the week we considered some of the specific 
tasks a college teacher might be expected to perform, the special skills and knowledge 
needed to perform them, and sources of information that might be helpful in gaining 
this knowledge. 

The discussion consisted of departmental-related duties such as textbook selection 
and committee work, university-related duties, community-related activities, student- 
related activities and finally, the duty of a mathematician in a small college to himself, 
i1.e., Staying mathematically alive. 

The job situation in mathematics, salary schedules, and the best ways for college 
graduates in mathematics to find jobs was another topic of discussion. Many statistics 
and conjectures pertaining to the job situation inside and outside of teaching were 
presented. We found that jobs do exist in areas such as operations research or systems 
analysis but the training that most graduates receive in mathematics does not qualify 
them for the positions. 

This has been a quick overview of several of the topics included in Section One of 
the College Teaching Course. 

Section Two of the College Teaching Seminar was designed to help students im- 
prove their own teaching skills in the classroom. The class met formally the first two 
weeks to discuss problems which teachers confront in their own teaching assignments 
as teaching assistants. Each participant was videotaped several times teaching his 
own class. The graduate assistant whose presentation was videotaped viewed the tape 
later by himself and picked a 10-to-20 minute portion for showing to the other parti- 
cipants in the seminar. The presentation and classroom activities were then construc- 
tively criticized by the participants. There was strong emphasis on heuristics, plausible 
reasoning and intuition, and on trying to show why in posing a theorem or solving a 
problem a certain direction was taken and not another. 

Spanier reports in this MONTHLY that CUPM interviewed several students to 
determine mathematical attitudes and backgrounds [4]. It was found that they exhibi- 
ted narrowness of training, lack of mathematical taste, lack of intellectual curiosity, 
and no sense of responsibility for their own education. Spanier felt that these faults 
are caused primarily by the graduate schools, both through their requirements for 
entering students and through the training that they give to future college teachers. 
It is hoped that seminars such as the ones described above can help prepare graduate 
mathematics students to become better teachers and help future students in mathema- 
tics to avoid some of the difficulties and attitudes of the students interviewed by 
CUPM. 
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All problems (both elementary and advanced) proposed for inclusion in this Department should 
be sent to E. P. Starke, 1000 Kensington Ave., Plainfield, NJ 07060. Proposers of problems 
are urged to enclose any solutions or information that will assist the editors. Ordinarily, prob- 
lems in well-known textbooks and results in generally accessible sources are not appropriate 
for this Department. No solutions (except those accompanying proposals) should be sent to 
Professor Starke. 


ELEMENTARY PROBLEMS 


Solutions of Elementary Problems should be sent to Problems Group, Mathematics Department, 
University of Maine, Orono, ME 04473. To facilitate their consideration, solutions of Elemen- 
tary Problems in this issue should be typed (with double spacing) and should be mailed before 
March 31 1978. 


An asterisk (*) means neither the proposer nor the editors supplied a solution. 


E 1030* [1952, 465]. Proposed by Charles Salkind 

Consider the polygon formed by the internal trisectors of the angles of a given 
n-gon, intersecting in neighboring pairs. 

(1) Prove that a necessary and sufficient condition that the trisector polygon 
be regular is that the parent n-gon be regular when n = 4. 

(2) Prove that the area ratio between the parent and trisector polygons is always 
irrational. 
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E2509. Proposed by C. W. Dodge, University of Maine at Orono 

The Texas Instruments SR-10 calculator has no memory, but it does have a 
squaring key [x*]. To calculate n” for a given n, one must either enter n, [ x ], n, 
[=] (which requires entering the value of n twice) or enter n, [x*] (which is more 
efficient since the value of n is entered only once); it is not possible to calculate n? 
by entering n, [ x ], [=] as it is on some calculators. 

To find n° efficiently, one can either enter n, [x*], [x], n, [=] or enter 
n, [x], [x*], [+], n, [=]. In either case, the value of n must be entered twice. 
It is not possible to calculate n°? without entering n twice. 

Find the smallest power of n that cannot be computed without entering the value 
of n at least k times in the keyboard. 


SOLUTIONS OF ELEMENTARY PROBLEMS 
A Problem in Zero—One Matrices 


E 2429 [1973, 808]. Proposed by E. T. Wang, University of British Columbia 

Let k, denote the least integer such that every n x n matrix of zeros and ones 
with exactly k, ones in each rowand in each column contains a 2 x 2 submatrix 
without zero. Obtain a lower estimate for k, and discuss the case of equality. 


Solution by R. K. Guy, University of Calgary. If there are k ones in each column, 
there are (5) pairs of ones, and n(5) pairs in all n columns. By the pigeon-hole 
principle, two pairs will coincide, and form a 2 x 2 matrix of ones, if 


(1) n(5)> (5). 


This gives an upper bound for k,, 
(2) k, S$ GG + /4n — 3], 


where brackets denote ‘“‘greatest integer not greater than.”’ 

To show that this upper bound is sometimes attained, we must construct an 
n Xn matrix with k—1 ones in each row and column, containing no 2 x 2 sub- 
matrix of ones. When n = gq? + q + 1 and q is a prime power, it is known that there 
is a projective plane of order gq, with g +1 points on each line, whose incidence 
matrix contains no such submatrix, since a pair of points determine a unique line. 
Moreover, since every pair of points determine a line, we have equality in place 
of inequality in (1) and the situation is optimal; k—1 = q+ 1 and 


k,2q+2=334 /4n—3)2k,; 


we have equality and the upper bound (2) is attained. The accompanying illustration 
has q = 4. 
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11111 0000 0000 0000 0000 
10000 1111 0000 0000 0000 
10000 0000 1111 0000 0000 
10000 0000 0000 M111 0000 
10000 0000 0000 0000 1111 
01000 1000 1000 1000 1000 
01000 0100 0100 0100 0100 
01000 0010 0010 0010 0010 
01000 0001 0001 0001 0001 
00100 1000 0100 0001 0010 
00100 0100 1000 0010 0001 
00100 0010 0001 0100 1000 
00100 0001 0010 1000 0100 
00010 1000 0010 0100 0001 
00010 0100 0001 1000 0010 
00010 0010 1000 0001 0100 
00010 0001 0100 0010 1000 
00001 1000 0001 0010 0100 
00001 0100 0010 0001 1000 
00001 0010 0100 1000 0001 
00001 0001 1000 0100 0010 


Incidence matrix for the projective plane of order 4. 


Unfortunately, n is rarely of the form g? + q + 1, and even when it is, qg is not 
often a prime power. If g is not a prime power, many people suspect that projective 
planes do not exist, but the only case which is settled is gq = 6 (Tarry, 1900), Euler’s 
famous ‘‘36 officers’? problem. Here we know that it is not possible to construct 
an analog of the above illustration, so k,; = 7 and the upper bound (2) is not 
attained. 

To find a lower bound, let g be the largest prime power with qg7+q+1Sn. 
Then we can construct an n x n matrix with g +1 ones in each row and column 
and no 2 x 2 submatrix of ones: if n > q*+q+1 proceed inductively from n—1 
to n; replace q ones, selected from q different rows i,,-:-,i, and q different columns 
Jis'*tsJq, by zeros and insert 2q + 1 ones in positions (i;, 1), ---, (ig, 1), (n,j1), °°*, (Msg), 
(n,n). Then k, 2 q+2, and Rosser and Schoenfeld (Illinois J. Math., 6 (1962), 
64-94) tell us that there is a prime, and a fortiori a prime power, between x and 
x +x/8 so that 


(3) k, > wl? — nite, 


The correct answer is presumably much nearer to (2) than to (3): k, = 2,k,; = k, = 
ks = ke = 3, kp =kg = + = ky. = 4, ki3 = kg = ++ = kag = 5, ky, = ky = 
+ == K3q = 6, kg) = kgg = = gg = 7. 


A partial solution was submitted by the proposer. 
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A Continuous Moment Problem 


E 2443 [1973, 1058]. Proposed by T. M. Apostol, California Institute of 
Technology 


Let f, and f, be two linearly independent functions which are continuous on the 
bounded interval | a, b]. Show that for every pair of constants c, and c, there exists a 
continuous function h on [a, b] such that 


[ neaniooas = c, and [ more dx = Cp. 


I. Solution by D. J. Eustice, Ohio State University. With the inner product 


(fg) = | f(og(x) dx 


on the space of continuous functions on [a, b], Problem E 2443 is a special case of the 
following: If {v4,v2,-+:,v,} is linearly independent in a (real or complex) inner 
product space V and if c,, C2,°°',¢c, are constants, then there exists v¢ Vsuch that 
<v,v;> = ¢;, for i = 1,2,---,n. To prove this, note that if we write v= L?_ ,a;v;, then 
there is a unique solution a,, a ,-::,a, to the system of linear equations <v, v;>=c; 
(i = 1,2,:+-,n), since the matrix of coefficients is the Gramian G = (g,,) where 
Jij = <v;,0;>, Which is known to be nonsingular because {v,, v2, -+-,v,} is linearly 
independent. 

This result appears as problem 28, p. 193 in J. T. Moore, Elements of Linear 
Algebra and Matrix Theory, McGraw Hill, 1968. 


II. Comment by J. B. Conway, Indiana University. Necessary and sufficient 
conditions can be given that an infinite set of such equations can be solved. This is the 
classical moments problem. See S. Banach, Théorie des Opérations Linéaires, 
Chelsea, 1955, Chapter IV, §7. 


Also solved by K. F. Andersen, B. C. Anderson, Barefoot Carolina Hillbilly, Jon Barkhurst, 
H. J. Bremer & Richard Kerns (Germany), Robert Breusch (New Zealand), Fr. A. Brousseau, 
J. L. Brown, Jr., J. E. Chance, Bill Chewning, Chin-hung Ching (Australia), J. B. Conway, S. H. 
Cox, Jr. (Puerto Rico), S. C. Currier, Jr., P. deBuda, A.R. DiDonato, C. R. Diminnie, Robert Ellis, 
David Foley, Mary Ellen Foley, R. M. Gasper, R. Gentry, Michael Goldberg, Richard Gosselin, 
Robert Griswold, Richard Groeneveld, S. Gudder, W. Habakkuk, Ellen Hertz, A. C. Hindmarsh, 
Joe Howard & Dennis Bertholf, Richard Johnsonbaugh, M.S. Klamkin, Robert Kopp, D. Laugwitz 
(Germany), K. Levasseur, Peter Lindstrom, O. P. Lossers (Netherlands), Carolyn MacDonald, 
S. P. Marin, J. G. Mauldon, P. D. McCray, R. K. Meany, Glen Meyers, L. F. Meyers, Michael 
Moore, D. B. Price, Richard Pulskamp, Otto Ruehr, St. Olaf College Students, William Sanchez, 
Harvey Schmidt, Jr., SCSC Problem Solving Group, Michael Skalsky, Allen Stenger, Dorothea 
Stillinger, Jacob Sturm, F. E. Tidmore, Stephen Tillman, R. J. Wagner, E. C. Waymire, Gordon 
Williams, Dale Worley, J. K. Yates, Ken Yocom, and the proposer. 


Editor’s comment: The Gramian is always positive semidefinite and is positive definite (thus 
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nonsingular) if and only if {v1,- ey Vn} is linearly independent. In the casen = 2, this fact reduces to 
the classical inequality of Schwarz. 

Several queries were received as to why your editors printed such an easy problem. We were 
aware of the generalization from two functions to nm functions, but did not print the more general 
problem because we hoped that our solvers would discover it for themselves, and perhaps generalize 
the result in a way that we had not foreseen. Unfortunately, not too many solvers did generalize, 

Note that in applying the problem to n complex-valued functions /{,---, f, and n complex 


scalars C,°-*, C, we must construct h = a, Fito t+ a,f, and then choose a; as in Solution I in 
order that 


b 
{ h(x)f(odx = <h, f = ¢1. 


A Consequence of Gronwall’s Inequality 


E 2444 [1973, 1138]. Proposed by Ray Redheffer, University of California, 
Los Angeles 


Let S be an open connected subset of real Euclidean space R" and suppose that 
f:S — R" is differentiable. Let the Jacobian matrix Df(x) at xeS satisfy 


| Df) | Ss o|s@)| 
for some constant o and all xe S, where the norm of a matrix is the sum of the 
absolute values of its entries. Show that, if x,,x,¢S can be connected by a path of 
length d lying wholly within S, then 
| f(x1) | Ss | f(x2) | ew. 


(Note that a consequence of this is that f cannot vanish anywhere on S unless it 
vanishes everywhere on S.) 


I. Solution by I. N. Katz, Washington University. If A is a matrix, then the 
norm defined in the statement of the problem is only one of many that can be defined. 
Another useful norm is the operator norm defined by 


| Alo = sup {| Ax/[ x]: | x] # 9}. 


It is known that | A lo < | A |. We shall prove the conclusion of the problem under 
the weaker assumption 


() | DA) Jo < o| £0) 


Let o(t) be a parameterization of a path of length d from x, to x, lying wholly 
within S. Assume that x, = (0), x, =@(1) and let F(t) = f(@(1)). Then for every 
te [0,1], 


F(t) = F(O) + [ F’(s)ds 
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so that 
(2) | F()|| < | FO || + [ | DEH(s)'(s) || ds. 


Since x = o(s)éS, by the definition of operator norm and (1) we have that 


| D£(@(s))(s) || S |] D£(s)) |]o |] oS) | 
$') | = 0] FO 


o'(s) | 


< «| f($(s))| 


so that (2) becomes 


|FO| s|FO) +o] |FO| loo] as 


Gronwall’s inequality [Philip Hartman, Ordinary Differential Equations, Wiley, 
New York, 1964, p. 24] now gives 


(3) |FO| s |FOJexne] jo] 40) 


Setting t = 1 in (3) and noting that F(0) = f(@(0)) = f(x,) and F(1) = f((1)) 
= f(x,) we have 


’(s) ||ds) = || f(x,) |e 


1 
|fx,)|] = | 10x.) Jexpe | | 
I]. Solution by G. D. Chakerian, University of California, Davis. Suppose 
first that | f(x) | # 0 for xe S. Define g: S>R by 
g(x) = log |] f(x) || = 4 log (f(x) - f(x). 
Taking partial derivatives with respect to x;, we have 


f(x) - D,f(x) 
PIO) = EOF) 


and therefore 
| DCX) | 
| fx) |? iGo) ie 


| g(x) | s HOU Paco | 


It follows that 


D,f(x) | 


A 


|vVew| s E |D9eo| s [too |-* > | 


IA 


|co? EE [vse - ey), 
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where e, is the jth coordinate vector in R”, so that the quantity D,f(x) - e; is simply 
the jth coordinate of D,f(x). That is, 

| Va) || S | feo |" 


Now if x,,x,¢S and if C is a rectifiable path of length d joining x, to x, lying 
wholly within S, we have 


D&(x) |< || 100 |-*2|| (0) | = o 


g(X1) — g(X2) = [ Vg(x) dx [ | vo(x) || ds S od 


from which follows 
() |x) | [0x |e 


This gives the inequality in the case that N = {xeS: | f(x) | = 0} = @. Suppose 
that N # @; if x, Ee S\N, then by (*), x, cannot be joined to points x,eS\N with 
| f(x.) || arbitrarily small by arcs lying in S\N. It follows that N = S in this case, 
and the inequality holds trivially. 


Also solved by T. S. Bolis, Bill Chewning, W. J. Gorman III, Peter Klein (Sweden), and Robert 
Kopp. 


A Triangle Inequality 


E2445 [1973, 1138]. Proposed by F. Leuenberger, Feldmeilen, Switzerland 

Let P be a point in the interior of a triangle ABC. Let R,, R,, R; denote the dis- 
tances from P to the vertices of ABC and let r,, r,, r; denote the perpendicular 
distances from P to the sides of ABC. Show that 


rat 3 
ro +2R, +73 


sis 


with equality if and only if the triangle is equilateral and P is its center. 


I. Solution by the proposer. By considering the area of quadrilateral ABPC, 
we obtain 


(1) aR, 2 br, + cr; 


with equality if and only if AP is perpendicular to BC. Reflecting P in the bisector 
of angle A, we get 


(2) aR, 2 br3+ cry, 
and by adding (1) and (2), get 


b+e 
> 
(3) R, 2 > 


(r2 +13) 
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with equality if and only if AP is perpendicular to BC and bisects angle A. Now 
letting s denote the semiperimeter of triangle ABC, we have 


S 
R, +47. +173) 2 7M + 13). 


If h, is the altitude to side a, and r the inradius, then from this follows 


Ry i > fy 
ro tr, 2 ~— 2r 
whence 
ro + 2R, + 173 s hy 
ro +13 —~ pr? 
and 
ro +r r 
(4) 2 3 — 


ro +2R,4+ 73 ~ hy 


By adding (4) and the two corresponding inequalities and using rXh,;-1 = 1, 
we obtain the left-hand inequality, with the desired conditions for equality. 
If we divide (3) by r, +1r3, we get 


ro +r3 — 2a 2a 


R, , 5 c 


Adding to it the corresponding inequalities for R, and R, and using b/2a + a/2b = 1 
three times, we get 


which is equivalent to the right-hand inequality. Equality occurs when ABC is equi- 
lateral and P is its center. 


II. Solution to right-hand inequality by Leonard Goldstone, Watervliet, N.Y. 
We prove the stronger inequality 


(1) 3< by Bt 


with equality if and only if ABC is equilateral and P is its center. From 
3/2 = 2 sin(A/2) [Bottema et al., Geometric Inequalities, Item 2.9], we get 


_ A 
322 E sine 


with the desired equality conditions. Now, by the arithmetic-geometric-harmonic 
mean inequalities, 
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ro t+ rz _ ry + 13 


wl — 


>) + r3 
>» R, 


from which both (1) and the desired inequality follow. The fact that 


R; 1/3 
> | 
TI r, + _| 7 


provides a new proof of E 1433 [1961, 380], which states that [] R; 2 [| (m2 +173). 


Also solved by T. S. Bolis, A. G. Ferrer (Mexico), M. G. Greening (Australia), Leonard Gold- 
stone, J. N. Lillington (England), O. P. Lossers (Netherlands), and Carolyn MacDonald. Most 
solvers used trigonometry to some extent and some used the calculus with or without Lagrange 
multipliers to obtain extrema. 


Point-Inverses with Compact Boundaries 


E2449 [1973, 1139]. Proposed by Frank Siwiec, John Jay College 

Let f be a continuous mapping of R onto R with the property that for every 
yeéR, the boundary of the set f~(y) = {xeER: f(x) = y} is compact. Show that 
f is a closed mapping. 


I. Solution by Robert Smith, Swarthmore College. We first show that the given 
hypotheses imply that f~ !(y) is compact for every y ER . Since the boundary of f~ 1(y) 
is nonempty (f is onto and the reals are connected) and compact (by assumption) 
it has a smallest element p and a largest element gq. By application of the Inter- 
mediate Value Theorem we see that either (i) f(x) > y for all x > q, (ii) f(x) = y 
for all x > q, or (iii) f(x) < y for all x > q, since otherwise there would be a boundary 
point of f~‘(y) in (q, 0). A similar statement can be made about the behavior of 
f on (—©, p). It is clear that case (ii) cannot hold, for suppose it did. Since f is con- 
tinuous, it is bounded on the compact set [p,q] and since f is onto, it would have 
to take on values both greater than y and less than y on (—0oo, p), a contradiction. 
Similarly, the case that f(x) = y for all x < p is impossible. Thus f(x) = y holds 
for no x > q and no x < p and so f~y) < [p,q]; ie. f(y) is bounded. Since 
{y} is a closed set and f is continuous, f~1(y) is also closed and so is compact. 

Let A be a closed subset of R and let {y,,} be a sequence in f(A) which converges 
to y. We must show yeéf(A). We know that for each n, f~1(y,) OA is nonempty 
and compact and so has a greatest element a,; observe that a,¢A and f(a,) = y,. 
If we can show that {a,} has a subsequence which converges to some a, then ae A 
since A is closed. The continuity of f will then imply that f(a) = y, so that ye f(A) 
and f(A) will be shown to be closed. 

Suppose to the contrary that {a,} has no convergent subsequence. Then {a,} 
is unbounded and we can choose an unbounded monotonic subsequence; there is 
no loss of generality in assuming that a, < a, <::-. Let f~1(y) be bounded below 
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by p and above by q, and assume, again without loss of generality, that f(x) < y 
for all x >q. Fix some e¢>0; then there is an N such that if n>WN, then 
y—e<f(a,)<y. With each a, we can associate a point x, >a, such that 
f(x,)< y—&, for if this were not so, we would have y —« S f(x) < y for all x >a, 
and this is impossible for the same reason that f cannot be constant on an unbounded 
interval. Between a, and x, there is a boundary point of f~4(y—e), implying that 
the boundary of f~1(y—e) is unbounded, hence not compact. This contradiction 
implies the existence of a convergent subsequence of {a,} and the proof is complete. 


II. Comment by B. R. Wenner, University of Missouri, Kansas City. This 
problem can be viewed as a partial converse to the result of K. Morita and S. Hanai 
which asserts that if f is a closed continuous mapping of metric spaces, then the 
boundary of every point-inverse f~1(y) is compact. [Closed mappings and metric 
spaces, Proc. Japan Acad. 32 (1956), 10-14. ] It is not possible to strengthen the state- 
ment of E2449 to make a complete converse: for example, the identity mapping 
from the reals with the discrete topology to the reals with the usual topology is 
continuous, and the boundary of every point-inverse is void, hence compact, but 
the mapping is not closed. 


Also solved by Kenneth Abernathy & Lee Hagglund, C. L. Belna, A. J. Berner, S. C. Currier, 
Jr., G. A. Heuer (Germany), Paul Ilacqua, T. C. Lominac, P. D. McCray, M. R. Modak (India), 
Roy Olson, Kenneth Schilling, Arthur Solomon, B. R. Wenner, J. K. Yates, and the proposer. 

Editor’s comment. Berner and the proposer note that fis actually a perfect mapping: the pre- 
image of every compact set is compact. 


ADVANCED PROBLEMS 


All solutions of Advanced Problems should be sent to J. Barlaz, Rutgers — The State University, 
New Brunswick, N.J. 08903. Solutions of Advanced Problems in this issue should be typed 
(with double spacing) on separate, signed sheets and should be mailed before March 31,1975. 


An asterisk (*) means neither the proposer nor the editors supplied a solution. 


6000. Proposed by Siemion Fajtlowicz and Jan Mycielski, University of Col- 
orado 


Let F be the space of all complex complex valued functions f: [0,1] > {z:|z| < 1} 
such that f(0) #0, | f(t.) -—f(t:)| St. —t, for all OS t,<t, <1, with the 
distance dist(f,,f2) = max{| f,(d) —f,(t)|:0 < t S$ 1}. We define a function ¢: F> 
{z:|z| = 1} putting f*() = f(O/|f(| and O(f) = f*(min{t: | f()| = 4). Prove 
that @ is continuous. 

Is the result true when the space of complex numbers is replaced by a Banach 
space so that f maps [0,1] into a ball? 
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6001*. Proposed by J. A. Eidswick, University of Nebraska-Lincoln 
When Taylor’s theorem is appliéd to a power series f and a point x in its inter- 
val of convergence, a sequence {t,} is obtained such that 


(k) (n) 
fee) = "FLO gry LU) 


= 0? 


for every n = 1,2,---. Can {t,} 


6002*. Proposed by Bertram Ross, University of New Haven 
Examine for convergence, and if convergent evaluate 


_ { (x—1)?"InT(t)dt, 
0) 


where I(t) is the gamma function and 0< p< 1. 


6003. Proposed by Emeric Deutsch, Polytechnic Institute of Brooklyn 
Let A be a complex nx n matrix. Show that 


r(e*e*") S r(e***’), 
where r denotes spectral radius. 


6004. Proposed by Oto Strauch, Bratislava, Czechoslovakia 
Find a concrete example of an injective function f: R x R — R such that for 
every two real numbers x, y it will be true that 


x<ypox<f(xy)<y. 


6005.* Proposed by C. W. Anderson, University of California at Berkeley 
The probability that n, me N are coprime is 6/x”. What is the probability that 
the product of two deficient numbers is deficient? 


SOLUTIONS OF ADVANCED PROBLEMS 
Boundary Approaches of Maps in a Euclidean Space 


5905 [1973, 325]. Proposed by J. G. Wendel, University of Michigan 

Let x be a mapping of (0,1) into Euclidean space R* and let {u,} be a countable 
dense’set of vectors on the unit sphere of R*. Suppose that for each n, lim sup,. ot, * x(1) 
= 1. (a) Prove that limsup,.,o | x(t) | = 1. (b) Can the denseness of the set {u,} 
be dispensed with? (c) Is the result true in Hilbert space? 


Solution by A. A. Jagers, Technische Hogschool Twente, Enschede, Nether- 
lands. We prove (a) and answer (b) and (c) in the negative. 

(a) Denote limsup,.. | x(2)|| by «. Then « 2 1, since || x(t)| 2 
>u,°x(t) and limsup,_,ou,:x(t) = 1. Now suppose «a 2 1+¢6 with ¢>0 and, 
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for technical reasons, e <1. Then there exists a sequence (x(t;));~, with t,| 0 and 
| x(t;) || 2 1+ 6/2. The unit sphere being compact in finite dimensional space, 
the normalized sequence given by y; = x(t;)/ | x(t;) || has a convergent subsequence 
with limit y, say. By change of notation let ();)7., be this subsequence. We then 
have 


), 


where, because of the denseness of {u,} in the unit sphere, || u,, — y | can be made 
less than ¢/4. It follows that for some n, limsup,_,ou,:x(t) 2 (1 + e/2)(1 —é/4) > 1 
+ ¢/8. This contradiction shows that « = 1. 

(b) The above proof shows that it is not necessary to suppose that {u,} is dense 
in the whole unit sphere. It is sufficient to suppose that its boundary, i.e., the set 
of all x with ||x || = 1, is contained in the closure of {u,}. The latter condition is 
also necessary. In fact, suppose there exists y¢R* with | y | = 1 such that, 
for some 6 > 0, || y — u, ||? = 26 for all n. To avoid trivialities assume sup | u,, || = 1. 
For k = 1,2,---, put x(2°5) = (1+ 6)y and x(3-") = uyqy where f: NON xN 
is a bijection and u,, ») is set equal to u,, for all ne N. For other values of t, put 
x(t) = 0. Then limsup,_,9 | x(t) | = 1+06>1 whereas limsup,.,ou,:x(t) = 1. 

(c) We suppose Hilbert space to be ipso facto separable. Note however, that the 
result is trivially true in nonseparable complete inner product spaces in the absence 
of a set {u,,} with the prescribed properties. 

Let {e,} be an orthonormal set in Hilbert space. For t not equal to a negative 
integer power of 2 define x(t) by a similar construction as under (b). Otherwise, 
set x(2-*) = 2e,. Then limsup,.,, | x(t) = 2, whereas limsup,.,9u, x(t) = 1. 


u,* x(t) = | x(t) |-y — | a, —y 


Also solved by E. A. Herman, Paul Milnes, Nicholas Passell, Phil Tracy, A. C. Yorke, and the 
proposer. 


Extension of the Parallelogram Law 


5919 [1973, 697]. Proposed by L. A. Harris, University of Kentucky 
Show that if x and y are two vectors in a complex Hilbert space and if n is a pos- 


itive integer, then 
2n 
n 


where A = exp(iz/n). Note that this generalizes the parallelogram law. 


2m) 
9 


maly 


2n 
> |x + at y| 
k=1 


Solution by Finban Holland, University College, Cork, Ireland. We prove: 
If x,y are vectors in a complex Hilbert space and m, n are integers,0O Sm < 2n 
then 


2m 


2n 
E xt ay |r = (FP atom x? + PY". 
k=1 
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where A = exp(iz/n). Equality holds if and only if x = zy, where z is a complex 
number of unit modulus. 


Proof. The inequality is trivial if x = y = 0. In what follows we suppose that 
| x |? + |» |? >0 and set 


a = 2|<x,y>|/(|x |? + |» |), 
so that 0 < a <1. Note first that 
| x + ely |?" = x c(s)e"®, — (e(s) = c(—5)). 
For any integer s 


1, if s =0 (mod2n) 
0, otherwise. 


- 2n 
(1/2n) X a™ -| 
k=1 


It can now be verified that 


2n Tt 
(1/2n) & | x+ Ay 7" (1/2n) | | x + ely | 2m0 
k=1 —t 


(|| x |]? + | y |7)"G/2z) [ (1+ acos 6)" d0. 


Now 
% [m/2] m % 
(1/2z) | (1+acosé—)"49 = > (3;,)a"/2) { cos?*6d0 
—t k=0 —t 


IA 


(12m) (1 + cos 6)"dé 


_9-m (i) 
m 
and the inequality is strict unless a = 1. The stated result follows. 


Also solved by L. E. Clarke (England), L. E. Mattics, and the proposer. 


Distribution of Squares in Z/(n)Z 


5928 [1973, 949]. Proposed by Carl Pomerance, University of Georgia 
If n is an integer greater than 1, let t(n) equal the number of squares in the ring 
Z/()Z. Find a formula for f(n) = lim,.,,,t(n®)n-*. 


Solution by L. E. Clarke, University of East Anglia, England. t(n) is the number 
of those residues c in a complete set of residues (modn) for which the congruence 


(1) x? = c(mod n) 


is solvable. Suppose that n = p’, where p is anodd prime and r isa positive integer. 
Then if p / c the congruence 
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(2) x? = c(mod p’) 


is solvable if and only if c is a quadratic residue of p [Landau, Vorlesungen, p. 45]. 
There are 41p’~'(p—1) such residues in a complete set of residues (mod p’). If 
ple then (2) is solvable if and only if either r = 1 or r = 2, p” | c, and y?=cp~? 
(mod p"*) is solvable. Thus t(p) = #(p—1) +1, and 


t(p') = 4p" *(p-I +t" *) = (r 2 2, (1) = 1). 
Induction yields 
(pp *) = Mp-lI(p 7 + pe Ate t+ pr titi 
and 
t(p"") = 4(p—1) (p+ pt P+ + pr +p) +i, 
and so 


~kt(p*") > ED ask > ©. 


Now suppose that n = 2’. Clearly t(2) = t(4) = 2. Suppose next that r = 3. 
If c is odd then 
(3) x? = c(mod 2’) 


is solvable if and only if c = 1 (mod8), and there are 2’~* such c in a complete 
set of residues (mod2’). If c is even then (3) is solvable if and only if 4}c and 
2 = 1¢(mod2"~) is solvable. Thus 


2") = 2°-F + 4(2"~7). 
Again induction yields 
(277-*) = 4°27 45) and 4(27) = 4027771 +4), 
and so 27 *#(2") > 4 as k > 0. 
Finally, suppose that n= p,* ---p," = | |p’, say, where p,,---, p, are distinct 


primes. Then (1) is solvable if and only if each of the m congruences 


x? = = c(mod p;') Gi — I, +++, mm) 


is solvable, whence (by the Chinese Remainder Theorem) t(n) = | [t(p*). There- 


fore as k > o, 
Pp . 
——_"_-_, nis odd 
_ 2 ° 
n is even. 


1 Pp 
${] (p+ 1)’ 


Also solved by D. M. Bloom, Eric Grosswald, Joel Spencer, and the proposer. 
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A Partition Identity 


5929 [1973, 949]. Proposed by Frederick Stern, California State University 
at San Jose 
Let 0 < x <1. Show that 


(11 (1 -x)) =1+ 


= 1 m=1 


ght tints tin 


S (1—x)(1 —x?)-- (1 — x) 


where S = (i,,i2,-°*,i,,) 18 any set of positive integers such that i, <i, <--- <i,,. 


Solution by R. C. Read, University of Waterloo. The left hand side can be re- 
written as 


00 k 
x 

1 + ——}. 

TL (+723) 


In forming the terms in the expansion of this product let i,,i,,---,i,, be, in order, 
the values of k for which the term x*/(1 —x*) is chosen from the kth factor. The cor- 
responding term is then 


iytigt--+i 


(1 —x")(1 — x2). (1 — x'”) 

The right hand side results on collecting the terms for each value of m, and 
noting that the term ‘‘l’’ corresponds to S = @. Convergence questions present no 
difficulty for OS x <1. 


L. E. Clark (England) gives three distinct solutions. 

Also solved by M. T. Bird, L. Carlitz, M. G. Greening (Australia), Emil Grosswald, A. A. 
Jagers (Netherlands), O. P. Lossers (Netherlands), Albert Nijenhuis, Joel Spencer, Allen Stenger, 
Gordon Williams, and the proposer. 


Graphs of Measurable Functions 


5930 [1973, 949]. Proposed by J. J. Buckley, University of South Carolina 

Let.¥ be the Lebesgue subsets of R and let # be the Borel subsets of R.A problem 
in Halmos, Measure Theory ([{1], p. 143) implies that if f:R —> R is Lebesgue 
measurable, then the graph of f belongs to the product o-algebra 7 x #. Is the 
converse true? 


Solution by the proposer. Yes; if the graph of f:R — R belongs to the product 
o-algebra, then f is measurable. Let W be all sets of Lebesgue measure zero. 

1. If Ee wx B, then there are sets E, €4 x Z and E, in the product o-ring 
NM xB such that E = E, U E, because if / is the set of all such unions, then Y 
contains all the measurable rectangles in Y x Zand ¥& is a monotone class. 

2. Let P be the projection of R? into R. If Ee av x B, then P(E) € because 
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(i) P(E) = P(E,) U P(E,); (ii) P(E,) € # since P(E,) is an analytic set ([2], p. 482), 
and (iii) P(E,)¢< because E, is contained in a measurable rectangle ([1], p. 141) 
and so P(E.) has Lebesgue measure zero. 

3. Construct a sequence of simple functions S, in the usual way so that S, > f 
([3], p. 237). Each S, is Lebesgue measurable because 


[» 


is in &. 


p10 3] = rl fp) Honenr =r) 


The result generalizes the fact that f: R — R is Borel measurable if and only if 
the graph of f is a Borel subset of the plane ([2], p. 365, Proposition 4, and p. 398, 
Proposition 2). 


References 
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Also solved by Josef Dravecky, (Czechoslovakia), and by A. G. P. M. Nijet & D. A. Overdijk 
(Netherlands). 
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Caléulus. By Leonard Gillman and Robert H. McDowell. W.W. Norton, New 
York, 1973. 674 pp. $12.95. (Telegraphic Review, March 1974.) 


Here’s news —a careful, mathematically impeccable Calculus with these two 
happy properties (believed up to now by this reviewer to be incompatible): It is so 
well-written that even the innocent freshman can read and understand it on his own; 
it is so full of fresh ideas and new approaches that even the experienced professor will 
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find to his surprise that there is much to calculus he never knew, and there are ways 
of introducing topics he never considered. 

One reads with the suspicion and scorn born of years of frustration with pedes- 
trian, repetitive texts the authors’ statement on the book-jacket that they “have taken 
a fresh look at every concept and proof, as well as at layout and design.” But as the 
months wear on, these brave words hold up. 

A major departure from tradition is the authors’ definition — essentially as 
suggested by Howard Levi — of the integral of a continuous function as that function 
(shown unique) which satisfies two special properties, (A) and (B). Are these undistin- 
guished labels chosen by the authors in a lapse into unimaginative notation? No. 
By good luck or good management, (A) denotes Additivity and (B) denotes Between- 
ness. The Additivity referred to here is not that {(f+g¢) = {f+ fg, but rather 
that (?f= [¢f + f?f whenever a<c <b; and Betweenness is that [?f lies 
between (b — a)-min fand (6 — a):max f. That’s about all there is to the integral — no 
upper sums, no choosing é, in [x,_1, x;], no passing to the limit as the norm of the 
partition goes to zero. 

Another innovation is the Fundamental Lemma on Closed Intervals, due to 
L.R. Ford: If ¥ isafamily of closed subintervals of [a,b] whose interiors cover [a, b], 
and if J, UI,¢4% whenever Jp, /, e %and/)> Nl, #4 M, then [a,b] €.%. From this result, 
whose proof is admittedly difficult for students at this stage, follow all the “‘theorems 
of analysis” concerning continuous functions on closed intervals essential for ele- 
mentary calculus: the theorems on intermediate value, boundedness, maximum 
value and uniform continuity. The ease and speed with which these important results 
unfold is best appreciated by the professor who for years has struggled at length and 
in vain to explain their meanings and proofs to unseeing students. 

There-are other novelties, both mathematical and pedagogical, put forth tastefully 
and exploited systematically, too numerous to describe in this short review. 

Is there nothing to criticise here? (1) It is no surprise that the heights of expository 
excellence achieved frequently in this text are separated by plateaus of routine com- 
petence. Expressed less positively: the writing is uneven. Specifically, this teacher and 
his class found the sections on maxima and minima over non-closed intervals, on 
length of arc, on fluid force and on work to be relatively uninspired. (2) The authors’ 
Axiom of Completeness, heralded in bold-face type and set in italics for emphasis, 
asserts that every subset of @ with an upper bound has a least upper bound. This 
statement, read aloud in class by a confused student, strikes the professor as careless 
and false; the bell rings amidst general confusion and a loss of faith in the Greater 
Mathematical Establishment. Only after class is it noted that some paragraphs 
earlier, in another subsection, the authors remark (in parentheses) that their subsets 
of & are taken to be non-empty. The authors’ integrity is preserved, but it is a near 
thing. (3) It is perhaps more a personal failing than a failure of the text, but here is 
the simple truth: More than once in the past year I lost confidence in my ability and 
the authors’ to put their new ideas across to the class effectively, and I reverted to 
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time-worn, standard methods of approach. (The authors make it easy to base a tradi- 
tional course on their text. The method of approximating sums, for example, though 
logically inessential to their development of the integral, is presented in detail.) 

By way of preparing these remarks I asked my freshman class to comment on the 
text (the question was worth 8 points of 100 on the final examination). The reader of 
this Monthly, if he is accustomed to activities of this sort, will not be surprised to 
learn that in the individualized judgments of members of the class of 1977 at Wesleyan 
University, the book is both “‘a gem”’ and “‘a dud”’; the authors are at once “‘masterful 
expositors” and “creatures without sympathy’’; the problems are “‘nicely varied and 
well-chosen—very helpful’’ and “‘excessively numerous in their number’’; and in sum 
the book is “‘a real pleasure to read, especially after Th*m*s” and “too obscure— 
the Prof had to explain the jokes to us.”’ (This last refers to the authors’ statements 
that an inessential theorem concerning greatest lower bounds is included 
‘for the sake of completeness’’ and that “fa little reflection shows that the graph 
of f-' is the mirror image... of the graph of f’’) When appropriate discount 
is made for the ridicule and distaste normally visited by liberal arts students upon 
their calculus texts, these comments add up to a nearly unmitigated hymn of praise. 

I hold with the first judgment: it’s a gem. I enjoyed it and so did my students. 
I predict the same for you and yours. 

W. WISTAR COMFORT, Wesleyan University 


Systems of Ordinary Differential Equations: An Introduction. By Jack L. Goldberg 
and Arthur J. Schwartz. Harper-Row, New York, 1972. xiii + 315 pp. $9.95. 
(Telegraphic Review, January 1973.) 


I used this book as a text for a mixed class, mostly junior and senior mathematics 
or physics majors, who had studied matrix-linear algebra. I felt that it worked 
exceptionally well and I certainly intend to continue using it. Without this prerequisite 
it would be a rush to get to some of the more interesting material. There is a review of 
basic linear algebra in Chapter 1 and eigenvalues and eigenvectors are covered with 
enough care in context in the later chapters that they need not have been covered in 
prior work, if Chapter 1 is to be omitted. 

The comments by the students during the course and in their evaluations near 
the ‘end can be briefly summarized as stating that the book gives a readable, quite 
satisfactory, well-written presentation of the material, but some sections are a bit 
difficult. The numerous misprints are but a minor annoyance. 

The basic material of linear systems and nth order equations in the early chapters 
(2 through the middle of 6) could easily be covered in a one-quarter course, assuming 
a year of calculus and the matrix-linear algebra as prerequisites. In a semester, quite 
a selection from the remaining topics on series, non-linear equations, the Euler 
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method, orbits, stability, and perturbations can be included. My students were sent 
off to work on individual projects, chosen from these last topics, according to their 
interests, and they seemed to need but little help in reading the material. 

The models are well-chosen to illustrate how systems of differential equations may 
occur, although some students would like to have seen an example from economics 
and an additional example from biology, or one from the social sciences. I felt a 
need to supplement the problem sets associated with the models in order to obtain 
an adequate number of exercises. 

I strongly recommend the use of this book for any class with the appropriate 
prerequisites. 

R. G. BUSCHMAN, University of Wyoming 


The Nature of Modern Mathematics. By Karl J. Smith. Brooks/Cole, Monterey, 
Calif., 1973. xiv + 466 pp. 


This is another book intended for a terminal (one or two semester) course for 
liberal arts students: while it could possibly be used with prospective elementary 
teachers, it is most appropriate for students who will not have to “use’’ mathematics. 

_ The first two chapters and chapters four through nine follow an outline which is 
by now fairly common: (1) Induction and Set Theory, (2) Number Systems (base n), 
(4) Algebraic Laws (groups, modular arithmetic), (5) Real Numbers, (6) Number 
Theory, (7) Logic, (8) Permutations and Combinations, and (9) Probability. Clearly, 
the individual chapters are tightly packed: for instance, in 49 pages Chapter 5 moves 
from the natural numbers through the integers (via the number line), the rationals 
(ordered pairs, but “‘equivalence relation’’ is not defined, and the question whether 
operations are well-defined is not raised), and the irrationals (infinite decimals, with 
some appeal to geometry also) to get the real numbers. The author suggests that a 
One-semester course can cover five chapters, but four might be more realistic for 
most students. 

The most attractive features of the book are Chapter 3, on computers, and the 
exercises. Chapter 3 begins with a brief history of calculating devices, and then talks 
about modern computer programming on three levels: flow charting, assembly 
language/machine language programming (for some strange reason, decimal nota- 
tion is used in the latter), and BASIC programming. The material on BASIC is in 
fact adequate to enable students to write simple programs: the only additions neces- 
sary are telling the students how to cope with the local monitor system and whether 
local keyboard conventions are the same. If you have available a small computer 
designed for or usually used for BASIC, even that may not be necessary. The specific 
machine the author apparently has most in mind is the PDP-8, but others are as 
appropriate. In each chapter after Chapter 3, several of the optional exercises employ 
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a computer either in the form ‘“‘to solve this, run the following BASIC program...” 
or in the form “write a program to solve this.’’ These problems appear to be well 
designed and helpful both as programming practice and for learning the mathematics 
at issue. 

The computer exercises are not the only interesting ones. About a third of the 
material in the book is problems: a generous supply of elementary-to-intermediate 
exercises (with a limited number of answers provided in the back), and two other 
categories of problems called ““Mind Bogglers” and “‘Problems for Individual Study.” 
(In addition, each Chapter has review questions and an outline.) These two other 
categories introduce a great deal of mathematics beyond what is in the body of the 
text, usually motivating it (sometimes loosely) as an offshoot of something in the 
previous section. E.g., the K6énigsberg Bridges problem appears in the chapter on 
number systems; the four-color problem in the section on the number line; Fermat’s 
Last Theorem in the section on the reals; and the St. Petersburg Paradox in the séction 
on mathematical expectation (probability). These problems provide ample material 
for brighter classes or for allowing students to go off on individual projects. They can 
thus be of great assistance in dealing with one of the major problems involved in 
teaching a course of this type: the wide variety of talent and background within a 
single class. 

All in all, Karl Smith’s book seems well worth examining for a course of this 


sort. 
EDWARD T. ORDMAN, University of Kentucky 


Basic Statistics for Business and Economics. By George W. Summers and William S. 
Peters. Wadsworth Publishing Company, Belmont, California, 1973. 445 pp. 
$11.95. 


I have taught precalculus service courses in statistics several times and this text, 
despite many flaws, is the most teachable one I have used. Obviously a great deal of 
time and effort went into this material. The result is a very flexible package consisting 
of no less than five parts: (1) the main text, a hardbound book of the traditional sort, 
(2) a paperbound book, Se/f-Correcting Exercises for Basic Statistics in Business and 
Economics, (3) a paperbound Jnstructor’s Manual, (4) a paperbound Self-Instruction 
Supplement for Basic Statistics in Business and Economics, written by F. F. Elzey 
and €. P. Armstrong, and (5) a card file of multiple-choice test items. 

I did not examine the card file. Solutions to problems in the text are given in the 
instructor’s manual but not in the text. However, the 184 page book of “‘self-correct- 
ing exercises” has solutions to many problems which are virtually the same as those 
in the text. 

The self-instruction supplement by Elzey and Armstrong is programmed and was 
very useful. It emphasizes basic material from the first fourteen out of eighteen 


1974] REVIEWS 1131 


chapters in the text. Several students expressed thanks that it was available. An in- 
structor who wanted to develop bis own lecture material without being tied too closely 
to a text might use this supplement, along with a book of tables, in place of any 
other text. 

The main text has many good features. It covers many topics in a short space; it 
has a pleasant uncluttered appearance, and considerable thought seems to have gone 
into selecting and arranging topics, examples, and problems. It also has several bad 
features. 

First, the quality of the exposition is uneven. Chapter | is especially confusing. 
For example, in explaining (pp. 4-6) the differences among nominal, ordinal, interval, 
and ratio scales the authors appeal to “‘the order principle’, “‘the distance principle’, 
and “‘the origin principle’ without saying what they take these principles to be. The 
concept of a random sample is used without explanation in the first exercise set. 

Throughout the text important theorems are called “‘statements,’’ and proofs for 
all but the last of the statements in Chapter | are given. But after that proofs are 
almost never again mentioned. It would be better to leave out proofs entirely. 

Notation is poorly used. For example, the meanings of ambiguous symbols, such 
as ““X’’, are changed without adequate warning. Explicit indication of the limits 
of summation in expressions using sigma notation is dropped so soon that students 
are confused, for example, about how to calculate means of distributions. 

In their discussion of correlation the authors are not very careful about the distinc- 
tion between mathematical and causal relations. They also make occasional wild 
claims such as the “‘rule”’ (p. 60) that in cross-classification tables, taking percentages 
within classes of the independent variable, will expose ‘‘any’”’ relationship between 
the independent and the dependent variable. They also miss at this point a perfect 
opportunity to discuss the Humean problem of induction in the context of using 
past correlations as a basis for predictions about future correlations. 

Their discussion of probability glosses over important distinctions among observed 
relative frequencies, a priori relative frequencies, limits of relative frequencies, and 
their relations to random selection procedures and probability assignments. As a 
result, the student, quite literally, does not know what to expect. 

In summary, this text has many infuriating blunders, confusions, and infelicities. 
But students are able to learn from it and most of its problems could be easily correc- 
ted. So while I would not choose to use it again as it stands, I might choose to use an 
improved second edition. 

R. E. Lover, University of North Carolina at Charlotte 
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TELEGRAPHIC REVIEWS 


Telegraphic reviews are designed to give prompt notice of new 
books with sufficient information to assist our readers in deciding 
whether to order an examination copy or to suggest library purchase. 
Possible uses are indicated as follows: 

T = textbook P = professional reading 

S = supplementary reading L = undergraduate library purchase 

13 to 18 = freshman to second year graduate level usage 

1 to 4 = appropriate time in semesters to cover text 
Asterisks (*) or question marks (?) denote special positive or nega- 
tive emphasis, respectively. Publishers are denoted by standard 
abbreviations; complete addresses may be found in Books tin Prtnt. 


GENERAL, L, Handbook of Mathematical Caleulations for Setence Stu- 
dents and Researchers. Karen Assaf, Said A. Assaf. Iowa St U Pr, 
1974, xv + 309 pp, $10.50. A collection of mathematical facts, for- 
mulae, tables, and applications. An incredible potpourri ranging 
from elementary algebra tricks through calculus tables with the 
Russian alphabet somewhere in between. Something for everybody. TAV 


GENERAL, S*(13), The Stanford Mathemattes Problem Book with Hints 
and Soluttons. George Polya, Jeremy Kilpatrick. Teachers College 
Pr, 1974, 68 pp, $3.50 (P). All 20 sets of problems from the Stan- 
ford Mathematics Exams (1946-1965), followed by a section of hints, 
then complete solutions. Many problems are intriguing, and their 
solutions instructive. TAV 


GENERAL, S(13), Metrte Math: The Modernized Metric System (SI). 
James R. Smart. Brooks/Cole, 1974, x + 85 pp, $3.50 (P). Designed 

to help people "understand the metric system" and "to use it with 
confidence." A short historical introduction is followed by chapters 
on units of length, area and volume, and mass (weight). A final chap- 
ter introduces additional units of a more scientific nature. May be 
used as a text for a short course or unit on the metric system. RSK 


GENERAL, S?(13), The Penguin Book of Tables. Penguin Education, 
1974, 39 pp, $.95 (P). Brief precalculus tables of minimal accuracy 
(usually 4 or 5 places): squares and square roots, log, log trig, 
trig, exponential, etc. Second exponential table has algebraically 
incorrect headings. RSK 


GENERAL, P, Transactions of the Nineteenth Conference of Army Mathe- 
matrtetans. US Army, 1973. Part 1: xxi + 586 pp; Part 2: xi + 605 pp. 
Papers from a May, 1973 conference in Orlando, Florida. LAS 


GENERAL, P, Transactions of the Moscow Mathematical Society for the 
Year 1972, V. 26. AMS, 1974, iii + 239 pp, $35.50. 


GENERAL, S, Mathematteal Games and Puzzles. ‘Trevor Rice. St. Martin's 
Pr, 1973, 95 pp, $5.95. A collection of about 40 old chestnuts (e.g., 
tangrams, nim, hex) suitable for construction and use in school mathe- 
matics clubs. No mention of the underlying mathematical principles.LAS 


BASIC, T(13: l, 2), Introduction to Techntcal Mathematics. Gilbert M. 
Peter, Daniel R. Peterson. Scott F, 1974, 416 pp, $8.95. Arithmetic 


review, the slide rule, algebra, informal geometry, trigonometry, 
vectors. FLW 
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Basic, 1(13: 1), Developing Skills in Algebra: A Lecture Worktest, 
2 volumes. J. Louis Nanny, John L. Cable. Allyn, 1974. V. I: vii + 
239 pp, $4.50 (P); V. II: v + 346 pp, $6.25 (P). Designed for stu- 
dents proficient in arithmetic, but who lack manipulative skills in 
algebra. May be used with or without a teacher. Examples are well 
chosen, and rules of procedure are clearly stated. Answers to all 
exercises appear in the back. Volume I: fundamental concepts, first 
degree equations--one unknown, products and factoring, algebraic 
fractions. Volume II: exponents and radicals, quadratic equations, 
functions and systems of equations, logarithms. RBK 


Basic, [(13), Plane Trigonometry with Tables, Fourth Fditton. E. 
Richard Heineman. McGraw, 1974, xvi + 325 pp, $10.50. A standard 
treatment of trigonometry, starting with the definitions in terms 
of angles. Not much emphasis on the notion of a function. Includes 
chapters on logarithms and complex numbers. Ample exercises, index, 
no bibliography. PJM 


Basic, S(13), Baste Mathematical Skills. Thomas G. Smithsi. P-H, 

1974, x + 332 pp, $6.95 (P). A "semi-programmed" text to teach basic 
arithmetic skills. Informal style should appeal to students and the 
4200 exercises should teach them to add, subtract, multiply and 
divide. TAV 


Basic, [(13: 1), S, Artthmette. Sandra Preis, George Cocks. P-H, 
1974, xiii + 444 pp, $9.50 (P). Programmed text containing twenty-two 
chapters, with ten diagnostic pretests to determine what material to 
study. First twenty chapters cover the four fundamental operations 
on integers, fractions and decimals. Last two cover percent, ratio 
and proportion. RSK 


BASIc, [(13: 1, 2), Algebra Text. Robert H. Alwin, Robert D. 
Hackworth, Joseph W. Howland. P-H, 1974. Elementary, xi + 700 pp, 
$8.95 (P); Intermediate, xi + 654 pp, $8.95 (P). Instructional texts 
containing objectives, summaries, progress tests, self-tests, exer- 
cises, and marginal notes. LLK 


BASIc, 1(13), Intermediate Algebra, Third Edition. Roy Dubisch, 
Vernon E. Howes. Wiley, 1974, xi + 384 pp, $9.95. A well written 
book, mostly on polynomials, with chapters on sequences, series, com- 
plex numbers and matrices. Those last two chapters seem out of place, 
but otherwise a good book. PUM 


PREcALCULUS, I(13: 1), College Algebra. Mustafa A. Munem, William 
Tschirhart, James P. Yizze. Worth, 1974, ix + 518 pp, $9.95; Study 
Gutde, 346 pp, $3.95 (P). Many combinations of pre-calculus topics 
are being published by combinations of these authors in a successful 
format of text and study guide. This one is for students with one 
year of high school geometry and one year of high school algebra.LLK 


PRECALCULUS, 113: 1, 2), College Algebra and Trigonometry, Second 
Edition. Steven J. Bryant, et al. Goodyear, 1974, 474 pp, $11.95. 
Revision of First Edition (TR, June 1970) includes miscellaneous 
problems at the end of each chapter, expanded trigonometry chapter, 
and a section on linear programming. New two-color format with wide 
margins, sometimes used for graphs. LLK 
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PrecaLcuLus, [(13: 1), College Algebra with Trigonometry. Raymond 
A. Barnett. McGraw, 1974, xvi + 557 pp, $11.95. “Another College 

Algebra", justified by the author with ordered exercises, Level A, 

B, and C. LLK 


PrecaLcuLus. [(13: 1), Algebra and the Elementary Funetions with 
Ineluded Instructor's Guide: Speetal Edtitton. William L. Hart. 
Goodyear, 1974, xv + 478 pp, $13.95. Insertion of grey sections 

with comments for the teacher, suggested tests, and answers to even 
problems sets this apart. There are plenty of exercises and examples. 
LLK 


EpucATION. [(13: 1), Mathematics: An Integrated View. Roland F. 
Smith. Merrill, 1974, ix + 374 pp, $11.95. Sequential treatment 

of sets, logic and number systems. Seems appropriate for elementary 
education majors. LLK 


EDUCATION. Td 16), S, P. L, dow Children Learn Mathemattes, Second 
ditton: Teaching Implteattons of Ptaget's Research. Richard W. 
Copeland. Macmillan, 1974, ix + 374 pp, $9.50. An apparently un- 
questioning account of Piaget's research and its implications for 
teaching elementary school mathematics. Intended for both pre- and 
in-service methods courses. Provides suggestions for implementing 
findings in the classroom. Awkward sentence structure sometimes im- 
pedes reading. New chapters focus on a child's conception of time 
and proportion, and on the relation between mathematics and genetic 
epistemology. No bibliography. PSJ 


EpucATION, [| (13: 1, 2), Hssenttals of Elementary School Mathemattes. 
Max D. Larsen, James L. Fejfar. Acad Pr, 1974, xx + 410 pp, $10.95. 
Truth tables, sets, relations, types of numbers (defined in terms of 
equivalence classes) and operations on them, informal motion geome- 

try, coordinate geometry. FLW 


FpUCATION, [(13-14: 1), S, Artthematies: A Text for Elementary 
Sehool Teachers. Robert L. Johnson, Charles R. McNerney. Macmillan, 


1974, xiv + 476 pp, $9.95. Interesting presentation of topics such 
as logic, number theory, etc. with historical inserts. Good resource 
book for elementary teachers. LLK 


History, P, L*, Galileo Galilet: Two New Seteneces. Transl: Stillman 
Drake. U of Wisc Pr, 1974, xxxix + 323 pp, $4.50 (P); $12.50. An 
entirely new translation (the first into English since the standard 
one of 1914) of the first (1638) edition together with additional 
notes dictated by Galileo. Includes a very useful introduction with 
appropriate biographical and editorial details, and a glossary of 
Galileo's technical vocabulary. LAS 


HISTORY, L, Oeuvres de Paul Lévy, V. I. Ed: Daniel Dugué. Gauthier- 
Villars, 1973, ix + 497 pp, 140F. First of five projected volumes, 
this one contains papers on functional analysis, potential theory 
and symbolic calculus. LAS 


HISTORY » P, Mathemattsche Abhandlungen. O. Bolza, et al. Chelsea, 

1974, viii + 451 pp, $17.50. Unaltered reprint of a 1914 collection 
Of papers in honor of H.A. Schwarz known informally as "Festschrift 
Schwarz." Contributors include Carathéodory, Féjer, Hilbert, Hurwitz, 
Landau, Schur, Toeplitz. LAS 
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History, P, Anetent Logie and Its Modern Interpretattons. Ed: John 
Corcoran. Reidel, 1974, x + 211 pp, $29. Ten papers (including 
three by Corcoran) plus a panel discussion from a symposium held 

at SUNY at Buffalo, April 1972. "Surely the most complete discussion 
of the current state of historical knowledge in the area of ancient 
logic." LAS 


FOUNDATIONS, P, Combinatorial Funetors. J.N. Crossley, Anil Nerode. 
Ergebnisse der Math., B. 81. Springer-Verlag, 1974, viii + 146 pp, 
$13.90. Combinatorial functors are defined in sufficient generality 
for a great variety of present and hoped-for future applications in 
the first short chapter. The rest of the book consists of applica- 
tions to the classification of models. JAS 


FOUNDATIONS, P, Lecture Notes in Mathematics-369: Vietoria Symposium 
on Nonstandard Analysts. Ed: Albert Hurd, Peter Loeb. Springer- 
Verlag, 1974, xviii + 339 pp, $10.10 (P). Over two dozen papers from 
a May, 1974 symposium at U. Victoria. A sequel to previous symposia 
at Oberwolfach, 1970 and Cal Tech, 1968. A useful touch: the table 
of contents includes abstracts of the articles. LAS 


FOUNDATIONS, | (16-18), P. L, From Mathemattes to Philosophy. Hao 
Wang. Humanities Pr, 1974, xiv + 428 pp, $21. An extensive, per- 


sonal philosophical analysis (called "substantial factualism") of 
contemporary mathematics (including two chapters on computers and 
machine theory) motivated by a concern that philosophy (and philoso- 
phers) take more seriously substantial parts of human knowledge, e.g. 
mathematics. Includes some direct and indirect (via prepublication 
critique) contributions by Kurt Godel. LAS 


ALGEBRA, P, On the Theory and Applicattons of Differential Torston 
Products. V.K.A.M. Gugenheim, J. Peter May. Memoirs No. 142. AMS, 
1974, ix + 93 pp, $3.20 (P). This memoir contains a new definition 
of the torsion product Tor’ (M,N), for U a differential algebra, and 
M and N differential U-modules. The new definition is computation- 
ally more convenient than the classical one of Eilenberg and Moore, 
and application is made to computation of homology groups of some 
topological spaces. PJM 


ALGEBRA. P, Lecture Notes tn Mathemattes-370: Untversal Extenstons 
and One Dimenstonal Crystalline Cohomology. Barry Mazur, William 
Messing. Springer-Verlag, 1974, vii + 134 pp, $6.60 (P). A univer- 
sal extension is an algebraic group associated to an Abelian variety. 
A crystal is a "nice" sheaf. In these notes, the Lie algebra of a 
universal extension is shown to be isomorphic to the one dimensional 
crystalline cohomology of an appropriate module. PJM 


ALGEBRA, P, La Série Génératrice Fxponenttelle Dans les Problémes 
D'Enumératton. Dominique Foata. Pr U Montreal, 1974, 186 pp, $5 (P). 
Some recent results in applications of formal power series to enumera- 
tioh problems, e.g., how many alternating permutations are there ona 
finite set? The answer is given for all sets by the coefficients of 

a formal power series. PJM 


ALGEBRA, P, Fully Ordered Groups. A.I. Kokorin, V.M. Kopytov. 
Transl: D. Louvish. Halsted Pr, 1974, x + 147 pp, $23. Systematic 
study of the subject, suitable for an advanced graduate seminar 
(especially since open problems are mentioned throughout). Includes 
some material on order and topology, and on ordered division rings 
and modules. 250 references. DFA 
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ALGEBRA. P, The Separable Galots Theory of Commutative Rings. Andy 
R. Magid. Pure and Appl. Math., V. 27. Dekker, 1974, xvii + 134 pp, 
$11.75. An exposition of recent developments in separable algebras. 
Background chapters on profinite topological spaces and the Boolean 
spectrum of a commutative ring lead to the Galois theory of algebras 
with only trivial idempotents and to the study of the fundamental 
groupoid. The classification theorem is established and yields the 
Galois correspondence theorem for certain algebras over a commutative 
ring. A very readable reference. SG 


ALGEBRA, |(16-17: 1, 2), P. L, Modules: A Primer of Structure Theorems. 
Tom Head. Brooks/Cole, 1974, x + 150 pp, $10.95. Designed for a 


second course in algebra at the senior level. Projective and in- 
jective modules, countably generated modules: all are here, with very 
little homological algebra and only one passing reference to category 
theory. In fact, no exact sequences. A good book, but not very 
modern in presentation. PJM 


ALGEBRA, P, Lecture Notes in Mathemattes-366: Conjugacy Classes in 
Algebrate Groups. Robert Steinberg. Springer-Verlag, 1974, vi + 159 
pp, $7.40 (P). Lectures delivered at the Tata Institute. Begins 
with the basics of affine groups: representation theorems, Jordan de- 
composition, Kolchin's theorem, rigidity theorem, solvable groups, 
etc.; second half covers representation theory; classification of 
semisimple, unipotent, regular, and subregular elements. SG 


ALGEBRA, P, Radteal and Semisimple Classes of Rings. Richard Weigandt. 
Pure and Appl. Math., No. 37. Queen's U, 1974, iv + 248 pp, $6 (P). 

An introduction to the radical theory of associative rings. Emphasis 
on results obtained in last 10 years. Some topics: general theory of 
radical and semisimple classes, radical constructions, Wedderburn- 
Artin-Noether structure theorem, various radicals, homomorphically 
closed semisimple classes. SG 


ComPLEX ANALYSIS, P, -Dtmenstonal Quasteonformal (QCf) Mappings. 
Petru Caraman. Editura Academiei Rep. Soc. Romania, 1974, 551 pp, 
$14.75. A study of a generalization of conformal maps. Several 
equivalent fairly technical definitions are given, none suitable 

for reproduction here. This is a slightly revised translation of an 
earlier Romanian edition of the book. Index and bibliography are 
excellent, and provide in particular references to less advanced in- 
troductions to the subject. PJM 


ComPLEX ANALYSIS, P, JLeetures on Complex Analytic Vartettes: Fintte 
Analytte Mappings. R.C. Gunning. Princeton U Pr, 1974, ii + 163 pp, 
$4 (P). A sequel to Lectures on the Local Parametrizatton Theorem 
(TR, January 1971). An analytic mapping is a mapping between germs 

of analytic varieties. It is finite if the inverse image of the base- 
point is the basepoint. Prerequisites for this book are sheaf theory 
and functions of several complex variables. PUM 


ComPLEX ANALYSIS, P, Proceedings of the Sympostum on Complex Analy- 
Sts, Canterbury, 1978. Ed: J. Clunie, W.K. Hayman. London Math. 
Soc. Lect. Notes, No. 12. Cambridge U Pr, 1974, 180 pp, $9.50 (P). 
31 research papers followed by a survey of old and new research prob- 
lems in function theory by W.K. Hayman. LAS 
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DIFFERENTIAL EQUATIONS, P, JLeeture Notes in Mathematics-362: Pro- 
eeedings of the Conference on the Numertcal Solution of Ordtnary 
Differential Equattons. Ed: Dale G. Bettis. Springer-Verlag, 1974, 
viii + 490 pp, $14 (P). Papers from a 1972 conference in Austin, 
Texas with a special focus on the n-body problem. LAS 


DIFFERENTIAL EQUATIONS, P, Wonlinear Wave Motion. Ed: Alan C. Newell. 
Lect. in Appl. Math., V. 15. AMS, 1974, viii + 229 pp, $19.10. Pro- 
ceedings of the 1972 AMS summer seminar from Potsdam, N.Y. Includes 

major lectures by Benjamin, Benney, Kruskal, Lax and Whitham survey- 

ing significant advances of the last decade. LAS 


DIFFERENTIAL EQUATIONS, P, ‘Spectral Theory and Asymptotics of Dif- 
ferential Equations. E.M. DeJager. Math. Stud., V. 13. North- 


Holland, 1974, 208 pp, $10.80 (P). Invited addresses from a confer- 
ence held in September, 1973 at Scheveningen, the Netherlands. LAS 


DIFFERENTIAL EQUATIONS, 1(15: 2), An Introduction to Applied Mathe- 
mattes, Second Edttton. J.C. Jaeger, A.M. Starfield. Oxford U Pr, 


1974, xii + 504 pp, $27.25. Updates 1951 edition by adding material 
on difference equations, matrices, and numerical solution of ordinary 
and partial differential equations. Still provides a combination of 
the first course in differential equations and its "applied advanced 
calculus" successor. DFA 


DIFFERENTIAL EQUATIONS, P, ODtrect and Inverse Imbedding Theorems. 
Applteattons to the Solutton of Elliptte Equations by Vartattonal 


Methods. LL.D. Kudrjavcev. Transl. Math. Mono., V. 42. AMS, 1974, 

iv + 206 pp, $22.40. Weighted function extensions from the boundary 
onto the whole domain, weighted imbedding theorems, general varia- 
tional principles concerning the first boundary problem for self- 
adjoint elliptic equations of second order, existence and uniqueness 
theorems for boundary problems of elliptic differential equations de- 
generate on the boundary of the domain. DFA 


DIFFERENTIAL EQUATIONS, [(14: 1), Hlementary Differential Equations, 
Ftfth Edttton. Earl D. Rainville, Phillip E. Bedient. Macmillan, 
1974, xiii + 511 pp, $10.95. A new revision by Bedient (4th Edition, 
TR, June 1969) of the late Rainville's book. Revision is mainly the 
expansion of the chapter on systems of linear equations to use matrix 
methods. LLK 


NUMERICAL ANALYSIS. P, Wumerische Methoden bet Differentialgletich- 
ungen und mit funkttonalanalyttschen Hilfsmitteln. J. Albrecht, L. 
Collatz. Birkhauser, 1974, 231 pp, Sfr. 59. Lectures from two con- 
ferences with a common purpose, namely, forwarding contact between 
theoretical and applied mathematics. The conferences whose names 
generated the title took place at Oberwolfach and the Technical Uni- 
versity of Clausthal-Zellerfeld in June 1972. Jas 


NUMERICAL NALYSIS, [(16: 1). $, L, Discrete Numerical Methods in 
ystes and Engtneerting. Donald Greenspan. Math. in Sci. and Eng., 


V. 107. Acad Pr, 1974, xi + 312 pp, $12.50. A useful, basic set of 
notes on the numerical solution of ordinary and partial differential 
equations, especially those arising in fluid dynamics. A brief, pre- 
liminary chapter on solving linear systems of algebraic equations. 
One appendix is an essay on the nature of mathematics; the other is 


a program for solving the Navier-Stokes equation. Illustrative exer- 
cises. RWN 
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NUMERICAL ANALYSIS, P, Lecture Notes in Mathemattes-363: Conference 

on the Numertecal Solutton of Dtfferenttal Equations. Ed: G.A. Watson. 
Springer-Verlag, 1974, ix + 221 pp, $7.70 (P). 20 invited papers from 
the fifth biennial conference at Dundee, Scotland, LAS 


FUNCTIONAL ANALYSIS. P, The Structure of Factors. Salvatore Anastasio, 
Paul Mitchell Willig. Algorithmics Pr, 1974, iii + 116 pp, $15. A 
sequel to Schwartz’ W-* Algebras. Constructs continua of mutually 
non-isomorphic factors of type II), of type II,, of hyperfinite type 
IIIT, and of non-hyperfinite type III. Describes Araki-Woods results 
on infinite tensor product factors. Historical, bibliographical re- 
marks. DFA 


FUNCTIONAL ANALYSIS, P, Produet Formulas, Nonlinear Semigroups, and 
Additton of Unbounded Operators. Paul R. Chernoff. Memoirs No. 140. 
AMS, 1974, v + 121 pp, $3.30 (P). Theory,of linear and nonlinear 
operator semigroup formulas of the type ase Ht/n)"™ = G(t). Defines 
(using the general Trotter-Lie product formula) and discusses genera- 
lized addition of semigroup generators, and self-adjoint operators in 
particular. DFA 


FUNCTIONAL ANALYSIS, S(16-17), P, Distributtonen und thre Anwendung in 
der Phystk. F. Constantinescu. B.G. Teubner, 1974, 144 pp, DM 16,80 


(P). An introduction, intended for mathematicians and physicists, to 
the theory of distributions and their applications in physics. Very 
tersely written. Assumes a knowledge of the elements of linear alge- 
bra, general topology and functional analysis. No exercises. JD-B 


FUNCTIONAL ANALYSIS, P, Physical Aspects of Lie Group Theory. Robert 
Hermann. Pr U Montreal, 1974, 271 pp, $9.50. A sequel to the author's 


1969 Fourter Analysts on Groups and Parttal Wave Analysts dealing with 
the interconnection between operator theory and the Fourier analysis 
of functions on groups. LAS 


FUNCTIONAL ANALYSIS, P, Lecture Notes in Mathemattes-384: Funettonal 
Analysts and Applicattons. Ed: Leopoldo Nachbin. Springer-Verlag, 
1974, 270 pp, $9.10 (P). Invited lectures from a July, 1972 sympo- 
sium in Recife, Brasil, except for a series of lectures by F. Tréves 
which was published separately. LAS 


OPTIMIZATION, [*(14: 1), L, Sets, Matrices, and Linear Programming. 
Robert L. Childress. P-H, 1974, xii + 356 pp, $10.95. The heart of 
this book is linear programming; the sections on sets (through U, (}) 
and matrices (through inverses, transpose) are included as a back- 
ground for the rest. The treatment of linear programming is lucid 
and complete with numerous examples, and sections on duality and 
sensitivity and analysis. Concludes with integer programming includ- 
ing the branch and bound algorithm. TAV 


OPTIMIZATION, P, L, Lecture Notes in Feonomtes and Mathematicsl Sys- 
tems-95: Ltnear Multtobjective Programming. M. Zeleny. Springer- 
Verlag, 1974, x + 220 pp, $7.70 (P). The first complete extension 

of the simplex algorithm to non-comparable multi-valued objectives; 
the search for one optimal solution is replaced by the specification 
and description of a set of non-dominated solutions. Unfortunately, 
this set is often unmanageably large, so methods must yet be developed 
to find a small "representative" subset. LAS 
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ANALYSIS, P, JZeeture Notes tn Mathematics-3858: Tensor Products of 
Prinectpal Sertes Representations. Floyd L. Williams. Springer- 
Verlag, 1973, vi+ 132 pp, $6.20 (P). Lecture notes on complex semi- 
Simple Lie groups from the viewpoint of induced representations. LAS 


ANALYSIS. I*(1/7: 2), P, Advanced Mathematical Analysts. Richard 
Beals. Grad. Texts in Math., V. 12. Springer-Verlag, 1973, x + 230 
pp, $9.50 (P). This attempt to present a unified treatment of ad- 
vanced analysis for both mathematics and engineering students is 
eminently successful. The unifying feature is an early and complete 
treatment of distributions, e.g., L2 theory of Fourier series is 
established with no measure theory by showing L2(0, 27) is complete 
when viewed as a subspace of the space of periodic distributions, a 
Hilbert space. TAV 


AnaLysts, S(15-17), P, L, The Fractional Caleulus: Theory and Appli- 
cattons of Differenttatton and Integratton to Arbitrary Order. Keith 


B. Oldham, Jerome Spanier. Math. in Sci. and Eng., V. lll. Acad Pr, 
1974, xiii + 234 pp, $19.50. A thorough introductory monograph on the 
BT Be axl ?2) and applications of fractional derivatives (e.g., 

x/axt/ which may be defined in terms of the gamma function. 
Not only is che theory an intriguing and exotic variant of classical 
analysis (e.g., virtually all named transcendental functions are 
simple fractional derivatives of just three common functions), but 
it also has extensive applications to a variety of diffusion prob- 
lems--discussed in the last chapter of this book. LAS 


ANALYSIS, P, Contrtbutions to Analysts. Ed: Lars V. Ahlfors, et al. 
Acad Pr, 1974, xvii + 441 pp, $36.50. 32 papers--some expository, 
some not--by leading analysts in honor of Lipman Bers' sixtieth birth- 
day. Topics range broadly, including Teichmuler spaces, theta func- 
tions, quasiconformal maps and differential topology. LAS 


AnaAtysts. T(18: 1, 2). S. P. L. General Theory of Banach Algebras. 
Charles E. Rickart. Krieger, 1974, xi + 394 pp, $15. Corrected re- 


print of well-known 1960 original edition, published at that time by 
Van Nostrand. LAS 


ANALYSIS. P, Lite Groups, Lie Algebras, and Thetr Representations. V. 
S. Varadarajan. P-H, 1974, xiii + 430 pp, $19.95. General theory of 
Lie groups and their Lie algebras, structure theory of Lie algebras 
and also, specifically, of complex semisimple ones, plus theory of 
finite-dimensional representations of complex semisimple Lie groups. 
Comprehensive. Many carefully written exercises extend the text. DFA 


GEomeTRY. (13: 1), 4 First Course in Geometry. Edward T. Walsh. 
Rinehart Pr, 1974, xiii + 370 pp, $10.95. Attractive and well-written, 
this presentation of elementary Euclidean metric geometry is saved 
from being just another geometry text by the author's knack for ex- 
plaining the algebra of logic and for elucidating the logic involved 
in the geometric proofs. Annotated bibliography. JNC 


GeometTRY,. I(14: 2), L, Hlementary Geometry fron an Advanced Stand- 
point, Second Rditton. Edwin E. Moise. A-W, 1974, xv + 425 pp, 
$11.95. A rigorous presentation of Euclidean geometry including 

the necessary fragments of algebra and number theory. This corrected 
edition contains more problems and adds a short discussion of isome- 


tries and dilatations. JNC 
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Geometry. 1(18), P*. L*, Woneuclidean Tesselatitons and Thetr Groups. 
Wilhelm Magnus. Pure and Appl. Math., No. 61. Acad Pr, 1974, xiv + 
207 pp, $17.50. An extremely well-written introduction to the group 
theory, geometry, and function theory associated with tesselations of 
noneuclidean planes. Concrete approach with a minimum of prerequi- 
Sites. Based on the tesselations found in Klein and Fricke. Topics: 
various noneuclidean geometries; triangle tesselations in planar 
euclidean, hyperbolic, and elliptic goemetry; various discontinuous 
groups. Accessible to advanced undergraduates and beginning gradu- 
ates. A beautiful blending of several branches of mathematics. SG 


Geometry, I*(14: 1), S, L*, Progective Geometry, Second Edition. 
H.S.M. Coxeter. U of Toronto Pr, 1974, xii + 162 pp, $7.50. Easily 


readable and spiced with historical anecdotes, this classic text em- 
phasizes the synthetic approach to projective geometry. The second 
edition corrects errors in the first, contains a slight notational 
change and a few minor textual additions. JNC 


GEOMETRY, I**(16-18), S**, L**, Caleulus of Several Variables and 
Differenttable Mantfolds. Carl B. Allendoerfer. Macmillan, 1974, 
xi + 227 pp, $12.95. At last a treasury of folklore for the begin- 
ning (or forgetful) differential geometer. A careful treatment of 
advanced calculus with the choice of topics and approach guided by 
geometric aims, namely a study of manifolds in Euclidean spaces. Lots 
of exercises, not enough pictures, and a reasonable index. Asa 
course by itself without an enthusiastic instructor it might be a 
bit dry and formal but with lots of pictures and enthusiasm from an 
instructor it should give students some exciting insights into what 
is really going on in modern differential geometry. JAS 


GEOMETRY, P, Lecture Notes in Mathemattes-392: Géométrte Différen- 
ttelle. Ed: Enrique Vidal. Springer-Verlag, 1974, vi + 225 pp, 
$8.20 (P). Proceedings of an October, 1972 conference at the Univer- 
sity of Santiago de Compostela, Spain. LAS 


GeEomeTRY, S, L*, Curves and Thetr Properttes. Robert C. Yates. NCTM, 
1974, xiv + 245 pp, $6.40. A museum of mathematical morphology: 
astroids, caustics, glissettes, kieroids, nephroids, strophoids, etc. 
A photo-offset reprint--fourth in a series of such "Classics in Mathe- 
matics Education"--of a work first published in 1952. LAS 


TopoLocy, P, Lecture Notes in Mathematics-368: Unstable Homotopy from 
the Stable Potnt of Vtew. R. James Milgram. Springer-Verlag, 1974, 
109 pp, $6.20 (P). By generalizing the EHP spectral sequence, the 
author obtains results about unstable homotopy of spaces by looking 

at the stable groups for related spaces. Example: The "related 
Spaces" for spheres are truncated projective planes. For other spaces 
they are more complicated. PJM 


TopoLocy, P, Metrizability in Generalized Ordered Spaces. M.J. Faber. 
Math. Centre Tracts, No. 53. Math Centrum, 1974, 120 pp, Df1l.13 (P). 
A generalized ordered (GO-) space is a subspace of alinearly ordered 
topological space. This monograph translates traditional topological 
concepts into order-theoretic terms (e.g., jumps, gaps, convexity) 

and then characterizes metrizability for GO-spaces. LAS 
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TopoLocy, P, Stable Homotopy and Generalized Homology. J.F. Adams. 

U of Chicago Pr, 1974, x + 373 pp, $11.50 (P). Three separate lec- 
tures, the last of which deals with the subject of the title. The 
first two deal with work of Novikov and Quillen on complex cobordism. 
A great book for graduate students, if read backwards. PJM 


TopoLocy, P, Leeture Notes in Mathematties-378: TOPO 72--General 
Topology and tts Applicattons. Ed: Richard A. Ald, Robert W. Heath, 
Jun-iti Nagata. Springer-Verlag, 1974, xiv + 651 pp, $20.50 (P). 

65 research notes from the Second Pittsburgh International Conference 
in December, 1972, including a memorial to J.H. deGroot by R.H. 
McDowell. LAS 


TOPOLOGY, S(18), P, Normal Topological Spaces. Richard A. Ald, Harvey 
L. Shapiro. Tracts in Math., No. 65. Cambridge U Pr, 1974, xi + 306 
pp, $18.50. Designed for a second course in general topology, this 
monograph uses normality as a vehicle for illustrating current re- 
search tools of set-theoretical topology. Focuses on normal covers, 
pseudometrics and uniformities. LAS 


PRoBABILITY, [(18: 2), Stochastic Processes. John Lamperti. Lect. 
Notes Ser., No. 38. Aarhus U, 1974, iii + 221 pp, $4.25 (P). The 
first half deals with stationary processes, the second with Markov 
processes. The treatment concentrates on the mathematical aspects, 
not the applications of the theory. Presumes familiarity with 
measure and Hilbert space theory. TAV 


PROBABILITY, P, Advances in Probability and Related Toptes, V. 3. 
Ed: Peter Ney, Sidney Port. Dekker, 1974, viii + 410 pp, $25.75. 

4 survey papers: M.A. Pinsky on multiplicative operator functionals, 
L.C. Young on stochastic and Stieltjes integrals (part II), P. Jagers 
on random measures and B. Fristedt on sample functions of stochastic 
processes. LAS 


PROBABILITY. TC1/: 1, 2), 4 Course tn Probability Theory, Second Edt- 

tton. Kai Lai Chung. Prob. and Math. Stat., No. 21. Acad Pr, 1974, 
xii + 365 pp, $15. Revision of the 1968 First Edition (TR, August 
1968). Mathematical treatment presuming elementary real variables 
and some measure theory. RSK 


PROBABILITY, T, S*(15-17), P**, L**, Theory of Probability: A criti- 
eal Introduetory Treatment, Volume 1. Bruno DeFinetti. Transl: Antonio 
Machi, Adrian Smith. Wiley, 1974, xix + 300 pp, $22.50. A personal, 
hortative treatise in a vivid idiosyncratic style setting forth the 
subjectivist position that "probability does not exist." Addressed 

to all who use probability, not necessarily to those (e.g., college 
sophomores) learning it for the first time. Translated from the 

1970 original Teorta Delle Probabitlita. According to D.V. Lindley, 
writing in the foreward, this book is "destined ultimately to be recog- 
nizéd as one of the great books of the world." LAS 


PROBABILITY. T*(18: 2), P**, Fundamentals of Queueing Theory. Donald 
Gross, Carl M. Harris. Wiley, 1974, xvi + 556 pp, $22.50. A compre- 
hensive modern treatment. Style and level will appeal to both mathe- 
maticians and non-mathematicians. Contains a thorough treatment of 
(M/M/1) queue and extensions to more involved settings. Useful ap- 
pendices and huge bibliography make this one worth the price. TAV 
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PROBABILITY. P, JZeeture Notes tn Mathemattcs-381: Séminatre de 
Probabtlités VIII, Universtté de Strasbourg. C. Dellacherie, P.A. 
Meyer, M. Weil. Springer-Verlag, 1974, 354 pp, $13.10 (P). 20 semi- 
nar lectures from 1972-73 focusing on various stochastic processes 
and on the "problem of Skorokhod." LAS 


Statistics, $(13-16), L, Fxperimental Design and its Statistical 
Basts. D.J. Finney. U of Chicago Pr, 1974, xi + 169 pp, $2.95 (P). 


An informal treatment with many biological examples. FLW 


STATISTICS. Td5- 1/7: 1. 2), S, Mathematical Methods of Statistical 
Qualtty Control K. Sarkadi, I. Vincze. Prob. and Math. Stat., No. 


18. Acad Pr, 1974, 415 pp, $22. More than half devoted to a survey 
of standard post-calculus probability and statistics. The remainder 
considers control of production processes, acceptance sampling, and 
reliability theory. No exercises. Few proofs. FLW 


STATISTICS, {| b- 17: 1), S. L, Multivariate Statistteal Methods for 
Business and Economtes. Ben W. Bolch, Cliff J. Huang. P-H, 1974, 


xiv + 329 pp, $12.95. Presupposes calculus-based statistics (but re- 
views parts of this) and linear algebra. Includes analysis of covari- 
ance, nonlinear regression, discrimination, principal components, ca- 
nonical correlations, spectral analysis, and computer programs in 
FORTRAN. Few proofs. FLW 


STATISTICS, 1(]3-14: ]), Bustness Statistics, A First Course. John 
E. Freund, Benjamin M. Perles. P-H, 1974, viii + 359 pp, $10.95. Pre- 
supposes only high school algebra. A well written introduction to 
basic concepts and techniques, including time series. Helpful biblio- 
graphy. FLW 


STATISTICS, 1*(15: 2), Introduction to Probability Theory and Sta- 
ttstteal Inference, Second Edttton. Harold J. Larson. Wiley, 1974, 
xi + 430 pp, $12.95. In the Wiley Series in Probability and Mathema- 
tical Statistics. Modest revision of the author's successful 1969 
text (ER, November 1972). Additions include a discussion of suffi- 
cient statistics, and over 50% more problems. RSK 


STATISTICS, I*(13-14: 1), F#lements of Probability and Stattsties, 
Second Edition. Frank L. Wolf. McGraw, 1974, xiv + 450 pp, $13.50. 
In the McGraw-Hill Series in Probability and Statistics. Revision 
of the author's 1962 text, providing a mathematical approach at an 
elementary level. Unstarred sections are suitable for a solid pre- 
calculus course, while starred sections contain optional material. 
Double-starred sections add mathematical topics which bring the book 
in line with CUPM's recommendations for a course following a term of 
calculus (Course 2P in A General Currteulum in Mathemattes for Col- 
leges). RSK 


STATISTIcS. [(18), P, Nonlinear Parameter Estimation. Yonathan Bard. 
Acad Pr, 1974, x + 341 pp, $22. Non-theoretical but technical presen- 
tation of the various aspects of the problem of estimating parameters 
when the equations of the models are not linear in the unknown para- 
meters. Covers formulation of the problem, computational methods, 
interpretation, and design considerations, together with some special 
topics. Describes several computational algorithms. Matrix algebra 
is widely used throughout. Good set of references. RSK 
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Statistics, | (13-14: 1. 2), Introductory Statistics. Peter W. Zehna. 
Prindle, 1974, x + 470 pp, $12.50. Presupposes only high school alge- 
bra. The usual topics plus some non-parametric tests, good tables, 
and useful summaries of standard tests and confidence intervals. FLW 


Statistics, 1(13-14: 1), Introduction to Statisttes, Second Edition. 
Ronald W. Walpole. Macmillan, 1974, xiii + 340 pp, $9.95. Presup- 
poses only high school algebra. Probability and standard statistical 
topics plus a little on decision theory and Bayesian methods. FLW 


Statistics, |*(14-15: 1, 2), L, Applted Linear Stattstteal Models: 
Regresston, Analysts of Vartanee, and Experimental Designs. John 
Neter, William Wasserman. Irwin, 1974, xvii + 842 pp, $15.95. Pre- 
sents a unified approach to the three topics, with approximately half 
the text devoted to regression, a third to analysis of variance and a 
sixth to experimental designs. Assumes a solid background in elemen- 
tary statistical inference, but no calculus. Necessary matrix alge- 
bra for multiple regression is introduced in the text. Applications 
are mainly to business and economics. Contains many special topics 
not usually covered, such as a full chapter on indicator variables. 
May be useful as a reference, particularly in the area of regression. 
RSK 


STATISTICS, [*(13: 1), Introduetory Statistieal Analysts. T.W. 
Anderson, Stanley L. Sclove. HM, 1974, xv + 499 pp, $11.95. Well- 
written, attractively printed elementary text. Contains three main 
sections, on descriptive statistics (longest), probability (shortest), 
and statistical inference. Mathematical level is low, with proofs re- 
legated to appendices and separate sets of mathematical exercises, but 
the conceptual level of what is presented is high. Concludes with 
tests of differences between two populations. RSK 


Statistics, [(14: 1), Applied Statistical Methods. Irving W. Burr. 
Acad Pr, 1974, xix + 479 pp, $15.95. Nontheoretical presentation of 
primarily standard first course topics. Some calculus is assumed, 
but is mainly required for a chapter on continuous probability dis- 
tributions. Contains many realistic examples and problems, mostly 
industrial in nature. RSK 


STATISTICS, I(1), P, Design of Experiments: A Realistte Approach. 
Virgil L. Anderson, Robert A. McLean. Statistics, V. 5. Dekker, 
1974, xvii + 418 pp, $19.75. Introductory text assuming a statisti- 
cal background through regression and one-way analysis of variance. 
Unique feature is its emphasis on "restriction error", the effect 
that restrictions on randomization have on an experiment, and the 
unrealistic conclusions that can be reached by not being aware of it. 
Concentrates on completely randomized, randomized complete block, 
nested, and split plot designs, and omits all designs involving con- 
comitant variables. Contains many realistic examples from a variety 
of fields. RSK 


Reviewers Whose Initials Appear Above 


David F. Appleyard, Carleton; Judith N. Cederberg, St. Olaf; John 

Dyer-Bennet, Carleton; Steven Galovich, Carleton; Paul S. Jorgensen, 
Carleton; Lorraine L. Keller, St. Olaf; Roger B. Kirchner, Carleton; 
Richard S. Kleber, St. Olaf; Pierre J. Malraison, Carleton; R.W. Nau, 
Carleton; J. Arthur Seebach, Jr., St. Olaf; Lynn A. Steen, St. Olaf; 


T.A. Vessey, St. Olaf; Frank L. Wolf, Carleton. 


NEWS AND NOTICES 
EDITED By RAOUL HAILPERN, SUNY at Buffalo 


Readers are invited to contribute to the general interest of this department by sending news 
items to Mathematical Association of America, 1225 Connecticut Avenue, NW, Washington, 
D. C.20036. Items must be submitted at least two months before publication can take place. 


PERSONAL ITEMS 


University of Missouri— Rolla: Associate Professor L. J. Grimm has been promoted 
to Professor; Mr. George Luffel has been promoted from Instructor to Assistant Professor. 

Dr. Jack Alanen, University of Nairobi, has been appointed Associate Professor in the 
Department of Computer Science, State University of New York at Buffalo. 

Professor John Dyer-Bennet, Carleton College, will be on sabbatical leave in Zurich, 
Switzerland, during the 1974-75 academic year. 

Professor M. S. Klamkin, Ford Scientific Laboratory, has been appointed Visiting 
Professor at the University of Waterloo for the academic year 1974-1975. 

Brother Brendan Kneale, Chairman of the Department of Mathematics, Saint Mary’s 
College of California, has been appointed Dean of Studies. 

Dr. Ellen Torrance, Sterling College, has been appointed Visiting Assistant Professor 
at Kansas State University. 

Professor A. W. Tucker, Princeton University, retired on July 1, 1974, with the title 
‘Albert Baldwin Dod Professor of Mathematics, Emeritus.” 


Professor Emeritus Bancroft Huntington Brown, Dartmouth College, died on May 7, 
1974, at the age of 79. He was a member of the Association for fifty-five years. 

Dr. Paul E. Guenther, Case Western Reserve University, died on April 28, 1974, at the 
age of 58. He was a member of the Association for twenty-five years. 

Professor Paul M. Hummel, University of Alabama, died on May 18, 1974, at the age 
of 66. He was a member of the Association for thirty-seven years. 

Professor Emeritus S. Roscoe Smith, University of Wyoming, died on May 22, 1974. 
He was a member of the Association for thirty-seven years. 


PROGRAM TO TRAIN MATHEMATICAL SCHOLARS TO SERVE NEEDS 
OF PRECOLLEGE SCHOOLS 


The National Science Foundation has funded a program at Washington State Uni- 
versity designed to acquaint-mathematical scholars with most of the ingredients of pre- 
college mathematics education. The scholars will engage in two summer sessions at Washing- 
ton State University analysing pertinent education theory and an academic year attached 
to a major school system. Included among the staff are Calvin Long, Eldon Egbers, Jack 
Robertson, Duane De Temple and James Jordan (director). Anyone interested in being a 
participant should contact the director at Mathematics Department, Washington State 
University, Pullman, Washington 99163. 
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Official Reports and Communications 


APRIL MEETING OF THE METROPOLITAN NEW YORK SECTION 


The thirty-third annual meeting of the Metropolitan New York Section of the MAA 
was held at the College of Mount St. Vincent, Riverdale, New York, on April 28, 1974. 
One hundred and forty-one persons registered. 

Professor Israel Rose of Lehman College, CUNY, Chairman of the Section, presided 
over the morning session which began with the business meeting. After reports and dis- 
cussion on matters of interest to the MAA in general, and the Metropolitan New York 
Section in particular, it was announced that (1) the recipient of the Section Award to that 
student in a Metropolitan New York Section School who scores the highest in the Putnam 
Competition was Julius Collins of the Polytechnic Institute of New York, and (2) Professor 
Howard Kleiman of Queensborough Community College, CUNY, and Professor William 
Zlot of New York University have received a grant from the MAA towards the develop- 
ment of the newly formed Section committee, the Mathematics Services Committee for 
Two-Year and Four-Year Colleges. 

The morning session continued with the following lectures: 


1. Teaching mathematics in a preceptorial manner, by Louis Auslander, Graduate Center, CUNY. 
2. Maximum principles in differential equations, by David Ellis, Lehman College, CUNY. 


Professor Gerald Freilich of Queens College, CUNY, Vice-Chairman for Four-Year 
Colleges, presided over the afternoon session which began with a panel discussion on The 
New Math : Pro and Con, moderated by Professor Freilich. The panelists were Professor 
Howard Fehr, Teachers College, Columbia University (Keynote Address); Ms. Cecile 
Cohen, John F. Kennedy H.S.; Professor Julius Hlavaty, Iona College; Professor Peter 
Lax, Courant Institute, NYU; and Professor Edwin Moise, Queens College, CUNY. 

The following student and faculty papers were then given in parallel sessions: 


. Summing series of the form ie 1 f(k)|n*, by Henry Ricardo, Manhattan College. 
. An algorithm for extracting n-th roots, by George Sheehan, student, Fordham University. 
. Using the classical means to extract square roots, by Joseph Ercolano, Baruch College, CUNY. 
. Some aspects of infinite series, by Arthur Schlissel, John Jay College, CUNY. 

5. 1% +2% +... + n* and Bernoulli’s Numbers, by David Groisser, Math. Fair Winner, Mid- 
wood H. S., Brooklyn. 

6. A Hamiltonian simplex to solve the transportation algorithm, by Turken Kumbaraci, Teka 
Medical Profiles, N.Y.C. 

7. Predicting future performance of stocks by computerized analysis of statistical factors, by William 
Korn; student, Bronx H.S. of Science. 

8. On gravitational collapse in Schwartzchild geometry, by Gregory Swain, Math. Fair Winner, 
Deer Park H.S. 

9. A Markov model for the ‘‘ Dynamite Charge’’ to juries, by Jeffrey Silver, Bronx Community 
College, CUNY, and Robert Silver, Harvard University. 

10. Geodesic domes, by Robert Klitzman, Math. Fair Winner, Half Hallow Hills H.S., L.I., 

11. Constructibility of angles whose degree measure is rational, by Jacob Brand ler and Ira Wolf, 
Brooklyn College, CUNY. 
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12. On surface area, by Leopoldo Toralballa, Bronx Community College, CUNY. 

13. Upper and lower bounds for the number of polysquares of order n in R2 and generalizations in 
R?’, by Joshua Massey, Math. Fair Winner, John Dewey H.S. 

14. Advanced differential equations by elementary geometry, by H. Guggenheimer, Polytechnic 
Institute of N.Y. 

15. Mechanical proof that altitudes are associated, by Leon Gerber, St. John’s University, Jamaica, 
N.Y. 

16. Eyen numbers expressible as the sum of certain types of prime numbers, by David Zwillinger, 
student, Bronx H.S. of Science. 

17. A ‘formula’ for the nth prime, by Robert Bumcrot, Hofstra University. 

18. Latin k-squares and k-cubes of order 10, by Joseph Arkin, Spring Valley, N.Y. 

19. Quadratic partitions of selected large numbers, by Daniel Finkel, Brooklyn, N.Y. 


Rora IAcoBaccl, Secretary 


APRIL MEETING OF THE OKLAHOMA-ARKANSAS SECTION 


The thirty-sixth annual meeting of the Oklahoma-Arkansas Section of the MAA was 
held at the University of Arkansas at Little Rock, Little Rock. Arkansas, on April 5—6, 1974. 
There were 91 members and 56 nonmembers attending for a total of 147. Professor Bill 
Spicer, of Seminole Junior College, presided over the meeting. 

A dinner was held on Friday evening in the Student Union. Mr. Ernest Brickell of Okla- 
homa State University received an award for scoring the highest on the William Lowell 
Putnam Competition among the participants from Oklahoma and Arkansas. The invited 
address entitled “‘How to Make and Break Codes’’ was given of Friday afternoon by Profes- 
sor Dorothy Bernstein of Goucher College. Friday evening, Professor L. W. Johnson, 
Professor Emeritus of Oklahoma State University, gave the second N. A. Court Lecture. The 
title was ‘“‘A Geometric Derivation of the Basic Theorem for a Rigid Motion.” 

The following officers were elected: Chairman, Professor J. R. Hodges, University of 
Arkansas at Little Rock; Past-Chairman, Professor Bill Spicer, Seminole Junior College; First 
Vice-Chairman, Professor J. H. Yates, Central Oklahoma State University; Second Vice- 
Chairman, Gus Pekara, South Oklahoma City Community College; and Secretary-Treasurer 
E. K. McLachlan, Oklahoma State University. The following were elected as co-chairmen 
of the High School Mathematics Contest: For Arkansas, Professor E. E. McGehee, Jr., 
of the State College of Arkansas, and for Oklahoma, Professor Thomas Cairns of the 
University of Tulsa. 

In Oklahoma 53 schools involving 1697 students and in Arkansas 41 schools participated 
in the high school contests. 


The following papers were presented: 

1. A Non-Algebraic Approach to the Theory of Topological Linear Spaces, by D. C. Kay, Uni- 
versity of Oklahoma. 

2. Faces, Edges, Vertices on Some Polyhedra, by C. H. Harbison. University of Arkansas at 
Little Rock. 

3. A Decomposition Theorem for m-Convex Sets, by Marilyn Breen, University of Oklahoma. 

4. Game Theory: Two Person Zero-Sum Games, by Susan Howard, State College of Arkansas. 

5. A Probability Model of a Conveyor Belt, by Patricia L. Guinn, Hendrix College. 

6. The Arithmetic Theory of Continued Fractions, by Cynthia Jackson, Langston University. 
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7. On Using Filters to Generate Ideals in a Complete Direct Product of Fields, by Kathy Belie, 
Cameron College. 

8. On When a Group Ring is an Integral Domain, by David Goggans, Hendrix College. 

9. Control of Highway Vehicles for Minimum Fuel Consumption, by A.B. Schwarzkopf, Univer- 
sity of Oklahoma. 

10. Some Existence Theorems for n-th Order Boundary Value Problems, by W. G. Kelley, Univer- 
sity of Oklahoma. 

11. The Second Variation Functional and Conjugate Points, by W. F. Denny, University of 
Oklahoma. 

12. Numerical Transform Methods for Solving the System of Partial Differential Equations, by 
P. C. Lai, Tennessee State University. 

13. A Direction for Studying Oscillation Theory of Ordinary Differential Equations of Degree 
Greater than Two, by M.S. Keener, Oklahoma State University. 

14. The Category of Sets is Epi-Coreflective in the Category of Relations, by John Tiller, Hendrix 
College. 

15. Properties of Group Elements of Order Two, by Beverly Burton, Langston University. 

16. On the Bernstein Theorem, by Marilyn Martin, Hendrix College. 

17. The Use of the Fourier Transform in the Resolution of X-ray Spectra from Crystals, by 
David Crowe, Oral Roberts University. 

18. A Derivation of Ext (A, B), by F. F. Simpson, Jr., Hendrix College. 

19. An Introducation to Residually Finite Groups, by Ernest Brickell, Oklahoma State University. 

20. The Adjunction of Roots to Groups, by T. K. Teague, Hendrix College. 

21. What to Do with a 3-Manifold, by Benny Evans, Oklahoma State University. 

22. Some Properties of the Symmetric Difference, by Carolyn Bean, Hendrix College. 

23. Dilatation of Semigroups, by Naoki Kimura, University of Arkansas. 

24. On Moments and the Characteristic Function in Hilbert Space, by R. M. Norton, Oklahoma 
State University. 

25. On Error Reduction in Gaussian Elimination, by L. W. Leavell and T. W. Cairns, University 
of Tulsa. 

26. A Probability Model to Determine Risk onan Instrument Landing System Approach, by Donald 
Pate, Oklahoma Christian College. 

27. The Starlike Radius for Classes of Regular Bounded Functions, by R. W. Sanders, Oral 
Roberts University. 

28. On Pairwise Compact and Pairwise Paracompact Bitopological Spaces, by J. A. Wiley, 
University of Arkansas. 

29. A Note on When a Regular Category is Exact, by T. H. Fay, Hendrix College. 

30. On the Termination of the Kurosh Lower Radical Construction, by R. F. Rossa, Arkansas 
State University. 

31. Chains of Prime Ideals in a Commutative Noetherian Ring, by E. G. Houston, Jr., University 
of Oklahoma. 

32. Fermat’s Inequality in Polynomial Rings, by John Woods, Oklahoma Baptist University. 

“33. A Decomposition Theorem for a Class of Near-Rings, by E. F. Ratliff, Jr., University of Ok- 

lahoma. 

34. Some Uses of Prime Ideals in the Characterizations of Commutative Rings, by Charles Mc- 
Camant, Oklahoma State University. 

35. A Comparative Study of an Advance Organizer in Mathematics to Determine its Effectiveness 
on Knowledge Acquisition and Retention, by W. P. Caponecchi, Oscar Rose Junior College. 

36. Tic-Tac-Toe in Polar Coordinates, by J. B. Browne, Oklahoma State University. 

37. The Effects on Achievement, Retention, and Attitude of an Individualized Instructional Program 
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in Mathematics for Prospective Elementary Teachers, by J. T. Kontogianes, Oklahoma City South- 


western College. 
38. Properties of C-Continuous Functions, by P. E. Long and M. D. Hendrix, University of Arkan- 


39. Completeness in Topological Spaces, by T. M. Phillips, University of Oklahoma. 

40. Limit Sets and Their Applications, by T. R. Hamlett, University of Arkansas. 

41. Group Actions on Manifolds, by J. W. Maxwell, Oklahoma State University. 

42. Singly Generated Uniform Convergence Spaces, by A. C. Cochran, University of Arkansas, 
and R. B. Trail, Oklahoma City University. 

43. Path-Joined Spaces, by L. L. Herrington, University of Arkansas. 


E. K. MCLACHLAN, Secretary-Treasurer 


RETIRED MATHEMATICIANS 


The List of Retired Mathematicians Available for Employment will be published and 
distributed to subscribers as part of the December 1974 issue of EMPLOYMENT INFORMATION 
FOR MATHEMATICIANS. It is available to non-subscribers who request it from the Mathemati- 
cal Sciences Employment Register, P. O. Box 6248, Providence, R. I. 02940. Copies will 
also be available at the annual meeting in Washington, D.C., January 21-27, 1975. 

Retired mathematicians interested in being included in future lists should submit the 
following information: name, date of birth, highest degree earned and where obtained, 
most recent employment, present address, date available, references, preference for academic 
or industrial employment, and geographic location preferred. Preprinted forms available 
from the Providence office may be used for this purpose, although they are not required. 


MATHEMATICAL SCIENCES EMPLOYMENT REGISTER 


The Empire Room of the Shoreham Hotel in Washington, D.C., will be the location 
of the Mathematical Sciences Employment Register OPEN REGISTER during the annual 
meeting. In order to make it possible for applicants and employers to participate in as many 
interviews as possible, interviews are scheduled by computer on the basis of preference. 
Employers are encouraged to send more than one interviewer, making it possible to in- 
crease the number of interviews that may be scheduled. 

The OPEN REGISTER will operate for four days, Friday through Monday, January 24-27, 
1975. Hours of operation will be from 9:00 a.m. to 4:00 P.m. on Friday for registration with 
interviews scheduled from 9:00 A.M. to 5:40 p.m. on Saturday, Sunday and Monday. The 
addition of a third day of interviews continues a previously adopted procedure recommended 
by the Joint Committee on Employment Opportunities in an attempt to expand the interview 
schedule and to eliminate the necessity for evening interviews. 

The system of operation introduced in January 1971 will again be in effect in Washington, 
D.C. Applicants and employers must be registered for the general Mathematics Meetings 
before registering for the OPEN REGISTER. There is no register fee for applicants participating 
in interview schedules; employers pay a $10 fee. Location of the general meeting registration 
area, fees, and hours of operation for the registration of participants for the Mathematics 
Meetings are listed in the program of the annual meeting. 
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Applicants and employers should plan to attend a short meeting called by the committee 
for Thursday, January 23, at 4: 30 p.m. in The Forum of the Shoreham Hotel. The purpose 
of this meeting is to explain Register procedures and the various printed forms which are 
used. It is hoped that both applicants and employers will attend the session in order to 
become familiar with the details in advance. 

Instruction sheets will be available in the Empire Room registration area at 9:00 A.M. 
on Friday; applicants and employers should secure this information as soon as possible. 
There will be no interviews scheduled for the first day. Appointments will be scheduled only 
for those people who have actually signed in at the Register and obtained a code number. 
Requests for appointments can be submitted on Friday, Saturday, and Sunday only, and 
these interviews will be scheduled on Saturday, Sunday, and Monday, respectively. 

The Mathematical Sciences Employment Register publishes a bi-monthly bulletin, 
Employment Information for Mathematicians. Information on this publication and other 
Register services can be obtained by writing the MSER, P.O. Box 6248, Providence, Rhode 


Island 02940. 
The Mathematical Sciences Employment Register is sponsored by the American Math- 
ematical Society, the Mathematical Association of America, and the Society for Industrial 


and Applied Mathematics. 


ACKNOWLEDGEMENT 


The editors wish to thank the following mathematicians who have refereed 
manuscripts for Volume 81: L. V. Ahlfors, Henry Alder, C. B. Allendoerfer, F. 
Almgren, Nadhla Al-Salam, Waleed Al-Salam, M. Altman, R. D. Anderson, 
G. E. Andrews, Tom Apostol, Michael Arbib, Michael Artin, R. B. Ash, R. A. 
Askey, K. Atkinson, R. G. Ayoub, D. Babbitt, Reinhold Baer, Johnie Baker, 
T. F. Banchoff, P. T. Bateman, R. G. Bartle, Heinz Bauer, Gilbert Baumslag, G. E. 
Baxter, R. W. Beals, Ross Beaumont, Edwin Beckenbach, S. Bedrosian, Richard 
Bellman, John Benedetto, Russell Benson, Sterling Berberian, L. Berkovitz, E. R. 
Berlekamp, Gerald Berman, Bruce Berndt, A. Bernhart, Lipman Bers, R. H. Bing, 
Garrett Birkhoff, Frank Birtell, E. Bishop, R. L. Bishop, R. Bixby, J. R. Blum, 
R. Blumenthal, J. Boardman, R. P. Boas, E. D. Bolker, Carlos Borges, W. Bossert, 
W. E. Boyce, D. W. Boyd, C. Boyer, Fred Brauer, H. Bray, R. K. Brayton, J. W. Brewer, 
J. Brezin, John Brillhart, Felix Browder, William Browder, Dennison Brown, Tom 
Brown, R. C. Buck, J. D. Buckholtz, Peter Bullen, Martha Bunch, H. S. Butts, 
James Byrnes, P. J. Cahen, Hugh Campbell, Leonard Carlitz, J. B. Carrell, A. 
Cavaretta, Gulbank Chakerian, E. W. Cheney, Barton Childress, Kai Lai Chung, 
Dennis Clayton, Earl Coddington, W. J. Cody, Eckford Cohen, Haskell Cohen, 
Harvey Cohn, R. J. Collens, H. S. Collins, Peter Colwell, W. W. Comfort, Pierre 
Conner, William Connet, R. L. Cooley, Craig Cordes, H. S. M. Coxeter, Michael 
Crandall, Douglas Curtis, William Cutler, Jerome Dancis, N. G. De Bruijn, Karel 
DeLeeuw, Ronald Devore, J. F. Dillon, R. P. Dilworth, Richard Di Prima, Seymour 
Ditor, John Dixon, J. L. Doob, James Dorroh, Jim Douglas, R. G. Douglas, David 
Darsin, Dan Drew, Lester Dubins, R. Duffin, James Dugundji, R. A. Duke, John 
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Durbin, P. L. Duren, Meyer Dwass, P. Dwinger, V. H. Dyson, Michael Edelstein, 
C. H. Edwards, R. B. Eggleton, P. Eklof, Dennis Estes, Trevor Evans, Ky Fan, 
R. Farrell, S. Feferman, I. K. Feinstein, N. Findler, Nathan Fine, Daniel Fink- 
beiner, Harley Flanders, W. H. Fleming, Robert Fraser, Robert Fray, David Freed- 
man, P. J. Freyd, Laszlo Fuchs, D. Fulkerson, Janos Galambos, P. R. Garabedian, 
Martin Gardner, F. Gehring, S. Gelbart, Leonard Gillman, Robert Gilmer, A. M. 
Gleason, Casper Goffman, M. Goldberg, Seymour Goldberg, L. J. Goldstein, 
I. J. Good, Basil Gordon, W. B. Gordon, H. W. Gould, J. Grabiner, R. Graff, 
Ronald Graham, W. F. Grams, F. K. Greenleaf, David Griffeath, E. Griffin, H. C. 
Griffith, L. Gross, Emil Grosswald, Branko Griinbaum, H. Guggenheimer, William 
Gustafson, W. H. Gustafson, Richard Guy, G. Habetler, Peter Hagis, Jr., Jack Hale, 
Marshall Hall, T. G. Hallam, P. R. Halmos, Larry Harper, T. Hawkins, David 
Hayes, Emilie Haynesworth, A. Heins, William Heinzer, G. A. Helzer, Melvin 
Henriksen, H. H. Herda, Isiael Herstein, Edwin Hewitt, Graham Higman, John 
Hildebrant, Paul Hill, L. A. Hinricks, J. G. Hocking, R. E. Hodel, B. Hoffman, 
R. V. Hogg, A. S. B. Holland, John Horvath, B. Hubbard, Daniel Hughes, J. Hum- 
phreys, C. Hunter, H. G. Jacob, Nathan Jacobson, R. C. James, W. E. Jenner, 
Meyer Jerison, David Johnson, Ellis Johnson, F. B. Jones, Mark Kac, R. Kadison, 
Irving Kaplansky, Nicholas Kazarinoff, A. D. Keedwell, J. E. Keisler, John Kelingos, 
J. L. Kelley, J. B. Keller, Paul Kelly, W. E. Kirwan, Joseph Kitchen, M. 8. Klamkin, 
V. L. Klee, A. Knapp, Martin Kneser, D. Knuth, Robert Koch, R. R. Korfage, 
H. F. Kreimer, E. O. Kreyszig, Chris Lacher, R. Lakein, Eric Langford, J. LaSalle, 
Jim Lawson, Peter Lax, David Lay, Solomon Leader, Derrick Lehmer, Joseph 
Lehner, T. Lehrer, Walter Leighton, Kenneth Leland, William LeVeque, Mark 
Levins, Norman Levinson, Daniel Lewis, S. Lichtenbaum, Tai Feng Lin, D. A. 
Lind, W. Lindstrom, C. Liu, Edgar Lopez-Escobar, David Lovelady, Morton 
Lowengrub, W. F. Lucas, R. Luce, Wilhelmus Luxemburg, R. Lyndon, Bernie 
Madison, Marvin Marcus, A. D. Mathias, J. G. Mauldon, Kenneth May, Charles 
McArthur, Paul McArthur, R. H. McDowell, O. C. McGehee, J. McGregor, David 
McGuinness, E. H. McShane, Ralph McWilliams, A. Meir, Gary Meisters, Z. A. 
Melzak, Nathan Mendelsohn, D. Mermin, Robert Meyers, E. A. Michael, E. P. 
Miles, R. Millman, E. C. Milner, Edwin Moise, C. Moler, H. Montgomery, J. W. 
Moon, M. H. Moore, R. T. Moore, C. Morawetz, Y. Moschovakis, W. O. Moser, 
G. D. Mostow, Francis Murray, Mark Nadel, C. St. J. A. Nash-Williams, Zeev 
Nehari, John Neuberger, C. Neugebauer, Morris Newman, Helen K. Nickerson, 
H. Niederreiter, A. Nijenhuis, Ivan Niven, R. Norman, M. Nosal, Phil Novinger, 
R. J. Nunke, T. H. O’Bierne, Stanley Ogilvy, Jack Ohm, C. D. Olds, J. M. H. Olm- 
sted, B. O’Neill, J. E. Osborn, T. Ostrom, J. C. Owings, Gordon Pall, Thomas Parker, 
Emanuel Parzen, L. Payne, Daniel Pedoe, Anthony Peressini, B. J. Pettis, R. E. 
Phillips, G. Piranian, Robert Plemmons, M. D. Plummer, Harry Pollard, George 
Polya, M. W. Pownall, Bruce Prekowitz, J. J. Price, L. E. Pursell, Ronald Pyke, 
Frank Quigley, L. Redei, Ray Redheffer, Kenneth Reid, Irving Reiner, James 


1974] MATHEMATICAL ASSOCIATION OF AMERICA 1151 


Retherford, W. Rheinboldt, J. Rhodes, Leonard Richardson, John Riordan, Fred 
Roberts, A. Robinson, R. M. Robinson, R. T. Rockafeller, E. R. Rodemich, C. A. 
Rogers, D. P. Roselle, Alex Rosenberg, Moshe Rosenfeld, Kenneth Ross, Gian- 
Carlo Rota, Klaus Roth, O. Rothaus, Bruce Rothschild, Joseph Rotman, H. L. 
Royden, Jean E. Rubin, W. H. Ruckle, Mary Ellen Rudin, Walter Rudin, D. C. 
Russell, H. J. Ryser, T. L. Saaty, G. E. Sacks, P. Sally, Hans Samelson, D. E. Sarason, 
D. W. Sasser, Richard Savage, Murray Schacher, Eugene Schenkman, A. M. Schinzel, 
Irwin Schochetman, I. J. Schoenberg, L. Schoenfeld, Dan Scholz, Steve Schonefeld, 
N. J. Schoonmaker, A. Schwartz, G. P. Scott, W. R. Scott, R. A. Scoville, C. L. 
Seebeck, R. T. Seeley, Sanford Segal, John Selfridge, Robert Serfling, H. N. Shapiro, 
J. H. Shapiro, Isador Sheffer, G. C. Shephard, A. L. Shields, J. R. Shoenfield, A. 
Leigh Silver, R. D. Sinkhorn, F. G. Slaughter, J. A. Sloane, Tom Slobko, Oberta 
Slotterbeck, Malcolm Smiley, D. A. Smith, William Smith, Ernst Snapper, L. J. 
Snell, J. Snover, Milton Sobel, Lee Sonneborn, E. H. Spanier, J. Spencer, F. L. 
Spitzer, B. Spivak, Michael Spivak, Olaf Stackelberg, I. Stakgold, R. P. Stanley, 
R. G. Stanton, Harold Stark, Emory Starke, Chris Steele, R. Steinberg, W. B. 
Stenberg, Rothwell Stephens, B. M. Stewart, Wilbur Stiles, Neal Stoltzfus, A. Stone, 
D. Stone, M. G. Stone, E. G. Straus, K. R. Stromberg, J. D. Swift, W. C. Swift, 
R. Switzer, Olga Taussky, H. Taylor, Wolfgang Thron, W. R. Tobler, John Todd, 
R. Troyer, David Trutt, W. Tutte, John Tyler, W. Utz, F. A. Valentine, H. R. 
van der Vaart, R. Varga, J. E. Vaughan, R. L. Vaught, Al Vekovius, J. W. Vick, 
Tom Wade, Robert Walker, D. W. Walkup, Robert Warner, Seth Warner, W. 
Waterhouse, D. Waterman, G. Weiss, J. H. Wells, J. G. Wendel, B. R. Wenner, 
O. Wesler, James West, W. C. Whitten, D. V. Widder, Albert Wilansky, H. Wilf, 
A. B. Willcox, Hugh Williams, Leland Williams, Lynn Williams, Stephen Williams, 
J. H. Williamson, T. J. Willmore, J. A. Wolf, J. Wood, Gordon Woodward, E. M. 
Wright, Perrin Wright, P. Yale, N. D. Ylvisaker, J. A. Yorke, E. C. Young, Gail 
Young, Lawrence Zalcman, Hans Zassenhaus, David Zeitlin, Daniel Zelinsky, 
Janice Zemanek, Anton Zettle, A. D. Ziebur, Antoni Zygmund. 
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CALENDAR OF FUTURE MEETINGS 


Fifty-eighth Annual Meeting, Washington, D.C., January 25-27, 1975. 
Fifty-fifth Summer Meeting, Western Michigan University, Kalamazoo, August 18-20, 


1975. 


The following is a list of the Sections of the Association with dates of future meetings 
so far as they have been reported to the Editorial Director. 


ALLEGHENY MOUNTAIN, Duquesne University, 
Pittsburgh, Pennsylvania, April 25-26, 1975. 

FLORIDA, Manatee Junior College, Bradenton, 
March 7-8, 1975. 

InLinois, Rockford College, Rockford, May 
9-10, 1975. 

INDIANA 

Iowa, Iowa State University, Ames, April 
18-19, 1975. 

KANSAS 

KENTUCKY 

LOUISIANA-MISSISSIPPI, Centenary College, 
Shreveport, Louisiana, February 1975. 

MARYLAND-DIsTRICT OF COLUMBIA- VIRGINIA 

METROPOLITAN NEW YORK 

MICHIGAN 

Missouri, Missouri Western State College, St. 
Joseph, April 18-19, 1975. 

NEBRASKA, Nebraska Wesleyan University, 
Lincoln, April 18-19, 1975. 

NEW JERSEY 


NortTH CENTRAL, Hamline University, St. Paul, 
Minnesota, April 28, 1975. 

NORTHEASTERN 

NORTHERN CALIFORNIA, Menlo College, Menlo 
Park, February 8, 1975. 

OHIO 

OKLAHOMA-ARKANSAS, Central State University, 
Edmond, Oklahoma, April 4-5, 1975. 

PAciFIC NORTHWEST 

PHILADELPHIA 

Rocky MOoOunNrTAIN, Mesa College, Grand 
Junction, Colorado, April 11-12, 1975. 

SEAWAY 

SOUTHEASTERN, University of South Alabama, 
Mobile, March 21-22, 1975. 

SOUTHERN CALIFORNIA 

SOUTHWESTERN 

Texas, Angelo State University, San Angelo, 
April 1975. 

WISCONSIN, University of Wisconsin-Superior, 
April or May 1975. 


FUTURE MEETINGS OF OTHER ORGANIZATIONS 


AMERICAN ASSOCIATION FOR THE ADVANCEMENT 
OF ScIENCE, New York City, January 26-31, 
1975. 

AMERICAN MATHEMATICAL SOCIETY, Washing- 
ton, D.C., January 23-26, 1975. 

AMERICAN SOCIETY FOR ENGINEERING EDUCA- 
TION, Colorado State University, Fort 
Collins, June 16-19, 1975. 

ASSOCIATION FOR COMPUTING MACHINERY, 
Radisson Hotel, Minneapolis, Minnesota, 
October 21-23, 1975. 

ASSOCIATION FOR SyMBOLIC Locic, Shoreham 
Hotel, Washington, D.C., January 23-24, 
1975. 


ASSOCIATION FOR WOMEN IN MATHEMATICS, 
Washington, D.C., January 24, 1975. 

FIBONACCI ASSOCIATION 

INSTITUTE OF MATHEMATICAL STATISTICS 

Mu ALPHA THETA 

NATIONAL COUNCIL OF TEACHERS OF MATHE- 
MATIcs, Washington, D.C., January 25-26, 
1975 (joint meeting with MAA). 

OPERATIONS RESEARCH SOCIETY OF AMERICA, 
Chicago, April 30-May 2, 1975. 

Pi Mu EpsiILon, Western Michigan University, 
Kalamazoo, August 19-20, 1975. 

SCHOOL SCIENCE AND MATHEMATICS ASSOCIATION 

SOCIETY FOR INDUSTRIAL AND APPLIED MATHE- 
MATICS 


THE POWER 
OF CALCULUS 


— The First Edition 
worked. 

The Second Edition 

works even better. 


The first editlon of Whipkey/Whipkey’s The Power of Calculus quickly became 
a best seller for nonmath majors who needed a short course in calculus. It worked 
because it gave such a clear development of ideas and concepts. Because it 
spoke directly to students with the right balance of intuition and formalism. And 
because it showed them the importance, power and relevance of calculus .. . by 
way of examples and exercises .. . to their fields of study in biology, business, 
and the social sciences. 

In preparing the second edition, the book was extensively reviewed by people 
who used it over the past two years. Their comments on “how to improve the 
book” helped to make a best seller work better. Here’s a list of the changes— 


* A new review of basic algebra including exponents and factoring 

* New tables of logarithms and exponentials 

*A revision of Chapter 6 on the definite integral—it’s now defined in a less 
formal manner and the pace of the entire chapter has been slowed 

* The examples have more steps and provide better preparation to work the 
exercises 

* More graphs are used to illustrate concepts, and chapter reviews have been 
included 

* Many more problems and applicatlon exercises have been included so stu- 
dents will get the practice they need. 


OUTLINE OF CONTENTS 


Review and Preparation for the Study 
of Calculus. Functions, Inequalities 


College, and Mary Nell Whipkey, 
Youngstown State University. 


January 1975 368 pages 


and Absolute Value. Limits, Deriva- 
tives and Continuity. Differentiation 
Techniques. Applications of the De- 
rivative. Integration. Logarithmic and 
Exponential Functions; Review of The 
Great Ideas of Calculus. Partial Deriv- 
atives and Their Applications. Appen- 
dix. Answers to Problems, Index. 


THE POWER OF CALCULUS 
Second Edition 
By Kenneth L. Whipkey, Westminster 


For a complimentary copy, contact 
your Wiley representative or write 
to Robert McConnin, Dept. 240, N.Y. 
office. Please include course title, en- 
rollment, and present text. 


JOHN WILEY & SONS 
605 Third Avenue, 
New York, N.Y. 10016 


In Canada: 22 Worcester Road, 
Rexdale, Ontario 


GOOD NEWS! 
in Math Education 


NEW AND BETTER THAN EVER 


Basic Concepts of Elementary Mathematics, Second Edition 

John M. Peterson, Brigham Young University 

Additions to the revision of this widely used text for prospective elementary teachers 
include 30 pages reprinted from elementary school textbooks, a section on the metric 
system, expanded exercise sets, typical problems presented to elementary school kids. 


500 pages, 1974. $11.95 


NEW AND DIFFERENT 


Shapes and Perceptions: An Intuitive Approach to Geometry 

Gail S. Konkle, California Polytechnic College 

An activity-oriented text that employs a student’s intuition and experience to teach 
geometric and some topological concepts. It is designed for pre-service elementary 
education majors, and would also be appropriate for a liberal arts math course. 


256 pages, 1974. $9.95. 


STILL NEW AND MORE POPULAR EVERY DAY 


Laboratory Manual for Elementary Mathematics, Second Edition 
William Fitzgerald, Michigan State University, et al. 
178 pages, paperbound, 1973. $6.50. 


Problem Solving in the Mathematics Laboratory: How To Do It 


Carole E. Greenes and Robert E. Willcut, Boston University 
Mark A. Spikell, Lesley College 


158 pages, paperbound, 1972. $5.95. 


Readings in Secondary School Mathematics 
Douglas B. Aichele, Oklahoma State University and Robert E. Reys, University of Missouri 
523 pages, paper, 1971. $7.50. 


The Mathematics Laboratory: Theory to Practice 
Robert E. Reys, University of Missouri and Thomas R. Post, University of Minnesota 


297 pages, 1973. $10.95. 


Examination copies of these books are available for adoption consideration. 
Please address inquiries to Box JOG, PRINDLE, WEBER & SCHMIDT, INC., 
20 Newbury Street, Boston, Massachusetts 02116. 


TOPOLOGY: A FIRST COURSE 
James R. Munkres, Massachusetts Insti- 
tute of Technology 

A one or two semester introduction 
for senior or graduate level courses in 
Topology. Requires only a strong 
background in Calculus, because an 
extensive introductory chapter on set 
theory and logic presents specific 
background material, Organization is 
flexible to permit adaptation fo instruc- 
tors’ individual needs. Class tested, 
this new book contains exercises after 
each section and more than 130 fig- 
ures. 1975, 432 pp., $14.95 


New——for 
Topology and 


Trigonometry 


TRIGONOMETRY: A UNITIZED AP- 
PROACH 
Reuben W. Farley, David A. Schedler, 
and James A. Wood, 
Virginia Commonwealth University 

A combination text and program- 
med text that is proficiency-oriented 
and self-paced. Suitable for self-study 
or as a text for ferminal or pre-calculus 
courses. Evaluative, diagnostic exer- 
cises and proficiency tests reinforce 
concepts and permit self-testing. 
Scripts for audio tapes and a useful 
Instructor’s Manual are also availa- 
ble. 
1974, 320 pp., $9.25 


For further information please contact: Robert Jordan, Dept. J-982, 


College Division, Prentice-Hall, Englewood Cliffs, New Jersey 07632 


APPLICATIONS OF UNDERGRADUATE 
MATHEMATICS IN ENGINEERING 


written and edited by Ben Noble 
Mathematics Research Center, U. S. Army, University of Wisconsin 


Based on 45 contributions submitted by engineers in universities and indus- 
tries to the Committee on Engineering Education and the Panel on Physical 
Sciences and Engineering of CUPM. About 400 pages. 

Each member of the Association may purchase one copy of this book for 
$4.50. Orders with remittance should be addressed to: 


MATHEMATICAL ASSOCIATION OF AMERICA 
1225 Connecticut Avenue, NW 
Washington, D.C. 20036 


Additional copies and copies for nonmembers may be purchased at $9.00 
per volume from: 


Macmillan Publishing Co., Inc. 
Faculty Service Desk 


100A Brown Street 


Riverside, New Jersey 08075 


The wehesitatetocallita* 


package is complete! 


TEXT 


Calculus and Analytic Geometry 
by Philip S. Clarke, Jr., Los Angeles Valley College 
1974 Cloth 865 pages 


STUDY GUIDE 
by Marie Cecile N. Hurley 
James F. Hurley, University of Connecticut 
Philip S. Clarke, Jr. | 
Volume | — step-by-step solution of more than 1200 exercises for single- 
variable calculus and analytic geometry. 
1974 Paper 575 pages 
Volume II — step-by-step solution of 430 exercises for multivariable differ- 
ential and integral calculus, solid analytic geometry, vectors in space, and 


introductory differential equations. 
1974 Paper 243 pages 


INSTRUCTOR’S MANUAL 
by Philip S. Clarke, Jr. 
Containing answers to even-numbered problems in the text. 
TRANSPARENCIES 

Forty-five overhead projector transparencies for 3-dimensional and other 

drawings found in beginning calculus and analytic geometry. 

* We hesitate because ‘‘package” implies lack of flexibility; the text, student 
guide, and transparencies can be used jointly or independently since each 
is a self-contained and effective component in any beginning calculus course. 


ALSO AVAILABLE 
Arithmetic for College Students, Second Edition 
D. Franklin Wright, Cerritos College 
December 1974 Cloth 352 pages 
Programmed Arithmetic for College Students 
John D. Baley and D. Franklin Wright, both of Cerritos Co/lege 
December 1974 Paper 320 pages 
Finite Mathematics: From Sets to Game Theory 
Adelbert F. Hackert, Sacramento City College 
1974 Cloth 390 pages 


Call us toll free: 800-225-1388. 
In Massachusetts call collect: 617-862-6650. 
D.C. Heath and Company 
125 Spring Street, Lexington, Massachusetts 02173 


D.C. Heath Canada, Ltd. 
HEATH Suite 1408, 100 Adelaide Street, W., Toronto, Ontario MSH 1S9 


Li 


INTRODUCTORY 
STATISTICS 


PETER W. ZEHNA 
Naval Postgraduate School 


Written for students in a variety of academic 
disciplines, including education, economics, 
management, psychology and sociology, this 
book contains over 600 exercises oriented 
toward solution by hand or desk calculator. 
High school algebra is the only prerequisite. 
Emphasis throughout is on conceptual under- 


standing which provides the basis for applica- D 2) | | S | | V LS 


tions. 


CONTENTS: Introduction. Random Variables and Probability. Sampling. Discrete Models. Con- 
tinuous Models. Statistical Estimation. Confidence Intervals. Hypothesis Testing. Bivariate Popu- 
lations. Linear Regression. Analysis of Variance. Nonparametric Methods. Appendices: A. Square 
Roots. B. Summary of Confidence Intervals. C. Summary of Tests of Hypotheses. D. Numerical 
Tables. E. Data Bank. 


470 pages, 1974. $12.50. 


STATISTICS: A COMMON SENSE APPROACH 


ELIOT N. SILVERMAN and LINDA A. BRODY, Consultant 
Suffolk County Community College 


Problems faced by social, life and management scientists are used to provide an introduc- 
tion to elementary probability and statistics. Revised printing includes material on 
correlation and regression and analysis of variance. 


204 pages, 1973. $9.95. 


PRINCIPLES OF STATISTICS AND PROBABILITY 


ROBERT A. CROVELLI 
Metropolitan State College, Denver 


A very readable text that includes topics recommended by the June, 1972, CUPM panel 
on statistics without calculus. The book covers descriptive statistics first, followed by 
probability and statistical inference. 


307 pages, 1974. $9.95. 


Examination copies of these books are available for adoption consideration. » « 
Please address inquiries to Box JOG, PRINDLE, WEBER & SCHMIDT, INC., 
20 Newbury Street, Boston, Massachusetts 02116. 


L, you have a copy on your bookshelf, take a 
careful look at it before you decide on your next 
calculus text. 


If you have not received a copy and wish to consider 
CALCULUS by Leonard Gillman and Robert H. 
McDowell as a text, please write to us. 


W-W-NORTON & COMPANY- INC. 
500 Fifth Avenue, New York, N.Y. 10036 


GAL TEN YERRS/SPRINGERNERLAG NEW YORK 


Econometrics 


Statistical Foundations and Applications 


By 
P. J. Dhrymes 


Columbia University, New York, New York 


Springer Study Edition 
Rev. reprint of the 1st edition QPRINGER 


1974. xvi, 608p. paper/$14.80 Suey 


ISBN 0-387-90095-0 TION 


The topic of this book is the application of statistical methods to empirical eco- 
nomic data. Starting from the elementary level with a review of the multivariate 
normal distribution, the author proceeds to the comparatively sophisticated 
spectral analysis methods necessary to obtain meaningful results. The presenta- 
tion is rigorous and concrete. This textbook is suitable for the beginning graduate 


student in econometrics and mathematical economics. 


Recent additions to 


Lecture Notes in Economics and Mathematical Systems 


Volume 91 

General Equilibrium with Price-Making Firms 
By 

T. Marschak 

University of California, Berkeley, California, 
and 

R. Selten 


1974. xi, 246p. paper/ $9.40 
ISBN 0-387-06624-1 


Volume 92 
Topological Methods in Walrasian Economics 


By 
E. Dierker 


1974. iv, 130p. paper/ $6.90 
ISBN 0-387-06622-5 


Volumes 93/94 

4th IFAC/IFIP International Conference on 
Digital Computer Applications to 

Process Control 

Zurich, Switzerland, March 19-22, 1974 
Parts | and Il 


Edited by 

M. Mansour and W. Schaufelberger 

Volume 93: 1974. xvii, 546p. paper/ $15.30 
ISBN 0-387-06620-9 272 illus. 

Volume 94: 1974. xviii, 546p. paper/ $15.30 
ISBN 0-387-06621-7 232 illus. 


Volume 95 
Linear Multiobjective Programming 


By 
M. Zeleny 
Columbia University, New York, New York 


1974. x, 220p. 34 illus. paper/$8.50 
ISBN 0-387-06639-X 


Volume 98 

Mathematical Methods in Queueing Theory 
Proceedings of a Conference at Western 
Michigan University, May 10-12, 1973 


Edited by 
A. B. Clarke 


1974. vii, 374p. paper/$11.50 
ISBN 0-387-06763-9 


Volume 99 

Production Theory 

Proceedings of an International Seminar, 

held at the University of Karlsruhe, May-June 1973 


Edited by 
W. Eichhorn, R. Henn, O. Optiz, and R. Shephard 


1974. viii, 3886p. paper/$13.20 
ISBN 0-387-06890-2 


To order books or obtain further information write to 
Springer-Verlag New York Inc. 
175 Fifth Avenue, New York, NY 10010 
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Ensure it with these Saunders texts: 


NERING: 
Elementary Linear Algebra 


A careful integration of conceptual material with concrete 
computational methods, ideal for sophomores without a 
background in calculus. Dr. Nering uses the pivot operation 
to provide a foundation for development of both the 
numerical methods and conceptual aspects of linear 
algebra. Students can easily keep up with the text’s gradual 
increase in sophistication through studying the examples 
and computational procedures which illustrate every 
abstraction. Significant topics covered include Gaussian 
elimination, special resolution, upper triangular form, and 
normal operators. 


By Evar D. Nering, Arizona State Univ. 375 pp. $11.00. 
January 1974. 


SHAMPINE & ALLEN: 
Numerical Computing 
An Introduction 


By examining only asingle, effective algorithm for each 
basic problem, the authors develop fundamental theory 
understandable to students with only a background in 
calculus and a modest acquaintance with FORTRAN 
programming The authors provide codes implementing the 
various algorithms presented, along with a number of 
realistic exercises and solutions that help link theory to 
practice. Coverage includes floating point arithmetic, 
numerical analysis, and numerical linear algebra. 
Department orders of ten or more copies qualify for a free 
FORTRAN card deck of the codes given in the text. 


By L. F. Shampine, Sandia Laboratories; and R. C. Allen, Jr., 
Univ. of New Mexico. 258 pp $11.95. April 1973. 


For information, write 
Textbook Marketing Div., 


f | W.B. Saunders Company 
| | West Washington Square 
7) Philadelphia, Pa. 19105 


THE MATHEMATICAL ASSOCIATION OF AMEF 


1225 Connecticut Avenue, N.W. 
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